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Abstract. In this paper, we propose a new two-step inertial Bregman projection iterative algorithm
by Halphern iterative method to solve the split feasibility problem in real Hilbert spaces. We give two
selection strategies of stepsizes and prove that the proposed iterative sequence convergents strongly to
solution of the split feasibility problem. Our results extend and improve the corresponding results.
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1. Introduction

The split feasibility problem (SFP) was firstly introduced by Censor and Elfving [5] for modelling
some inverse problems. Since then, it has played an important role in many real-world application
problems, such as signal processing, image reconstruction [4] and radiation therapy [6, 7]. Let H1

and H2 be real Hilbert spaces and let A : H1 → H2 be a bounded linear operator. The SFP can
mathematically be formulated as the problem of finding a point ϕ̂ with the property

ϕ̂ ∈ C and Aϕ̂ ∈ Q, (1.1)

where C and Q are nonempty closed convex subsets of H1 and H2, respectively. In particular, when
Q = {b}, the SFP (1.1) becomes the following convex constrained linear inverse problem:

ϕ̂ ∈ C and Aϕ̂ = b.

For solving the SFP (1.1), Byrne [4] introduced the following well-known CQ algorithm which gen-
erates iterative sequence {ϕm} by

ϕm+1 = PC(I − σmA
∗(I − PQ)A)ϕm, (1.2)

where σm ∈ (0, 2σ ) with σ being the spectral radius of the operatorA∗A, PC and PQ are the projections
onto C and Q, respectively.

We assume that the SFP (1.1) is consistent(i.e., problem (1.1) at least has a solution) and use Θ to
denote the solution set of the SFP (1.1), i.e.,

Θ = {ϕ̂ ∈ C : Aϕ̂ ∈ Q}.

We know that Θ is nonempty, closed and convex subset. And ϕ̂ ∈ Θ if and only if ϕ̂ is the solution of
the following fixed point equation:

ϕ̂ = PC(I − σA∗(I − PQ)A)ϕ̂,
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where σ > 0. This implies that we can use fixed point algorithms (see [1, 8, 11, 21, 22]) to solve the SFP
(1.1).

Let C be a nonempty closed convex subsets of H and let f : C → C be a contractive mapping.
In [19], Moudafi proposed the following viscous iterative algorithm to solve the fixed point of the
nonexpansive operator:

ϕm+1 = tmf(ϕm) + (1− tm)Tϕm, (1.3)

where T : C → C is a nonexpansive operator and {tm} ⊂ [0, 1]. Moreover, we got the strong
convergence result of the algorithm (1.3).

It is observed that, in the CQ algorithm (1.2), the stepsize σm depends on the bounded linear operator
(matrix) norm ∥A∥ (or the largest eigenvalue of A∗A). It is not always easy in practice to compute the
matrix norm of A. To avoid this difficulty, there have been many self-adaptive algorithms where the
stepsize dose not depend on the norm of the bounded linear operator A. In [16], Lopez et al. improved
CQ algorithm (1.2) by selecting the following stepsize:

σm =
ρmh(ϕm)

∥∇h(ϕm)∥2
,

where infm ρm(4− ρm) > 0 and h(ϕ) = 1
2∥(I − PQ)Aϕ∥2.

In optimization theory, the inertial technique is an important method to speed up the convergence
rate. In [10], Dang proposed the inertial relaxed CQ algorithm for solving the SFP (1.1) in Hilbert spaces,
which is formulated as {

φm = ϕm +ϖm(ϕm − ϕm−1),

ϕm+1 = PCm(φm − σmA
∗(I − PQm)Aφm),

where σm ∈ (0, 2σ ) for all m ≥ 1 and σ is the spectral radius of the operator A∗A, 0 ≤ ϖm ≤ ϖ̄m,
and,

ϖ̄m = min{ϖ, 1
max{m2∥ ϕm−1−ϕm∥2,m2∥ ϕm−ϕm−1∥}},

In [15], Wang et al. gave the adaptive inertial relaxed CQ algorithm for solving the problem the SFP
(1.1) in Hilbert spaces, which is generated as follows:{

φm = ϕm +ϖm(ϕm − ϕm−1),

ϕm+1 = PC̃m
(φm − σmA

∗(I − PQ̃m
)Aφm),

where
C̃m = {u ∈ H1 : c(φm) + ⟨ϑm, u− φm⟩+ κ

2
∥u− φm∥2 ≤ 0},

Q̃m = {v ∈ H2 : q(Aφm) + ⟨ηm, v −Aφm⟩+ β

2
∥v −Aφm∥2 ≤ 0},

and ϑm ∈ ∂c(φm), ηm ∈ ∂q(Aφm). Besides, c : H1 → R and q : H2 → R are convex and lower
semi-continuous functions, 0 ≤ ϖm ≤ ϖ̄m, ϖ̄m is chosen by

ϖ̄m =

{
min{ϖ, ϑm

max{∥ ϕm−1−ϕm∥2,∥ ϕm−ϕm−1∥}}, ϕm−1 ̸= ϕm,

ϖ, otherwise.

The σm can be selected as follows:

σm =

{
ςm

∥A∗(I−PQm )Aφm)∥ , (I − PQm)Aφm ̸= 0,

0, (I − PQm)Aφm = 0,
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where
∑∞

m=1 ςm = ∞,
∑∞

m=1 ς
2
m <∞.

As we all know, the SFP (1.1) can be converted to the variational inequality problem. The variational
inequality problem (VIP) is to find a point ϕ̂ ∈ C such that

⟨Fϕ̂, z − ϕ̂⟩ ≥ 0, ∀z ∈ C, (1.4)

where C is a nonempty closed and convex subset of H and F : C → H is an operator. Indeed, let

h(ϕ) =
1

2
∥(I − PQ)Aϕ∥2.

Then for the following convex minimization problem

min
ϕ∈C

h(ϕ),

the objective function h is differentiable and its gradient

∇h(ϕ) = A∗(I − PQ)Aϕ.

So, the SFP (1.1) becomes the following VIP:

⟨A∗(I − PQ)Aϕ̂, z − ϕ̂⟩ ≥ 0, ∀z ∈ C.

It is known that the application of the Bregman distance is more flexibility than selection of projec-
tions. Many authors introduced Bregman projection methods to solve optimization problems. Let the
function e : H → R be α-strongly convex, Fréchet differentiable and bounded on bounded subsets of
H . In [20], Sunthrayuth et al. proposed the following Bregman projection algorithm for solving the
VIP (1.4): {

φm = Πe
c(∇e)−1(∇e(ϕm)− σmFϕm),

ϕm+1 = (∇e)−1(∇e(φm)− σm(Fφm − Fϕm)),

where F : H → H is pseudo-monotone, Πe
C(ϕ) is the Bregman projection with respect to e of ϕ ∈

int(dom e), σm+1 is chosen by

σm+1 =

{
min{µ∥ϕm−φm∥2+∥ϕm+1−φm∥2

2⟨Fϕm−Fφm,ϕm+1−φm⟩ , σm}, if ⟨Fϕm − Fφm, ϕm+1 − φm⟩ > 0,

σm, otherwise

and µ ∈ (0, α). In [14], Sunthrayuth et al. proposed the following Bregman projection relaxed inertial
subgradient extragradient algorithm for solving the VIP (1.4):

um = (∇e)∗(∇e(ϕm) +ϖm(∇e(ϕm−1)−∇e(ϕm))),

φm = Πe
c(∇e)∗(∇e(um)− σmFum),

Tm = {ϕ ∈ H : ⟨∇e(um)− σmFum −∇e(φm), ϕ− φm⟩ ≤ 0},
zm = Πe

Tm
(∇e)∗(∇e(um)− σmFum),

ϕm+1 = (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(zm)),

where m ≥ 1, {κm} ⊂ (0, 1), 0 ≤ ϖm ≤ ϖ̄m, and,

ϖ̄m =

{
min{ϖ, ϑm

∥ ∇e(ϕm−1)−∇e(ϕm)∥}, if ∇e(ϕm−1) ̸= ∇e(ϕm),

ϖ, otherwise.

Besides, σm = τ lsm , with sm is the smallest nonnegative integer satisfying

τ lsm∥Fum − Fφm∥ ≤ µ∥um − φm∥,
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and F : H → H is pseudo-monotone and uniformly continuous on H .
In [13], Hao and Zhao proposed the following Bregman projection algorithm for solving the SFP

(1.1):
ϕm+1 = Πe

c(∇e)−1(∇e(ϕm)− σmA
∗(I − PQ)Aϕm), (1.5)

where σm > 0. If 0 < lim infm→∞ σm ≤ lim supm→∞ σm < 2σ
∥A∥2 , then the sequence {ϕm} generated

by algorithm (1.5) converges weakly to a solution of the SFP (1.1).
In this paper, two-step inertial Bregman projection iterative algorithms are given to solve the split

feasibility problem. The paper is organized as follows. Some definitions and notions are presented in
Section 2. New two-step inertial Bregman projection iterative algorithms are proposed in Section 3
and Section 4. Two selection strategies of stepsizes are constructed and the convergence results are
obtained.

2. Preliminaries

LetH be a real Hilbert space,C be a nonempty closed convex subset ofH . Throughout this paper,
⟨·, ·⟩ denotes the inner product and ∥ · ∥ denotes the norm. → and ⇀ denote the strong convergence
and weak convergence, respectively. ωw(ϕm) denotes the weak limit set of {ϕm}. For each ϕ ∈ H , the
projection PCϕ from H on to C is the unique point in C such that

PCϕ = argmin{∥ϕ− φ∥ : φ ∈ C}.

Lemma 2.1. Given ϕ ∈ H and z ∈ C . Then z = PCϕ if and only if, for all φ ∈ C

⟨ϕ− z, φ− z⟩ ≤ 0. (2.1)

Definition 2.2. An operator T : H → H is said to be
(i) nonexpansive if

∥Tϕ− Tφ∥ ≤ ∥ϕ− φ∥,
for all ϕ, φ ∈ H ;

(ii) firmly nonexpansive if 2T − I is nonexpansive or, equivalently,

⟨ϕ− φ, Tϕ− Tφ⟩ ≥ ∥Tϕ− Tφ∥2,

for all ϕ, φ ∈ H .

It is well known that both PC and I − PC are firmly nonexpansive.

Definition 2.3. The Bregman bifunction Be : dom e × int(dom e) → [0,∞) corresponding to the
convex and differentiable function e with its gradient ∇e is defined by

Be(ϕ, φ) = e(ϕ)− e(φ)− ⟨∇e(φ), ϕ− φ⟩.

The Bregman distance has the following important property called the three-point identity: for any
ϕ ∈ dom e and φ, z ∈ int(dom e)

Be(ϕ, φ) = Be(ϕ, z)−Be(φ, z) + ⟨∇e(z)−∇e(φ), ϕ− φ⟩. (2.2)

The Bregman projection with respect to e of ϕ ∈ int(dom e) is denoted by Πe
c(ϕ) and

Πe
c(ϕ) = argmin{Be(φ, ϕ) : φ ∈ C}.

Moreover, Πe
c has the following property ([14]): for each φ ∈ H ,

Be(ϕ,Π
e
c(φ)) +Be(Π

e
c(φ), φ) ≤ Be(ϕ, φ), ∀ϕ ∈ C. (2.3)
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Definition 2.4. The conjugate function of e is the function e∗ on H defined by

e∗(ϕ∗) := sup
ϕ∈H

{⟨ϕ∗, ϕ⟩ − e(ϕ)}, ∀(ϕ, ϕ∗) ∈ H ×H.

Definition 2.5. Let e : H → R be a Legendre function. Let Ge : H ×H → [0,∞) associated with e
be defined by

Ge(ϕ, ϕ
∗) := e(ϕ)− ⟨ϕ∗, ϕ⟩+ e∗(ϕ∗), ∀(ϕ, ϕ∗) ∈ H ×H.

We know the following properties (see [18]):

(1) Ge is nonnegative and convex in the second variable;
(2) Ge(ϕ, ϕ

∗) = Be(ϕ,∇e∗(ϕ∗)), ∀(ϕ, ϕ∗) ∈ H ×H;
(3) Ge(ϕ, ϕ

∗) + ⟨φ∗,∇e∗(ϕ∗)− ϕ⟩ ≤ Ge(ϕ
∗ + φ∗, ϕ), ∀(ϕ, ϕ∗) ∈ H ×H and φ∗ ∈ H .

Since Ge is convex in the second variable, it follows that, for all z ∈ H ,

Be(z,∇e∗(ΣN
i=1ti∇e(ϕi)) ≤ ΣN

i=1tiBe(z, ϕi), (2.4)

where {ϕi}Ni=1 ⊂ H and {ti}Ni=1 ⊂ [0, 1] with
∑N

i=1 ti = 1.

Lemma 2.6. ([3]) For each ϕ ∈ H , z = Πe
c(ϕ) if and only if, for all φ ∈ C ,

⟨∇e(z)−∇e(ϕ), φ− z⟩ ≥ 0. (2.5)

Definition 2.7. A convex and differentiable function e is said to be α-strongly convex if there exists a
constant α > 0 such that

e(ϕ) ≥ e(φ) + ⟨∇e(φ), ϕ− φ⟩+ α

2
∥ϕ− φ∥2.

for any ϕ ∈ dom e and φ ∈ int(dom e).

If the function e is α-strongly convex, from the definition of the Bregman distance, we get the fol-
lowing inequality:

Be(ϕ, φ) ≥
α

2
∥ϕ− φ∥2. (2.6)

Moreover, if e is assumed to be α-strongly convex, Fréchet differentiable and bounded on bounded
subsets of H , then for any two sequences {ϕm} and {φm} in H , we have

lim
m→∞

Be(ϕm, φm) = 0 ⇒ lim
m→∞

∥ϕm − φm∥ = 0 ⇒ lim
m→∞

∥∇e(ϕm)−∇e(φm)∥ = 0. (2.7)

Definition 2.8. An operator T : H → H is said to be demiclosed at origin if, for any sequence {ϕm}
which weakly converges to ϕ, the sequence {Tϕm} strongly converges to 0, then Tϕ = 0.

Lemma 2.9. Let E be a uniformly convex Banach space,K be a nonempty closed convex subset of E and
T : K → K be a nonexpansive mapping. Then I − T is demiclosed at origin.

Lemma 2.10. ([17]) Let {am} be a nonnegative real sequence such that there exists a subsequence {ni}
of {n} such that ani < ani+1 for all i ∈ N , Then, there exists an increasing sequence {mk} ⊂ N such
that limk→∞mk = ∞ and the following properties are satisfied by all (sufficiently large) numbers k ∈ N:

κmk
≤ κmk+1 and κk ≤ κmk+1.

In fact,mk = max{j ≤ k : aj ≤ aj+1}.
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Lemma 2.11. ([9]) Let {am}, {τm}, {δm} and {tm} be nonnegative real sequences such that τm ⊂
[0, 1/2], lim supm→∞ sm ≤ 0,

∑∞
n=n0

δm < ∞,
∑∞

n=n0
tm = ∞ and, for each m ≥ n0, (where n0 is a

positive integer,

am+1 ≤ (1− tm − τm)am + τmam−1 + tmsm + δm.

Then, limm→∞ am = 0.

3. Main Results: TWO-STEP INERTIAL BREGMAN PROJECTION ITERATIVE ALGORITHM

In this paper, the following assumptions are holds:

(A1) The function e : H1 → R is α-strongly convex, Legendre, uniformly Fréchet differentiable, and
bounded on bounded of H1;

(A2) Bounded linear operator A ̸= 0;
(A3) The solution set Θ of the SFP (1.1) is nonempty.

Algorithm 3.1. (two-step inertial Bregman projection iterative algorithm for solving the SFP (1.1))
Choose two sequences {κm} ⊂ (0, 1) and {ϑm} ⊂ (0,+∞), where{ϑm} and {κm} satisfy

∞∑
m=1

ϑm <∞, lim
m→∞

κm = 0,
∞∑

m=1

κm = ∞ (3.1)

and

lim
m→∞

ϑm
κm

= 0.

Given ϖ ∈ [0, 1/2]. Select arbitrary starting points ϕ0, ϕ1, ϕ2 ∈ H1.

Iterative step: Form ≥ 2, chooseϖm and τm such that 0 < τm ≤ ϖm < 1, 0 ≤ max{ϖm, τm} ≤ ϖ̄m,
where

ϖ̄m =


min{ϖ, ϑm

∥∇e(ϕm−1)−∇e(ϕm)∥+∥∇e(ϕm−2)−∇e(ϕm−1)∥}, ∇e(ϕm−1) ̸= ∇e(ϕm)

or∇e(ϕm−2) ̸= ∇e(ϕm−1),
ϖ, otherwise.

(3.2)

Compute
φm = (∇e)∗(∇e(ϕm) +ϖm(∇e(ϕm−1)−∇e(ϕm)) + τm(∇e(ϕm−2)−∇e(ϕm−1))),

ψm = Πe
c(∇e)∗(∇e(φm)− σmA

∗(I − PQ)Aφm),

ϕm+1 = (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm))),

(3.3)

where σm > 0.

Remark 3.2. From (3.2), it is easy to see that max{ϖm, τm}(∥∇e(ϕm−1)−∇e(ϕm)∥+ ∥∇e(ϕm−2)−
∇e(ϕm−1)∥) ≤ ϑm for all m ∈ N. Since limm→∞

ϑm
κm

= 0, it follows that

lim
m→∞

max{ϖm, τm}(∥∇e(ϕm−1)−∇e(ϕm)∥+ ∥∇e(ϕm−2)−∇e(ϕm−1)∥)
κm

≤ lim
m→∞

ϑm
κm

= 0.

Theorem 3.3. If 0 < lim infm→∞ σm ≤ lim supm→∞ σm < 2α
∥A∥2 , then the sequence {ϕm} generated

by Algorithm 3.1 converges strongly to z ∈ Θ, where z = Πe
Θ(ϕ1).
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Proof. First, we show that {ϕm} is bounded. Let r ∈ Θ and from (2.3)we can obtain,
Be(r, ψm) =Be(r,Π

e
c(∇e)∗(∇e(φm)− σmA

∗(I − PQ)Aφm))

≤Be(r, (∇e)∗(∇e(φm)− σmA
∗(I − PQ)Aφm))

−Be(ψm, (∇e)∗(∇e(φm)− σmA
∗(I − PQ)Aφm))

=Ge(r, (∇e)∗(∇e(φm)− σmA
∗(I − PQ)Aφm))

−Ge(ψm, (∇e)∗(∇e(φm)− σmA
∗(I − PQ)Aφm))

=e(r)− e(ψm)− ⟨∇e(φm)− σmA
∗(I − PQ)Aφm), r⟩

+ e∗(∇e(φm)− σmA
∗(I − PQ)Aφm)) + ⟨∇e(φm)− σmA

∗(I − PQ)Aφm), ψm⟩
− e∗(∇e(φm)− σmA

∗(I − PQ)Aφm))

=e(r)− ⟨∇e(φm), r⟩+ σm⟨A∗(I − PQ)Aφm, r⟩ − e(ψm) + ⟨∇e(φm), ψm⟩
− σm⟨A∗(I − PQ)Aφm, ψm⟩

=e(r)− e(ψm)− e(φm) + e(φm)− ⟨∇e(φm), r − φm⟩ − ⟨∇e(φm), φm − ψm⟩
+ σm⟨ A∗(I − PQ)Aφm, r − ψm⟩

=Be(r, φm)−Be(ψm, φm) + σm⟨ A∗(I − PQ)Aφm, r − ψm⟩
=Be(r, φm)−Be(ψm, φm) + σm⟨ A∗(I − PQ)Aφm, r − φm⟩
+ σm⟨ A∗(I − PQ)Aφm, φm − ψm⟩.

(3.4)
Since Ar ∈ Q, from (2.1), we have

⟨Aφm − PQAφm, Ar − PQAφm⟩ ≤ 0.

So
σm⟨ A∗(I − PQ)Aφm, r − φm⟩

=σm⟨(I − PQ)Aφm, Ar −Aφm⟩
=σm⟨(I − PQ)Aφm, Ar − PQAφm⟩+ σm⟨(I − PQ)Aφm, RQAφm −Aφm⟩
≤ − σm∥(I − PQ)Aφm∥2.

(3.5)

For all µ > 0, we have
σm⟨ A∗(I − PQ)Aφm, φm − ψm⟩ ≤ σm∥A∗(I − PQ)Aφm∥ · ∥φm − ψm∥

≤ µσm
2

∥A∗(I − PQ)Aφm∥2 + σm
2µ

∥φm − ψm∥2. (3.6)

Substituting (3.5) and (3.6) into (3.4), the following result is hold:
Be(r, ψm) ≤ Be(r, φm)−Be(ψm, φm)− σm∥(I − PQ)Aφm∥2

+
µσm
2

∥A∗(I − PQ)Aφm∥2 + σm
2µ

∥φm − ψm∥2.

Using (2.6), it is easy to see

Be(r, ψm) ≤ Be(r, φm)−Be(ψm, φm)− σm(1− µ

2
∥A∥2)∥(I − PQ)Aφm∥2 + σm

2µ

2

α
Be(ψm, φm)

=Be(r, φm)− (1− σm
µα

)Be(ψm, φm)− σm(1− µ

2
∥A∥2)∥(I − PQ)Aφm∥2.

(3.7)
Since 0 < lim infm→∞ σm ≤ lim supm→∞ σm < 2α

∥A∥2 , we can take µ > 0 such that

1

α
lim sup
m→∞

σm < µ <
2

∥A∥2
.
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Then

lim inf
m→∞

σm(1− µ

2
∥A∥2) > 0 (3.8)

and

lim inf
m→∞

(1− σm
µα

) > 0. (3.9)

From (3.8) and (3.9), we obtain

Be(r, ψm) ≤ Be(r, φm). (3.10)

From (2.4) and (3.3), it follows that

Be(r, φm) = Be(r, (∇e)∗(∇e(ϕm) +ϖm(∇e(ϕm−1)−∇e(ϕm)) + τm(∇e(ϕm−2)−∇e(ϕm−1)))

= Be(r, (∇e)∗((1−ϖm)∇e(ϕm) + (ϖm − τm)∇e(ϕm−1) + τm∇e(ϕm−2)))

≤ (1−ϖm)Be(r, ϕm) + (ϖm − τm)Be(r, ϕm−1) + τmBe(r, ϕm−2)
(3.11)

and so, from (3.10) and (3.11),

Be(r, ϕm+1)

=Be(r, (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm)))

≤κmBe(r, ϕ1) + (1− κm)Be(r, ψm)

≤κmBe(r, ϕ1) + (1− κm)Be(r, φm)

≤κmBe(r, ϕ1) + (1− κm)(1−ϖm)Be(r, ϕm) + (1− κm)(ϖm − τm)Be(r, ϕm−1)

+ (1− κm)τmBe(r, ϕm−2)

≤κmBe(r, ϕ1) + (1− κm)max{(1−ϖm)Be(r, ϕm), (ϖm − τm)Be(r, ϕm−1), τmBe(r, ϕm−2)}
≤ . . . ≤ max{Be(r, ϕ1), Be(r, ϕ0)}.

(3.12)
Hence {Be(r, ϕm)} is bounded. Applying (2.6), we have {ϕm} is bounded. So, {φm} and {ψm} are
bounded. Assume that z = Πe

Θ(ϕ1). From (3.7) and (3.11), we have

Be(z, ϕm+1) =Be(z, (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm)))

≤κmBe(z, ϕ1) + (1− κm)Be(z, ψm)

≤κmBe(z, ϕ1) + (1− κm)Be(z, φm)− (1− κm)(1− σm
µα

)Be(ψm, φm)

− σm(1− κm)(1− µ

2
∥A∥2)∥(I − PQ)Aφm∥2

≤κmBe(z, ϕ1) + (1− κm)(1−ϖm)Be(z, ϕm) + (1− κm)(ϖm − τm)Be(z, ϕm−1)

+ (1− κm)τmBe(z, ϕm−2)− (1− κm)(1− σm
µα

)Be(ψm, φm)

− σm(1− κm)(1− µ

2
∥A∥2)∥(I − PQ)Aφm∥2.
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So
(1− κm)(1− σm

µα
)Be(ψm, φm) + σm(1− κm)(1− µ

2
∥A∥2)∥(I − PQ)Aφm∥2

≤κmBe(z, ϕ1)−Be(z, ϕm+1) + (1− κm)(1−ϖm)Be(z, ϕm) + (1− κm)(ϖm − τm)Be(z, ϕm−1)

+ (1− κm)τmBe(z, ϕm−2)

=κmBe(z, ϕ1)−Be(z, ϕm+1) + (1− κm)Be(z, ϕm)− (1− κm)ϖmBe(z, ϕm)

+ (1− κm)(ϖm − τm)Be(z, ϕm−1) + (1− κm)τmBe(z, ϕm−2)

=Be(z, ϕm)−Be(z, ϕm+1) + (1− κm)ϖm(Be(z, ϕm−1)−Be(z, ϕm))

+ (1− κm)τm(Be(z, ϕm−2)−Be(z, ϕm−1)) + κmK,
(3.13)

where K = supm≥1{|Be(z, ϕ1)−Be(z, ϕm)|}.
Now, two possible cases are considered to prove limm→∞Be(z, ϕm) = 0.
Case1. There exists N ∈ N such that Be(z, ϕm+1) ≤ Be(z, ϕm) for all m ≥ N. Then the sequence

{Be(z, ϕm)} is convergent and
lim

m→∞
(Be(z, ϕm)−Be(z, ϕm+1))

= lim
m→∞

(Be(z, ϕm−1)−Be(z, ϕm)) = lim
m→∞

(Be(z, ϕm−2)−Be(z, ϕm−1)) = 0.

It follows from (3.13) that limm→∞Be(ψm, φm) = limm→∞ ∥(I −PQ)Aφm∥ = 0. From (2.7) we have
lim

m→∞
∥∇e(ψm)−∇e(φm)∥ = 0. (3.14)

Note that
∥∇e(ϕm+1)−∇e(φm)∥ ≤ ∥∇e(ϕm+1)−∇e(ψm)∥+ ∥∇e(ψm)−∇e(φm)∥

= κm∥∇e(ϕ1)−∇e(ψm)∥+ ∥∇e(ψm)−∇e(φm)∥.

By (3.14), it can be obtained that
lim

m→∞
∥∇e(ϕm+1)−∇e(φm)∥ = 0. (3.15)

Since κm ∈ (0, 1), so

max{ϖm, τm}(∥∇e(ϕm−1)−∇e(ϕm)∥+ ∥∇e(ϕm−2)−∇e(ϕm−1)∥)

≤ max{ϖm, τm}(∥∇e(ϕm−1)−∇e(ϕm)∥+ ∥∇e(ϕm−2)−∇e(ϕm−1)∥)
κm

,

which implies that

lim
m→∞

max{ϖm, τm}(∥∇e(ϕm−1)−∇e(ϕm)∥+ ∥∇e(ϕm−2)−∇e(ϕm−1)∥) = 0.

Since
∥∇e(φm)−∇e(ϕm)∥

≤ϖm∥∇e(ϕm−1)−∇e(ϕm)∥+ τm∥∇e(ϕm−2)−∇e(ϕm−1)∥
≤max{ϖm, τm}(∥∇e(ϕm−1)−∇e(ϕm)∥+ ∥∇e(ϕm−2)−∇e(ϕm−1)∥),

we have
lim

m→∞
∥∇e(φm)−∇e(ϕm)∥ = 0. (3.16)

It follows from (3.15), (3) and
∥∇e(ϕm+1)−∇e(ϕm)∥ ≤ ∥∇e(ϕm+1)−∇e(φm)∥+ ∥∇e(φm)−∇e(ϕm)∥

that limm→∞ ∥∇e(ϕm+1)−∇e(ϕm)∥ = 0. We can obtain that
lim

m→∞
∥ϕm+1 − ϕm∥ = 0. (3.17)
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In fact, ωw(ϕm) ̸= ∅ since the sequence {ϕm} is bounded. Taking ϕ̂ ∈ ωw(ϕm), we know that there
exists a subsequence {ϕnk

} of {ϕm} and ϕnk
⇀ ϕ̂ ∈ C ,

lim sup
m→∞

⟨∇e(ϕ1)−∇e(z), ϕm − z⟩ = lim sup
k→∞

⟨∇e(ϕ1)−∇e(z), ϕnk
− z⟩.

From (3.16), we have φnk
⇀ ϕ̂. Then Aφnk

⇀ Aϕ̂ as k → ∞. We know PQ is nonexpansive, by
Lemma 2.9 and limm→∞ ∥(I − PQ)Aφm∥ = 0, Aϕ̂ is the fixed point of PQ, so Aϕ̂ ∈ Q and ϕ̂ ∈ Θ.
Then, from (2.5), we obtain

lim sup
m→∞

⟨∇e(ϕ1)−∇e(z), ϕm − z⟩ = ⟨∇e(ϕ1)−∇e(z), ϕ̂− z⟩ ≤ 0.

It follows from (3.17) that

lim sup
m→∞

⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩ ≤ 0. (3.18)

By the properties of Ge, we get

Be(z, ϕm+1) =Ge(z, κm∇e(ϕ1) + (1− κm)(∇e(ψm)))

≤Ge(z, κm∇e(ϕ1) + (1− κm)∇e(ψm)− κm(∇e(ϕ1)−∇e(z)))
+ κm⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩

=Ge(z, κm∇e(z) + (1− κm)(∇e(ψm)) + κm⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩
=Be(z, (∇e)∗(κm∇e(z) + (1− κm)(∇e(ψm))) + κm⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩
≤κmBe(z, z) + (1− κm)Be(z, ψm) + κm⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩
≤(1− κm)((1−ϖm)Be(z, ϕm) + (ϖm − τm)Be(z, ϕm−1) + τmBe(z, ϕm−2))

+ κm⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩
=(1− κm − (1− κm)ϖm)Be(z, ϕm) + (1− κm)ϖmBe(z, ϕm−1)

+ (1− κm)τm(Be(z, ϕm−2)−Be(z, ϕm−1)) + κm⟨∇e(ϕ1)−∇e(z), ϕm+1 − z⟩.
(3.19)

Using Lemma 2.11, (3.18) and limm→∞(Be(z, ϕm−2)−Be(z, ϕm−1)) = 0, we obtain

lim
m→∞

Be(z, ϕm) = 0.

So ϕm → z(m→ ∞).
Case2. There exists a subsequence {Be(z, ϕmi)} of {Be(z, ϕm)} such that

Be(z, ϕmi) < Be(z, ϕmi+1), ∀i ∈ N.

By Lemma 2.10, we know that there exists an increasing sequence {lk} of N such that limk→∞ lk = ∞,

Be(z, ϕlk) ≤ Be(z, ϕlk+1) (3.20)

and
Be(z, ϕk) ≤ Be(z, ϕlk+1) (3.21)

hold for all k ∈ N. From (3.13), we can obtain that

(1− κlk)(1−
σlk
µα

)Be(hlk , φlk) + σlk(1− κlk)(1−
µ

2
∥A∥2)∥(I − PQ)Aφlk∥

2

≤Be(z, ϕlk)−Be(z, ϕlk+1) + (1− κlk)ϖlk(Be(z, ϕlk−1)−Be(z, ϕlk))

+ (1− κlk)τlk(Be(z, ϕlk−2)−Be(z, ϕmk−1)) + κlkK,

(3.22)
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where K > 0. By the three-point identity (2.2), we have
|Be(z, ϕlk−1)−Be(z, ϕlk)|

=| −Be(ϕlk−1, ϕlk) + ⟨z − ϕlk−1,∇e(ϕlk)−∇e(ϕlk−1)⟩|
≤|⟨z − ϕlk−1,∇e(ϕlk)−∇e(ϕlk−1)⟩|
≤∥∇e(ϕlk)−∇e(ϕlk−1)∥M,

(3.23)

where M = supk≥1{∥z − ϕlk−1∥}. Then from (3.2), we obtain
∞∑

lk=1

ϖlk |(Be(z, ϕlk−1)−Be(z, ϕlk))| ≤
∞∑

lk=1

ϖlk∥∇e(ϕlk)−∇e(ϕlk−1)∥M

≤
∞∑

lk=1

ϑlk∥∇e(ϕlk)−∇e(ϕlk−1)∥M

< +∞.

(3.24)

From (3.24),we have
lim
k→∞

(1− κlk)ϖlk(Be(z, ϕlk−1)−Be(z, ϕlk)) = 0,

similar to (3.23), we have
lim
k→∞

(1− κlk)τlk(Be(z, ϕlk−2)−Be(z, ϕmk−1)) = 0.

Since limk→∞ κlk = 0, from (3.22),
lim
k→∞

Be(hlk , φlk) = lim
k→∞

∥(I − PQ)Aφlk∥ = 0.

So
lim
k→∞

∥∇e(hlk)−∇e(φlk)∥ = 0.

Similar to Case 1, the following results hold:
lim
k→∞

∥∇e(ϕlk+1)−∇e(φlk)∥

= lim
k→∞

∥∇e(φlk)−∇e(ϕlk)∥ = lim
k→∞

∥∇e(ϕlk+1)−∇e(ϕlk)∥ = 0
(3.25)

and
lim sup
k→∞

⟨∇e(ϕ1)−∇e(z), ϕlk+1 − z⟩ ≤ 0. (3.26)
And, it follows from (3.19) and (3.20) that

Be(z, ϕlk+1) ≤(1− κlk − (1− κlk)ϖlk)Be(z, ϕlk) + (1− κlk)ϖlkBe(z, ϕlk−1)

+ (1− κlk)τlk(Be(z, ϕlk−2)−Be(z, ϕlk−1))

+ κlk⟨∇e(ϕ1)−∇e(z), ϕlk+1 − z⟩
≤(1− κlk)Be(z, ϕlk) + κlk⟨∇e(ϕ1)−∇e(z), ϕlk+1 − z⟩
≤(1− κlk)Be(z, ϕlk+1) + κlk⟨∇e(ϕ1)−∇e(z), ϕlk+1 − z⟩.

By κlk > 0 and (3.21), we have
Be(z, ϕk) ≤ Be(z, ϕlk+1) ≤ ⟨∇e(ϕ1)−∇e(z), ϕlk+1 − z⟩. (3.27)

Combining (3.26) and (3.27),
lim sup
k→∞

Be(z, ϕk) ≤ 0

holds, which implies that lim supk→∞Be(z, ϕk) = 0 and ϕk → z(k → ∞). Combing Case 1 and Case
2, the sequence {ϕm} converges strongly to z = Πe

Θ(ϕ1).
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Remark 3.4. If τm ≡ 0, Algorithm 3.1 becomes the following inertial Bregman projection iterative
algorithm for solving the SFP (1.1):

φm = (∇e)∗(∇e(ϕm) +ϖm(∇e(ϕm−1)−∇e(ϕm))),

ψm = Πe
c(∇e)∗(∇e(φm)− σmA

∗(I − PQ)Aφm),

ϕm+1 = (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm))),

where 0 < lim infm→∞ σm ≤ lim supm→∞ σm < 2α
∥A∥2 and 0 ≤ ϖm ≤ ϖ̄m, ϖ̄m is chosen by the

following way:

ϖ̄m =

{
min{ϖ, ϑm

∥ ∇e(ϕm−1)−∇e(ϕm)∥}, if ∇e(ϕm−1) ̸= ∇e(ϕm),

ϖ, otherwise.

□

4. Main Results: TWO-STEP INERTIAL BREGMAN PROJECTION ADAPTIVE ITERATIVE
ALGORITHM

In this section, we take self-adaptive stepsize to modify two-step inertial Bregman projection
iterative algorithm.

Algorithm 4.1. (two-step inertial Bregman projection adaptive iterative algorithm for solving the SFP
(1.1) )

Choose two sequences {κm} ⊂ (0, 1) and {ϑm} ⊂ (0,+∞), where{ϑm} and {κm} satisfy
∞∑

m=1

ϑm <∞, lim
m→∞

κm = 0,

∞∑
m=1

κm = ∞

and
lim

m→∞

ϑm
κm

= 0.

Given ϖ ∈ [0, 1/2]. Select arbitrary starting points ϕ0, ϕ1, ϕ2 ∈ H1.

Iterative step: Form ≥ 2, chooseϖm and τm such that 0 < τm ≤ ϖm < 1, 0 ≤ max{ϖm, τm} ≤ ϖ̄m,
where

ϖ̄m =


min{ϖ, ϑm

∥∇e(ϕm−1)−∇e(ϕm)∥+∥∇e(ϕm−2)−∇e(ϕm−1)∥}, ∇e(ϕm−1) ̸= ∇e(ϕm)

or∇e(ϕm−2) ̸= ∇e(ϕm−1),
ϖ, otherwise.

(4.1)

Compute
φm = (∇e)∗(∇e(ϕm) +ϖm(∇e(ϕm−1)−∇e(ϕm)) + τm(∇e(ϕm−2)−∇e(ϕm−1))),

ψm = Πe
c(∇e)∗(∇e(φm)− σmA

∗(I − PQ)Aφm),

ϕm+1 = (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm))),

(4.2)

where σm is chosen by

σm =

{
min{ ρα∥(I−PQm )Aφm)∥2

∥A∗(I−PQm )Aφm)∥2 , σm−1} (I − PQm)Aφm ̸= 0,

ϖ, (I − PQm)Aφm = 0
(4.3)



76 Y. HAO AND J. ZHAO

with σ2 =
ρα∥(I−PQ2

)Aφ2∥2
∥A∗(I−PQ2

)Aφ2∥2 , 0 < ρ < 2.

Lemma 4.2. σm defined by (4.3) is well-defined.

Proof. Taking y ∈ Θ, i.e., y ∈ C , Ay ∈ Q, since I − PQ is firmly nonexpansive, we have

∥A∗(I − PQ)Aφm∥ · ∥φm − y∥ ≥⟨A∗(I − PQ)Aφm, φm − y⟩
=⟨(I − PQ)Aφm, Aφm −Ay⟩
≥∥(I − PQ)Aφm∥2.

For ∥(I − PQ)Aφm∥ ≠ 0, we have ∥A∗(I − PQ)Aφm∥ > 0, so σm is well-defined. □

Theorem 4.3. Let the sequence {ϕm} is generated by Algorithm 4.1. Then {ϕm} converges strongly to
z ∈ Θ, where z = Πe

Θ(ϕ1).

Proof. First, the sequence {ϕm} is bounded. As proved in Theorem 3.3, for µ > 0, we can deduce that

Be(r, ψm) ≤ Be(r, φm)−Be(ψm, φm)− σm∥(I − PQ)Aφm∥2

+
µσm
2

∥A∗(I − PQ)Aφm∥2 + σm
2µ

∥φm − ψm∥2.
(4.4)

Using (2.6), we have

Be(r, ψm)

≤ Be(r, φm)−Be(ψm, φm)− σm∥A∗(I − PQ)Aφm∥2(
∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
− µ

2
) +

σm
2µ

2

α
Be(ψm, φm)

=Be(r, φm)− (1− σm
µα

)Be(ψm, φm)− σm∥A∗(I − PQ)Aφm∥2(
∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
− µ

2
).

(4.5)
Since 2∥(I−PQ)Aφm∥2

∥A∗(I−PQ)Aφm∥2 ≥ 2
∥A∥2 > 0 , then infm

2∥(I−PQ)Aφm∥2
∥A∗(I−PQ)Aφm∥2 ≥ 2

∥A∥2 > 0. By the definition of σm
and 0 < ρ < 2 we have

σm
α

≤ inf
k≤m

ρ∥(I − PQ)Aφk∥2

∥A∗(I − PQ)Aφk∥2
< inf

k≤m

2∥(I − PQ)Aφk∥2

∥A∗(I − PQ)Aφk∥2
.

Since {σm} is non-increasing and σm ≥ ρα
∥A∥2 , we have limm→∞ σm exists, so

1

α
lim

m→∞
σm < lim inf

m→∞

2∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
.

Take µ with 1
α limm→∞ σm < µ < lim infm→∞

2∥(I−PQ)Aφm∥2
∥A∗(I−PQ)Aφm∥2 . Then,

lim inf
m→∞

(1− σm
µα

) > 0 (4.6)

and

lim inf
m→∞

(1−
µ∥A∗(I − PQ)Aϕm∥2

2∥(I − PQ)Aϕm∥2
) > 0. (4.7)

From (4.6) and (4.7), we obtain
Be(r, ψm) ≤ Be(r, φm).

Similar to Theorem 3.3, we can get that {Be(r, ϕm)} is bounded. Applying (2.6), we have {ϕm} is
bounded and consequently {φm} and {ψm} are bounded. Let z = Πe

Θ(ϕ1). From (3.10) and (3.11), we
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have

Be(z, ϕm+1) =Be(z, (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm)))

≤κmBe(z, ϕ1) + (1− κm)Be(z, ψm)

≤κmBe(z, ϕ1) + (1− κm)Be(z, φm)

− (1− κm)(1−
ρ∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
1

µ
)Be(ψm, φm)

− (1− κm)ρα∥(I − PQ)Aφm∥2(
∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
− µ

2
).

(4.8)

This implies that

(1− κm)(1−
ρ∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
1

µ
)Be(ψm, φm)

+ (1− κm)ρα∥(I − PQ)Aφm∥2(
∥(I − PQ)Aφm∥2

∥A∗(I − PQ)Aφm∥2
− µ

2
)

≤Be(z, ϕm)−Be(z, ϕm+1) + (1− κm)ϖm(Be(z, ϕm−1)−Be(z, ϕm))

+ (1− κm)τm(Be(z, ϕm−2)−Be(z, ϕm−1)) + κmK,

(4.9)

where K = supm≥1{|Be(z, ϕ1)−Be(z, ϕm)|}.
Using the same arguments as in the proof of Case 1 and Case 2 of Theorem 3.3, we can show that

the sequence {ϕm} converges strongly to z = Πe
Θ(ϕ1). This completes the proof. □

Remark 4.4. If τm ≡ 0, Algorithm 3.1 becomes the following inertial Bregman projection iterative
algorithm for solving the SFP (1.1):

φm = (∇e)∗(∇e(ϕm) +ϖm(∇e(ϕm−1)−∇e(ϕm))),

ψm = Πe
c(∇e)∗(∇e(φm)− σmA

∗(I − PQ)Aφm),

ϕm+1 = (∇e)∗(κm∇e(ϕ1) + (1− κm)(∇e(ψm))),

where σm is chosen by (4.3) and 0 ≤ ϖm ≤ ϖ̄m, ϖ̄m is chosen by the following way:

ϖ̄m =

{
min{ϖ, ϑm

∥ ∇e(ϕm−1)−∇e(ϕm)∥}, if ∇e(ϕm−1) ̸= ∇e(ϕm),

ϖ, otherwise.
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