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ABSTRACT. In this paper we analyze a differential variational-hemivariational inequality which consists
of an evolution equation of first order and a time-dependent constrained variational-hemivariational in-
equality. First, we present a new stability result for the solution set with respect to a control parameter.
Then, we derive an existence result for a general optimal control problem for the differential variational-
hemivariational inequality. We provide an appliction of the results to a weak formulation of a quasistatic
frictional elastic contact problem. A stability result of a set of weak solutions with respect to the densities
of volume forces, tractions and heat sources, and the initial conditions for the temperature is examined.
Finally, an existence of solutions for an optimal control problem for the contact model is discussed.
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1. INTRODUCTION

In this paper we study a differential variational-hemivariational inequality. The problem consists
of the system of a Cauchy problem for an evolution equation of first order and a time-dependent
variational-hemivariational inequality with a constraint set.

Problem 1.1. Find w: I — F and w: I — V such that
w'(t) + A(t,w(t)) = f(\ t,w(t)) + G(t) u(t) ae tel,

(1.1)
w(0) = wo(A),
and for a.e. t € I, u(t) € K satisfies the inequality
(Bt w(t), u(t)) — g0\ 1),0 — u(t)) + JO(E, Gu(t), ru(t); 70 — u(t)))
+ p(t, 0w(t),v) — p(t, dw(t),u(t)) >0 forall v e K. (1.2)

In Problem 1.1, I = [0,77] is a finite time interval, (E, H, E*) is an evolution triple of spaces with
compact embeddings, X and Z are Banach spaces, V is a separable, reflexive Banach space, K is a
closed convex subsets of V, A € A represents a control parameter, A: I x E — E* is a monotone
coercive map, f: A x I x H — H is a nonlinear mapping, G(t): V' — H is a linear bounded map,
B: I x H xV — V*is a nonlinear operator, J is the generalized directional derivative of a locally
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Lipschitz function J: I x Z x X — R, p: I x Z xV — Ris a convex, lower semicontinuous function,
andd: £ — Z andy: V — X are prescribed linear bounded operators.

The paper is a continuation of [14]. There, an existence result for Problem 1.1 is established. The
purpose and novelties of the current paper are three-fold. First, we present a new stability result for
the solution set of a differential variational inequality. To this aim we study the upper semicontinuity
of the set-valued solution map A 3 A — $(\) € 2W*L*(V)\ {9}, where

S(\) = {(w,u) € W x L*(I; V) | (w,u) is a solution to (1.1), (1.2) corresponding to A} (1.3)

denotes the set of solutions to Problem 1.1. Second, we derive an existence result for a general optimal
control problem for the differential variational-hemivariational inequality. The optimal control under
consideration reads as follows: Find \* € A 4 such that

m(A*) = inf{m(\) | A € Ay} with m(A) := inf{F(\, w,u) | (w,u) € 8(N)},

where A,y C A represents an admissible set of control parameters in a metric space A, and F denotes
a cost functional. Third, we turn to an appliction and examine a quasistatic frictional contact problem
in thermoelasticity. We provide a stability result a set of weak solutions to the contact problem with
respect to the densities of volume forces, tractions and heat sources, the heat flux between the body
surface and the foundation, and the initial conditions for the temperature. Finally, we are concerned
with an optimal control problem for a contact model and discuss the issue of its solvability. To the
best of the authors’ knowledge, none of the problems studied in this paper have been treated in the
literature up to now.

Differential variational inequalities have been investigated for the first time in [22] in finite dimen-
sion. The evolution equation supplemented by a variational inequality was treated in [11], and supple-
mented by a variational-hemivariational inequality was studied in [9, 12, 28]. In all these papers the
solution of (1.1) is coupled with (1.2) through only the operator B. Moreover, in these papers the no-
tion of measure of noncompactness and a fixed point theorem for condensing multivalued maps have
been used. The Rothe method for related differential hemivariational inequalities was used in [5, 21].
Results on optimal control problems for various variational-hemivariational inequalities can be found
in [3, 15, 25, 31]. Other closely related interesting results in this area can be found in [4, 6, 7, 14, 16, 17, 18]
and the references therein.

Notation and preliminaries. In this article we use the concepts from nonlinear analysis which we
shortly recall below. Let Y, be a Hausdorff topological space and {C,,} C 2¥ \ {0} forn € N. We
define the sequential Kuratowski lower and upper limits by

K(Y;)-lminfC,, ={y €Y |y=71-limy,, yn € Cp, n € N},

K(Y;)-limsupCp, ={y €Y |y=71-limyn,, Yn, € Cn,, n1 <na < ...<mnp<...}.

If K(Y;)-liminf C,, = K(Y;)-limsup C,, = C, then we write C' = K (Y;)-1lim C,, to denote the
7-Kuratowski limit of C), in Y;. Let Y;, and Y denote the weak and strong topologies, respectively, on
a real Banach space Y.

Let X be a Banach space. An operator A: X — X *is said to be monotone, if for all u, v € X, it holds
(Au — Av,u — v) > 0. Operator A is bounded, if A maps bounded sets of X into bounded sets of X*.
Operator A is called pseudomonotone, if it is bounded and u,, — win X with lim sup(Au,,, up,—u) < 0
imply (Au,u — v) < liminf(Auy,,u, — v) for all v € X. It is known that if X is a reflexive Banach
space, then A: X — X* is pseudomonotone, if and only if it is bounded and u,, — w» in X with
lim sup (Auy, up, — u) < 0 imply lim (Auy, uy, — u) = 0 and Au,, — Awin X*.
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Let h: X — R be a locally Lipschitz function. The generalized (Clarke) directional derivative of h
at the point € X in the direction v € X is defined by

h Av) —h
hO(z;v) = limsup (w+ Av) (w)
A0, w—z A

The generalized subgradient of h: X — R at x € X is given by
Oh(z) = {z* € X* | hO(z;v) > (x*,v)x+xx forall ve X }.
The function h is (Clarke) regular, if for all , v € X, the directional derivative

W (2 0) = lim h(z 4+ Av) — h(z)
AL0 A

exists and b/ (z,v) = hO(x;v).

2. MAIN STABILITY RESULT

Let (E, H, E*) be an evolution triple of spaces, that is, E is a separable, reflexive Banach space and H
is a separable Hilbert space such that the embedding £/ C H is continuous and dense, and, additionally,
compact. The duality brackets (-, -) g for the pair (E*, F') and the inner product (-, -) 7 on H coincide
on H x E. In what follows we denote by || - ||z the norm in F. Let

W= {we L*(E)|w € L*(I;E*)},

where the time derivative w’ is understood in the distributional sense. It is known that W endowed
with the norm ||w||w = ||wl|p2(1,g) + [[w'|| 2(1,5+) is a separable reflexive Banach space.
Let X and Z be Banach spaces, V' be a separable, reflexive Banach space, and A be a metric space.
The duality pairing between X* and X is denoted by (-, -) x.
We need the following hypotheses on the data of Problem 1.1.
H(A): A:IxFE — E*issuch that
(a) forallv € E, t — A(t,v) is measurable,
(b) forae.t € I,v— A(t,v) is hemicontinuous and monotone,
(c) forallv € E,ae. t €I, |A(t,v)|g < ao(t)+ col|lv|| g with ag € L2(I), co > 0,
(d) forallv € E,ae. t € I, (A(t,v),v) > as||v||% — a1(t) with a; € L*(I), a2 > 0.
H(f): f:AxIxH — H issuch that
(@) forallv € H, A € A, t — f(A,t,v) is measurable,
(b) forallv € H,ae. t € I, A\ = f(\,t,v) is continuous,
(c) forvi,ve € HoA € Aae. t € I || f(N\t,v) — fF(Ntv)|la < k(t)||vr — val| =,
where k € L*>®(1I)4,
d) forallv € H A€ Aae. t € 1 || f(\t,0)||g < as(t)(1 + ||v]|g) with ag € L2(I).
H(B): B:IxH xV — V*issuch that
(a) forae. t € I,allp € H,v+— B(t,n,v) is pseudomonotone,

(b) there existug € K, > 0,3 > 0and b € L°°(I) such that forae. t € I,
alpe H,z € Z,v € V, we have

<B(t7 7777-])7 v —= U0> =+ inffe@J(t,z,m})<£77(U - u0>>X*><X > OéHUHQ - ﬁHUH - b(t)v
(c) forae.tel,alln e H,z€ Z,v— B(t,n,v) +~v*0J(t, z,yv) is monotone,

(d) (¢,n,v) — B(t,n,v) is continuous,
(e) forae. t € I,alln e H,v eV, ||B(t,n,v)|v < co(t) + c1||nllg + e2lv|]
with cq € L2(I), co, c1, c2 > 0.
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(G): GeL>*(I;L(V,H)).
(6,7): ~ € L(V,X)is compact, § € L(E, Z) and its Nemitsky operator 6: W — L3(I; 2)
is compact.
H(J): J:IxZxX — Rissuch that
(@) forallz € Z,v € X, t+— J(t, z,v) is measurable,
(b) forae.t € I,allz € Z, v+ J(t,z,v) is a locally Lipschitz function,
(c) forallze Z,ve X,ae. t €, |0J(t z,v)|x <dj(1+|z||z+ |v||x) withd; >0,
d) forall {t,} C I,t, > t,{zn} C Z, 2, 5> zin Z,{v,} C X, v, »vin X,allz € X,
we have limsup JO(t,,, z,,, 2;v,,) < JO(t, 2, z;0).
(e) forall z € L2(I; V), {¢u} € L*(I; 2), ¢ — Cin L2(1; Z), {u,} € LA(I; V),
up — uin L2(I; V), we have

limsup/Jo(tvcn(t),w(t)w(Z(t) — un(t))) dt < /Jo(t,C(t),'YZ(t)w(Z(t) —uf(t))) dt.
I I

H(K): K isanonvoid, closed and convex subset of V.
H(p): ¢:1IxZxV — Rissuch that
(@) forallv € V,z € Z,t — ¢(t,z,v) is measurable,
(b) forae. t € I,all z € Z, v — ¢(t, z,v) is convex and lower semicontinuous,
(c) there exists ¢, € L°°(1)4 such that (%, z,ug)| < ¢, (t) forae. t € [,all z € Z,
where ug € K is as in H(B)(b),
(d) there are a3 € L>°(I) and b3 > —a such that ¢(t, z,v) > a3(t) + bz ||v||?
forallze Z,ve V,ae. t €1,
(e) forall {t,} C I, t, = t, {20} C Z,2p = 2zin Z,{u,} CV,u, =~ uinV,allv € V, we have

T =

lim Sup(SO(tn: Zn; U) - Qp(t'nn Zns un)) S 90(t7 2, U) - gD(t, 2, u)

(f) forall z € L2(I; V), {¢.} C L*(1; Z), ¢ — Cin L2(1; Z), {u,} C L3(1; V),
U, — win L%(1; V), we have

limsup/(sO(t,Cn(t)aZ(t))w(t,Cn(t),un(t)))dtS/(cp(t,C(t%Z(t))sO(t,C(tM(t)))dt-
1 1

H(g,wo): g:AxI—V*g(,1t)iscontinuous for a.e. t € I, wg: A — H is continuous,
there is ¢c; > O such thatforall A € A ae. t € I, ||g(A, t)||v+ < c1, [JlwoN) || < c.
Recall that in the hypothesis H (6, ), the Nemitsky (superposition) operator & : L2(I; E) — L2(I; Z)
is defined by (6)(t) := 6(n(t)) for n € L*(I; E) and a.e. t € I, see, e.g., [20, (2.2)].
We begin with the following two auxiliary results for the Cauchy problem for evolution equation,
and the variational-hemivariational inequality, respectively.

Lemma 2.1. Under the hypotheses H(A), H(f), h € L*(I; H), fixed A € A, and wo(\) € H, there is a
unique w € W solution to the problem

w'(t) + A(t,w(t)) = f(\ t,w(t)) + h(t) ae tel, 2.1)

w(0) = wp(A). '
The solution satisfies the following estimate

[wllw < ¢ (T + Al 2m) + [lwo(N)[[a) with ¢ > 0. (22)

Moreover, the solution mapp: H x L*(I, H) — W C C(I; H) defined by p(wo, h) = w, wherew € W
is the unique solution to (2.1) has the property: if {w§} C H, wl — wq in Hy, {h,} C L*(I; H),
hn, — hin L2(I; H ).y, then p(w§, hy,) — p(wo, k) in Wy, and strongly in C(I; H).

Proof. 1t is an easy modification of [14, Lemma 3] and is omitted. O
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Lemma 2.2. Assume the hypotheses H(B), H(J), H(K), H(y), H(6,7), and H(g,wp). Let A € A,
g(\) € L®(I;V*) and (w,z) € L*(I; H) x L*(I; Z) be fixed. Then, the following two formulations are
equivalent.
Find u € L*(I; V), u(t) € K for ae.t € I such that
(B(t,w(t),u(t)) — g\ t),v —u(t)) + JOt, 2(t), yu(t); y(v — u(t))) (2.3)
+p(t, 2(t),v) —o(t, 2(t),u(t)) > 0 forall v € K, ae. t €1,

(find uw e LA(I;V),u(t) € K fora.e.t € I such that

/1 ((B(t, w(t), n(t)) — g\ ), () — u(t)) + (¢, 2(t), yn(t); 7 (n(t) — u(t)))

+p(t 2(0),0(0) — p(t 2(8), u(t) ) dt 2 0
forall n € L2(I; V), n(t) € K ae.t € 1.

(2.4)

Proof. Let A € A, g()\) € L>®(I; V*) and (w, z) € L*(I; H) x L*(I; Z). We apply [14, Proposition 10]
to get that the problem (2.3) is equivalent to its Minty formulation

find v € L?(I;V),u(t) € K for a.e. t € I such that
<B(t7 w(t)7 U) - g(>‘7 t)? Ol u(t)> + Jo(ta Z(t)a Y, 7(,0 - u(t))) (2'5)
+o(t, z(t),v) — p(t, z(t),u(t)) >0 forall v € K, ae.t €1,

In what follows, we will prove that the formulations (2.4) and (2.5) are equivalent.
Letu € L?(I; V), u(t) € K fora.e. t € I be a solution to the inequality (2.5). Let € L?(I; V) with
n(t) € K forae. t € I. We test (2.5) with v = 7(¢) € K and get

(B(t, w(t),n(t)) — g\, ), n(t) = u(t)) + JO(t, 2(t), yn(t); v(n(t) — u(t)))
+o(t, 2(t),n(t)) — (t,2(t),u(t)) >0 forae. t € I.

Integrating the last inequality over I, we infer that u € L?(I; V) with u(t) € K forae. t € [isa
solution to (2.4).

Conversely, let u € L?(I; V) with u(t) € K for a.e. t € I be a solution to the inequality (2.4). We
have

T
/0 <<B(t7 w(t), n(t) = g\, ), n(t) — u(t)) + IOt 2(t), 0 (t); 7 ((t) — u(?)))

+p(t, 2(0),0(0) — p(t, 2(8), u(t)) ) dt > 0 26)

foralln € L?(I; V) with n(t) € K for a.e. t € I. We will establish (2.5). By contradiction, we suppose
(2.5) does not hold. Hence

3O C I with |O| > 0, 31y € K such that
<B(t> w(t)a 770) - g()‘7 t)a o — u(t)> + Jo(ta Z(t)7’77]0; 7(770 - u(t)))
+(t, 2(t),m0) — @(t, 2(t),u(t)) <0 forall ¢t € O.

From the last condition, we have
L (Bt0)m) = 9010 = @)+ It 260). 357 = )

+o(t, 2(t),m0) — lt, z(t),u(t))) dt < 0.
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Next, we choose a suitable test function in (2.6). Let n(t) := ng if t € O, and n(t) := u(t) if t ¢ O.
Since g € K and u € L*(I; V) with u(t) € K fora.e. t € I, we have n € L*(I; V) withn(t) € K for
a.e. t € I. Using this test function n € L?(I; V) in (2.6), we obtain

0< [ (1Bt w.n(0) ~ 9O 8 1(0) = ule)) + I°(6 (0). (e (n(e) = )
ot 2(8), () = (b, 2(0), u(t)) ) dt

= /O <<B(t7 w(t),no) — g\, t),m0 — u(t)) + JO(t, 2(), yno; ¥(no — u(t)))
+(t,2(t),m0) — @(t, 2(t), u(t))) dt

" /f\o (4B w(t),u(t)) = g ), u(t) = u(®)) + I, 2(8), yu(t): y(u(t) - u(t)))

ot 2(8), ult)) — ot 2(t), u(t))) dt < 0,

which is a contradiction. Hence u € L?(I; V) withu(t) € K fora.e. t € I isasolution to problem (2.5).
This completes the proof of the lemma. O

Now we are in the position to state the main result of this section on the stability of the solution set.

Theorem 2.3. Under hypotheses H(A), H(f), H(B), H(G), H(J), H(K), H(y), H(d,v) and H(g, wo),
the solution set S(\) of Problem 1.1 is a nonempty and compact subset of W.,, x L%(I; V'), for each fixed
A €A, and

KWy, x L*(I; V)y)-limsup 8(\,) € 8()\) forall A\, — X in A. (2.7)

Proof. The proof of nonemptiness of 8(\) for each fixed A can be found in [14, Theorem 10].
Now, we will show the following estimate: there are positive constants r1, 3 such that for all A € A,
all (w,u) € 8(\), we have

lwllw <71, lullgzgvy < o
We have
{w’( )+ A(t w( ) = FOLw(t) + Gt ult) ae tel, 25
w(0) = wo (A
and for a.e. t € I, u(t) € K satisfies the inequality
(B(t,w(t), ut)) = g(\ 1), v = ult)) + JO(t, dw(t), yu(t);y(v — u(?)))
+ p(t, dw(t),v) — @(t, dw(t),u(t)) > 0 forall v € K. (2.9)

We test (2.9) with v = ug € K as in H(B)(b). From [19, Proposition 3.23 (iii)] we can find { =
e w(t)u(e) € OJ(t, dw(t), yu(t)) such that

TO(t, dw(t), yu(t):v(uo — u(t))) = (€ (uo — u(t)))-
Hence
(B(t, w(t), u(t)), u(t) — uo) + (€, y(u(t) —uo)) x=xx
< < ( ) (t) - uU) + (P(tv 5w(t)7u0) - 90(t7 5w(t)7u(t))
We exploit H(B)(b) and H(¢)(c) to get
( +b3) [lu()[* < (B + lg(X, 1)]

u®)[ +llg(x, )]

ve) velluoll 4+ b(t) + cp(t) — as(t)
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for a.e. t € 1. We use the elementary property: for all a, b, z > 0, if 2?2 < azx + b, then 22 < a2 + 2b.
We obtain [[u(t)|| < c(1+ ||g(A,t)|lv+ + cp(t)) for ae. t € I with ¢ > 0, and subsequently

||U||L2(I;V) <c(1+[lg(A, ')||L2(1;v*) + ||C¢HL2(I))~

g\ ) 2(r;v+) < c1. Hence, we infer

From H (g, wy),
Jull L2(r,vy < r2 with some 75 > 0.
Next, from Lemma 2.1 applied to h(-) = G(-)u(-), and H(g,wp), we immediately get

lwllw < ¢(X+GCul)l L2 + lwoMle) < ¢ (X [lullL2vy + lwoA)[lm) <71

with 71 > 0. This proves the desired estimate. Hence, the solution set $(\) remains in a bounded subset
of W x LQ(I ; V). From the reflexivity of this space, we deduce that, for any A € A, the solution set of
Problem 1.1 is a compact subset of W, x L2(I;V),,.

We will show the inclusion (2.7). Let A, — Ain A and

(w,u) € K(Wy, x L2(I;V)y)-limsup 8(\,).
Then we can find a subsequence of {n}, denoted in the same way, and (wy,, uy,) € 8(\,,) such that
(wn, tp) = (w,u) in Wy, x L2(1; V). (2.10)
We have w, € W, u,, € L*(I; V) with u,,(t) € K forae. t € I and

{ww) At wn(6) = fOn,twn(8) + Gt un(t) e te L, .11
wp(0) = wo(Ay),
and for a.e. t € I, it holds
(B(t, wn(t), un(t) = g(An, 1), v — un (b)) + JO(t, Swn(t), yun (£); ¥(v — un(t)))
+ @(t, 0wy (t),v) — o(t, dwy(t),un(t)) > 0 forall v e K. (2.12)

Next, we pass to the limit in (2.11) and (2.12). First, we establish the convergence of solution to
(2.11) to a limit problem. Consider G: L?(I; V) — L?(I; H) the Nemitsky operator corresponding to
G defined by (Gv)(t) := G(t)v(t) for v € L?(I; V), a.e. t € I. The operator § is linear and bounded,
by H(G), and G(-)v(:) € L*(I; H) for any v € L?(I; V). Hence, G preserves the weak convergences,
which means that u,, — win L*(I;V),, entails

Sup, — Gu in L*(I; H),. (2.13)
On the other hand, let h,,: I — H be defined by
hn(t) == f(An,t,wn(t)) + G(t)uy,(t) forae. tel.

We claim that h,, — hin L?(I; H),, with h(t) := f(\,t,w(t)) + G(t)u(t). Indeed, from the compact
embedding of W into L2?(I; H), we have w,, — w in L2(I ; H). We use the inequality

| / ))dt] < / 1 O £y 00 (8)) — £ ot (e 12 ()7

n / 10t 0(8)) = FO £ (0l dt + [ (GO (0) — )0 e
I I

< [ k@ en(®) ~ wOlaln®la de+ [ 150t w) = 7Ot w O Infe) 1 de
I I

" /I (G(E) (un(t) — u(t)), () dt

for all n € L?(I; H), hypothesis H(f)(b), (c), Holder’s inequality, and (2.13) to deduce the claim.
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Next, we use H (g, wp) and apply Lemma 2.1 to deduce that w € W is the unique solution of the
problem

(2.14)

corresponding to A\, wg and u.
Second, we pass to the limit in the inequality (2.12). The problem (2.12) by Lemma 2.2 is equivalent
to the following inequality: Find u,, € L?(I; V) with u,(t) € K for a.e. t € I such that

J (B0 10) = 90 ):100) = 0 (0) + I8 B (0,702 (1(8) = (1)

it (), 1(t)) — p(t, G (0), wn (1)) ) > 0 (2.15)

foralln € L2(I;V),n(t) € K forae. t € I.
Let us fix n € L?(I; V) and define the operator B,: I x H — V* by

By (t,v) := B(t,v,n(t)) for ve H, ae.tecl.

From hypotheses H(B)(d),(e), we know that: for all v € H, t — B,(t,v) is measurable; for a.e.
t € I, v — By(t,v) is continuous, and for all (t,v) € I x H, || B,(t,v)|lv= < a(t) + c||v||x, where
o € L?*(I) and ¢ > 0. Because V* is a separable Banach space, we use [23, Proposition 1.1.28(a)]
to deduce that the Nemitsky operator B,,: L?(I; H) — L?(I;V*) corresponding to B, defined by
(B,yv)(t) := By(t,v(t)) for v € L*(I; H) is continuous and bounded from L?(I; H) to L*(I;V*).
Hence, for any sequence v,, — v in L2(I; H), we have

B,v, — Byv in L*(I;V*) for any fixed n € L*(I;V). (2.16)

Next, we will pass to the limit in the problem (2.15). Since u,, € L?(I; K) with u,, — win L2(I;V),,
and the set L?(I; K) is weakly closed in L?(I; V), it is obvious that u € L?(I; K). Let¥: L*(I; V) —
L?(I; X) be the Nemitsky operator corresponding to . Since 7 is linear and bounded, we have Ju,, —
Ju in L?(I; X). On the other hand, by the compact embedding W  L?(I; H), we have 1, — 7 in
L2(I; H). We use the compactness of the operator 6: W — L2(I, Z), see hypothesis H (6, ), and
obtain 07, — 6n in L2(I; Z). From H (.J)(e), we infer that

timsap [ J°(6, 5 (8) y0(e)i () — wn(0) @17)
I
< [ Pt om0 - ue))de
1
for all y € L2(I; V). From hypothesis H (¢)(f), we have

imsup. [ (e, 500, 1(6)) = (6 5 (0)un() e < [ il 5ut) 0(6)) = o Sult), ()
1 1

(2.18)
foralln € L2(I; V).
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We use the convergences gnn — 577 in L2(I; Z), uy — win L2(I; V)4, (2.16), (2.17), (2.18), H(g, wo)
and pass to the upper limit in (2.15) to get

0< limsup/I<B(t, wn (1), n(t)) = g(Ans 1), n(t) — un(t)) dt
+ Timsup [ It w, (0,990 (0(8) = wa(6))
+ Timsup / ot (), 1(8)) — ot Swn(t), un (L)) dt
I
< /1 <<B(f7 w(t), n(t)) — g\, 1), n(t) — u(t)) dt + JO(t, 6w(t), yn(t); v(n(t) — u(t))) dt

Fo(t, dw(t), n(t)) — o(t, dw(t), u(t)) )dt

for all n € L?(I; K). By applying Lemma 2.2 again, we conclude that v € L?(I; K) is a solution to
(1.2) corresponding to w € W. Thus, (w, u) € 8(A) which completes the proof of (2.7). O

Remark 2.4. Note that if the function X > v — J(¢,2,v) € Ris convex forall z € Z, a.e. t € I, then

the variational-hemivariational inequality (1.2) reduces to the following variational inequality: Find
u € L2(I; V), u(t) € K forae. t € I such that

(B(ta w(t)7 ’U,(t)) - g()‘7 t)v U= 'U,(t)> + O[(t, 5w(t)7 U) - Oé(t, 5w(t)7 u(t)) >0
forall v € K, forae.t €1,
where the potential function a: I X Z x V' — R is defined by a(t, z,v) := J(t, z,yv) + ¢(t, z,v) for

z € Z,v € V,ae.t € 1. In this case, Problem 1.1 reduces to the corresponding differential variational
inequality.

3. OPTIMAL CONTROL PROBLEM

In this section we apply the stability result of the previous section to study an optimal control prob-
lem for the differential variational-hemivariational inequality formulated in Problem 1.1.

Let 8()), for A € A, denote the solution set to Problem 1.1 defined by (1.3). Consider the following
optimization problem: Find A* € A,4 such that

m(A*) = inf{m(\) | X € Agq} with m(N) ;== inf{F(\, w,u) | (w,u) € 8(\)}. (3.1)

We need the additional hypotheses on the cost functional and the admissible set of control parameters.
H(F): The functional : A x W x L2(I; V) — R is bounded from below and

lower semicontinuous on A x W, x L2(I; V),
H(Aqq): The set Ayyg is a compact subset of a metric space A.

Theorem 3.1. Under the hypotheses of Theorem 2.3 and H(F), for any X € A, the problem m(\) :=
inf{F(\,w,u) | (w,u) € 8(\)} has a solution.

Proof. Let A € A be fixed. Let {(wp,u,)} C 8(A\) be a minimizing sequence, that is, m(\) =
lim F (A, wy, uy,). From the compactness of the set 8()\) in W,, x L?(I;V),,, guaranteed by Theo-
rem 2.3, we can find a subsequence of {(wy,, u,,) } denoted in the same way such that (w,, u,) — (w,u)
inW,, x L2(I; V), with (w,u) € 8(\). From H(F) we obtain

FA w,u) < liminf F(X\, wp, uy) = im F(X, wn, upn) = m(X) < F(A w,u),
ie, F(A\, w,u) = m(A). This completes the proof of the theorem. O

Theorem 3.2. Under the hypotheses of Theorem 2.3 and H (F), the value function m: A — R is lower
semicontinuous on A.
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Proof. 1t is sufficient to prove that m(A) < liminfm(A,) for all A,, — X\ in A. Let A\, — X in A with
some A € A. For every n € N, from Theorem 3.1, we are able to find (w};,u)) € 8(\,) such that

n» -'n

F(An,w’, uk) = m(A\,). From Theorem 2.3 to deduce that (w, u)) € 8(\,) is uniformly bounded in

n’ “n n» 'n
W x L2 (I; V). From the reflexivity of the latter, we may assume, at least for a subsequence, that

(wk,uf) — (w*,u*) in Wy, x L*(I;V),, withsome (w*,u*) € W x L*(I;V).

From the inclusion (2.7), we have (w*, u*) € 8(\) which implies m(\) < F (A, w*, u*). Finally, we use
H(F) to get
m(A) < F\w*,u*) <liminf F(A\,, wy,, ;) = liminf m(Ay,).

We deduce that m is lower semicontinuous on A which completes the proof. g
Using the hypothesis H(Ayq) and Theorem 3.2, it is immediate to obtain the following result.

Theorem 3.3. Under the hypotheses of Theorem 2.3, H (F ), and H (Aq), the problem m(X*) = inf{m(\) |
A € Ayq} has a solution.

We will comment on an example of the cost functional which satisfies H(F). Let F: A x W x
L*(I;V) — R be defined by

FA w,u) =1L(A) + l(w(Tp)) + /IL(t,w(t), u(t))dt (3.2)

for A\ € A, w € W, u € L?(I; V), where Ty is any time moment in (0, 7]. We need the following
hypotheses on the cost.

H(,L): F:AxW x L3(I;V) — Ris such that

A — R is lower semicontinuous, and l2: H — R is weakly lower semicontinuous,

C

(a
(b
() L(t,w,-)isconvexonV, forallw € H,ae.t € I,

(d) there exists M > 0and ) € L'(I) such that forallw € H,v € V, a.e. t € I, we have

L(t,w,v) 2 ¢(t) = M(|wlz + [[v]lv)-
Example 3.4. Under hypotheses H ([, L), the cost functional defined by (3.2) satisfies H (F).

) l1:

) L(t,-, ) is lower semicontinuous on H x V,ae. t € I,
)

)

Proof. From [1, Theorem 2.1] we obtain that the functional ®(w,u) = [; L u(t)) dt is lower
semicontinuous on L!(I; H) x L'(I;V),,. Hence, using the compact embeddmg ofW into L2(I; H),
we infer that ® is lower semicontinuous on W,, x LQ(I ; V)w- Next, by [19, Lemma 2.55(ii)], we know
that wy,, w € W and w,, — w in W, imply w,,(t) — w(t) in H,, for all ¢ € I. We combine this fact
with H(l, L)(a) to get H(F). O

4. APPLICATION TO QUASISTATIC FRICTIONAL CONTACT PROBLEM

In this section we illustrate the results of the previous sections by a quasistatic frictional contact prob-
lem coupled with the heat equation, which, in a weak form, is governed by a differential variational-
hemivariational inequality.

Let Q C R% d = 2, 3, represent a bounded domain occupied by an elastic body. The boundary
I" is Lipschitz and is divided into three mutually disjoint measurable parts I'p, I'x;y and I'c such that
the measure of I'p is positive. The unit outward normal on I" is denoted by v. Let @) := 2 x [ with
I := [0, T]. The part I'c represents the contact surface between the body and the foundation. The body
is clamped on I'p, and is subjected to a volume force of density gy(\) and a heat source p; () in €.
Surface tractions of density g (\) act on the part I' 5 and po stands for the heat flux through I'c. The
parameter A € A represents the control variable from a metric space A. In what follows we often do
not indicate explicitly the dependence of various functions on & and ¢.
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The classical formulation of the elastic contact model reads as follows.

Problem 4.1. Find a displacement field u: 2 — R astress fieldo: Q — S%, a temperature 6: Q) — R,
and a heat flux g: Q — R? such that

—Dive(t) = go(A,t) in Q, (4.1)
0'(t) +div q(t) + ¥(t,0(t)) + Re(u(t)) = p1(A,t) in Q, (4.2)
o(t) = &(t, e(u(t))) in Q, (4.3)
a(t) = —K(t, V(1)) in Q, (4.4)
u(t) =0 on I'p, (4.5)
o(t)v =gy(\ i) on I'y, (4.6)
0(t)=0 on I'pUTy, (4.7)
- %ey(i) — m(t) on T, (48)
o, (t) = ol(t) + o2(t) on D¢, (4.9)
- Ui(t) € pu(ta e(t)) aj(ul/<t)) on I'c, (4.10)
u,(t) < g, o5 (t) +p(t, 0(t) <0, r (411)
(uy(t) = 9)(02(t) + p(t, 0(t))) = 0 e |
o) < pp(t, o))
~o (1) = upl 60 e () £ 0 on tes @12
0(0) = 0(N) in Q. (4.13)

The standard notation is used. The normal and tangential components on the boundary of a vector v
are defined by v, = v-v and v; = v—u, v, respectively. Given a tensor o, the symbols o, and o stand
for its normal and tangential components on the boundary, that is, 0, = (ov)-vand o, = ov —o,v.
The linearized strain tensor is defined by e(u) = (g55(w)), &;j(u) = 3(uij +u;;) in €.

The relation (4.1) is the equilibrium equation for the stress. The heat equation (4.2) represents the law
of conservation of energy, where g is the heat flux vector, and the function R describes the influence of
the displacement field on the temperature. It is well known that thermal effects often accompany the
friction phenomena. By Div and div we denote the divergence operators for tensor and vector valued
functions, respectively. The elastic constitutive relation (4.3) involves the elasticity operator €. For the
thermal diffusion, we use the law (4.4) with a nonlinear thermal conductivity operator K which in a
linear case reduces to the Fourier law g(t) = —k(x,t)VO(t) in Q, k = k(x, t) being the conductivity
tensor. Conditions (4.5), (4.6) and (4.7) are the displacement and the traction boundary conditions, and
the thermal boundary condition. Moreover, the conormal derivative 887& = K(z,t,V0) - v in condi-
tion (4.8) specifies the heat flux between the body surface I'c and the foundation. The normal stress
has an additive decomposition in (4.9). One part of the normal stress in (4.10) represents a multivalued
nonmonotone version of the normal compliance condition in which the stiffness coefficient function
py is temperature dependent, and 0j stands for the Clarke generalized gradient of a locally Lipschitz
potential, see [19, Section 6.3]. The relation (4.11) represents the frictional Signorini unilateral con-
tact condition with a gap g > 0 for the normal displacement associated to the Coulomb’s law of dry
friction (4.12), where p is a positive bounded function which describes the coefficient of friction. The
initial temperature 6 is prescribed in (4.13). For more details on the mathematical modeling of contact
problems, we refer to [19, 24, 26].
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For the weak formulation of Problem 4.1, we introduce the following spaces

E={neH'Q)|n=0onTpUTlN}, H=L*Q), w1
4.14
V={ve H(QRY) |v=00onTp}, H=L*Q;S).

The triplet (E, H, E*) forms an evolution triple of spaces with dense, continuous and compact embed-
dings. On V' we use the norm ||v||y = ||e(v)]|| for v € V which is, by the Korn inequality equivalent

to the usual norm || - || ;j1(,re). Recall that the normal trace operator v: V' — L?(T) is linear and
compact, i.e., [|[Y(V)||L2r) < [[7[|[[v|lv for v € V, where ||| denotes the operator norm.

We need the following hypotheses on the data to Problem 4.1.
H(E): The elasticity operator &: @ x S? — S? is such that

(1) foralle € S% ae. t € I, &(-,t,€) is measurable on (),
(2) forae. x €, &(x, -, ) is continuous on I x S7.
(3) foralle € S% ae. (x,t) € Q, ||E(x,t,€)|| < ao(x,t) + a2 | el
with ag, as > 0, ap € L>=(I; L*(Q)),
(4) there exists mg > 0 such that (E(x,t,e1) — E(x,t,€2)) - (61 — €2) > me ||e1 — ea|?
foralley,es € S%, ae. (x,t) € Q,
(5) forae. (x,t) € Q, E(x,t,0) = 0.
H(R): R:QxS? = Ris such that
(1) foralle € S% ae. z € Q, R(z, €) = R(z)e.
(2) R(x) = (Ryj(x)) with R;; € L>(Q).
H(X): The thermal conductivity operator K: Q@ x R? — R? is such that
(1) forall ¢ € R?, K(-, -, &) is measurable on @,
(2) forae. (z,t) € Q, X(z,t,-) is continuous on R,
(3) forall ¢ € RY ae. (x,t) € Q, | K(x,t,&)|| < ko(z,t) + k1 ||€]]
with ko € L%(Q), ko > 0,k > 0,
(4) forall &, &, € RY ae. (2,1) € Q, (K(z,1,€;) — K(=,1,&5)) - (& — &) >0,
(5) forall ¢ € R% ae. (x,t) € Q, K(x,t,€) - & > ax ||€]|* with ag > 0.
H(): ¢:Q xR — Rissuch that
(1) forallr € R, (x,t) — 1 (x,t,r) is measurable,
(2) there exists k € LY(I; L>°(Q)); such that [1(x, t,71) — ¥(x, t,12)| < k(x,t)|r1 — 72|
forall 1, 72 € Rand ae. (x,t) € Q,
(3) thereare a € L*(Q) and b > 0 such that [t)(x,t,7)| < a(x,t)+b|r|forallr € R, ae. (z,t) € Q.
H(py): pv:To x I xR — Rissuch that

1) pu(-,t,r) is measurable on I'c forallr € R, ¢ € I.

(
(2) pu(x,-,7) is continuous on [ for all r € R, a.e. € ['c.
(3) thereis Ly, > 0 such that |p,(x,t,71) — p,(x,t,72)| < Ly, |11 — ro| forall r, rp € R,
ae. (x,t) €T x I
(4) thereis pj, > O such that 0 < p,(z,t,7) < p} forr € R, ae. (x,t) € I'c x I.
H(p): p:TcxIxR— Rissuch that
(1) p(-,t,r) is measurable on I'c for all € R, a.e. t € I.
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(2) thereis L, > 0 such that |p(x, t1,71) — p(x, t2,72)| < Ly ([t1 — to| + |r1 — r2|)
forallti,to € I, 7,70 € R, ae. ¢ € T'c.
(3) thereis p* > 0 such that 0 < p(x,t,7) < p*forr € R, ae. (z,t) € T'c x 1.
H(p): pel>Tc),0<pu(z) <p aexzelc.
H(j): j:R—=R,j(r)= [y o(s)ds forall r € R, where o: R — R is such that
(1) there are constants gg, 01 such that 0 < g9 < o(r) < g1 forallr > 0,
(2) there exists L, > 0 such that |o(r1) — o(r2)| < L, |r1 — rg| forall ry, r € R,
(3) o(r) = 0if and only if r < 0.
(Ho): 9o gn: A x I — R%aresuch that g(),-) € L2(;R?), gy (), ) € L2(Tn; RY),
© and there s c1 > Osuchthatforall A € Ayae. t € 1, ||go(\, )|l + lgn (A, B)]] < e,
0o € L*(Q) and [|0o(\)|| i < ¢1 for some ¢1 > 0, p1(+) € L2(2), p2(A,-) € L3(T¢)
and pa(Apn,-) = p2(N,-) in L2(T¢) for A, — Ain A.
Next, we derive the variational formulation of Problem 4.1. Let (u, o, §) be a triple of smooth func-

tions which satisfies (4.1)—(4.13). Let v € V and t € I. We multiply (4.1) by v — u(¢), exploit the Green
formula, see [19, Theorem 2.25], and apply the boundary conditions (4.5)-(4.6) to get

/ o(t) - (e(v) — e(u(t))) da = / GoMt) - (v — u(t)) da
Q Q
+ /FN gy (A t) - (v —u(t))dl + /F o(t)v-(v—u(t))dl.

C
By the decomposition formulaov - v = (o, v+ 0;) - (v, v+ V) = 0, v, + 0, - V-, we have

(o(t),e(v) —e(u(t))n = (9(t), v — u(t))

4 [ auOlo, w4 o (0) - (v, — ur (1) (415)
Te
where g € L>°(A x I; V*) is defined by
g\, 1),v) = (go(A 1), V) L2 (ara) + (N (A1), V) Lo(ry ma) (4.16)
forv € V,t € I. From (4.10) and (4.12), for all v € V, we have
ol (1) 0y — 1)) < pult,0(8)) 2 ( (£)s 00 — (1)), (417)
=0 (t) - (Ve —ur(t)) < pp(t, 0(1)) (V- = llur (D)), (4.18)
respectively. Next, we introduce the set K of admissible velocity fields
K={veV]u <gonTlc} (4.19)

We use (4.11), and for v € K, we obtain
—oy () (vy — w, (£)) = p(t, 0(t)) (vy — wy (1)) = (a5(t) + p(t, 0(t))) (v, — g)

—(o5(t) +p(t,0(1)(g — un(1)) < p(t,0(£))(vs — up (). (4.20)
By the constitutive law (4.3), we have
(o(t),e(v) —e(u(t)))n < (E(t,e(u(t))), e(v) —e(u(t)))n (4.21)

for all v € V. We combine (4.13), (4.15), (4.16), (4.17), (4.18), (4.20), and (4.21) to obtain the variational-
hemivariational inequality for the displacement field. Next, we use (4.2), (4.4), (4.7), (4.8) and (4.13) to
derive a variational equation for the temperature. As a result we obtain the following weak formulation
of Problem 4.1.
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Problem 4.2. Find 0: I — E and uw: I — K such that 8(0) = 6y()), and

/ﬂ@’(t)ndw—i—/ﬂﬂ((t,ve(t))-Vnda:+/r pg(t)ndF—i—/Qﬂ%s(u(t))ndx

C

—i—/w(t,O(t))nd:c:/pl(/\,t)nda; forall ne€ E, aetel,
Q Q

JRC

+/Fcp(ta9(t))( V_Uu(t))dr_"/r pup(t, 0(8)) ([[vell — [lur ()]]) dT

C

Le

E(U(t)))'(€(V)—€(U(t)))d$+/ po(t,0(t)) 3 (un (t); vy — () AT

> (g(\t),v—u(t)) forallv e K, ae t € l.

Problem 4.2 couples the parabolic differential equation for the temperature with a time dependent
variational-hemivariational inequality for the displacement field.

Theorem 4.3. Assume hypotheses H(E), H(R), H(X), H(v), H(p,), H(p), H(u), H(j), (Ho) and the

smallness conditions
me > max{ Ly}, [7]% 3 (4.22)

Then, for any A\ € A, Problem 4.2 has a nonempty and compact set of solutions S()\) in W, x L2(I; V),
and

K(W,, x L*(I;V),)-limsup8(\,) C 8(\) forall A, — X in A. (4.23)

Proof. We will use the following functional framework: F, V, H and H are defined by (4.14), Z =
X = L?(T¢) and K is given by (4.19). Let the operators A: I x E — E*, f: Ax I x H — H,
G:1— L(V,H),B: I xHxV — V*andfunctions J: [ x Zx X - R, p: I x Z xV — Rbe
defined by

<A(t7 U), 77) = <J<<CC, t, VU>, V77>L2(Q;Rd) + <p2(t)7 7]>X for v, ne F,aetel, (4.24)

f ) () = —Y(z,t,v(x)) + p1(At) for ve H aet €, (4.25)

G(t)v=—R(e(v)) for ve V 5ae. t €1, (4.26)

(B(t,w,u),v) = (E(t,e(u)),e(v))y for we Hyu,veV, aetel, (4.27)

J(t, z,v) = / pu(t,z) j(v)dl for z€ Z, ve X, ae t €1, (4.28)
e

o(t,z,v) = / (p(t,z) vy + up(t,z)||vs]) dI’ for z € Z, veV, aet €l. (4.29)
Te

Moreover, let §: F — Z andv: V — X be the trace and the normal trace operators, respectively, i.e.,
5(0) =0 forf € E,and yv = v, for v € V, and (-, -) x denote the inner product in X.
With the above notation, we consider the inequality problem associated with Problem 4.2.

Problem 4.4. Find # € W and w € L?(I; K) such that
0'(t) + A(t,0(t)) = f(N\t,0(t) + G(t)u(t) ae. t €,
(B(t,0(t),u(t) — g(A 1), v —u(t)) + JOt,00(t), yu(t); v (v — u(t)))
+ p(t,00(t),v) — @(t,00(t),u(t)) >0 forall ve K, aetel,
0(0) = O(N).



58 S. MIGORSKI, Y. BAI, AND S. DUDEK

We will verify hypotheses H(A), H(f), H(B), H(G), H(J), H(K), H(¢), H(d,v) and H(g,wo)
of Theorem 2.3.

For the hypotheses H (A) we follow the lines of the proof in [14, Theorem 15] to deduce that H (A4)(c)
holds with ag(t) = ¢ ||ko(t, )|z + |lp2(t, )|l x> a0 € L*(I) and ¢, co > 0, and H(A)(d) is satisfied with
as := ag /2 and a1 (t) = (c||p2(t, )| x)?/(2ax), a1 € L (I), ¢ > 0.

Next, we will show that the operator f defined by (4.25) satisfies H(f). By the definition of f, we
know that forallv, z € H, A € A, a.e. t € I, we have

(fNtv),2)g = — /Q(w(a:,t,v(sc)) +p1(A\, x,t)) zdx.

By the Fubini theorem ¢t — (f(\,¢,v), z) i is measurable for all v, z € H, A € A. In a consequence,
t — f(\t,v) is weakly measurable for all v € H. Due to the separability of H, from the Pettis
measurability theorem, the function ¢ — f(A, ¢, v) is also measurable for all v € H. Therefore, H(f)(a)
holds. H(f)(b) holds by Hy. The conditions H(f)(c) and (d) follow easily from hypotheses H (¢)(2)
and (3), respectively.

Now, we will verify condition H(B). We choose ugp = 0 € K. By H(&)(4) and (5), we have
E(x,t,e) - € > me|le|? foralle € S ace. (x,t) € Q. From this condition, we obtain

(B(t,n,v),v) > me||v|? (4.30)

forae. t € I,allm € H,v € V. Moreover, we apply [19, Theorem 7.3] to deduce that v — B(t,n,v)
is bounded, strongly monotone and continuous for all n € H, a.e. t € I. Hence, it is pseudomonotone,
see [19, Theorem 3.69]. Thus, H (B)(a) is satisfied.

We will check H (B)(b). From H (j), it follows that j is a C! function. Thus, j is (Clarke) regular
which implies that 9j(r) = j/'(r) = o(r) for r € R and

§%(r;s) = max{€s | € € Dj(r)} = Dj(r)s = o(r) s forall 7,5 € R.

We are in a position to apply [19, Theorem 3.47(i)-(iii)] to infer that H (.J)(b) is satisfied, and since j is
regular, J(t, z, -) is also regular and

IOt 2,0 w) = /

pu(t )0 w) AT, DJ(E, 2 0) = / oot 2)0j(0)dl (431)
e

Te
forall z € Z,v,w € X, ae. t € I. By [19, Theorem 3.47(v)] for all u* € 9J (¢, z,yu), u € V, we can
find (: I'c — R such that {(x) € p, (¢, z(x))0j(yu(x)) for a.e. x € I'c and

(U, 0y xexx = CvdIl’ for v e X.
|Ne]

Recall that v: V' — X is the normal trace operator defined by yv = v, for v € V. Hence, we deduce
w* (@) = pu(t, 2(2))o(yu(x)) ae. = € T, and

[(u*,7v) xexx| <P, e VIPel IVIz2roray < ppere v [Tol vl (4.32)

for all v € V, where ¢ > 0. From (4.30) and (4.32), we have

(B(t,n,v),v) + inf (&) xexx = mg||v||2 —pyo1c|Tel|v] (4.33)
£€0J(t,z,yv)

forae. t € I,alln € H,v € V, with ¢ > 0. Hence, we deduce H(B)(b).
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Subsequently, from the strong monotonicity of v — B(¢,7, v) and the inequality
(DI (¢, z,7v1) = OJ (L, 2,7v2), 7(V1 — V2)) X+ x x|
< [ pultsa@)elon) = olva)on, = v2) T
c

<L, / for — w2 dT < p3 Lol |2lvi — val
e

forallvi,vo eV, z¢€ Z, ae. t € I, we have
<B(75,7%Vl) - B(tﬂ%v2)a"1 - V2> + <’Y*6J(t, Zalyvl) - ’7*8‘](757 Za'YVQ)a Vi — V2>
> (me — py Lol [lvi — val|>.

Hence, by (4.22), we obtain H(B)(c).
Next, let (t,n,u) € I x H x V, {t,} C L, t, = t,{m} C H,ny > nin H, {u,} C V,u, — uin
V. Then, for any v € V, we have

[(B(tn: s wn) — B(t,n,u), v)| = [(E(tn, €(un)) — E(E,€(u)), (V)]
< [|€(tn, e(un)) — E(t, e(w))llnlle(v)lln = |€(tn, e(un)) — E(E e(w)) V],
which together with H(€)(2) implies

[1B(tn; Ny un) = B(t,m,w)l[ve < |[€(tn, e(un)) — E(t, e(u))] — 0.

Hence, since (t,n,u) € I x H x V is arbitrary, we deduce H(B)(d). Then, from condition H (&)(3),
by the Holder inequality, it is easy to find that

IB(t,n,w)llv- < V2|ao(t,)|lu + v2az|ull

forae. t € I,alln € H,u € V, Hence, H(B)(e) is verified with co(t) = v/2|ao(t, )|z, c1 = 0, and
c2 = V/2a.
Subsequently, we use hypothesis H(R) to deduce that

IGH W) < /\R \2dm<6/ le()l[ dx = clle(v)[3, = cllv]®

forallv € V,ae. t € I with a constant ¢ > 0. Thus, it is clear that H(G) holds.

Condition H (J)(a) is a consequence of the Fubini theorem. Also, similarly as in (4.32), one can easily
obtain H (.J)(c) while conditions H (.J)(d)-(e) are a consequence of calculations proved in [14, Theorem
15]. It is clear that the set K of unilateral constraints defined by (4.19) satisfies H (K).

We shall verify that the functional ¢ defined by (4.29) satisfies H (¢). We can use the Fubini theorem
again to deduce that ¢t — ¢(t,z,Vv) is measurable for all z € Z, v € V, ie, H(¢)(a) holds. The
condition H(¢)(b) is clearly satisfied. Since ¢(t,2,0) = 0 for a.e. t € I, all z € Z, the condition
H (p)(c) holds. From H (p)(3), H (1) and Holder’s inequality, we get

lo(t, z,v)| Sp*/ Ivu!dFJru*p*/F [vr|l dU < p*/|Tell|vlizwey + 12" VPV re)-
C

le

Moreover, by Young’s inequality, we have
* %1\ 2
lo(t, z,0)| < 5 1Tcl (P + 1) + 5 IvIT-

Hence, (t,2,0) > as(t) + ba|[v[} with a5 = —4 [Tl (p*[ly| (1 + p*))* and by = 1. By the

smallness condition (4.22), we deduce H (¢)(d). To verify H(p)(e), let {t,} C I, t, — t, {z,} C Z,
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zn = zin Z,{up} CV,u, = uinV,and v € V. From H (p) and H (1), we have

lim sup (¢ (tn; 2n, v) = @(tn, 2n, un)) < Lplimsup ||z, — 2| z([[v]x + [Jun ] x)
+ lim sup </ P(tn, 2)vy dI‘) + lim sup ( —/ P(tn, 2)tny dI‘)
r e
+u* Ly limsup [|zn, — 2[|z([|v][x + [lunllx)

wtimsup ([ ppltas2) v ar) +timsup (= [ (e, )| 4T)
C C

C

< limsup ¢(t,, z,v) — liminf (t,, z, u,) < @(t,2,v) — @(t, 2z, u),

which entails H (¢)(e). We will show H (¢)(f). Let z € L?(I; V), {n,} C L*(I; Z),n, — nin L*(I; Z),
{u,} C L*(I; V) with u,, — win L?(I; V). Then, from H (p), H (1) and Holder’s inequality, we have

T
/0 (‘p(t, nn(t), Z(t)) — gp(t, nn(t)7 ’un(t))) dt
T
:ué ]ﬁ <Uﬂ@ﬁn@D-—pdnﬂﬂﬂaf+p@ﬂﬂw)%)dpdt
T
T
+/0 /F (u[p(t,nn(t)) = p(t,n(@)llz- )] —I—,up(t,n(t))HzT(t)H) dTdt

T
*}/ jgj (ulp(t. (1)) — p(t ()] et (1) | — (e, m(0)) et (1)) il

<L / / I (t) — Zudl“dt—l—/ / (t,n(t))z, dUdt
e
+L/ / |1 () \Unydfdt—/ / (t,n(t))un, dUdt
NG} T'c

+%u/)/\% - |w4mﬂw+/'//wtm»w4mww
WL// —%W%WMF//WWW%WMt

< Lplimn — 77”L2(I;Z)(HZVHLQ(I;LQ(FC;]Rd)) + HUNVHLQ(I;LQ(FC;]Rd)))
+Lpp” |10 — 77”L2(I;Z)(||z||L2(I;L2(FC;Rd)) + ||un||L2(I;L2(I‘C;Rd))) + ®(n, z) — (1, un)
<c H77n - ,'7HL2(I;Z) + q)<777 Z) - @(n,un),

where ¢ > 0 is a constant and the functional ®: L?(I; Z) x L?(I; V) — R is defined by

T
(2, v) _/0 ot 2(8), V() dt for (2,v) € L2(I; Z) x L2(I: V).
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Note that, by Fatou’s lemma, we know that ®(z,-) is convex and weakly lower semicontinuous on
L3(I; V) for all z € L?(I; Z). Using this property and passing to the upper limit, we have

T
lim sup /O (Pt (2), 2()) — (8,10 (), un (1)) dt

T
< / (0(t,n(t), 2(8)) — ot 7(t), u(t))) dt
0

which proves H (¢)(f).

It is clear that the normal trace v € L£(V, X) is a compact operator. We refer to [20, Theorem 2.18,
p-59] for the proof that the Nemitsky operator 6 W — L2 (I; Z) corresponding to the trace operator
satisfies H (9, ). The condition H (g, wy) is a consequence of definition (4.16) and hypothesis (Hy).
Finally, since J(t, z, -) is Clarke regular for all z € Z,a.e. t € I, see (4.31), we conclude that Problems 4.4
and 4.2 are equivalent. Therefore, invoking Theorem 2.3, we know that Problem 4.2 has a solution

(0,u) € W x L?(I; K). This completes the proof of the theorem. O

To conclude, we say that a quadruple of functions (u, o, 0, ) which satisfies (4.3) and (4.4), and the
equation and inequality in Problem 4.2 is called a weak solution to Problem 4.1. Under the hypotheses
of Theorem 4.3, we deduce the following regularity of the solution of Problem 4.1:

we LXI;K), o € L*(I; L*(9;$%), Dive € L*>®(I; L*(Q;R?)),
0 c LX(I;E), 0 € L*(I; E*), q € L*(I; L*(*; RY)), divq € L*(I; L*(Q)).

In what follows we deal with a class of optimal control problems for the differential variational
inequality formulated in Problem 4.2. In the optimal control problem, one seeks to determine the pa-
rameters describing the density of volume force gy()), the density of heat sources p;(\) in €2, the
density of surface tractions g, () on the part 'y, and the initial temperature 6(\) in 2, in such a
way that a given cost functional is minimized. In this way we are lead to a distributed optimal control,
to a boundary control, and to a control in initial conditions, see the classical monographs [2, 10, 29, 30].

We apply Theorem 3.3 to deduce the following result.

Corollary 4.5. Under the hypotheses of Theorem 4.3, H(F) and H(A,q), the control problem: Find
N* € Ayg such that

m(A*) =inf{m(A\) | A € Agg} with m(X) :=inf{F(\,0,u) | (6,u) € S(\)}, (4.34)
where $(\) C W x L2(I; V), for A\ € A, denotes the solution set to Problem 4.2, is solvable.

A variety of optimal control problems for the contact model in Problem 4.2 can be formulated as in
(4.34). The cost functionals can be provided based on Example 3.4. We restrict to some particular simple
choices met in applications.

The typical examples of the cost, met in applications, are based on the output least-squares formu-
lation and are the following.

Fo0w = [ (o [ ) - ar+on [ 100 - o) ar) g

C
where elements dy, dy € L%(I; L?(T'¢)) are prescribed. With this choice of the objective functional,
we look for a parameter A € A,y such that the corresponding penetration (displacement w, in the
normal direction) of the elastic body over the total time interval is as close as possible to the “desired
penetration” d; = d;(t), and the temperature 6 lies as close as possible to the value do = da(t).

Fo00) = [ (pn [ lewlBade ts [ lovO0) - s ar) a



62 S. MIGORSKI, Y. BAI, AND S. DUDEK

where d3 € L?(I; L*(Ty)) is given. The first term corresponds to the minimization of the deformation
of the body over the time interval, while in the second term we require that the surface traction density
gn = gn (A, t) is close to an available element ds = d3(t).

FOu0,u) = ps / /Q (e, ) — gl ddt + ps [6(T) — dal%
I

where ug € L2(I; L?(§;R%)) is given. With this cost functional we would like to minimize two
components, u, is the desired displacement profile, d; is the desired temperature one wishes to achieve
at the final time t = 7. In the above examples, a compromise policy between the various goals has
to be found and the relative importance of each criterion with respect to the other is expressed by the
choice of the weights p; € L>°(I)4,i=0,...,5.

5. COMMENTS ON FURTHER RESEARCH

The research of this paper can be continued in several directions. First, we have touched per-
turbations neither in the constraint set nor the differential operators of the differential variational-
hemivariational inequality. It would be interesting to study the stability result and optimal control when
A, B and K depend on the control parameter as well. Second, another open research direction is to
examine the stability with respect to the constraint set to differential quasi-variational-hemivariational
problems, when the constraint set is solution dependent. Third, other optimal control problems which
are of practical importance are worth to be investigated, for instance, time optimal control problems,
maximum stay control problems, etc., see [3] for instance, as well as the variational-hemivariational
inequalities involving history-dependent operators, see [27], and the references therein.

Finally, since the set of measured data in an optimal control problem comes, in general, from the ex-
periments, it naturally fraught with errors and contain perturbations. Therefore, it would be interesting
to study the variational sensitivity of control problems answering the question what happens to the set
of optimal solutions to the control problem when the cost functional, involving noisy or contaminated
data, is subjected to perturbations. For this issue some ideas of [9, 13] can be used.
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