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Abstract. In a previous article, we used a parametric Laguerre-type operator, which behaves like an
exponential with respect to its eigenfunction, to introduce parametric models of population dynamics. In
this work, starting from the results obtained there, we compare them with those in which the ordinary
derivative is replaced by the fractional one, represented by means of the classical Euler definition. The
major difficulty of this extension consists in the fact that the eigenfunctions of the fractional case are not
obtained simply by replacing the factorials with the corresponding values expressed through the Gamma
function, but required a more in-depth analysis. This fact resulted in a greater analytical complexity of the
coefficients through which the coefficients of the different fractional models considered are obtained, by
recurrence. Some examples are shown, obtained by the first author, using the computer algebra system
Mathematica©.
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1. Introduction

Fractional calculus is becoming increasingly important both in the field of applied sciences (see e.g.
[29]–[33]) and in that of special functions.
In a recent article [7], we have used a fractional version of the exponential function, defined as

Expα(t) = 1 +
tα

Γ(α+ 1)
+

t2α

Γ(2α+ 1)
+ · · ·+ tnα

Γ(nα+ 1)
+ . . . , (1.1)

to derive a generalized form of the Bernoulli and Euler numbers and polynomials.
It is worth to recall that the fractional exponential function (1.1) is a special case of the Mittag-Leffler
function Eα(x) [19], since it results

Expα(x) = Eα(x
α).

Note that the fractional exponential function satisfies the eigenvalue property

Dα
xExpα(xt) = tα Expα(xt) ,
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with respect the fractional derivative Dα
x , defined by the Euler equation

Dα
xx

n =


Γ(n+ 1)

Γ(n+ 1− α)
xn−α , if n > ⌈α⌉ − 1 ,

0 , if n = 0, 1, . . . , ⌈α⌉ − 1 ,

(1.2)

where n ≥ 0 and ⌈α⌉ denotes the ceiling function (the smallest integer greater than or equal to α).
If c is a constant then Dα

x c = 0.
This definition falls as a special case, of the fractional derivative introduced by Caputo [4], defined as
follows

Dα
a+f(x) =


1

Γ(m− α)

∫ x

a

f (m)(τ)

(x− τ)α−m+1
dτ , where m = ⌈α⌉ , if α /∈ N

f (α)(x), if α ∈ N ,

and reduces to the above equation (1.2) when a = 0 and f(x) = xn.
Studies on population dynamics have a long tradition, which has seen the contribution of many

important scholars ([1, 2, 18, 26, 34], and the references therein). See in this regard the text by Nicolas
Bacaër [3], which recalls the relevant history.

Many models have been proposed, starting with Malthus’s model dating back to 1798, based on
exponential growth. In 1838, the Belgian mathematician and statistician Pierre F. Verhulst proposed a
modification that took into account the capabilities of the environment.

Subsequently, many other scholars have proposed variants and generalizations of these models,
which took into account specific problems, especially from the point of view of verifications on real
data.

The problem of two species - predators and prey - fighting for survival in the same environment was
studied independently by Alfred J. Lotka and Vito Volterra. The model they proposed was validated by
Patrick H. Leslie in 1945, who was able to analyze the population cycles of hares and their predator, the
lynx, using the archives of the Hudson’s Bay Company in Canada.

The mathematical models studied in the literature are based on the exponential function that inter-
venes in the evolution studied.

More recently, we proposed to substitute the exponential function with the Laguerre-type operator
[5, 12, 13, 28], which is a particular case of the Ditkin and Prudnikov [16]) hyper-Bessel type operators.
The Bessel-type differential operators were introduced by Dimovski, in 1966 [15] and later called by
Kiryakova hyper-Bessel operators [23, 24], because their eigenfunctions were called hyper-Bessel by
Delerue [14], in 1953.

In previous articles we have studied the fractional case of both the classical and Laguerre-type popu-
lation dynamics models [6] proving results similar to the ordinary Malthus, Verhulst, minimum theresh-
old logistic and Volterra-Lotka models.

Since the parametric Laguerre-type operator Dt tDt+mDt (m a positive integer) admits the eigen-
function e1,m(t) =

∑∞
k=0 t

k/k!(k+m)!, as was proven in [12], in [10] we have introduced parametric
population dynamics models extending the classical ones. The parameterm is useful to adapt numerical
and graphical values to real cases.

In this article we summarize the results obtained in [10] and show their extension to the fractional
case using the operator Dα

t tαDα
t +mDα

t which has an eigenfunction of the type

e(α|1,m)(t) =
∞∑
k=0

tkα/[Γ(kα+ 1)λk(m,α)] ,

where λk(m,α) is a function defined in what follows.
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In the course of the article, numerical and graphical results obtained by the first author using the
computer algebra program Mathematica© are derived.

This paper is organized as follows. After presenting in Section 2 the pseudo and true exponential
functions, we introduce the parametric Laguerre-type operator both in the ordinary and fractional case.
In the following Sections we present the applications to population dynamics models: the Malthus case
in Section 3, the Verhulst case in Section 4, the minimum threshold logistic case in Section 5 and the
Volterra-Lotka case in Section 6. The technique used is summarized in the Conclusion section.

Some numerical and graphical results are shown, obtained by the first author using the computer
algebra system Mathematica©.

2. Pseudo and True Exponentials

Abhishek Mishra [25] introduced a set of pseudo-exponential functions defined as

e(z,m) =
∞∑
k=0

zk

k! (k +m)!
.

These functions satisfy the equation
Dze(z,m) = e(z,m+ 1) ,

which is similar to that of the exponential but with a shift of the parameter.
Actually these functions are a special case of the generalized Mittag-Leffler function studied by T.R.

Prabhakar [27]:

Eγ
α,β(z) =

∞∑
k=0

(γ)k z
k

k! Γ(αk + β)
,

where (γ)k denotes the Pochhammer symbol
(γ)0 = 1 , (γ)k = γ(γ + 1)(γ + 2) · · · (γ + k − 1),

since
e(z,m) = E0

1,m(z) .

In [12] we have proven the result, which shows a true exponential function

Theorem 2.1. The function

e1,m(t) = e(t,m) =
∞∑
k=0

tk

k! (k +m)!
, (2.1)

m an integer number, is an eigenfunction of the operator

Dt tDt +mDt ,

(
Dt :=

d

dt

)
, (2.2)

since, for every complex constant a, it results

(Dt tDt +mDt) a e1,m(t) = a e1,m(t) . (2.3)

Remark 2.2. Introducing the generalized circular functions

cos1,m(x) =
e1,m(ix) + e1,m(−ix)

2
,

sin1,m(x) =
e1,m(ix)− e1,m(−ix)

2 i
,

it results that they are solutions of the differential equation
(DxD +mD)2 y(x) = −y(x) .
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In fact we have, for example, for the cosine:

(DxD +mD)2 cos1,m(x) = (DxD +mD)

[
i e1,m(ix)− i e1,m(−ix)

2

]
=

=
− e1,m(ix)− e1,m(−ix)

2
= − cos1,m(x) .

An analogous result, changing signs, holds for the hyperbolic case.

2.1. The fractional case. Introducing the function

λk(m,α) =



1

m+ Γ(α+ 1)
, k = 0

1, k = 1

k−1∏
h=1

(
m+

Γ(1 + (h+ 1)α)

Γ(1 + hα)

)
, k ≥ 2 ,

(2.4)

we can prove the theorem

Theorem 2.3. The function

e(α|1,m)(t) =
∞∑
k=0

tkα

Γ(kα+ 1)λk(m,α)
, (2.5)

m a real number, is an eigenfunction of the operator

Dα
t tαDα

t +mDα
t ,

(
Dt :=

d

dt

)
, (2.6)

since, for every complex constant a, it results

(Dα
t tαDα

t +mDα
t ) a e(α|1,m)(t) = a e(α|1,m)(t) . (2.7)

Proof - In fact, we have

(Dα
t tαDα

t +mDα
t )

∞∑
k=0

tkα

Γ(1 + kα)λk(m,α)

= Dα
t tα

∞∑
k=1

t(k−1)α

Γ(1 + (k − 1)α)λk(m,α)
+m

∞∑
k=1

ak
t(k−1)α

Γ(1 + (k − 1)α)λk(m,α)

= Dα
t

∞∑
k=0

t(k+1)α

Γ(1 + kα)λk+1(m,α)
+m

∞∑
k=0

tkα

Γ(1 + kα)λk+1(m,α)

=

∞∑
k=0

tkα Γ(1 + (k + 1)α)

Γ(1 + kα)2 λk+1(m,α)
+m

∞∑
k=0

tkα

Γ(1 + kα)λk+1(m,α)

=
∞∑
k=0

tkα

Γ(1 + kα)λk(m,α)

[
m+

Γ(1 + (k + 1)α)

Γ(1 + kα)

]
λk(m,α)

λk+1(m,α)
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=

∞∑
k=0

tkα

Γ(1 + kα)λk(m,α)
,

since [
m+

Γ(1 + (k + 1)α)

Γ(1 + kα)

]
λk(m,α)

λk+1(m,α)
= 1, (2.8)

for k = 0, 1, 2, . . . as one can readily infer from the definition of λk(m,α) in (2.4).

Remark 2.4. It is worth noting that the function λk in equation (2.4) appears as an extension of the
Pochhammer symbol. Indeed, for α = 1, it returns the Pochhammer symbol (m + 2)k−1, since it
results, for k = 0, 1, 2, λk(m, 1) = (m+ 2)k−1.

Since the function (2.5) behaves as a true exponential with respect to the operator (2.7), in this paper
we extend the population dynamics models using this operator, which depends on the real parameter
m.

3. The Malthus Case

• The parametric Malthus model

Using the operator in equation (2.2), the parametric Malthus model writes

(Dt tDt +mDt)P (t) = r P (t) , (3.1)

where r is a positive constant. Assuming the initial conditions P (0) = P0 ,

P ′(0) =
1

m+ 1
r P0 ,

(3.2)

the solution is derived using a suitable expansion in power series, since in [10] have proven the result

Theorem 3.1. Putting

P (t) =

∞∑
k=0

ak
tk

k! (k +m)!
(3.3)

the solution of the problem (3.1)-(3.2) is given by

P (t) = m!P0

∞∑
k=0

(r t)k

k! (k +m)!
= m!P0 e1,m(r t) . (3.4)

Remark 3.2. The result of Theorem 3.1 can also be obtained by observing that the correspondence
between the ordinary derivative Dt and the operator Dα

t tαDα
t +mDα

t , taking into account the inverse
operator D−1

t , can be framed in the so-called monomial principle [11, 28] of the second kind together
with the related differential isomorphism. In [10] more information on this can be found.

• The fractional parametric Malthus model
The fractional parametric Malthus model writes

(Dα
t tαDα

t +mDα
t )P (t) = r P (t) , (3.5)
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where r is a positive constant. Assuming the initial conditions
P (0) = P0 ,

Dα
t P (0) =

1

m+ Γ(α+ 1)
r P0 ,

(3.6)

we find the result

Theorem 3.3. Putting

P (t) =
∞∑
k=0

ak
tkα

Γ(kα+ 1)λk(m,α)
(3.7)

the solution of the problem (3.5)-(3.6) is given by

P (t) = λ0(m,α)P0

∞∑
k=0

(r1/α t)kα

Γ(kα+ 1)λk(m,α)
= λ0(m,α)P0 e(α|1,m)(r

1/α t) =

=
P0 e(α|1,m)(r

1/α t)

m+ Γ(α+ 1)
,

(3.8)

thus extending the classical case.

4. The Verhulst Case

• The parametric Verhulst model

Pierre Verhulst considered the so called logistic model, considering that the growth rate depends on
the environmental resources, and cannot be constant.
Using the operator in equation (2.2), the parametric Verhulst model writes

(Dt tDt +mDt)P (t) = r P (t)

[
1− 1

K
P (t)

]
, (4.1)

where r is a positive constant. Assuming the initial conditions
P (0) = P0 ,

P ′(0) =
1

m+ 1
r P0

(
1− P0

K

)
,

(4.2)

and considering the expansion (3.3) for the solution, in [10] we have proven the result

Theorem 4.1. The coefficients of the expansion (3.3) for the solution of the parametric Verhulst model
(4.1)-(4.2) satisfy the recursion

a0 = m!P0 ,

ak+1 = r

[
ak −

1

K

k∑
n=0

(
k

n

)(
k +m

n+m

)
an ak−n

(k − n)m

]
,

(4.3)

where (k − n)m denotes the Pochhammer symbol.

• The fractional parametric Verhulst model

The fractional parametric Verhulst model writes

(Dα
t tαDα

t +mDα
t )P (t) = r P (t)

[
1− 1

K
P (t)

]
, (4.4)



152 D. CARATELLI, P. E. RICCI

where r is a positive constant. Assuming the initial conditions
P (0) = P0 ,

Dα
t P (0) =

1

m+ Γ(α+ 1)
r P0

(
1− P0

K

)
,

(4.5)

and considering the following expansion for the solution

P (t) =
∞∑
k=0

ak
tkα

Γ(1 + kα)λk(m,α)
, (4.6)

where the function λk(m,α) is defined in equation (2.4), we find the result

Theorem 4.2. The coefficients of the expansion (4.6) for the solution of the problem (4.4)-(4.5) satisfy the
recursion

a0 = λ0(m)P0 =
P0

m+ Γ(α+ 1)

ak+1 = r

[
ak −

1

K

k∑
n=0

an ak−n
Γ(1 + kα)λk(m,α)

Γ(1 + nα)λn(m,α) Γ(1 + (k − n)α)λk−n(m,α)

] (4.7)

Proof - In fact, recalling equation (2.8), we have

(Dα
t tαDα

t +mDα
t )

∞∑
k=0

ak
tkα

Γ(1 + kα)λk(m,α)

= Dα
t tα

∞∑
k=1

ak
t(k−1)α

Γ(1 + (k − 1)α)λk(m,α)
+m

∞∑
k=1

ak
t(k−1)α

Γ(1 + (k − 1)α)λk(m,α)

= Dα
t

∞∑
k=0

ak+1
t(k+1)α

Γ(1 + kα)λk+1(m,α)
+m

∞∑
k=0

ak+1
tkα

Γ(1 + kα)λk+1(m,α)

=
∞∑
k=0

ak+1
tkα Γ(1 + (k + 1)α)

Γ(1 + kα)2 λk+1(m,α)
+m

∞∑
k=0

ak+1
tkα

Γ(1 + kα)λk+1(m,α)

=

∞∑
k=0

ak+1
tkα

Γ(1 + kα)λk(m,α)

[
m+

Γ(1 + (k + 1)α)

Γ(1 + kα)

]
λk(m,α)

λk+1(m,α)

=

∞∑
k=0

ak+1
tkα

Γ(1 + kα)λk(m,α)
, (4.8)

so that, comparing the first and second member of equation (4.4), the recursion (4.7) follows.

Example 1. Assuming m = 2, r = 1.0, K = 2.0, and putting P0 = 1.0, the solution of the fractional
parametric Verhulst model (4.4)-(4.5) is given by the expansion (4.6) whose coefficients are reported in
Figure 1.

The graph of the solution using the ak coefficients is reported in Figure 2.
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Figure 1. Table of the ak coefficients for 0 ≤ n ≤ 20

Figure 2. Graph of the solution using the ak coefficients reported in Figure 1

5. The Minimum Threshold Logistic Case

• Theminimum threshold logistic case

Using the operator in equation (2.2), the minimum threshold parametric logistic model writes

(Dt tDt +mDt)P (t) = γ P

(
1− P

K

)(
1− M

P

)
, (5.1)

where γ is a positive constant, andM denotes the population minimum threshold. Assuming the initial
conditions 

P (0) = P0 ,

P ′(0) =
1

m+ 1
γ P0

(
1− P0

K

)(
1− M

P0

)
.

(5.2)

In [10] we have proven the result

Theorem 5.1. The coefficients of the expansion (4.6) for the solution of the parametric population logistic
minimum threshold model (5.1)-(5.2) satisfy the recursion

a0 = m!P0 ,

a1 = γ

[(
1 +

M

K

)
a0 −

1

m!K
a20 −m!M

]
,

ak+1 = γ

[(
1 +

M

K

)
ak −

1

K

k∑
n=0

(
k

n

)(
k +m

n+m

)
an ak−n

(k − n)m

]
, (k > 0) ,

(5.3)

where (k − n)m denotes the Pochhammer symbol.
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• The fractional parametric minimum threshold logistic case

Using the operator in equation (2.6), the fractional minimum threshold parametric logistic model
writes

(Dα
t tαDα

t +mDα
t )P (t) = γ P

(
1− P

K

)(
1− M

P

)
, (5.4)

where γ is a positive constant, andM denotes the population minimum threshold. Assuming the initial
conditions 

P (0) = P0 ,

Dα
t P (0) =

1

m+ Γ(α+ 1)
γ P0

(
1− P0

K

)(
1− M

P0

)
,

(5.5)

and considering the expansion (4.6) for the solution, we find the result

Theorem5.2. The coefficients of the expansion (4.6) for the solution of the fractional parametric population
logistic minimum threshold model (5.4)-(5.5) satisfy the recursion

a0 =
P0

m+ Γ(α+ 1)

a1 = γ

[(
1 +

M

K

)
a0 −

m+ Γ(α+ 1)

K
a20 −

M

m+ Γ(α+ 1)

]
,

ak+1 = γ

[(
1 +

M

K

)
ak −

1

K

k∑
n=0

an ak−n
Γ(kα+ 1)λk(m,α)

Γ(nα+ 1)λn(m,α) Γ((k − n)α+ 1)λk−n(m,α)

]
.

(5.6)

Proof - Using the expansion (4.6) in equation (5.4) and performing calculations, the result follows
comparing the coefficients of the two members.

Example 2. Assuming m = 2, r = 1.0, K = 2.0, M = 2.0, and putting P0 = 1.0, the solution
of the parametric fractional logistic minimum threshold model (5.4)-(5.5) for α = 1/2 is given by the
expansion (4.6) whose coefficients are reported in the following Figure 3.

Figure 3. Table of the ak coefficients for 0 ≤ n ≤ 20

The graph of the solution using the ak coefficients is reported in Figure 4.

6. The Volterra-Lotka Case

• The parametric Volterra-Lotka model

Using the operator in equation (2.2),), the parametric Volterra-Lotka model writes{
(Dt tDt +mDt)X(t) = sX(t)− γX(t)Y (t) ,

(Dt tDt +mDt)Y (t) = −rY (t) + βX(t)Y (t) ,
(6.1)

where the constants γ, β have the same meaning as before.
Assuming for the solution [X(t), Y (t)] the expansions

X(t) =
∞∑
k=0

ak
tk

k! (k +m)!
, Y (t) =

∞∑
k=0

bk
tk

k! (k +m)!
, (6.2)
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Figure 4. Graph of the solution using the ak coefficients reported in Figure 3

putting X(0) = X0 , Y (0) = Y0, and after performing the relevant calculations in equations (6.1), in
[10] we have proven the result

Theorem 6.1. The solution of the parametric Volterra-Lotka model (6.1) is obtained by using the following
recursions for the ak and bk coefficients

a0 = m!X0 ,

b0 = m!Y0 ,

ak+1 = s ak − γ
k∑

n=0

(
k

n

)(
k +m

n+m

)
an bk−n

(k − n)m
,

bk+1 = −r bk + β
k∑

n=0

(
k

n

)(
k +m

n+m

)
an bk−n

(k − n)m
,

(6.3)

where (k − n)m denotes the Pochhammer symbol.

• The fractional parametric Volterra-Lotka model

Let us consider the fractional parametric Volterra-Lotka model
(Dα

t tαDα
t +mDα

t )X(t) = X(t)[s− γY (t)]

(Dα
t tαDα

t +mDα
t )Y (t) = Y (t)[βX(t)− r]

(6.4)

The orbits are given by the parametric equations X = X(t), Y = Y (t) with X(0) = x0, Y (0) = y0,
respectively. The equilibrium point is the same as the classical mode, that is:

X0 =
r

β

Y0 =
s

γ

(6.5)

The following theorem holds true.

Theorem 6.2. Upon putting

X(t) =

∞∑
n=0

an
tαn

Γ(αn+ 1)λn(m,α)
, (6.6)
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and

Y (t) =
∞∑
n=0

bn
tαn

Γ(αn+ 1)λn(m,α)
, (6.7)

the solution of the fractional parametric Volterra-Lotka model (6.4) under the initial conditions X(0) =
X0 and Y (0) = Y0 is obtained by computing the coefficients an and bn through the following recursive
formulas



a0 =
X0

m+ Γ(α+ 1)

b0 =
Y0

m+ Γ(α+ 1)

ak+1 = s ak − γck

bk+1 = −r bk + β ck ,

(6.8)

where

ck =
k∑

n=0

an ak−n
Γ(kα+ 1)λk(m,α)

Γ(nα+ 1)λn(m,α) Γ((k − n)α+ 1)λk−n(m,α)
.

Proof - Using the expansions (6.6)-(6.7) in equation (6.4) and performing calculations, the result
follows comparing the coefficients in the members of the resulting system.

Example 3. Assuming m = 1, r = 1.0, s = 1.0, β = 2.0, γ = 2.0, and putting X0 = 0.5, Y0 = 0.75,
we find the a = an and b = bn coefficients reported in Figure 5.

Figure 5. The an and bn coefficients for 0 ≤ n ≤ 50

The graph of the solution using the an and bn coefficients is reported in Figure 6.
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Figure 6. Graph of the solution, using the an and bn coefficients reported in Figure 5

7. Conclusion

A Laguerre-type operator containing a positive real parameter, which behaves as an exponential with
respect to its eigenfunction, has been used to extend some classical models of population dynamics to
the fractional parametric case.

The eigenfunction of the fractional operator Dα
t tαDα

t +mDα
t cannot be obtained by simply replac-

ing the factorials with the Gamma function, in the eigenfunction of the ordinary operator Dt tDt +
mDt, but required a more in-depth analysis. As a result, a greater complexity of the recurrence for-
mulas for the calculation of the coefficients of the related solutions has been detected.

The analytical and graphical results shown, with the aid of the computer algebra system Mathematica©,
have confirmed the possibility of using such models, which can allow a better fit to real data.
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Industrielles, Hermann & Cie, Paris, 1935.
[19] R. Gorenflo, A. A. Kilbas, F. Mainardi, and S. V. Rogosin. Mittag-Leffler Functions, Related Topics and Applications. Springer,

New York, 2014.
[20] G. Groza and M. Jianu. Functions represented into fractional Taylor series. ITM Web of Conferences, 29:Article ID 01017,

2019.
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