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ABSTRACT. In this paper, we establish results on the existence and multiplicity of solutions for a discrete
Robin boundary value problem involving the variable exponent p(k)-Laplacian of Kirchhoff type in a
finite-dimensional Banach space. Our approach relies on variational techniques combined with tools
from critical point theory.
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1. INTRODUCTION
In this work, we consider the following discrete Robin problem of p(k)-Laplace Kirchhoff type.

—M(¢[u])[A(a(k — 1, |Auk — D)) Au(k — 1)) — (k) |u(k)[P*)2u(k)]
= N (k,u(k)), ke Z(1,T) (1.1)
Au(0) =u(T+1) =0,

where T > 2 is a fixed positive integer, Z(a, b) denotes the discrete interval {a,a+1,...,b—1,b} with
a and b integers such that a < b, Au(k) = u(k+ 1) — u(k) is the forward difference operator, A > 0 is
a real parameter and f : Z(1,7) x R — R is a continuous function. Moreover, a(k, ), M : [0, 00) —
[0,00) are two continuous functions for all & € Z(0,T), t € [0,00) with the function ¢ — M ()
nondecreasing, ([u] is a nonlocal term defined by the following relation

T

ul = 1Ak — a(k) |y wlk)
(lu] ;(Ao(k L (e - ) + 59 ).

¢

A : Z(1,T)x[0,00) — [0, 00) such that Ag(k,t) = / a(k, £)E d€, the function p : Z(0,T) — (1,00)
0

is bounded. We denote it as short

+ .= k T = i k
P ker%fﬂp( ), P ke%l(l(]r,lT)p( ),

and the function ¢ : Z(1,T) — (1, 00) is bounded such that

T
7:= max q(k), g¢:= min q(k), Q:=) q(k).

keZ(1,T) = keZ(1,T) —
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We consider in Problem (1.1) two different boundary conditions. Neumann boundary condition
(Au(0) = 0) and Dirichlet boundary condition (u(7 4+ 1) = 0). In the literature, the boundary
condition considered in this paper is called a mixed or Robin boundary condition.

We also suppose that a and M satisfy the following conditions.

(H1) a1 :7Z(0,T) — [0,00) and there exists a constant az > 0 such that
la(k, |€)€] < a1 (k) + aglé[P® 1,

forall k € Z(0,T) and £ € R.
(H2) Forall k € Z(0,T) and £ > 0, one has

€]
0< alk, |¢)E> < p* / alk, s)s ds.
0

(H3) There exists a positive constant ¢ such that

. da -
min {a(k €. €15 6 J6) + alb 6] } > cigP® 2,
forall k € Z(0,7T) and £ € R.
(H4) M :[0,00) — [0,00) is continuous, nondecreasing and there exist two positive constant 1

and my such that
mo < M(t) <my for t > 0.
Remark 1. As examples of functions Ay and a satisfying the assumptions (H1)-(H4), we can give the
following.

(1) If we set
b

p(k)

a(k, |€]) = [EPP=2] for all (k,€) € Z(1,T) x R.

M(Ao(k,|€])) = —~[€P®) and M(t) =1,

then

(i) Now, if we put

b p(k)
M(Ao(k, [£])) = a+ o) (L+1¢%) 2 —1| and M(t) =a+bt,
then
p(k

)—2
a(k,lg]) = (1+ €)=, for all (k,€) € Z(1,T) x R.
The nonhomogeneous differential operator involved in (1.1), i.e.,
Ala(k =1, [Au(k = 1)) Au(k = 1)),

where a satisfies (H1)-(H4) was recently analyzed by Moussa et al (see [42]). This operator generalizes
the usual operators with variable exponent. In the particular case where

Dyl = 1) 1= 2 (|18 = P20k - 1)),

the operator involved in (1.1) is the standard p(k)-Laplace difference operator. The paper includes the
case p(k)-mean curvature operator or p(k)-capillarity differential operator, such as

A ((1 + | Au(k - 1)|2)7p(k_2) " Ak — 1))

w(k — 1)|Ptk—1)
o <<1 " V1 ‘f\A(i(kl_Nl)pp(kl)) [ Dk = DPEDAu(k - 1)>

and
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The presence of the nonlocal term (|[u] is an important feature of this paper. Problem (1.1) is related
to the stationary version of the continuous Kirchhoff equation, established by Kirchhoff in 1876. To be
more precise, the following model, which is called Kirchhoff equation, was introduced in [30],

9%u Ea [F 2 0%u

Ik
where p > 0 is the mass per unit length, Tj is the base tension, F is the Young modulus, a is the area
of cross section and L is the initial length of the string.

Equation (1.2) takes into account the change of the tension on the string, which is caused by the
change of its length during the vibration. After that, several physicists also considered such equations
for their research in the theory of nonlinear vibrations theoretically or experimentally (see [15, 16, 44,
46]). On the other hand, Kirchhoft’s equation received great attention only after Lions in 1978 (see
[34]) proposed an abstract framework of the problem related to the stationary analog of the equation of
Kirchhoff type. In recent years, many authors have investigated Kirchhoff-type equations, we refer the
readers to [4, 17]. We also refer the readers to the recent results of the discrete Kirchhoff type problems
[18, 26, 27, 33, 41, 45, 47, 52, 53, 54] and the references therein. In the recent work [43], the present
authors have dealt with the p(k)-Laplace Kirchhoff type equations by using the critical point theory
and mountain pass theorem.

The nonlinear difference equations arise in various research fields. Discrete boundary value problems
have received some attention because of related applications in elastic mechanics [58], electrorheologi-
cal fluids [50, 51], and image restoration [19]. In recent years, many authors have studied the existence
and multiplicity of solutions of discrete problems subject to various boundary value conditions by us-
ing different methods such as fixed point theory, the method of upper and lower solution techniques,
Rabinowitz’s global bifurcation theorem, etc. (see [2, 6, 25]). We refer to the recent monograph by
Agarwal [1] and the papers [14, 38] for more details on difference equations and their applications. The
studies for discrete p(k)-Laplacian problems have been extensively considered in many papers, see,
for example, [5, 20, 21, 22, 31, 32, 37, 48]. When the discrete p(k) is a constant, namely, the so-called
discrete p-Laplacian operator, we refer the readers to [9, 12, 13] and the references therein. The discrete
p(k)-Laplacian operator has more complicated nonlinearities than the discrete p-Laplacian operator,
for example, it is not homogeneous. Recently, boundary value problems of difference equations with
¢-Laplacian have received extensive attention from many researchers, see, for example, [35, 36, 49, 57].

Problem (1.1) can be seen as a discrete variant of the variable exponent anisotropic problem

@
ox

3 o (:u o ) Lt @ = Af () in 9
h (1.3)
% =0 on 891,
on
u=0 on 09,

where Q@ C RY (N > 3) is a bounded domain with smooth boundary, 9Q; U Qs = 09, f €
C (€ x R, R) is given function that satisfy some properties, p;(z) and ¢(z) > 1 are continuous func-

N
_ 1 _
tions on 2 such that 1 < p;(z) < N and Z — > 1forallz € Qandalli € Z[1, N], where
i=1 Pi
p; = ingpl-(x), A > 0 is real number.
ze

Recently, I. H. Kim and Y. H. Kim [29] studied problem (1.3) under homogeneous Dirichlet boundary
condition (v = 0 on 0f).
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In a recent paper [40], by using variational methods, the present authors consider the multiplicity of
solutions of the following discrete Robin problem with p(k)-Laplacian.

{—A(a(k —1,|Au(k — D) Aulk — 1)) = Af(k, u(k)) + pg(k, u(k)), k€ Z(1,T) (L)

Au(0) =u(T +1) = 0.

Here, we will generalize this result.

Motivated by the above papers and the results in [3, 11, 24] and [28], this paper aims to establish the
existence and multiplicity of problem solutions (1.1), via variational methods and critical point theory.

The organization of the paper is as follows. In Section 2, we establish the variational framework
associated with problem (1.1). Some preliminary results are also stated in this section. In Section 3, we
apply a result of Bonanno et al. ( see [8]), to prove the existence of at least one nontrivial solution of
problem (1.1). In Section 4, one uses a result of Bonanno and D’Agui (see [7]), to prove the existence
of at least two nontrivial solutions of problem (1.1). Finally, in Section 5, one uses a result of Bonanno
(see [10]) to prove the existence of at least three solutions of problem (1.1).

2. VARIATIONAL FRAMEWORK AND PRELIMINARY RESULTS

In this section, we establish a variational framework associated with problem (1.1). We consider the
T-dimensional Banach space

S={u:7Z(0,T+1) - R such that Au(0) =u(T +1) =0}
endowed with the norm

T 1/p~
Jull = (Z (18P + q<k>|u<k>|P))

k=1

On the space S, we also introduce the following norm

k=1

T 1/pt
el = (Z (10um)P” + q<k>|u<k>|P*)>

and the Luxemburg norm

T k) p(k)
) Au(k) [P¢ u(k
||u||p(.):1nf{,u>0: Z ‘ (k) +q(k) u(k) <1}.
1 H H
We will use the following inequality
pt—p~
Lijull < lJullpr < 27727 Lijull, (21)

-t
where L = (2max{T, Q})pp’zﬁ . Indeed, by weighted Holder’s inequality (see [39]), we get

+_ -

T - T ot ot /T N ZT_L
Z|Au(lﬁ)|p < (le+—p—) <Z (|Au(k)‘p )p>
k=1 k=1 k=1
ot [T %
< T (Z\Auw*) :
k=1
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We obtain, in a similar way as before,
T . _ /T
p- - pt
D qk) luB)P <Q v > q(k)|u(k)]
k=1

Combining the above inequalities with p—+ < 1, we obtain
p

. T G T NG
JullP” < (max{T,Q}) »* x (ZIAU(k)”> +<Zq(k¢)U(/€)!”>

k=1

"E

< 27y

H

T oF
(max{T, Q} <Z!Au W+ g (k)\U(/ﬂ)\”+> = L7 [lulll,.

Consequently, L|u|| < [Jul],+.
J’_
On the other hand, we get from the fact that pi > 1, the following.
p

+ +

S

-t - T B e
lul?y < (max{T,Q}) »  x <Z|Au ) +<ZQ(k)IU(k)Ip>

k=1

4 v pep +
< (max{T, Q} (Z|Au |p+ZQ(k)\U(k)p> =2 » LV lulf”.
k=1

pt—p~
Consequently, ||u[|,+ <2 »~#" L||ul|. Therefore, we obtain that (2.1) holds.

We consider another norm in S, that is,

lu]|oo := max{|u(k)| : k € Z(1,T)}, for all u e S.

For every u € S and p~ > 1, the following relation

[ufloe < #lull (2:2)
holds, where
T o<qs o,
VP if q> T
Indeed, let 7 € Z(1,T) such that
ur)| = e fu(k)l

For0 <g¢ < Ti-P", by Holder inequality, we get

T
[ufloo = lu(r Z [Du(k)] + ) fulk)
k=1

1

(Z |Au(k ) T (é |u(k)|p> '
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-1 T B pI* T - p%
< T v ((ZAU(k)p> +<ZQ(’€)IU(’€)IP> )
k=1 k=1

1
_ T p— _
p_—1 _ _ P p_—1
< 1 (2 (12u® + g (k)P )) =7 ul
k=1
and for ¢ > T1=P" we obtain
T
i k Po< k) lu(k)|P
it AORCI < S a) k)
T T
< > Au®)P > qlk)uk)P
k=1 k=1
Hence,
lulloo < Y ||u|| for all u €S,

where ¢ := min ¢(k). Therefore, we obtain that (2.2) holds.
< kezZ(1,T)

Since on S, all norms are equivalent, there exist constants 0 < K; < K3 such that
Killullpey < [Jull < Kallully)-
Now, let ¢ : S — R be given by

T
plu) = Y [Du(k) P
k=1

It is easy to check that for all u, u,, € S, the following properties hold.

T
- +
1 fullye) > 1, then [ful%) < p(w)+ 3 aW)uk)P® < [luf.
k=1

T
+ —
If fullyey < 1. then [[ullZ), < p(u) + 3" () u(®)P® < ],
k=1

Next, we introduce the functionals ®, ¥ : S — R defined by
P (u) =M (C[u]),

T
V(u) =) F(k,u(k)),
k=1
e t t
where M (t) = / M(&)d¢ and F(k,t) = / f(k, &) dE.
0 0
The energy functional I : S — R corresponding to problem (1.1) is
Iy(u) = ®(u) — AU(u), for all ueS.
Throughout this paper, we recall that v € S is a (weak) solution of problem (1.1) if
T

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

T
M ()Y [a(k, |Au(k)]) Auk) Av(k) + q<k>|u<k>|P<k>—2u<k>v<k>} = A" Fk, ulk))v(k)(2.10)
k=1

k=1
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forany v € S.
It is easy to see that ® and W are two functionals of class C'!(S, R) whose Gateaux derivatives at the
point u € S are given by

T
(@ (u),v) ul) [a k, | Au(k)) Au(k) Av(k) + q(k)|u(k) PP~ 2uk)o (k) (2.11)
k=1
and
T
(W' (u),0) =Y fk, u(k))o(k), (2.12)
k=1

forall u,v € S.
From (2.11) and (2.12), we observe that I, is of class C1(.S, R) and its derivative is given by

(I\(u),v) = (@' (u),v) — A (¥'(u),v),

for all u,v € S. Note that as Au(0) = u(T + 1) = 0, one has

T T
> alk, | Auk)|) Aulk == Ala(k - 1,]Auk — D)) Au(k — 1) (k)
k=1 k=1
and thus,

T
(), 0) = ) {— M(CluD[A(alk = 1, |Au(k — D) Au(k — 1))

k=1
(k) (k) PO 2uk)] — Af (k. u(k))} o(k).

Hence, the critical points of I are exactly the solutions of problem (1.1).
Now, we will use the following auxiliary result.

Lemma 1. (1) Letu € S and ||u|| > 1. Then,
T

S [18u®P® + a@lue)P®] = Julp” - (1 +a)T.

k=1
(73) Letw € S and ||u|| < 1. Then,
T
+ +
[1A8u(k) PO + g(k) [u(k) O] = 27 u]”"
k=1
(7i1) Letu € S. Then,

T *P
> [12utm)P® + g(k)fu(k) PO] < 257 D Jul” + (1 + )T,
k=1

Proof. Let u € S be fixed. By a similar argument as in [22], we define
ptif [Au(k)] <1 ptif Ju(k)] <1
Br:i=4 . d =<
if |Au(k)| >1 p~if |u(k)| > 1,
for each k € Z(1,T).

(7) For u € S with [|u|| > 1, one has
T

T T
S [Au@P® +q@luEP®] > 3 sumP Y suk)l

k=1 k=1,Br=p* k=1,Bk=p~
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+ Z aB) B+ > k) lulk)P
k=1,0,=p" k=1,0p=p
T T
= Slsump = 3 (1Aump - skl
k=1 k=1,Bc=p*
T T
+> a®uBP -7 > (luk)P —|u(k:)|p+)
k=1 k=1,0,=p+
T T
> Y 1Au®) =T+ q()u(k)P —gT

= ull” = +T.
(i) As \Au(kz)| < land |u(k‘)| < 1foreachk € Z(l T) since ||u|| < 1, we deduce that

T
Z\Au k) [PF) >Z|Au P" and Z B> ST q(k) u(k) P
k=1
Hence, by the above mequahtles and the relation (2.1), we obtain
T T
> 1) P + gm)u(k)P®] > S [ Au) + g(k)ulk) |
k=1 k=1
+
= HUHZ+
> L ul”
(7i7) Indeed, we deduce by relation (2.1) that
T T N T B
> |12u®P® + g ukP®] < > jsumPT+ Y sk
k=1 k=1,B,=p~ k=1,Bk=p*
T N T B
+ 3 a®) P+ DT k) ulk)P
k‘=1,(5k:p_ k=1,5k:p+
T T
= Ylsumrt+ Y (1su®)F ~Auk)F)
k=1 k=1,8,=pt
T T
+ - +
Y a@lur +7 Y (k)P = fuk))
k=1 k*15k*p+
T
< > |Auk)P” +T+Z k)P +qT
k=1

— pT = :D pT pt _
= ulpr + A +9)T < 2 I Pt + (14T,
Proposition 2.1. Assume that the condition (H3) is fulfilled. Then, the following estimate
(a(k, lul)u = a(k, [v])v,u —v)
(ful + o)P 7 fu—of*if 1< p(k) <2
>2

2.13
429" o — o]0 roop) e
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holds true for allu,v € R and k € Z(1,T') with (u,v) # (0,0).

Proof. Let u,v € R such that (u,v) # (0,0). Let us define ¢ (k, u) = a(k, |u|)u. Let w in R\ {0}.
From (H3), we obtain

W g 22k, )+ a,
> clulP®2, (2.14)
Note that
1
bk, u) — Pk, v) = /O Ok, v gi(“ —v) (u — v) dt. (2.15)
Let k € Z(0,T) with p(k) > 2. Then, by (2.14) and (2.15), we get
1
(ol July— ath, e, w—v) = [ 920k 4t 0)) (e — o) — v) e
0

1
> /c\v+t(u—v)|p(k)_2]u—U|2dt.
0

Without loss of generality, we may assume that |u| < |v|. Then, |u — v| < |u| + |v| < 2]v|.

For any t € [0, 1/4], one has

[v] < |v+t(u—v)|+tu—|
1
< ]v—&-t(u—v)]—i—z\u—v\
and so
o+t —v)] = Jol = Sju—v] > Sju—v
v u=v)[ 2 o] = Zlu—v[ 2 J|u—0].
Therefore

1
(a(k, [ul)u = a(k, [v])v,u —v) > / clv + t(u — )PP 2|0 — o] dt
0
> 4277y — ofP®),
For k € Z(0,T) with 1 < p(k) < 2. As before, we deduce by (H3) that, for all u € R\ {0},
Op(k, u)

Oa
“ou |U’%(k»|u\)+a(ka\u|)

C|u|p(k)—2'

Y

Using the fact that [tu + (1 — t)v| < |u| + |v]|, we infer that

(a(k, [u))u — a(k, |v))v,u —v) > /01 v+ t(u — v) PP =2)y — v dt
> e (jul + )" fu— v
The proof of Proposition 2.1 is complete.
Lemma 2. Assume that (H1) and (H3)-(H4) hold. Then, the operator ®' : S — S* is strictly monotone
on S and a mapping of type (S ), i.e., ifup, — win S asn — oo andlim sup(®’ (u, ) —®' (u), up,—u) <0,

n—oo
then u, — u in S asn — oo. Here, (-, -) denotes the duality pairing between S* and S.
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Proof. Firstly, we prove that &’ is a strictly monotone operator.
We consider the functional ¢ : S — R defined by

B B T | (k)| q(k) ()
d(u) = Cu] = kzl </0 a(k,s)sds + k) u(k)| , forallu e S.
Then, ¢ € C'(S,R) and its Gateaux derivative at the point u € S is
T T
(¢'(w),v) = > _a(k|duk))A )+ Y a(k)u(k) PP 2u(k)u(k),
k=1 k=1
forall u,v € S.
For all u, v € S such that u # v, we obtain
T
(@'(u) = ¢'(v),u—v) = (a(k, [Au(k)]) Au(kl) — alk, [Av(k)|) Av(k)) A(u —v)(F)
k=1
T
£ 37 ak) (PO 2utk) — [oB) PO 0 (k) ) (uk) — v(k))
k=1

By using (2.13) and taking into account the following well-known inequality, for any £, 7 € R,

(Ie172 = pap®2) (€ =)
e (€l + )PP 1e —nl? if 1< p(k)
~ | el = ppp® it p(k)
we see that for all u,v € S with u # v,

(@' (u) = ¢'(v),u—v)

T
min {c, 1} > a(k)P® 2| Au(k) — Av(k)]* > 0 if 1< p(k) <2,

<2
Z (2.16)

>
= T
min {42—19*0’ 02} Z |Au(k) — Av(R)PR) >0 if p(k) > 2,

k=1
where (k) = |Au(k)|+|Av(k)|. This implies that ¢’ is strictly monotone. Thus, by Proposition 25.10
of [55], ¢ is strictly convex. On the other hand, since M is nondecreasing, M is convex in (0, 00). Then,
for all u,v € S with u # v and each s,t € (0,1) with s + ¢ = 1, we have

M (¢(su+ tv)) < M (so(u) + to(v)) < sM (¢(u)) + tM ($(v)).

Therefore, we obtain that ® is strictly convex and thus @’ is strictly monotone in S.
Now, we prove that the operator ®’ is of type (5 ). Let {u,,} C S be a sequence such that u,, — u in
S asn — oo and

lim sup(®’ (uy,) — @' (u), u, — u) <O0.

n—o0

We will prove that u,, — v in S.
The above inequality and the strictly monotonicity of ®’ imply that

(@ (up) — @' (u),up, —u) — 0 as n — oo.
So,

(@ (up),upn —u) — 0 as n — oo,
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which means that, as n — oo,

T T
(Clun]) {Za(k’ | At (k)]) Aun (k) A(u (k) + > q(k) [un (k)P 2w () (u, — u) (k) | — 0.
k=1 k=1
Thus, by (H1), (2.2) and Lemma 1(4i7), we get that
T [Aun (k)]
q(k) (k)
Clun] = / a(k, s)sds + ——=|u, (k)|?
; 0 p(k)
i, k:
2 *) 4 AN (k)
< Zal N Aun (k)| + Z |A k)P ; k k)P
1 pt—p—
< 6712 | A ()| + m”}g"‘?} (2 T w4+ (1 +q)T>
k=1
et
< | + L0y gypy 20 L mexdlaady,

So, we infer that ({[uy]),,~; is bounded.
Since M is continuous, up to a subsequence, there is £y > 0 such that

M (Cun]) = M(to) > mo as n — oo.
Thus, it follows from (2.17) and (2.18) that, as n — oo,

|3l 188 Bt ()~ 0)() + Z (P92, k) (1 — ) )| 0.
k=1
T
Since u,, — u, one has Z a(k, |Aupn (k)|) Aun (k) A (un —u)(k) — 0asn — oo. Then,
k=1
T
Zq (KPR =20, (k) (up, — u)(k) = 0 as n — oo

since g is bounded. Consequently,
(¢ (up)yup —u) — 0 as n — oo.

So,
¢ (u),u, —u) — 0 as n — oo.

(¢ (un) —
T
Now, we show that ¢(u,, —u) + Z q(k)|un (k) — u(k)[PF) — 0 as n — oo. That is,
=1
Z | Aty (k) — Au(k)P®F) =0 as n— oo

and
T
Zq(k)|un(k) —u(k)P® =0 as n — oco.
k=1

Furthermore, by (2.16) and Proposition 2.1, we have
<¢,(Un) - ¢/(U)7 Un — u>
min {c, ¢1 } Z&(k)p(k)_2|Aun(k) — Au(k)]? if 1< p(k) <2,
> —

min{42_p+c,02} |Aup (k) — AuE)PE i pk) > 2,
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(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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with @(k) = | A (k)] + | Au(k)).

By using the discrete Holder inequality (see [23]), we get

T T
Z |Aun(k) _ Au(k)|p(k) _ Zﬂ(k) p(lc)(22—p(k)) (ﬁ(k) p(k)(pék)fw \Aun(k) _ Au(k)|p(k))
k=1 k=1
o p()@2=p() N AOICIONR))
< 2t R Ay (k) - Au)O) 5
T Y
< 2falg, (Z (k)P A (k) - Au(k>|2> ,
k=1
where o is either p~ (2 — p)/2 or p(2 — p~)/2 and ~ is either p~ /2 or p/2 with p = sup p(k). Then,

{keZ:1<p(k)<2}
the above inequality combined with (2.20) and (2.23) imply that

Z | Aty (k) — Au(k)P®) = 0 as n — oco. (2.24)

T

Next, we will prove that Z q(k) [ (B) PP ~2u,, (k) (un — u)(k) — 0. We first suppose that k € Z(0,T) such
k=1
that p(k) > 2. For any u, u,, € S, we get by (2.16) that

(Fan () =200 () = [ () P02 (R) ) (i (k) = (k) = aluun (k) = ()PP,
Thus, summing up & from 1 to T, we get

T

a(k)|uun (k) = |P<'“><c22 ) ()P0 20 (k) = ) P~k ) () = (k). (225)

k=1
From (2.19) and (2.25), we obtain

lim_ > a(k)un (k) — u(k)P*) = 0. (2.26)
Next, for k € Z(0,T) such that 1 < p(k’;: 2, from (2.16), we see that
X0 (It ()P0 201 (k) = [aa(R) P~ 2(R) ) (1t () = (k)
k=1
T
> e Y qU)a(k)P ) un (k) — (k) (227)

1
with i(k) = [un (k)| + |u(k)].
The discrete Holder inequality (see [23]) implies that

T

S )~ kO =Y alhya() (a0e) ™5 () — (k) )
k=1 k=1
< 2” ( ) P()(zp(‘)) ( ) p()(p() 2) |un(k)7u(k)|p()||%
T S
< 2fally (Zq R0~ >—u<k>2) , (228)
k=1

where v is either p~ (2 — p)/2 or p(2 — p~)/2 and ¢ is either p~ /2 or p/2 with
p= max p(k).

{k€Z(0,T):1<p(k)<2}
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Then, using (2.19), (2.27) and (2.28), we deduce that

T
lim > a(k)un (k) — u(k)P*) = 0. (2.29)
k=1

Relations (2.5), (2.6) combined with (2.24), (2.26) and (2.29) imply that |Ju,, —u|| = 0 as n — co. Hence, ®’
is of type (S ). The proof of Lemma 2 is complete.

Lemma 3. Assume that the hypotheses (H1) and (H3)-(H4) are satisfied. Then, the functional ® : S — R is
weakly lower semicontinuous, i.e., u, — u in S asn — oo implies that ®(u) < lim inf ®(uy,).
n—oo

Proof. Suppose that u,, — u in S as n — oco. Then, by (2.11) and Lemma 2, we obtain that ® is convex
(see[56, Proposition 42.6] ) and thus for any n € N,
D(un) = P(u) + (' (), un — u).
So,
linrrl}ioréfé(un) > d(u) + linn_1>ioréf<<1>’(u), Up, — u) = ®(u).

This proves that ¢ is weakly lower semicontinuous, and the proof is complete.
3. EXISTENCE OF AT LEAST ONE NONTRIVIAL SOLUTION OF (1.1)

In this section, one uses the following result due to Bonanno et al. (see [8]).

Theorem 1. [8] Let X be a finite dimensional Banach space and let I, : X — R be a function satisfying the
following structure hypothesis.

(H) In(u) = ®(u) — A\V(u) forallu € X, where ®, ¥ : X — R are two functions of class C* on X with ®
coercive, such that

inf & = &(0) = ¥(0) = 0,

and )\ is a real positive parameter.

Then, letr > 0, foreach A € | 0, W , the function I\ admits at least a local minimum @ € X such

ued—1(0,r)
that ®(u) < r, I(u) < Ix(u) forallu € ®~1(0,7) and I} (a) = 0.
We have the following.

Theorem 2. Let € be a positive constant. Suppose that f(k,0) # 0 for each k € Z(1,T). Then, for each

*

(1 »
\e mo mlr*l{ ,*c} 5 7
p+,{p Kp T
max F'(k,t)
lt]<e
k=1

problem (1.1) has at least one nontrivial solution uw € S such that ||ul|o < €.

Proof. Let us apply Theorem 1 to problem (1.1). Take X = S and put ®, ¥ and I, as in (2.7), (2.8) and (2.9),
respectively. We know that the functionals ® and V¥ are of class C'! and by the definitions of ® and V¥, one has
iréf ® = ®(0) = ¥(0) = 0. Moreover, ® is coercive. Indeed, for u € S such that ||u|| > 1, Using (2.3)-(2.5) and

(H2)-(H4), we get

q memin {1 _
®(u) = mo g > ——— 2 m{_’c}IIUII” — 00, as [Jul| = ooc.
p

0 pt K3

So, I satisfies condition (H ) in Theorem 1. Note that the critical points of I are exactly the solutions of problem
(1.1).
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Now, we denote

_ mgmin{l,c} ,
S K

and we also use the following notations.

Pif 1 K, if K
ar =1 + ha=th and K := v flull < K (3.1)
o if a<1 Ky if ||ul| > K.
Let u € S such that w € ®71(0,7), by (H2)-(H4), (2.2)-(2.6) and (3.1), it follows that
rp+ e o
mo min {1, ¢} S

+ 1/p*
hMSK(“’) .

mo min {1, ¢}

nwwsHK(

for all u € S such that

Hence, we infer that

T T
sup  U(u)=  sup Z Z aXF k,t).
ueP—1(0,r) u€P=1(0,r) . 1
Thus, one has
T
sup  ¥(u) . maxF(k t)
w€®—1(0,r) pTKP KP 1 lt1<e - 1
r - momin{l,c} ep” A
Consequently, owing to Theorem 1, for every
A € 07 o mil} {17*0} Ep* C 07 L )
ptrP"Kr* T sup  U(u)
max F'(k,t) u€P=1(0,r)
o t1se

the functional I, admits one critical point u € S such that ®(u) < r and therefore  is a nontrivial solution of
(1.1) such that |ju|| < €.
We have the following.

Theorem 3. Assume that there exist €, b, > 0 with lim b,, = 0 such that
n— oo

- 1/p*
T (2arp~ b, + bP 1 2
mip ( ap + 05 .max{ 7a2}( +Q)) HK<€, (3.2)
mop~ min{1, c}
foreachn € Z(1,T) and
T
> F(k,t)
limsup =2 = o0 for any k€ Z(1,T). (3.3)
it—o [t
Then, for every
ve | o Mo min {1,¢} &’

p+ ,{p* Kp* T b

ZF(k,s)
k=1

problem (1.1) has at least one nontrivial solution u € S such that ||ul|o < €.
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Proof. The functionals ® in (2.7) and ¥ given by (2.8) satisfy the regularity conditions in Theorem 1. Similarly

to the proof of Theorem 2, setting
_ momin{l,c} -
ri= T KT el . (3:4)

For all u € S such that ®(u) < r, we obtain

[ulls <e.
Hence, we get
T T T
sup  U(u)=  sup F(k,u(k)) < max F(k,t) = F(k,e).
u€®=1(0,r) u€®=1(0,7) ,; kz:l [t|<e ;
Then, one has
T
sup  U(u) .. F(k,e)
ued—1(0,r) p+l'ip KP ;
r ~ momin{1,c} ep”
Therefore, from Theorem 1, for each
) < Mo mir*l {1,*0} P’ < r ’
ptrP"Kr* T sup  U(u)

> F(ke) ueaion)
k=1

the problem (1.1) admits a solution uy € S which is a global minimum of the restriction of the functional I to
&1 (—o0,r).
Now, we prove that u) is nontrivial. Indeed, choose a real number
L max{1l,as}(2 + Q)
Ap~

T
> F(k,t)
Since lim sup =1

[¢]—0 [P
as n — oo such that

= 00, there exists a sequence {b,, } of positive numbers with b,, € (0,1) and b,, — 0

T
> F(k,by)
k=1

lim &= = 0.
n—oo |bn|17

Hence, there exists N € N such that for any n > NN, one has
T

> F(k,by) > plbal” .
k=1

We define a sequence {v,, } in S by v, (k) = by, for every k € Z(1,T) and Av,,(0) = v, (T 4+ 1) = 0. It is easy
to see that

O(vy,)

IN

T
1
my <2albn + p—_ max {1,as} (bﬁ(o) + bﬁ(T) + Z q(k)bﬁ(k)>>
k=1

IN

my <2mbn N b2 max{1,as} (2+Q)> |

p

Moreover, one has
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Hence, from the condition (3.2), we get
D(v,) <.

Therefore, we obtain
pp ‘ bn ‘ P

(v,
(UL)Z — — 00 as n — o0.
D(vn) ~ my(2arp b, + b5 max{1,a2}(2+ Q))

Then, there exists a sequence {w, } in S with w,, — 0 as n — oo such that, for n sufficiently large, one has

w, € ®(—o0,r) and ®(w,)/¥(w,) < A

which implies that
In(wy) = ®(wy) — AT (wy,) < 0.
Note that u, is a global minimum of the restriction of Iy to ®~!(—o0, ), then one has
In(uy) < In(wy,) < 0=1,(0).

Therefore, u) is nontrivial.
Finally, we show that ||u|leo < €.
Note that ®(uy) < r, then by (H2)-(H4), (2.3)-(2.6) and (3.1), one has

mo min {1, c} (@(ux) +> q(k‘)|uA(k)|p(k)>
k=1

r>o0(uy) >
(ux) pe
momin {1, c} [Juxll} . momin {1, c} [|ux "
- p+ - p"’KP* ’
which implies that
+ 1/p*
rp

<K|——F—F— . 3.5
lual (mo min{Lc}) (3.5)

Thus, by (2.2), (3.4) and (3.5), one has
lulloo < €.

The proof is thus complete.

4. EXISTENCE OF AT LEAST Two NONTRIVIAL SOLUTIONS OF (1.1)
In this section, one uses the following theorem due to Bonanno and D’Agui (see [7]).

Theorem 4. [7] Let X be a real finite dimensional Banach space and let ®, ¥ : X — R be two continuously
Gateaux differentiable functionals such that inﬁ( ®(u) = ©(0) = ¥(0) = 0. Assume that there exist v € R and
ue

€ X, with0 < ®(a) < r, such that

. 1 U(d)
(1) o=~— sup U(u) < —== =p,
T ued=1(-oor]) ®(a)
(7i) foreach A € A := (%, L), the functional I := ® — AV satisfies the (PS)-condition and it is unbounded
from below.

Then, for each \ € A, the functional I admits at least two non-zero critical points uy 1, ux 2 such that I(uy1) <
0< I(u,\g).

We denote

pt—p~

» _ pt/p”
@21) 7 L my max {1, a2} (2P +q)

A=

)

(0 —¢e)p~
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where

pt—

ptop= pt/p”
(2T) 7= L mymax{1,as} (2p —i—q)

O<e<o-—

Ap~
and we make the following additional assumptions.
pt—p— pt/p”
(2T) »  LP mimax{1,as} (27” + q)
(H5) There exists o with o > - such that
P

F
lim inf (k. ) > o for any k€ Z(1,T).

[t|—oc  [t]PF

T
(H6) I;ﬁr‘?ﬁﬁ(l@,tﬂ < oo forall M > 0.

Lemma 4. Suppose that (H1), (H4)-(H6) hold. Then, for any A > X\*, the functional I defined in (2.9) is
unbounded from below and satisfies the (PS)-condition.

Proof. Let us fix A > \* and let
+

ptop— pt/p
(2T) »  LP mimax{l,as} (2” + q)
Ap~

O<e<o-—

Since lim inf Fk,1)

t|—oo |t|P

> o forany k € Z(1,T), there exists 7 > 0 such that

F(k,t) > (o —e)[t|"" forall k€ Z(1,T) andall t € R with [t| > 7.
Moreover, since t — F(k,t) — (0 — &)|t/P" is continuous on [—7, 7], there exists C; > 0 such that
F(k,t) — (o — 5)|t\pJr > —C, forallk € Z(1,T) and all t € [—7,7].
Therefore, we get
F(k,t) > (o —e)tP" — C, forall (k,t) € Z(1,T) x R. (4.1)
Thus, by (4.1), (H1) and Lemma 1(#i¢), one has

L < m /Od”] da—xi(w—e)u(k)w*—a)

a max{l as} [ pf=e=
< o (20 Y0 Ju oo (550 + a7
k=1
T
Ao —e)> Julk )P+ AC,T. (4.2)
k=1
Since
lull” < Z ol +QZ|U I
k=1
. T p/p"
< (g7 (Ziu(/ﬂnp*) :
k=1
then,
T +
+ ul|P
D100 e L —— «3)
= - \pt/p
k=1 T v (2¢7 +7q)
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From (2.2), (4.2) and (4.3), we see that

+_ .-

mimax{l,a o vt —€
L < omaTalu] + Tl o) A | uf”
p A= (2?’ Jrq)p P
L InaX{].,Cig} (1+9)T CACLT
p
—e)(AF =X mimax{l,as} (1 +q)T
= e m AN et s + P et U DT 6 g
755 (21,7 +Q)P /p p
Since \* — A < 0, then I (u) — —oo whenever ||u|| — co. Hence, I is unbounded from below.
To see that the (PS)-condition is fulfilled, notice that J, = —1I,. We see that J) is coercive. Let us take a

sequence {u, } C S such that {J)(u,)} is bounded and ||J} (u,, )| s+ — 0 as n — oo. Since J}, is coercive, {uy, }
is bounded in S. Hence, by passing to a subsequence, we may assume that there exists v € S such that u,, — u
weakly in S. Now, we will prove that u,, — u in S. Note that [, = ® — AU, one has

(D (), un — u) = — (J5(Un)y tun — ) + X (0 (up,), up — ) .
Since || J} (un)||s+ — 0 and {u,, — u} is bounded in S, then by the inequality
| = (A (un), un —w) | < 15 (un) |5+ [lun — ull
we get
—(J\(up),up —u) =0 as n — oo.

Moreover, from (H6), there exists C' > 0 such that

(U (ug), u — 1 Z \fk: O |un — u|| < Clluy, — ul| = 0, as n — oo.
k=
Therefore,
lim sup(®’ (uy,), up, — u) < 0.
n—oo
Then,

lim sup(®’ (uy,) — ' (u), uy, — u) < 0.

n— oo
By Lemma 2, one has u,, — w in S as n — oo. Thus, I, satisfies the (PS)-condition. The proof of Lemma 4 is
complete.

Theorem 5. Assume that there exist two positive constants d and € with

\Y?" (2ardp~ + dP” 1,a2}(2 o
e> kK (2P audp” +d .max{ a2}(2+ Q) (4.4)
mop~ min{l, ¢}
such that
T T
max F(k,t) p~ Y F(k,d)
oy ltl<e _ ™Mo min {1, ¢} min ; 1 (45)
er” ptrP KP” my(2ardp~ + dP" max{1,a2}(24+ Q))"  * [~ ’
Then, for any
momin{l,c}
p* + * *
ve | max mq (2a1dp~ + d max{l a2} (24 Q)) AL ]; KP*KP 7
F(k,d) F(k,t
P~ Z max F(k,

k=1
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problem (1.1) admits at least two nontrivial solutions.

Proof. We are going to apply Theorem 4. Take X = S and put ®, U, I, asin (2.7), (2.8) and (2.9), respectively.
We know that ® and W are continuously Gateaux differentiable. Besides, by the definitions of ® and W, one has

ing ®(u) = ®(0) = ¥(0) = 0. Thus, the regularity assumptions required on ® and ¥ are verified. Note that the
ue

critical points of I are exactly the solutions of problem (1.1). Put
~ momin{l,c}
= R
For all u € S such that ®(u) < r, by (H2)-(H4), (2.3)-(2.6) and (3.1), one has

—~ olul mo min {1, ¢} .
> &(u) =M > de > =L )P
> B() = B(Cl) 2 mo [ dg > PR
which implies that
+ 1/p*
rp
hl < K (—22 )
momin {1, c}
From (2.2), we obtain
+ 1/p*
lulloo < allull < 6K ( —L—r) =
momin {1, c}
Hence, we have
T T
sup U(u) = sup F(k,u(k)) < max F(k,t).
u€P—1(—o0,r) u€d—1(—oc0,r) ; ; lt|<e
Therefore, we obtain
T
sup U (u) . max F'(k,t)
ueP—1(—o0,r) p+/£p KP h—1 [t|<e (4 6)
T ~ momin{1,c} epr” ' '

On the other hand, pick @ € 5, defined as follows.

d if keZ(1,T),
a(k) == ' (L,T) (4.7)
0 otherwise.
It is easy to verify that
in {1, c} ¥ v 1 2
mo m1np{+,0} (24 0Q) < B(@) < m <2a1d+ max { 1;112}( + Q)) (4.5)

and

T T
V(i) =Y F(ka(k) =>_ F(k,d). (4.9)
k

k=1

=1
From the condition (4.4), we obtain 0 < ®(&) < r. Moreover, we have

T
p~ > F(k,d)
k=1

my (2a1dp~ + dP* max{1,as}(2+ Q))’
So, it follows from (4.5), (4.6) and (4.10) that

> (4.10)

o= E sup U(u) < \I}(qf) =
T ued—1(]—oco,r]) ®(a)

Therefore, the assumption (¢) of Theorem 4 is satisfied. Taking into account Lemma 4, all the conditions of
Theorem 4 are verified. Thus, from Theorem 4, for each A € A, the functional I has at least two non-zero critical
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points uy 1,ux 2 € S such that [(ux 1) < 0 < I(uy2) for all A € A, which are nontrivial solutions of problem
(1.1).

5. EXISTENCE OF AT LEAST THREE SOLUTIONS OF (1.1)
In this section, one uses the following theorem due to Bonanno (see [10]).

Theorem 6. [10] Let X be a separable and reflexive real Banach space, ® : X — R a nonnegative continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gdteaux derivative admits a
continuous inverse on X*, ¥ : X — R a continuously Gdteaux differentiable functional whose Gateaux derivative
is compact. Assume that there exists ug € X such that ®(ug) = ¥(ug) = 0 and that

lim

(1) » (P(u) — AU (u)) = oo forall A € (0,00);
u||—oo
(ii) therearer > 0,4 € X such that
r < ®(a);

(u44) sup U(u) < (r/(r+®(@))) U(a).
u€P—1(—o0,r)

Then, for each

Aeh =1 g@E= (Dgl)p T(u)’ supr ) | G-
wE€D—1(—o0,r) we€®—1(—oo,r)
the equation
D' (u) — AV (u) =0 (5.2)
has at least three solutions in X and, moreover, for each h > 1, there exists an open interval
ic o, b (53)

r(¥(a)/®(@)—  sup  W(u)

ued—1(—o0,r)
and a positive real number v such that, for each A € A, (5.2) has at least three solutions in X whose norms are
less than v.

x in{1
Theorem 7. Assume that there exist constants €,d,§ > 0 withe < Kr(2 + Q)l/p dandé < M

ptATKY kp~
such that
T
- mop~ min{1, c}e?” Z F(k,d)
F(kt) < k=1 5
(a1) = Iﬁ@)a( (k) mop~ min{1, c}eP” + mypt KP"kP" (2a1p—d + dP” max{1l,a2}(2 + Q))
F(k,t)

<4 for any k€ Z(1,T).

as) limsu
(a2) P S

|t] =00

Further, set

T
ptKP kP max F(k,t)
. £ jij<e
! mo min{1, c}eP” ’
T T
p~ | F(k,d) - m?gF(k,t)
by = k=1 k=1

mi(2arp~d + dP” max{1,a2}(2 + Q))
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and for every h > 1,

momin{1, c}(2 + Q)h(ed)?”
T T :
ptep” ZF(k,d) — KPP ptdP (24 Q)Y max F(k,t)

t|<e
k=1 k=1

1 1

the problem (1.1) has at least three solutions in S and moreover, for every h > 1, there exists an open interval
A C (0,a) and a positive real number v such that for each A\ € A, the problem (1.1) has at least three solutions in
S, whose norms in S are less than v.

(a3) a=

Then, for each

Proof. We shall apply Theorem 6. Take X = S and put ®, ¥, I asin (2.7), (2.8) and (2.9), respectively. We
know that ® and ¥ are two continuously Gateaux differentiable functionals. On the other hand, by Lemma 3,
® is sequentially weakly lower semicontinuous. Now, we will prove that ®' admits a continuous inverse on S*.
By Lemma 2, ®’ is strictly monotone, which yields that ¢ is an injection. Moreover, it follows from (H3)-(H4)
and Lemma 1 that

T
(@'(w),u) = momin {1} Y [18u(k) P+ q(k) u(k) )]
k=1
> momin {1, c} (c1 min{Hqu_, ||u\|p+} - cz) 00 as |lul| = oo,

where C; and C, are positive constants. Hence, by Minty-Browder theorem (see [55]), ' is onto. Therefore,
(®)"" : §* — S exists. Now, we prove that (®') "' is continuous. Let v,v,, € S* such that v, — v in S*.
Therefore, there exist unique u, u,, € S such that

®'(u) =v and ®'(u,) = v, forall n € N.
The above relations imply that
(D' (u) — ' (up),u — up) = (v — vy, u —uy,) forall neN.
Since v, — v in §*, by the inequality

(@' (v) = @"(vn), v = va)| = [(u = tn, v — )| < [lu =t

S* ||V _UnHa

we infer that
(®'(u) — @' (up),u —uy) =0, as n — 0o
and so

lim sup(®’(u) — ®(up), u — up) < 0.
n— oo

From Lemma 2, we have u,, — u as n — oco. Hence, (<I>')71 is continuous.

Now, we show that ¥’ is compact. Suppose that {u,, } C S such that u,, — w in S as n — co. Note that f is
continuous, then by (2.8), one has ¥ (u,,) — ¥(u) as n — co. So, ¥’ is compact.
Then, ® and VU satisfy all regularity assumptions requested in Theorem 6. Next, choose uo(k) = 0 for each
k € Z(0,T + 1), it is easy to see that ug € S and ®(ug) = ¥(up) = 0. Note that the critical points of I are
exactly the solutions of problem (1.1). Now, we prove that

lim (®(u) — AT (u)) = oc.

flull—=o00
Let us fix A > 0 and let £, satisfy
mo min{1, c}
prKY AT(2T +2)p =1

0<ex <
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F(k,t
From lim sup (k)

< 4, there exists ¢ > 0 such that
[t] =00 | |

F(k,t) < (6 +eo0)|t|P forall (k,|t|) € Z(1,T) x (p,00).
Since t — F(k,t) — (6 + €c0)|t|P is continuous on [—p, ], there exists C, > 0 such that
F(k,t) — (§ +ex0)|tf < C, forall (k,t) € Z(1,T) x (—p,0).
Hence, we obtain
F(k,t) < (0 +euo)|tlP +C, forall (k,t) € Z(1,T) x R.

For u € S with |Ju|| > 1, the above inequality and by (H2)-(H4) and (2.2)-(2.5), we obtain
. T
I(w) = M(C[u) =AY F(k,u(k)
k=1

Clu] T B
mo / dg — A0 +200) S JullZs — CAT
0

k=1

v

- N
> (memimtbel sy o TR | ulP — CAT oo,
prKY

as ||u|| — oo. Then, condition () of Theorem 6 is satisfied.
Now, put

~ momin{l,c}
- erKlp* Kp*

For all u € S such that ®(u) < r, by (H2)-(H4), (2.3)-(2.6) and (3.1), we have

e ) > momin {1, c} ( Jrz |p(k)>

p+
momin{Lc}H || momln{l,c}H i
pt () = ptKPp”

Y%

and so
T 1/p*
rp
Jull < K| ———F—+ -
momin {1, c}
By (2.2), we get
+ 1/p*
lulloo < wllull < KK (—Lm) =
momin {1, c}

The definition of r and the above inequality ensure that

& '(—00,7) C {u €S such that [|ullo <e}.

Therefore, we obtain

T

T
sup U(u) = sup axF k,t). (5.4)
u€d—1(—o0,r) ued—1(—o0,r) ; kzz:

Similarly as in the proof of Theorem 5, we denote @(k), ®(@), ¥(a) as in (4.7), (4.8) and (4.9), respectively.
From e < Kr(2+ Q)P d, we get

o(a) > r,
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that is, condition (%) of Theorem 6.
Moreover, one has
T
mop~ min{1, c}eP” Z F(k,d)
k=1

(i)
> .
@) —  mep” min{l,c}eP” + mypt KP" kP" (2a1p—d + dP” max{1,a2}(2 + Q))

(5.5)

r 4 O(
By virtue of (5.4) and (5.5), taking into account (a; ), we have
(i
sup U(u) < ri(uz
ueP—1(—o0,r) T+ CI)(u)
Therefore, condition (i4i) of Theorem 6 is satisfied. Furthermore, we have
D (@) - ml(Q(Tlp*d +dr” max{l, a2}(2+Q)) 1
U(a) — sup  Y(u) ~— by
u€EP—1(—o0,r) F ]{} d F ]43 t
Z 2 mac Pk
r < mo mm{l c}sp 1
sup U(u) — B
uEP—1(—o0,r) p+Kp KP" ZmaXF ]41 t

|t\<6

Hence, by (a1), we get 1)1 < t)o. Thus, for each A € ( BT ) the problem (1.1) has at least three solutions in
S. On the other hand, one has

hr < hr .
o (i) o) L -
" oYW mgmin{l e pt Y Fka)
k=1
F(k,t
pt KP" kP my min{l,c}dp*(2+Q) \rﬁg}e( (k)

with a given in (a3).
So, using Theorem 6, for each h > 1, there exist an open interval AC [0, @] and a positive real number v such
that for any A € A, the equation
O (u) — AV (u) =0
admits at least three solutions in S. Therefore, problem (1.1) admits at least three solutions in S, whose norms
are less than v. The proof of Theorem 7 is complete.
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