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ABSTRACT. In a uniformly convex and g-uniformly smooth Banach space with ¢ € (1,2], let the VI
indicate a variational inclusion for two accretive operators and let the CFPP denote a common fixed point
problem of a countable family of nonexpansive mappings. In this paper, we introduce a parallel Mann-
type extragradient algorithm for solving a general system of variational inequalities (GSVI) with the VI
and CFPP constraints. We then prove the strong convergence of the suggested algorithm to a solution of
the GSVI with the VI and CFPP constraints under some suitable assumptions. As applications, we apply
our main result to the variational inequality problem (VIP), split feasibility problem (SFP) and LASSO
problem in Hilbert spaces.
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1. INTRODUCTION

In a real Hilbert space H, suppose that the inner product and induced norm are denoted by the
notations (-, ) and || - ||, respectively. Given a closed convex set ) # C' C H. Let Pc be the metric
projection from H onto C'. Given a mapping A : C' — H. Consider the classical variational inequality
problem (VIP) of finding a point u* € C s.t. (Au*,v — u*) > 0 Vv € C. The solution set of the VIP
is denoted by VI(C, A). In 1976, Korpelevich [23] first designed an extragradient method for solving
the VIP. Whenever VI(C, A) # (), this method has only weak convergence, and only requires that the
mapping A is monotone and Lipschitz continuous. To the most of our knowledge, it has been one of the
most popular approaches for solving the VIP up to now. Moreover, it has been improved and modified
in various ways so that some new iterative methods happen to solve the VIP and related optimization
problems; see e.g., [1,2,7,8,9,10, 11, 13, 14, 15, 16, 17, 19, 20, 22, 25, 26, 29, 32, 33, 40, 41] and references
therein, to name but a few.

Assume that A : C — H is an inverse-strongly monotone mapping, B : D(B) ¢ C — 2H isa
maximal monotone operator, and S : C' — C is a nonexpansive mapping. Consider the variational
inclusion (VI) of finding a point z* € C's.t. 0 € (A + B)x*. In order to solve the FPP of S and the VI
for A, B, Manaka and Takahashi [28] suggested an iterative process, i.e., for any given zy € C, {z;} is
the sequence generated by

Tj+1 = o5 + (1 — Oéj)SJ)]i (wj - )\jAl‘j) Vi >0, (1.1)
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where {o;} C (0,1) and {\;} C (0, 00). They proved weak convergence of {z; } to a point of Fix(.S)N
(A + B)~'0 under some suitable conditions.

Recently, Abdou et al. [2] suggested a parallel algorithm, i.e., for any given g € C, {z;} is the
sequence generated by

Tjy1 = (1-— C)Sl‘] + CJ/\B; (ozj’yf(xj) +(1- aj)xj — )\jAﬂZj) Vi >0, (1.2)

where S, A, B are the same as above, ( € (0,1), {\;} C (0,2a) and {a;} C (0,1). They proved
strong convergence of {z;} to a point of Fix(S) N (A + B)~'0 under some appropriate conditions.
In the practical life, many mathematical models have been formulated as the VI. Without question,
many researchers have presented and developed a great number of iterative methods for solving the
VI in various approaches; see e.g., [2, 8, 12, 16, 18, 24, 28, 33, 35] and the references therein. Due to the
importance and interesting of the VI, many mathematicians are now interested in finding a common
solution of the VI and FPP.

Furthermore, for g € (1, 2], suppose that E is a uniformly convex and g-uniformly smooth Banach
space with g-uniform smoothness coefficient x,. Assume that f : £ — E is a p-contraction and
S : E — F is a nonexpansive mapping. Let A : E — E be an a-inverse-strongly accretive mapping
of order ¢ and B : E — 2% be an m-accretive operator. Very recently, Sunthrayuth and Cholamjiak
[33] proposed a modified viscosity-type extragradient method for the FPP of S and the VI of finding
z* € Est. 0 € (A+ B)z*, ie, for any given zg € E, {x;} is the sequence generated by

yj = J3 (x5 — AjAzy),
2 = J{ () = NjAy; + (Y5 — x5)), (13)
Tjr1 = ajf(xj) + Bjxj +v;82; V5 >0,

where J}i = (I +XB)7Y {rih {a;}, {85}, {v} € (0,1) and {)\;} C (0,00) are such that: (i)
aj + B+ = 1 (i) imjoo oy = 0, 3322, o = o00; (iii) {85} C [a, ] C (0,1);and (iv) 0 < A <
N < A\j/rj < p < (ag/rg)Y@Y,0 < r < r; < 1. They proved the strong convergence of {x;} to a
point of Fix(S) N (A + B) !0, which solves a certain VIP.

On the other hand, let J : E — 2F be the normalized duality mapping from E into 2&" defined
by J(z) = {¢ € E* : (z,¢) = ||z|* = ||¢]|*} Vx € E, where (-,-) denotes the generalized duality
pairing between E and E*. Recall that if E is smooth then J is single-valued. Let B1,Bs : C — E
be two nonlinear mappings in a smooth Banach space F. Consider the general system of variational
inequalities (GSVI) of finding (z*,y*) € C x C s.t.

(i Bry* +a* —y*, J(x —2%)) >0 VxeCl, (1.4)
(uaBox™ +y* —a*, J(x —y*)) >0 VxeC, '

where 11; is a positive constant for ¢ = 1, 2. In particular, if £ = H a real Hilbert space, it is easy to see
that the GSVI (1.4) reduces to the GSVI considered in [19],

(mbBry* + 2" —y*, 2 —2%) >0 VreC, (15)
(uoBox™ +y* —x*,x —y*) >0 VxeC. '

In [19], problem (1.5) is transformed into a fixed point problem in the following way.

Lemma 1.1. (see [19]). For given z*,y* € C, (x*,y*) is a solution of problem (1.5) if and only if
x* € GSVI(C, By, By), where GSVI(C, By, Bs) is the fixed point set of the mapping G := Po(I —
p1B1)Po(I — peBs), and y* = Po(I — peBa)x™.

In addition, assume that {;} C (0, 1), {\;} C (0,20] and {e;}, {&;} C (0,1] with oj + &; < 1.
Ceng et al. [8] introduced a Mann-type hybrid extragradient algorithm, i.e., for any initial ug = u € C,
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{u;} is the sequence generated by

y; = Po(uj — pjAuy),
vj = Po(u; — pjAyj),
ﬁj = J)\B; (’Uj — )\jAUj),

zj = (1 — aj — &j)uj + a0 + &80,

\Uj+1 = PC]'ﬂqu v.] Z 07

where Cj = {2 € C : |1z — ol < lluy — all}, Qs = {& € C : (uj — au—uj) > 0}, JF =
(I +;B)~', A: C — H is a monotone and L-Lipschitzian mapping, A : C' — H is an a-inverse-
strongly monotone mapping, B is a maximal monotone mapping with D(B) = C and S : C — C'is
a nonexpansive mapping. They proved strong convergence of {u;} to the point Ppu in 2 = Fix(S) N
(A+ B)~'0N VI(C, A) under some mild conditions.

In a uniformly convex and g-uniformly smooth Banach space with ¢ € (1, 2], let the VI indicate a
variational inclusion for two accretive operators and let the CFPP denote a common fixed point prob-
lem of a countable family of nonexpansive mappings. In this paper, we introduce a parallel Mann-type
extragradient algorithm for solving the GSVI (1.4) with the VI and CFPP constraints. We then prove
the strong convergence of the suggested algorithm to a solution of the GSVI (1.4) with the VI and CFPP
constraints under some suitable assumptions. As applications, we apply our main result to the varia-
tional inequality problem (VIP), split feasibility problem (SFP) and LASSO problem in Hilbert spaces.
Our results improve and extend the corresponding results in Manaka and Takahashi [28], Sunthrayuth
and Cholamjiak [33], and Ceng et al. [8] to a certain extent.

2. PRELIMINARIES

Let C' be a nonempty closed convex subset of a real Banach space E with the dual £*. For simplicity,
we shall use the following notations: x,, — x indicates the strong convergence of the sequence {x,}
to z and x,, — x denotes the weak convergence of the sequence {z,} to z. Given a self-mapping T’
on C. We use the notations R and Fix(T") to stand for the set of all real numbers and the fixed point
set of T', respectively. Recall that 7" is said to be nonexpansive if ||Tu — Tv|| < ||u — v| Yu,v € C. A
mapping f : C — C'is called a contraction if 3§ € [0,1) s.t. || f(u) — f(v)| < d|ju — v|| Vu,v € C.
Also, recall that the normalized duality mapping J defined by

Jx)={p€ B : (x,¢) = |z|* = 4|’} VzeE (2.1)

is the one from F into the family of nonempty (by Hahn-Banach’s theorem) weak™ compact subsets of
E*, satisfying J(7u) = 7J(u) and J(—u) = —J(u) forall 7 > 0 and u € E.
The modulus of convexity of E is the function 0 : (0,2] — [0, 1] defined by

[+ ol
2

0p(e) = inf{l — 0 € B ull = [lo] =1, [lu—wv]| = €}

The modulus of smoothness of E is the function pg : R4 := [0,00) — R defined by

llu+ 1ol + |[u — 70|

2
A Banach space E is said to be uniformly convex if dg(e) > 0 Ve € (0,2]. It is said to be uniformly
smooth if lim, _,o+ pg(7)/7 = 0. Also, it is said to be g-uniformly smooth with ¢ > 1if 3¢ > 0 s.t.
pe(t) < ct?Vt > 0. If E is g-uniformly smooth, then ¢ < 2 and F is also uniformly smooth and
if E' is uniformly convex, then F is also reflexive and strictly convex. It is known that Hilbert space
H is 2-uniformly smooth. Further, sequence space ¢, and Lebesgue space L,, are min{p, 2}-uniformly
smooth for every p > 1 [38].

pe(T) = sup{ —l:u,v€ B, [ull = vl =1}
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Let ¢ > 1. The generalized duality mapping J, : E — 2F" is defined by
Jo(x) ={d € E* : (w,0) = ||z, l|gll = |l=[|"~"}, (22)

where (-, -) denotes the generalized duality pairing between E and E*. In particular, if ¢ = 2, then
Jo = J is the normalized duality mapping of E. It is known that J,(z) = ||z|[9"2J(z) Vx # 0 and
that J, is the subdifferential of the functional %H - ||9. If E' is uniformly smooth, the generalized duality
mapping .J; is one-to-one and single-valued. Furthermore, J; satisfies J, = J, 1, where J, is the
generalized duality mapping of E* with % + % = 1. Note that no Banach space is ¢g-uniformly smooth
for g > 2; see [34] for more details.

The following lemma is an immediate consequence of the subdifferential inequality of the functional
-l
: .

Lemma 2.1. Letq > 1 and E be a real normed space with the generalized duality mapping J,. Then
lz +yl* < [l2[1 + 4y, Jg(z +y))  Va,y € B, jo(x +y) € Jo(z +y). (2.3)
The following lemma can be obtained from the result in [38].

Lemma 2.2. Let ¢ > 1 andr > 0 be two fixed real numbers and let E' be uniformly convex. Then there
exist strictly increasing, continuous and convex functions g, h : Ry — Ry with g(0) = 0 and h(0) = 0
such that

@) [[pu+ (1= p)ol|? < pllul|? 4+ 1 = p)llol|? = (1 = p)g(lu —vl]) with x € [0,1];
(b) h([u—vl]) < [[ull? = g{u, jq(v)) + (¢ — 1)[v]|®
forallu,v € B, and j,(v) € Jy(v), where B, == {y € E : ||y|| < r}.

The following lemma is an analogue of Lemma 2.2 (a).

Lemma 2.3. Let ¢ > 1 and r > 0 be two fixed real numbers and let E/ be uniformly convex. Then there
exists a strictly increasing, continuous and convex function g : Ry — R with g(0) = 0 such that

[Au + pv + vwl|? < AMful|? + pllv]|? + v]jwl|? = Aug(lu = v]])
forallu,v,w € B, and A\, u,v € [0,1] with A+ pu+v = 1.

Proposition 2.4. [4] Let {S,,}22, be a sequence of self-mappings on C' such that

Yool supgec ||Sne — Sp—1z|| < oco. Then for eachy € C, {Sny} converges strongly to some point
of C. Moreover, let S be a self-mapping on C' defined by Sy = lim,_,oc Spy for ally € C. Then
limy, 00 SUP e || Sz — Sz|| = 0.

Proposition 2.5. [38] Let ¢ € (1, 2] a fixed real number and let E be q-uniformly smooth. Then ||z +
yll? < ||z||? + gy, Jq(x)) + Kqllyl|? YV, y € E, where kq is the g-uniform smoothness coefficient of E.

Let D be a subset of C and let I be a mapping of C into D. Then II is said to be sunny if I7[II(z) +
t(x — I (x))] = II(x), whenever II (x) + t(z — II(z)) € C for x € C' and t > 0. A mapping I of C
into itself is called a retraction if IT? = II. If a mapping II of C into itself is a retraction, then IT(z) = z
for each z € R(II'), where R(II) is the range of II. A subset D of C is called a sunny nonexpansive
retract of C' if there exists a sunny nonexpansive retraction from C onto D. In terms of [30], we know
that if F/ is smooth and /7 is a retraction of C onto D, then the following statements are equivalent:

(i) I is sunny and nonexpansive;
(@) |11 (z) — H(y)|* < (& —y, J(I(z) — 1 (y))) Yz,y € C;
(i) (z — I (x),J(y — II(x))) <0Vz € C,y € D.
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Let B : C — 2F be a set-valued operator with Bx # () Vo € C. Let ¢ > 1. An operator B is said to
be accretive if for each z,y € C, Jjy(x —y) € Jo(x —y) st. (u— v, jg(z —y)) > 0Vu € Bx,v € By.
An accretive operator B is said to be a-inverse-strongly accretive of order ¢ if for each z,y € C,
Jjg(x —y) € Jy(x —y) st. (u—v,j4(x —y)) > allu—v|?Vu € Bx,v € By for some o > 0. If
E = H aHilbert space, then B is called a-inverse-strongly monotone. An accretive operator B is said
to be m-accretive if (I + AB)C = E for all A > 0. For an accretive operator B, we define the mapping
JZ : (I+AB)C — Cby JP = (I + AB)~! for each A > 0. Such J? is called the resolvent of B for
A>0.

Lemma 2.6. [24, 16] Let B : C — 2F be an m-accretive operator. Then the following statements hold:
(i) the resolvent identity: JPx = JP(5a + (1= §)J2x) VA, >0, z € E;
(ii) if J2 is a resolvent of B for A > 0, then JZ is a firmly nonexpansive mapping with Fix(JP) =
B0, where B~'0 = {x € C : 0 € Bz};
(iii) if E = H a Hilbert space, B is maximal monotone.

Let A : C — E be an a-inverse-strongly accretive mapping of order ¢ and B : C — 2¥ be an
m-accretive operator. In the sequel, we will use the notation Ty := JZ(I — NA) = (I + AB)~1(I —
AA) VA > 0.

Proposition 2.7. [24] The following statements hold:
(i) Fix(Ty) = (A+ B)~'0 VA > 0;
(i) ly = Thyll < 2lly — Tryll for0 <A <randy € C.

Proposition 2.8. [37] Let E be uniformly smooth, T' : C — C' be a nonexpansive mapping with
Fix(T) # 0 and f : C — C be a fixed contraction. Foreacht € (0,1), let z; € C' be the unique fixed point
of the contraction C' > z — tf(z) + (1 —t)Tz onC, ie, zt = tf(zt) + (1 — t)T2. Then {z:} converges
strongly to a fixed point ©* € Fix(T'), which solves the VIP: ((I — f)z*, J(z* — z)) < 0Vz € Fix(T).

Proposition 2.9. [24] Let E be g-uniformly smooth with g € (1,2]. Suppose that A : C — E is an
a-inverse-strongly accretive mapping of order q. Then, for any given A > 0,
(I = XA)u — (I = MA)v||? < |lu — v]|? — Mag — kAT Y| Au — Av||? Yu,v € C,

1
where kg > 0 is the g-uniform smoothness coefficient of . In particular, if0 < X\ < (%)qj, then I —\A

is nonexpansive.

Proposition 2.10. [32] Let E' be q-uniformly smooth with q¢ € (1,2]. Let IIc be a sunny nonexpansive
retraction from E onto C. Suppose that By, By : C' — E are a-inverse-strongly accretive mapping of
order q and [3-inverse-strongly accretive mapping of order q, respectively. Let G : C' — C be a mapping
defined by G ::lHC(I — u1B1) 1o (I — peBs), and GSVI(C, By, By) denote the fixed point set of G. If

1
0<p < (%)ﬁ and 0 < pg < ()71, then G is nonexpansive.

Kq
Lemma 2.11. [32] Let E be q-uniformly smooth with ¢ € (1,2]. Let IIc be a sunny nonexpansive
retraction from E onto C. Suppose that By, By : C' — E are two nonlinear mappings. For given x*, y* €
C, (x*,y*) is a solution of problem (1.4) if and only if * € GSVI(C, By, B2), where GSVI(C, By, B2)
is the fixed point set of the mapping G := IIo(I — p1B1)IIo(I — peBs), and y* = H(I — paBa)x*.

Lemma 2.12. [3] Let E be smooth, A : C' — E be accretive and Il be a sunny nonexpansive retraction
from E onto C. Then VI(C, A) = Fix(llco(I — MNA)) YA > 0, where VI(C, A) is the solution set of the
VIP of finding z € C s.t. (Az,J(z —y)) <0Vy € C.

Recall that if £ = H a Hilbert space, then the sunny nonexpansive retraction /o from F onto C
coincides with the metric projection Po from H onto C. Moreover, if E' is uniformly smooth and T’
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is a nonexpansive self-mapping on C' with Fix(T") # (), then Fix(7T') is a sunny nonexpansive retract
from E onto C' [31]. By Lemma 2.12 we know that, 2* € Fix(7") solves the VIP in Proposition 2.8 if
and only if 2* solves the fixed point equation 2™ = Ilpiy(7) f(z").

Lemma 2.13. [27] Let {I',} be a sequence of real numbers that does not decrease at infinity in the sense
that there exists a subsequence { Iy, } of { ', } which satisfies I',,, < I, 11 for each integeri > 1. Define
the sequence {7(n)},>n, of integers as follows:

T(n) — max{k‘ <n: Fk < Fk+1}7

where integer ng > 1 such that {k < ng : I'y < I'y41} # 0. Then, the following hold:

(i) 7(no) <7(no+1) <--- and7(n) — oo;
(i) I'7(n) < Ir(nyt1 and Ity < I'riny 41 Vi 2> ng.

Lemma 2.14. [5] Let E be strictly convex, and {1, }22, be a sequence of nonexpansive mappings on C.
Suppose that (", Fix(T},) is nonempty. Let {\,,} be a sequence of positive numbers withy >/ A, = 1.
Then a mapping S on C defined by Sx = > 2 \,Tpx Vo € C is defined well, nonexpansive and
Fix(S) = N, Fix(T},) holds.

Lemma 2.15. [37] Let {a,} be a sequence in [0,00) such that an+1 < (1 — sp)an + Spy Y > 0,
where {s,} and {vy,} satisfy the conditions: (i) {sn} C [0,1], Y07 4 sp, = 00; (ii) limsup,,_, ., vn < 0 or
Yoo o Isnin| < oo. Then lim,, o0 @, = 0.

3. MAIN RESULTS

Throughout this paper, suppose that E is a g-uniformly smooth and uniformly convex Banach space
with ¢ € (1,2]. Let C be a nonempty closed convex subset of E and IIc be a sunny nonexpansive
retraction from E onto C. Let f : C' — C be a p-contraction with constant ¢ € [0, %) and {5, }5°
be a countable family of nonexpansive self-mappings on C. Let A : C — Eand B : C — 2F be a o-
inverse-strongly accretive mapping of order ¢ and an m-accretive operator, respectively. Suppose that
By, By : C'— E are a-inverse-strongly accretive mapping of order ¢ and S-inverse-strongly accretive
mapping of order ¢, respectively. Assume that 2 := (o2, Fix(S,)NGSVI(C, By, Bo)N(A+B) 710 #
() where GSVI(C, By, Bs) is the same as defined in Lemma 2.11.

Algorithm 3.1. Parallel Mann-type extragradient algorithm for the GSVI (1.4) with the VI and CFPP
constraints.
Initial Step: Given ¢ € (0,1) and x¢ € C arbitrarily.
Iteration Steps: Given the current iterate x,,, compute x,,+1 as follows:
Step 1 Calculate w,, = spx, + (1 — 8,)Gxy;
Step 2 Calculate v, = I (w, — paBowy,);
Step 3 Calculate u,, = I (v, — p1 Bivy);
Step 4 Calculatex, 1 = (1—)Snun+C Y (an f (un)+(1—an ) un—An Auy, ), where {s,}, {on} C
(0,1) and {\,} C (0, 00).
Setn :=n+ 1 and go to Step 1.

Lemma 3.2. Let {x,,} be the sequence generated by Algorithm 3.1. Then {x,,} is bounded.
Proof. Letp € 2 := (o2, Fix(S,) N GSVI(C, By, B2) N (A + B)~'0. Then we observe that
An

p=Gp=Sup=J3, (1 = MnAp) = J3 (anp + (1 — ) (p — | Ap)).
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By Propositions 2.9 and 2.10, we know that I — p1 By, [ —pe B and G := IIo(1 — py By) o (I — e Bs)
are nonexpansive mappings. Since G : C' — (' is a nonexpansive mapping, by Lemma 2.2 (a) we get
lwn = pl|* < sullen —pll? + (1 = sn)|Gzn = pl|? — su(1 = s0)g([|2n — Gn][)
< llzn = pll* = sn(1 = sp)g([|zn — Ganl). 3.1)

Using the nonexpansivity of GG again, we obtain from u,, = Gw,, that
—pll < llzn —pll Vn>0. (3.2)
Puty, := J/ﬁzn and z,, := o, f(up)+ (1 —ayn)up — Ay Auy, foralln > 0. Since J)]\Bn, S, and I — 1i‘gn
are nonexpansive for all n > 0, we obtain from (3.2) that

lyn — 2l (33)

= Hjﬁ(anf(un) + (1 = an)un — AnAug) — p||

l|n —

An An
= I (an (i) + (1= @) = T2 ) = T (anp + (1 = ) (0 = T2 Ap)|
An n
< e ) + (1= @)~ 1 ) = (np (1~ @)= T2 A
An A

= N = an)(un = 7=~ Aun) = (p = 7= ~Ap)) + an(f (un) = D)

< (1 - an)Hun _pH + O‘n”f(un) - f(p)H + Oanf<p) _pH

< (1= an(l = 0))|un = pll + anll f(p) - pll

< (I—an(l=0))lzn —pll + aullf(p) — pll

1/ (p) — pll
(1= an(l = o)lln = pll + an(l = o) ===
1/ (p) — pll

< wax{a, - pl, =21y,

Hence, from (3.2) and (3.3) we get
[znsr =2l < (L= Q)[Snun = pll + Cllyn — Pl
< (1= Ollua — ol + Cmae{ s, — ] 112y
< (1= Q) — |+ Cmax{ ol L=
By induction, we have
o = pll < manc{zo — pl, 12 (1 L=y oo

Consequently, {x,,} is bounded, and so are {u, }, {wn}, {yn}, {zn}, {Snun}, and {Au,}. This com-
pletes the proof. g

Theorem 3.3. Let {x,} be the sequence generated by Algorithm 3.1. Suppose that the following conditions
hold:

(C1) limy o0 0y =0 and 02 Oan = 00;
(C2) 0<a< 2o <b<("‘I)q Tand0 < c< s, <d<1;

(C3) 0 < puy <( )qll and 0 < piy < (2071,
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Assume that y > Sup,cp ||Sn+12 — Spz|| < oo for any bounded subset D of C. Let S : C' — C be
a mapping defined by Sz = lim,_,o Spx Yo € C, and suppose that Fix(S) = (,_, Fix(Sy). Then
Ty — x* € (2, which is the unique solution to the VIP: (I — f)xz*, J(x* —p)) < 0Vp € 12, i.e., the fixed
point equation x* = I f(x*).

Proof. First of all, let 2* € 2 and y* = IIo(x* — peBax™). Using Proposition 2.9 we get

lon =y*I* = [Hlc(wn — paBawn) — Ho(z™ — pa Baa™)||
< lwn = 27|19 = p2(8q — rgu§ )| Bawn — Baa||%,

and

lun = 2|9 = | Hc(vn — pBion) — He(y™ — mBiy™)|?
* —1 *
< low =y [17 = ma(eq — kgpi )| Bivn — Biy™||”.

Combining the last two inequalities, we have

lun — 27 < flwn — 2719 — p2(Bq — gl Bawy — Boa™| (3.49)

—pi(ag — keui™ )| Biv, — Biy* |2

Also, using Propositions 2.5 and 2.9 and the convexity of || - ||9, from (3.3) and (3.4) we get

lym — 2| (35)
< 10— om)((tn — —2 Auy) — (2" — 2" A5*)) + an(fun) — 7))
< ay) ((uy, o, Un, T o T an(fluy) —x
A A
< _ q o n _ * n *\ ||q
< W an)n — ) — (5" = A
)\TL * *
Fa0n(1 = @) () — 0 Tyl — " — = (A — A*))) + gad () — 2
< (- an)lllun — 21— (0 — ry(—" YY) Ay — Az*|]
> n n —a, a\q —a, n
— * * )\n *
Faan(1 = @) () — F&°), Jylun 2~ =2 (Auy — Aa*))
)\n * *
Faan(1 — an) @) — 2, Tyl — 2 — 2 (Aug — Aa)) + gl F(un) — o
* >‘TL — *
< (1= an(l=qo))llun — 2™[|9 = An(og — ’iq(ﬁ)q Dl Auy, — Az*||¢
A
Faan(1 — @) @) 1, Tyl — 2 — 2 (A — Aa)) 4 gl F(un) — o
< (1 - an(1— go))llfwn — " — j12(Bq — rgd ™) Bawn — Boz* | — s (ag — rgnd™)

* )\n — *
[ Bron — Bry"||*] = An(oq — fig(3— )" Dl Au, — Az

- Gn

)\n * *
+qan (1l — O‘n)q71<f($*) =z, Jg(up — 2" — 1— o (Aup, — Az"))) + Kgal || f(un) — 27|
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Using Lemma 2.2 (a) again, from (3.1), (3.2) and (3.5) we get

241 — ™[]
(1= OlISnun — 2™ [[* + Cllyn — 27| = ¢(1 = Q) g([[Sntin = ynll)
(1= Qllwn = 2]+ ¢{(1 = an(l = go))[llwn — 27| = p2(Bq — ks~ )|| Bowy — Baa™||*

_ . A _ .
—p1(ag — kguf )| Bron = Bry*|] = An(og = rig(=-) )| Aup — A

IN A

IN

n

+qan(l — )T H(f (") — o, Jg(un — 2 An (Aun — Az™)))

_l—ozn

Frgad || f (un) — 2|7} = ¢(1 = Q)g(l|Sntn — ynll)
(1 = anC(1 = go))[llzn — ™| = sn(1 — s0)g([[2n — Gzn|)]
—¢(1 = an(1 — qo))[u2(8q — kgu¥ ") || Bow, — Baz*|?

_ . An _ N
(0 — gt~ IBren — Buy'|7] = Ounlog — g ()17 | Auy — Az

n

FCqan(l - an)T (@) — 2%, Ty(un — 2 — —2"— (Auy, — Az")))

_l—an

+Chqo || f (un) — 2|7 = (1 = Q) g(l|Snn — yall)-

For each n > 0, we set

I’y
€n

Tin

on

lzn — 2*||%,
an((1 - qo),

C(1 = an(1 = qo))p2(Bg — kgus )| Bawy — Boa™ |1

_ . A _ X
(g = gt )| Bron — Bry" [ + Chn(0g — rig( =)D Au, — Axt|?
n

+C(1 = Q)g([|Snttn — ynll) + (1 — anC(1 — q0))sn(1 — 80)G(||xn — Gzyl]),

ann(l - an)q_1<f($*) —a

+Chqo || f (un) — 2|1

An
1—a,

yJg(up — 2™ — (Auy, — Az™)))

Then (3.6) can be rewritten as the following formula:

and hence

Case 1. Suppose that there exists an integer ng > 1 such that {7, } is non-increasing. Then

Fn+1 < (1_

en)Fn_nn+5n Vn > 0,

Fpi1 <(1—e)ln+6, Yn>0.

We next show the strong convergence of {17, } by the following two cases:

I — Thyq — 0.

From (3.7), we get

Since o, — 0, €, — 0 and 6,, — 0, we have 1, — 0. This ensures that lim,_,o g(||Spun —

OgnnSFn_FnJrl“‘én_EnFn-

limy, 00 §(||zn, — Gap|) =0,

and

lim ||Bow, — Bex*|| = lim ||Bjv, — B1y*|| =0,

lim
n—oo

|Au,, — Az™|| = 0.

(3.6)

(3.7)

(3.8)

ynH) =

(3.9)

(3.10)



MANN-TYPE EXTRAGRADIENT ALGORITHMS FOR SYSTEMS OF VARIATIONAL INEQUALITIES 215

Note that g and g are a strictly increasing, continuous and convex functions with g(0) = §(0) = 0. So

it follows that

lim ||Spun — ynll = le | zn, — G| = 0. (3.11)

n—oo

On the other hand, using Lemma 2.2 (b) and the firm nonexpansivity of I/, we have

[lon —y7|*

which hence attains

= |lo(wn — paBowy) — o (z" — paBax™)||?
< (wn — peBowy — (27 — p2Box™), Jo(vn — y7))
= (wp — 2, Jy(vn — y")) + po(Baz™ — Bowp, Jg(vn — y*))
1 * * T * *
< &[Hwn =277+ (¢ = Dlvn = y*|? = ha([lwn — 2% — v + y7])]

+M2<B2x* — Bowy,, Jq(vn - y*)>7

lon = 4* 17 < llwn = 2*|? = ha(l[wn — vn — 2" +y*|)) + qual| Baz™ — Bawy[on —y* |7

In a similar way, we get

[un — ™7

which hence attains

= |c(vy — p1Bivp) — Ho(y™ — pa Bry™) ||?
< (vp — 1 Brop — (y* — i Bry™), Jy(un — 27))
= (vn =y, Jy(up — 2%)) + p1(B1ry* — Brog, Jg(un — x%))
1 -
< g[an =y 9+ (¢ = Dllun — 2|7 = ha([|lvn — y* — upn + 27|])]

+u1 <Bly* — By, Jq(un - x*)>a

lun =217 < Jlon = y* 1|9 = ha(llvn = y* = up + 2*|)) + @l Bry* — Buog|l||up — 2|7
< len = 2|7 = ha(lwn — v — 2"+ y*||) + qpz|| Bea™ — Bawy|l[lvn — y7||*7

—ha(|[vn — un + 2% = y*[|) + qp1 | Biy* — Brog|l|[un — 2|7 (3.12)

Since J )i is firmly nonexpansive (due to Lemma 2.6 (ii)), by Lemma 2.2 (b) we get

W]lyn — 27|

which together with the convexity of || - || and the nonexpansivity of I —

[y — 2|

IN

IN

<

IN

IN

1T (o f(un) + (1 — )t — AnAuy) — J (2 — Ay Az™)||?

((anf(un) + (1 = an)un — ApAuy) — (2% = A\ Az®), Jy(yn — 27))

;[\Imnf(un) + (1= an)un — AndAuy) — (2 = X\ Az™) |9+ (g — 1) ||lyn — 2|

—hi([lanf(un) + (1 — an)un — An(Aun — Az") — yul])],

An
1—an

|(an f(un) + (1 — an)un — ApAuy) — (¥ — A\, Az™) |4
_hl(Hanf(un) + (1 - an)un - )\n(Aun - AZL‘*) - ynH)

10— an) (i — 2 | Aun) = (@ = &Aw*» + an(f () — )¢

—hi([lan f(un) + (1 — an)un — A (Auy, — Ax*) —ynl)
)‘n * )\n * *
(1 —an)||(un — Aup) — (2" — AT + an || f(un) — 27|

1—a, 1—oa,
—hi(lem f(un) + (1 — an)un — An(Aun — Az") — yn|)
(1= an)llup — 2| + an || f(un) — 2*||*

—hi([lan f(un) + (1 — an)un — Ap(Aun — Az”) — ynl]).

A, implies that
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This together with (3.2) and (3.12), implies that

1 — 2"

< (= QOlSnun — ™| + Cllyn — 2™

< (= Qllun — 2|7 + ¢l = an)[[un — 2|7 + an| f (un) — 27|
—hi([lanf(un) + (1 — an)un — Ap(Aun — Az™) — yal])]

= (1= Can)llun — 2| + Caml| f (un) — 27|
—Chi(llan f(un) + (1 — an)up — An(Auy — Az™) — ynl|)

< (1= Cap)[llzn — &% = ha(lwn — vp — &* + y*[|) + qua| Baz™ — Bowy||lvn — y7[|97
—ha([lvn = un + 2" = y*|)) + qua | Biy” — Bron||un — 2*[| 97 + Canll f (un) — 27|
—Chi(llan f(un) + (1 — an)up — An(Auy — Az™) — ynl|)

< Ll f(un) = 2|1+ [z — 2* |11 = {(1 = Can) [l ([|lwn — v — " +y*|))

+;L2(an —tp + 2" =y D]+ Cha([low f(un) + (1 — an)un — An(Aun — Az™) — yn||)}
+quu || Bry* — Bronl[llun — 2|97t + qua|| Bea* — Bawnll|lva — y* |77,
which immediately yields
(1= Can) I (|lwn = vn — 2+ y*[|) + ha(l|lvn — un + 2 = y7|))]
+Cha([Janf(un) + (1 — an)un — An(Auy — Az™) — yn))
< Canllf(un) = 2|19+ Ty = Togr + qua || Bry* — Bivg||Jun — 2|7
+qpuz|| Baz™ — Bown||[lvn — y* |17

Since Bl, fzg and h; are strictly increasing, continuous and convex functions with ill(O) = iLQ(O) =
h1(0) = 0, from (3.9) we conclude that ||w,, — v, — " + y*|| = 0, ||vn — up + " — y*|| — 0 and
llom f(un) + (1 — an)un — An(Auy — Az*) — yn || — 0 as n — oco. Note that

wn = un| < lwp — v — 2% + || + [Jlvn — up +2° = 3",
and

[t — yn|
= |lanf(un) + (1 — an)up — A (Aup — A2™) — y, + an(un - f(un)) + )‘n(Aun - Ax*)H
< lanf(un) + (1 — an)un — A(Auy — Az™) — Yol + anllun — fun) || + Anl|Au, — Az™|.
So it follows from (3.10) that

lim ||wp, — up| = lim [Jup — yn|| = 0. (3.13)
n—oo n—oo

Also, since wy, = spxy, + (1 — s,,) Gy, from (3.11) and (3.12) we infer that
|wn — x|l = (1 = 8) |Gz, — 2]| < |Gy — 20| = 0 (1 — 00),
|20 — un|l < llzn — wall + [wn — unl| =0 (n — o00), (3.14)
and hence
1Snzn — 2|l < [|Suwn — Spunl| + [[Sntn — Ynll + |yn — unll + |un — 24|
< 2|zn — unll + |Sntn — yull + [lyn — unll = 0 (n — 00).

Moreover, using Proposition 2.4 we get

lim ||Spxyn — Szp| = 0.

n—oo
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So, it follows that
|Szy, — xn|| < ||STn — Snan|| + [[Snzn — 2l =0 (n — 00). (3.15)
For eachn > 0, we put T}, := an(I — ApA). Then from (3.13) and «,, — 0, we get
[un = Tr,unll < flun — J)i@‘ﬂf(“ﬂ) + (1= an)up = AnAus)||
+||J>i (anf(un) + (1 — an)uy, — ApAuy,) — Jf’; (U, — ApAuy)||

< un = ynll + [(anf (un) + (1 = an)un — AnAug) — (un — AnAuy) ||
= |Jun = ynll + anll f(un) —unl| = 0 (n — 00).
Since lim,, o0 a(1 — ) = a > 0, Without loss of generality, we may assume that 3A > 0 s.t.

A <a(l—ay,) <A\, Vn > 0. Using Proposition 2.7 (ii), we obtain from (3.14) that
Thwn — znl| < | Thwn — Thun| + | Thun — un|| + ||un — 24|
2\|lzn = unl| + | Thun — un|
2|z — un|| + 2|1, un — un|| =0 (n — o0). (3.16)
We define the mapping ¢ : C' — C by Pz := 01Sx + 023Gz + (1 — 01 — 62)Thx Vo € C with

01 + 62 < 1 for constants 01,05 € (0, 1). Then by Lemma 2.14 and Proposition 2.7 (i), we know that ¢
is nonexpansive and

IN N

Eﬂ@:FM&ﬂEﬂ@ﬂﬁﬂﬂﬁzﬁFm@@mG%ﬂQBh&ﬁﬂA+m40@%A
n=0

Taking into account that
|@zn, — 2| < 01][Szn — 20| + 02| G — 20|| + (1 = 61 — 02) [Ty — 24,

we deduce from (3.11), (3.15) and (3.16) that

nh_)rlgo | Pxy, — x| = 0. (3.17)
Let z5 = sf(zs) + (1 — s)®Pzs Vs € (0,1). Then it follows from Proposition 2.8 that {25} converges
strongly to a point z* € Fix(®) = (2, which solves the VIP:

(I-flz*,J(z"—p))y <0 Vpe .

Also, from Lemma 2.1 we get

26 = 2|
= ls(f(zs) =2n) + (1 = 5)(P2zs — zn)|*

< (1= 9)P2s — 2pl|? 4 g5(f(25) — T,y Jo(2s — Tn))

= (1=9)"Pzs — znll" + qs(f(25) = 25, Jg(2s — @n)) + q5(2s — T, Jy(25s — 2n))

< (1= 9)U(||9zs — Pan|| + || Prn — anl))? + q5(f (25) — 25, Jg(2s — @n)) + ¢5|2s — zn*
< (1 =9)Ulzs — znll + [|Pzn — 20l))? + g5(f(25) — 25, Jg(2s — zn)) + ¢5|25 — 20|,

which immediately attains

1—s)4 qgs —1
(F(e) = 20 T = 22) < E= L=l 4 182 = )+ E 2z, =
From (3.17), we have
1— s) 1 1—8)+gs—1
limsup(f(zs) — 2s, Jg(@n — 25)) < (1=s) M+T "y = (L= s)7+gs M, (3.18)

n—00 qs qs qs
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where M is a constant such that ||zs — x,||9 < M foralln > 0 and s € (0,1). It is easy to see that
(1—=s)94¢gs—1)/gs — 0as s — 0. Since J; is norm-to-norm uniformly continuous on bounded
subsets of F and z; — =™, we get

1a(n = 20) = Jyl@n —2%)] =0 (s = 0).
So we obtain
[(f(zs) = 25, Jq(@n — 25)) — (f(2") — 27, Jg(@n — 27))]|

= [(f(zs) = f(2"), Jg(@n — 25)) + (f(27) — 27, Jg(zn — 25)) + (2" — 25, Jg(Tn — 25))
—(f(z%) — 2", Jg(an — z7))]
(&) = a7, Jg(@n — 25) — Jg(@n — 7)) + [(f(2s) = [(27), Jg(an — 25))]
(" = 2, Jy(an — 2)]
< |If(@®) = 2|1 g(zn — 25) — Jg(zn — %) + (1 + 0)[|zs — 2™|[||l2n — Zqu—l.

IN

Hence, for each n > 0, we get
U (f(zs) = 25, Jy(n — 25)) = (f(27) = 2%, Jy(zn — 27)).
From (3.18), as s — 0, it follows that
limsup(f(z*) — z*, Jy(xy, — 2¥)) < 0. (3.19)

n—oo

By (C2), (3.10) and (3.14), we get

An
[up — 2" — ——(Auy — Az™) — (zn — 27)||
< = all + 2 Aug — Ao
< lup — zy o Un x
< Nup — xp|| + 0| Auyp, — Az™|| -0 (n — 00). (3.20)

In addition, from (3.11), (3.13) and (3.14) it is easy to see that as n — oo,
211 — 2|l < (1= 50)[|Sntn — 2n || + snllyn — zall < [|Sntn — ynll + |yn — unl| + [[tn — 25| — 0.
Using (3.19) and (3.20), we have

limsup(f(z*) — z*, Jg(up — 2" — An (Au, — Az™))) < 0. (3.21)

n—o00 1-— (679

Now, from (3.6) it is easy to see that
|1 — 2™ (3.22)
< (1= an¢(1 = qo))llzn — ™|
+Cqan (1 — an) T (f(z") — 2, J(up — 2" —
= (1—an((1 —qo))llzn — 2"
q(1 — )Y f(z*) — 2%, Jq(up —a* — lfgn (Auy, — Az™)))
L —qe

An

1—ao,

(Aun — Az"))) + Choag || f(un) — ™7

+an((1 = qo)|
gl () = 1
1 —qo
Note that {a,,((1 — go)} C [0,1], D7 an((1 — go) = co and
gl = e () — ot Ty — 2 — P (Auy — A2%) | wgal () — )2
lim sup]| L +
n—00 1 —qo I —qo

] <o.




MANN-TYPE EXTRAGRADIENT ALGORITHMS FOR SYSTEMS OF VARIATIONAL INEQUALITIES 219

Applying Lemma 2.15 to (3.22), we infer that I}, — 0 as n — oo. Thus, z,, = z* as n — oo.

Case 2. Suppose that there exists a subsequence {I,, } of {I',} s.t. I},, < Iy, +1 Yk € N, where N
is the set of all positive integers. Define the mapping 7 : N — N by

T(n) :=max{k <n: I} < Ik}
Using Lemma 2.13, we have
F‘r(n) < Fr(n)—‘rl and [, < F‘r(n)-{—l'

Putting I, = ||, — 2*[|9 Vn € N and using the same inference as in Case 1, we can obtain

Iim |22y 1 = Tl = 0 (3.23)
and
Ao
limsup(f(z*) — 2%, Jy(vr(p) — 2" — #(Auﬂn) — Az"))) <0. (3.24)

Because of I”(,,) < I%(5)41 and a(,) > 0, we conclude from (3.6) that

Q(l - O‘T(n))qi1 /\T(n)
_ e < *\ % _pr_ T\
127 (ny —2™[* =< 1—qo et =t Joluur = L —az@m)

q—1

"% (n)
+— f (tr(y) — 19,
T g0 I (trm) =27l

and hence

limsup || z,,) — 2|7 < 0.
n—o0

Thus, we have

. g —

Using Proposition 2.5 and (3.23), we obtain
1#7n)+1 — (|7 = [|#7() — 2"[|
< Q<x7(n)+1 — Tr(n)s ‘]q(xf(n) - J}*)> + Kl]HxT(n)-i-l — Lr(n) Hq
< quT(n)-i-l - x‘r(n)HHxT(n) - m*Hq_l + ’%quwﬂ'(n)-i-l — g;T(n)Hq —0 (n — OO)
Taking into account Iy, < I’ ()41, we have
[0 —2* 7 < @ryer — 277
< ||x7'(n) - x*Hq + q,‘$T(n)+1 — Tr(n) ” HJ"T(n) - ]},*qul + K/quT(’n)+1 — Tr(n) Hq
It is easy to see from (3.23) that x,, — x* as n — oo. This completes the proof. g
We also obtain the strong convergence result for the parallel Mann-type extragradient algorithm in

a real Hilbert space H. It is well known that ko = 1 [38]. Thus, by Theorem 3.3 we derive the following
conclusion.

Corollary 3.4. Let ) # C C H be a closed convex set. Let f : C — C be a g-contraction with
constant o € [0,3) and {S,}52, be a countable family of nonexpansive self-mappings on C. Let A :
C — H and B : C — 21 be a o-inverse-strongly monotone mapping and a maximal monotone operator,
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respectively. Suppose that B1, By : C — H are a-inverse-strongly monotone mapping and (-inverse-
strongly monotone mapping, respectively. Assume that 2 := (", Fix(Sy,) N GSVI(C, By, B2) N (A +
B)~10 # 0. For any given xg € C and ¢ € (0, 1), let {x,,}°°, be the sequence generated by

Wy, = Spy + (1 — s5,) Gy,

vy, = Po(wy, — paBowy,),

up, = Po(vp, — p1Bivy),

Tnir1 = (1 =) Spupn + CJﬁ(anf(un) + (1 — an)un — A\pAuy,) Vn >0,

where the sequences {s, }, {an} C (0,1) and {\,} C (0, 00) are such that
(C1) limy, 00 0y = 0 and Y 7§y, = 00;
C2)0<a< 1i‘gn <b<20and0<c<s,<d<]l1;

(C3) 0 < pp <2aand0 < pg < 20.
Assume that Y " Sup,cp ||Sn+12 — Spz|| < oo for any bounded subset D of C. Let S : C' — C be
a mapping defined by Sz = lim,,_,oc Spx Yo € C, and suppose that Fix(S) = (,_, Fix(Sy). Then
Tp — x* € (2, which is the unique solution to the VIP: ((I — f)x*,p — x*) > 0Vp € (2, i.e., the fixed
point equation x* = P f(x*).

(3.25)

Remark 3.5. Compared with the corresponding results in Manaka and Takahashi [28], Sunthrayuth and
Cholamjiak [33], and Ceng et al. [8], our results improve and extend them in the following aspects.

(i) The problem of solving the VI for two monotone operators A, B with the FPP constraint of a
nonexpansive mapping S in [28, Theorem 3.1] is extended to develop our problem of solving
the GSVI (1.4) with the constraints of the VI for two accretive operators A, B and the CFPP
of {S,}22 a countable family of nonexpansive mappings. The Mann-type iterative scheme
with weak convergence in [28, Theorem 3.1] is extended to develop our parallel Mann-type
extragradient algorithm with strong convergence.

(ii) The problem of solving the VI for two monotone operators with the constraints of the FPP of a
nonexpansive mapping S and the VIP for a monotone and Lipschitzian mapping in [8, Theorem
3.1], is extended to develop our problem of solving solving the GSVI (1.4) with the constraints
of the VI for two accretive operators A, B and the CFPP of {S,,}"° a countable family of
nonexpansive mappings. The Mann-type hybrid extragradient method in [8, Theorem 3.1] is
extended to develop our parallel Mann-type extragradient algorithm.

(iii) The problem of solving the VI for two accretive operators A, B with the FPP constraint of a
nonexpansive mapping S in [33, Theorem 3.3] is extended to develop our problem of solving
the GSVI (1.4) with the constraints of the VI for two accretive operators A, B and the CFPP of
{Sn}22, a countable family of nonexpansive mappings. The modified viscosity-type extragra-
dient method in [33, Theorem 3.3] is extended to develop our parallel Mann-type extragradient
algorithm.

4. SOME APPLICATIONS

In this section, we give some applications of Corollary 3.4 to important mathematical problems in
the setting of Hilbert spaces.

4.1. Application to variational inequality problem. Given a nonempty closed convex subset C' C
H and a nonlinear monotone operator A : C' — H. Consider the classical VIP of finding u* € C' s.t.

(Au ;v —u™) >0 Yved. (4.1)

The solution set of problem (4.1) is denoted by VI(C, A). It is clear that u* € C solves VIP (4.1) if and
only if it solves the fixed point equation u* = Po(u* — AAu*) with A > 0. Let i¢ be the indicator
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function of C' defined by
. 0 ifuecd,
ic(u) = .
oo ifudgC.

We use N (u) to indicate the normal cone of C'atu € H,i.e, No(u) = {w € H : (w,v—u) <0Vv €
C'}. Tt is known that i¢ is a proper, convex and lower semicontinuous function and its subdifferential
Oic is a maximal monotone mapping [10]. We define the resolvent operator J:\%C of Jic for A > 0 by

JY () = (I + \ic) H(z) Ve H,
where

dic(u) = {we H :ic(u)+ (w,v—u) <ic(v)Vve H}
= {weH:(w,v—u)<0VveC}=Ng(u) YueC.

Hence, we get

u=JY(z) & x—ueANo(u)
& (z—u,v—u)<0 Yvel
< u= Pc(x),
where P( is the metric projection of H onto C. Moreover, we also have (A + di¢) ™10 = VI(C, A)

[35].
Thus, putting B = 0Jic in Corollary 3.4, we obtain the following result:

Theorem 4.1. Let f, A, By, By and {S,}2, be the same as in Corollary 3.4. Suppose that {2 :=
Moo, Fix(S,) N GSVI(C, By, B2) N VI(C, A) # 0. For any given g € C and ¢ € (0,1), let {x,}>2
be the sequence generated by

Wy, = $pTp + (1 — 8,)Gay,

Un = Po(wn — p2Bawy),

up, = Po(vn, — p1Bioy),

Tnt1 = (1 — Q)Snupn + CPo(anf(un) + (1 — an)up — ApAu,) ¥n >0,
where the sequences {sp }, {an,} C (0,1) and {\,} C (0,00) are such that the conditions (C1)-(C3) in

Corollary 3.4 hold. Then x,, — x* € (2, which is the unique solution to the VIP: ((I — f)x*,p — x*) >
0Vp € {2, i.e, the fixed point equation x* = Pq f(z*).

(4.2)

4.2. Application to split feasibility problem. Let H; and H5 be two real Hilbert spaces. Consider
the following split feasibility problem (SFP) of finding

ue Cst.Tu e Q, (4.3)

where C' and () are closed convex subsets of H; and Ha, respectively, and T : H; — Hs is a bounded
linear operator with its adjoint 7. The solution set of SFP is denoted by U := CNT~1Q = {u € C:
Tu € Q}. In 1994, Censor and Elfving [21] first introduced the SFP for modelling inverse problems
of radiation therapy treatment planning in a finite dimensional Hilbert space, which arise from phase
retrieval and in medical image reconstruction.

It is known that z € C solves the SFP (4.3) if and only if z is a solution of the minimization prob-
lem: minyec g(y) := 3| Ty — PoTy||*. Note that the function g is differentiable convex and has the
Lipschitzian gradient defined by Vg = T (I — Pg)T. Moreover, Vg is W-inverse-strongly mono-
tone, where ||T|? is the spectral radius of 7*T [6]. So, z € C solves the SFP if and only if it solves the
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variational inclusion problem of finding z € Hj s.t.

0€ Vyg(z)+0ic(z) & 0€z+ Nic(z) — (2 — AVyg(z))
& z—AVg(z) € z+ Adic(2)
& z=(I+Mic) Hz - AVg(2))
& z=Po(z—AVg(2)).

Now, setting A = Vg, B = 0ic and o = W in Corollary 3.4, we obtain the following result:

Theorem 4.2. Let f, By, By and {S,,}5°, be the same as in Corollary 3.4. Assume that 2 = (2

n=0
Fix(S,,) NGSVI(C, By, B2) NU # (. For any given xy € C and ¢ € (0,1), let {x,,}5°, be the sequence
generated by

Wy, = $pTpn + (1 — 5,)Gap,

v, = Po(wy, — peBawy,),

un = Po(vy, — u1 Bivy),

Tnt1 = (1 = Q)Spupn + CPo(an f(un) + (1 — an)un — NT*(I — Pg)Tuy,) Yn >0,

(4.4)

where the sequences {sp}, {an} C (0,1) and {\,} C (0,00) are such that the conditions (C1)-(C3) in
Corollary 3.1 hold where o = W Then x,, — x* € 2, which is the unique solution to the VIP: ((I —
flz*,p—a*) > 0Vp € 12, ie., the fixed point equation x* = P f (z*).

4.3. Application to LASSO problem. In this subsection, we first recall the least absolute shrinkage
and selection operator (LASSO) [36], which can be formulated as a convex constrained optimization
problem:

1
min o [Ty - b3 subject to [lyll1 < s, (4.5)

where T' : H — H is a bounded operator on H, b is a fixed vector in H and s > 0. Let U be the
solution set of LASSO (4.5). The LASSO has received much attention because of the involvement of the
¢1 norm which promotes sparsity, phenomenon of many practical problems arising in statics model,
image compression, compressed sensing and signal processing theory.

In terms of the optimization theory, ones know that the solution to the LASSO problem (4.5) is a min-
imizer of the following convex unconstrained minimization problem so-called Basis Pursuit denoising
problem:

ggg 9(y) + h(y), (4.6)

where g(y) := %||Ty — b|3, h(y) :== A|ly/1 and A > 0 is a regularization parameter. It is known that
Vg(y) =T*(Ty —b) is ﬁ-inverse-strongly monotone. Hence, we have that z solves the LASSO if
and only if z solves the variational inclusion problem of finding z € H s.t.
0€ Vg(z)+0h(z) & 0€z+Nh(z)—(2—AVg(z))
& z—AVg(z) € z+ AOh(z)
& z=(I+Xh) Yz —AVy(2))
&z =prox,(z — AVyg(z)),

where prox;, (y) is the proximal of h(y) := A||y||1 given by

. 1
proxy,(y) = argmin,ey {AlJulls + 5llu - yll3} vy € H,
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which is separable in indices. Then, for y € H,

prox,(y) = proxy|., (v)
= (proxy (1), Proxy(y2), .., Proxy|.|(¥n)),

where prox, | (vi) = sgn(y;) max{|y;| — A, 0} fori =1,2,....n.
In 2014, Xu [39] suggested the following proximal-gradient algorithm (PGA):

Tp1 = proxy (zr — N (I'zy, — 1)),

He proved the weak convergence of the PGA to a solution of the LASSO problem (4.5).
Next, putting C = H, A =Vg, B=0hando = WITH in Corollary 3.4, we obtain the following
result:

Theorem 4.3. Let f, By, By and {S,,}5°, be the same as in Corollary 3.4 with C = H. Assume that
2 =, Fix(S,) N GSVI(H, By, B2) N U # (. For any given zg € H and ¢ € (0,1), let {x,}5%,
be the sequence generated by

Wy, = Spxy + (1 — sp,)Gap,

Up = Wy, — 2 Bawy, @.7)
Uy = Uy, — p1Brug,

Tnt1 = (1 - C)Snun + CprOXh(anf(un) + (1 - an)un - )\nT*(Tun - b)) Vn > 0,

where the sequences {sp}, {an} C (0,1) and {\,} C (0,00) are such that the conditions (C1)-(C3) in
Corollary 3.4 hold where 0 = ﬁ Then x,, — x* € {2, which is the unique solution to the VIP: ((I —
fla*,p—a*) > 0Vp € 02, ie, the fixed point equation x* = Pq f(z*).
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