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ABSTRACT. In this paper, we investigate the existence and uniqueness of fixed points for almost contrac-
tion mappings via simulation functions in metric spaces. Moreover, some examples and applications in
order to illustrate the reality of our generalizations and usability of the results are given. The main results
of the article extend the published corresponding results in this area, especially the paper published in
Carpathian Mathematical Publications 11 (2) (2019), 475-492.

Keywords. Fixed point, Metric space, a-admissible, Extend simulation.
© Applicable Nonlinear Analysis

1. INTRODUCTION AND PRELIMINARIES

The F'-contraction is introduced by Wardowski [13] in order to generalize the Banach contraction
principle.

The family of all functions F' : (0, +00) — R that satisfy the following conditions:

(F1) F is strictly increasing,

(F2) for every sequence {a,} in (0, +00) we have lim,,_,~, F'(cv,) = —o0 iff lim;, 00 a;y = 0,

(F3) there exists a number k& € (0, 1) such that lim,_,g+ o*F(a) =
is denoted by F (see, [13]) and the collection of all functions F' : (0, 4+00) — R satisfying the following
conditions:

_oo’

(G1) Fis strictly increasing,
(G2) there exists a sequence {a, } in (0, +00) such that lim,,_,~ F'(ay,) = —o0, or inf F' = —o0,
(G3) Fis a continuous map,
is denoted by G ([11]).
We need the following definitions in the sequel.

Definition 1.1. [13] Let (X, d) be a metric space. The mapping 7" : X — X is called an F'-contraction,
if there exist F' € F and 7 > 0 such that, for all x,y € X with d(T'z, Ty) > 0 we have

T+ F(d(Tz,Ty)) < F(d(z,y)).

Definition 1.2. [10,4] Let o : X X X — (0, +00) be a given mapping. The mapping 7" : X — X is
said to be an a-admissible, whenever o(Tz, Ty) > 1 provided a(z,y) > land x,y € X.

Definition 1.3. [1] An a-admissible map T is said to have the K-property, while for each sequence
{zp,} C X with a(xy,zp41) > 1 for all n € Ny, the nonnegative integer numbers, there exists a
positive integer number k such that a(T'z,,, Tx,,) > 1, forallm > n > k.
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The following lemmas play crucial role in proving main results.

Lemma 1.4. [9] Let I : (0, +00) — R be an increasing function and { o, } be a sequence of positive real
numbers. Then the following holds:

(@) iflimy, 00 F(a,) = —00, then limy, o0 iy, = 0,

(b) ifinf F' = —o0, and lim,,_, ayy, = 0, then lim,, o F(a,) = —00.

Lemma 1.5. [3] Let (X, d) be a metric space, and {x,,} be a sequence in X such that
limy, o0 d(zp, Tnt1) = 0. If {zp} is not a Cauchy sequence then there exists € > 0 and two sequences of
positive integers {ny} and {my} withni > my, > k such that d(x,,, , p, ) > €, d(Tm, , Tn,—1) < € and
(1) limg—yoo d(xpm,,, Tn,) = €.
(2) limg—oo d(Zmy—1,2n,) = €
(3) limg—yoo d(Tpm, , Tny+1) = €
( d(

4) hmk‘—)oo l‘mkflvxnk+l) =€
In [7, 6, 8] the simulation function introduced as follows

Definition 1.6. Let ¢ : [0,00) x [0,00) — R be a mapping, then ( is called a simulation function if
satisfies the following conditions:

(¢€1) ¢(0,0) = 0;
(€2) ((t,s) < s—tforallt,s >0
(¢3) if {tn}, {sn} are sequences in (0,00) such that lim ¢, = lim s, > 0and t, < sy for all
n € N, then
lim sup ((ty, sn) < 0.

n—o0

We denote the set of all simulation functions by Z.

2. MAIN RESULTS

The next result provides sufficient conditions for existing a fixed point.

Theorem 2.1. Let (X, d) be a complete metric space, o : X x X — (0,+00) be a symmetric function
andT : X — X be a mapping which there exist F € F, 7 > 0, L > 0 and simulation function ¢ such
that forallz,y € X and d(Tz, Ty) > 0,

G(r -+ ale )P (AT, Ty), Flom(z,y) + LN (2,3)) 2 0, e
where
m(z,y) = max {d(él?,y),d(ac,Tx), d(y, Ty), d(z,Ty) ;d(y,Ta;) }
and

Ni(z,y) = min{d(z, Ty), d(y, Tz)},
and satisfying the following conditions:
(i): T is a-admissible,
(ii): there exists xg € X such that a(xg, Txo) > 1.

Then, T has a fixed point if at least one of the following cases holds:
(a) T is continuous.
(b) F is continuous and

(iii): if {xn} is a sequence in X such that x,, — x asn — oo and a(xy,Tpy1) > 1 for all
n € No = NU {0}, then a(zp,x) > 1 foralln € Ny.
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Proof. Let xg € X be such that a(xg, T'z¢) > 1. For any n € Ny, define:
Tnt1 = T(zp).

If £1y+1 = @y, for some ng € Ny then z,,, is a fixed point of 7. So, we can assume that x,,+1 # x,, for
each n € Njy. Since T is c-admissible, then

Ty, Tnt1) > 1, Vn € Np. (2.2)
Now, if d(T'z, Ty) > 0, from (2.1) and (¢2), then
0 < (7 + a(z, y) F(d(Tz, Ty)), F(m(z,y) + LN1(z,y)))
< F(m(z,y) + LN:(z,y)) — (7 + a(z, y) F(d(Tz, Ty)))-

Hence
T+ a(z,y)F(d(Tz,Ty)) < F(m(x,y) + LNi(x,y)). (2.3)
Therefore, by (2.2) and (2.3)

T+ Fd(Txn, Trnt1)) < 7+ a(xn, Tnt1)F(d(Trn, Trpe1))
< F(m(zn, ¥pt1) + LN (20, Tnt1))
< F(m(zn, 2pi1) + Ld(zni1, Tey))
= F(m(, 2n1) +0)
= F(m(zn, Tn41)),
Hence we have
T+ F(d(Tnt1, Tnr2) < F(m(zn, 2ni1)). (2.9)
But
m(Tp, Tpy1) = max {d(xn,mn+1), d(xpn, Txy), d(Tp+1, TTni1),

d(zn,TTnt1)+d(Tn+1,T2n) }
2

d s mn
max { d(@n, ns1)s d(@ns1, dnse), H}

IN

d(Tn,Tn+1)+d(Tn41,Tn+2
max 3 d(zp, Tnt1), d(Tps1, Tpgn), Wnans) Tdlons ”}

< max{d(Tn, Tn+1), d(Tnt1, Tni2)}-
If d(Zng+1, Tng+2) = d(Tng, Tng+1) for some ng € Ny, then

M (Tng; Trg+1) < A Tng41; Tng+2),
and since F' is strictly increasing,
F(m(ng, Tng+1)) < F(d(Tng41, Tngt2))-
So, it follow from (2.4) that
T+ F(d(@no+1, Tng+2) < F(d(@no+1, Tno+2))-

So, 7 < 0, which is a contradiction. Consequently

d(Tnt1, Tnt2) < d(Tn, Tni1), Yn € Np. (2.5)
Hence, from (2.4) and (2.5) we have
T+ F(d(Tpt1, Tnt2) < F(d(n, Tnt1)),

or,
F(d(zpt1, Tnt2) < F(d(xn, Tpt1)) — 7.
In general, one can get
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F(d(zp+1, Tnt2) < F(d(zg, 1)) — nr. (2.6)
Hence,
li_}m F(d(xn, Tpt1)) = —00.

So, from (F3) we have

nh_)rglo d(p, Tni1) = 0.

Therefore, with notice to (F3), there exists k& € (0, 1) such that
lim (d(n, Zns1)) F(d(2n, ny1)) = 0.

n—oo
Now, (2.6) implies that
(d(mn,xn+1))kF(d(xn,xn+1)) < (d(xn,xn+1))k(F(d(:c0,x1)) —nT).
Then, it can be easily seen that

lim n(d(x,, zps1))* = 0.
n—oo

So, there exists ng € Ny such that

d(xn; xn—l—l) <

3
RO R

Consequently, if m > n > nyg, then
d@n,zm) < S d(zs,zi1) < T i% <YEn, i%

Since k € (0, 1), the series ) 72
ik

is complete, there exists u € X such that z,, — u as n — co. We claim that v is a fixed point of T".
Now, we show that w is a fixed point of 7" under any of the cases (a) and (b).
First, we suppose that 7" is continuous case (a), then we have

— is convergent. Therefore {z,, } is a cauchy sequence, and since X

u= lim 2,11 = lim Tx, = T(u),

and so u is a fixed point of T'. This completes the proof of Theorem by using case (a).

Now, suppose that case (b) is true. If T'w # u, then there exists ng € Ny such that T'x,, # Tu, for all
n > ng (Indeed, if x,,41 = T'x,, = Tu for infinite values of n, then uniqueness of the limit concludes
that T'u = u). From (iii) and (2.3), we have

T+ F(d(Tzp,Tu)) < 7+ a(xn,uw)F(d(Te,,Tu))
< F(m(xn, u) + LN1 (2, u))
< F(m(zn,u) + Ld(Txy,u))
= F(m(zn,u) + Ld(zn41,u)))
And since F' is continuous, as n — oo we get
T+ F(d(u,Tu)) < F( li_)m (m(xp,u) + Ld(zpi1,u))), (2.7)
where
m(zn,u) = max {d(:cn, w), d(Tp, Tni1), d(u, Tu), dan, Tu) —;d(u, Tn+1) }
So,

d(u,Tu)+0

lim m(z,,u) = max {0,0, d(u, Tu), 5

Jim } = d(u, Tu).

Also, we have
lim Ld(zp41,u) =0.

n—o0
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Therefore, from (2.7) we have
T+ F(d(u,Tu)) < F(d(u, Tu)),
which is a contradiction as 7 > 0. So d(u, Tu) = 0, ie., Tu = . O
Example 2.2. Let X = {(0,0),(0,5), (5,0), (5,6)} be endowed with the metric d defined by
d((z1,22), (y1,92)) = |21 — 1| + |w2 — w2l
Let T be self-mappings on X as follow:
T(z1,22) = (min{z, z2},0).

Also, suppose that a(z1,22) = L = 1,0 < 7 < 0.033 and for z € (0, +00), F'(z) = Inx, and for all
¢ € Z, defined ((¢, s) = %s — t. Therefore all the hypothesis of Theorem 2.1 are verified.

The next result establishes a sufficient condition for uniqueness of fixed point.

Theorem 2.3. Let (X, d) be a complete metric space and T : X — X be a mapping for which there exist
F € F,7 >0, L > 0 and simulation function ¢ such that d(Tx,Ty) > 0 implies that

(T +alz,y) F(d(Tz, Ty)), F(m(z,y) + LN2(2,y))) = 0, (2.8)
where m(z,y) is defined as in Theorem 2.1 and
No(z,y) = min{d(z, Tx), d(z, Ty),d(y, Tx)}.

We further assume that o(z,y) > 1 for each x,y € Fix(T'). Then if T is satisfied the conditions (i), (ii)
and (iii) of Theorem 2.1 and T or F' is continuous thenI' has a unique fixed point.

Proof. By Theorem 2.1, T" has a fixed point. Now, suppose that u and v are two fixed point of T'. If
u # v then d(Tu, Tv) > 0. Also a(u,v) > 1, because u,v € Fixz(T), then by (2.8) and ({2)
0< C(T + a(“) ’U)F(d(TU, TU))a F(m(ua ’U) + LN?(ua ’U)))
< F(m(u,v) + LN2(u,v)) — (7 + a(u, v) F(d(Tu, Tv))).
Therefore,
7+ afu,v) F(d(Tu, Tv)) < F(m(u,v) + LNa(u,v)). (2.9)
Hence, (2.9) implies that

T+ F(d(u,v)) T+ F(d(Tu,Tv))

T+ a(u,v)F(d(Tu,Tv))
F(m(u,v) + LNa(u,v))

I VARVANIVANMI

F(m(u,v) + Ld(u, Tu))
F(m(u,v) +0)
- F(m(u7v))a
where
m(u,v) = max{d(u,v),d(u,Tu),d(v,TU%d(u,Tv)-zkd(v,Tu)}
= max{d(u,v),0,0, Aertdvu)y
= d(u,v).
So, we have

T+ F(d(u,v)) < F(d(u,v)),

which is a contradiction, as 7 > 0. So, u = v. O
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Theorem 2.4. Let (X, d) be a complete metric space and T : X — X be a mapping which there exist
F € G, 7 > 0 and the simulation function { such that for all z,y € X withTx # Ty and %d(m, Tz) <
d(x,y) implies that
(7 + a(z,y)F(d(Tz,Ty)), F(m(z,y))) =0 (2.10)
where m(x,y) is defined as in Theorem 2.1, satisfying the following conditions:
(i): T is a-admissible,
(ii): there exists xg € X such that o(zg, Txo) > 1,
(iii): if {zn} is a sequence in X such that x,, — x asn — 0o and a(Tp, Tny1) > 1 foralln € Ny,
then a(xp,x) > 1 foralln € Ny,
(iv): T has the K-property.
Then, T has a fixed point in X.
Proof. Let xg € X be such that «(xg, T'z¢) > 1. For any n € Ny, define
Tnt1 = T(zp).
Since T is a-admissible, one can easily obtain that
Ty, Tnt1) > 1, Vn € No. (2.11)

If xpy+1 = p, for some ng € Ny, then z,,, is a fixed point of T". So, we can assume that z,+1 # zy,

for each n € Ny, i.e., d(xp, T +1) > 0 and so
1 1
§d(l’n,Tl‘n) = §d(mn,xn+1) < d(Tp, Tpt1)- (2.12)

Now from (2.10) and (¢2), there exist F' € G and 7 > 0 such that if d(T'z, Ty) > 0, then 3d(z,Tz) <
d(x,y) implies that
0 < (7 + oz, y) F(d(Tx, Ty)), F(m(z,y)))
< F(m(z,y)) — (7 + a(z,y)F(d(Tz, Ty))).
Then,
ld(fL’ Tz) <d(z,y) = 7+ a(z,y)F(d(Tz,Ty)) < F(m(z,y)), (2.13)
where m(x,y) is defined as in Theorem 2.1. Therefore, by (2.12) and (2.13)
T+ F(d(Txp, Txnyi1)) T+ a(Tp, Tpi1) F(d(Txn, Txpi))

F(m(@n, tns1)), (214)

<
<
in which

m(l'nv xn—i—l) = max {d($n7 xn—i—l)u d(ﬂ?n, Txn)7 d(-rn—i-l’ T$n+1)7

d(xn 7Txn+1 )+d(xn+1 7Txn) }
2

d(Tn,Tn
= mnax d($naxn+l)a d(xn+1a 'T’I’L+2)7 W}

) d(ﬂ?n,xn+1)+d(ﬂﬁn+1ﬂ?n+2)}
2

IN

max { d(xn, Tpi1), d(Tnt1, Tni2),
< max{d(zn, Tnt+1), d(Tn+1, Tni2)}
Now, if d(Zpng+1, Tng+2) = d(Tngy, Tng+1) for some ny € Ny, then
M(Tng, Tng+1) < ATng+15 Tng+2)
and since F' is strictly increasing,

F(m(ajno?xn(ﬂrl)) < F(d(xno+17xno+2))'
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Therefore, by (2.14)
T+ F(d(xno-l—la CUno-l-Z)) < F(d(xno-i-hxno-l-Q))'
So, 7 < 0, which is a contradiction. Consequently,
d(Tpt1, Tnt2) < d(xn, Tpi1), Vn € Ny. (2.15)
Therefore,
m(zy, Tni1) < d(zp, Tni1), Yn € No. (2.16)
So, from (2.14) and (2.15) one can obtain that

T+ F(d(xn+la fL‘n+2)) < F(d(l‘naanrl))v

or,

F(d(#n41, Tne2)) < F(d(@n, 2nt1)) — 7.
In general, one can get

F(d(zpt1,Tnt2)) < F(d(xo, 1)) — nT.
Hence,

lim F(d(xy, Tnt1)) = —00,
n—oo

which together with (G2) and Lemma 1.4, gives

nh_}ngo d(xp, Tny1) = 0.

Now, we claim that {x,,} is a Cauchy sequence. If it is not true, then by Lemma 1.5, there exists ¢g > 0
and two sequences of positive integers {ny} and {my} with ny > my, > k such that d(z,,, zn,) >
€0, d(Tpm, , Tn,—1) < €0 and

(Ll) hmk%oo (wnkyxmk = €0,

(LQ) hmk—>oo (:Unk,l‘mk 1) = €0,

(L3) limp—soo d(Tny+1,Tm,) = €0,

<L4) limkﬁoo d(mnkH, mmk—l) = €Q.
Therefore, with notice to definition of m(z, y) we have:

hmk—)oo m(xnk ) xmkfl) = hmk‘—)oo max {d(l‘nk ) l‘mkfl)a d(xnka $nk+1)’

A(@ny g, )+ (@, 1,05 +1)) }
2

d(mmkflammk)a
= max{eo,0,0,%}
= €.
So,

lim m(zp,, Tm,—1) = €o. (2.17)
k—o00

On the other hand, since limy_,oc d(2n,, Tm,—1) = €0 > 0, and limy_,c d(zp,, Tn,+1) = 0, with
considering a subsequence if it is needed, one can assumed that, there exist k&1 € N such that for any
k> kiandng > my > k

d(l‘nk ) xnk-i-l) S d(xnk ) xmk—l)-
So, it is clear that for all kK > k1 and ng > mp > k,

1 1
id(aznk,Txnk) = 5d($nk,$nk+1) < d(xn,, Tmy—1)- (2.18)

Also, using the K-property, there exist k2 € N such that
(T, Tme—1) > 1, Vk > k. (2.19)
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Let £ > max{ki, k2 }, then from (2.19) and (2.13) we have

r 4 F(d(T0y, @ 1)) < 7+ @ @y 1) F( (T, T, 1)
< F(m(xnmwmk—l))'

Letting n — oo, since F' is continuous, by (L1) and (2.17) we have
T+ F(GQ) S F(Go),

which is a contradiction, as 7 > 0. Consequently, {z,,} is a Cauchy sequence in the complete metric
space X. So there exists u € X such that z,, — u, as n — co. To complete the proof, we show that u
is a fixed point of T'. At first, we claim that for alln > 0

1 1
§d($n,$n+1) < d(wp,u)or §d(l'n+l733n+2) < d(Tps1,u). (2.20)

In fact, If for some ng > 0, both of them are false then we will have
1 1
§d($n0, xno-i-l) > d(xnovu) and id(mno-i-l’ $n0+2) > d(xno-i-lv u)

So, with notice to (2.15) we have

=

l(xnoau) + d(u, x 7} o+1)

id(xnovxno-&- ) id(xno-&-lv xno+2)
d($n0’xno+l) Qd($n0’xno+1)

d(xmn xno-i—l)'

Which is a contradiction and the claim is proved.

Well, let us begin with the first part of (2.20), i.e. suppose that

d(Tngs Tng+1)

A AIA

1
id(xn’ xn—i—l) < d(l’n, u),

and in contrary, assume that Tu # u. Without lose of generality, one can assume that T'z,, # Tu,
for all n € Ny. (Indeed, if x,,4+1 = Tz, = Tu for infinite values of n, then uniqueness of the limit
concludes that T'u = u).

Then, from (2.13) and (iii) we get

T+ F(d(zpy1, Tu)) T+ F(d(Txp, Tu))

< 7+ a(zn, u)F(d(Tzy, Tu))
< F(m(xn,u)),
and since F' is continuous on (0, +00), and d(u, Tu) > 0, as n — oo, we get
T+ F(d(u,Tu)) < F( li_>m (m(zp,u)). (2.21)
n o0
But J T J
m(Zn,u) = max {d(azn,u),d(mn,xnﬂ), d(u, Tu), (n, Tu) —; (u, Znt1) }
So we have

d(u, T
lim m(z,,u) = max{0,0,d(u, Tu), M

n—oo
Therefore, if d(u, Tu) # 0, then from (2.21) we have
T+ F(d(u,Tu)) < F(d(u, Tu)),

which is a contradiction, as 7 > 0. So d(u, Tu) = 0, i.e. Tu = w. Finally, if we assume that the second
part of (2.20) is true, i.e.

}=d(u,Tu).

1

id(«rn—i-la xn+2) < d(xn—i-h u)

Then, as the same manner, we can prove that d(u, Tu) = 0, ie. Tu = u. g
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Theorem 2.5. Suppose that all the conditions of Theorem 2.4 are satisfied. In addition, assume that
a(x,y) > 1, forallx,y € Fiz(T). Then T has a unique fixed point.

Proof. Suppose that u and v are two fixed point of 7. If u # v then d(Tu, Tv) > 0. Also a(u,v) > 1,
because u,v € Fiz(T). Also, it is clear that 3d(u, Tu) = 0 < d(u, v). Hence, (2.13) implies that

T+ F(d(u,v)) T+ F(d(Tu,Tv))

< 7+ a(u,v)F(d(Tu, Tv))
< F(m(u,v)),
where
m(u,v) = max {d(u, v), d(u, Tu),d(v, Tv), d(mTU);d(wTU)}
= max{d(u,v),0,0, Aertdvu)y
= d(u,v).
So, we have
T+ F(d(u,v)) < F(d(u,v)),
which is a contradiction, as 7 > 0. So u = v. -

In the next result we obtain a new version of Theorem 2.6 of [6].

Corollary 2.6. Let (X, d) be a complete metric space and T' : X — X be mapping such that for all
1
z,y € X, id(x, Tx) < d(z,y) implies that

((d(Tx, Ty),m(z,y)) = 0,
where ( € Z andm(x,y) is defined as in Theorem 2.1. In addition, assume that a(x,y) > 1 and condition
(2.10) is true. ThenT" has a unique fixed point.
Proof. Since a(z,y) > 1, it follows from condition (2.10) that
Fd(Tz,Ty)) <7+ F(d(Tx,Ty))
<7+ a(z,y)F(d(Tz, Ty))
< F(m(z,y))
Then,
F(d(Tz,Ty)) < F(m(z,y)).
Now, since F' is strictly increasing, so d(Tx,Ty) < m(z,y). Hence all the hypothesis of Theorem 2.6
of [6] is right. Therefore, the desired result is obtained. O

Example 2.7. Let X = {0, 1,2} be endowed with the metric d defined by d(z,y) = |z —y
T : X — X is defined as follows:

, and

T(1)=T(2)=1, T(0)=2.
Furthermore, suppose that a(x,y) = 1forallz,y € X,0 <7 <In2andforz € (0,00), F'(z) =Inz,

and for all { € Z, defined ((t,s) = %5 — t . Therefore all the hypothesis of Theorem 2.5 are verified.
Hence u = 1 is the unique fixed point of 7.

3. CONCLUSION

The existence and uniqueness of a fixed point of almost contractions via simulation functions in
metric spaces are investigated. Some examples and applications to illustrate the reality of our gener-
alizations and usability the results are given. One can consider the article as the extended simulation
version of the paper published in Carpathian Mathematical Publications 11 (2) (2019).
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