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Abstract. In this paper,we introduce the subclasses Aj(n,m, λ, α) and Tj(n,m, λ, α) defined by gen-
eralized Salagean operator Dn

λ . Coefficients estimates for the function belong to class Tj(n,m, λ, α)

and distortion theorems are given. By making use of the familiar concept of neighborhoods of analytic
functions is defined the neighborhoods of functions in the class Tj(n,m, λ, α). Furthermore, distortion
theorems for fractional calculius of functions in the class Tj(n,m, λ, α) has been studied. Additionally,
Upper bound of the Hankel determinants H2,1(f) for the coefficients of the functions belonging to class
A(n,m, λ, α) determined.
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1. Introduction

Let A denote the class of functions of the form

f(z) = z +
∞∑
k=2

akz
k (1.1)

which in the open unit disk ∆ = {z ∈ C : |z| < 1}.
Let Aj be the family of functions of the form

f(z) = z +

∞∑
k=j+1

akz
k, (j ∈ N = {1, 2, 3, . . .}) (1.2)

which are analytic in the open unit disk ∆ = {z ∈ C : |z| < 1}.
For a function f(z) ∈ Aj , we define

D0f(z) = f(z)

D1f(z) = Df(z) = zf ′(z), ...

and
Dnf(z) = D

(
Dn−1f(z)

)
(n ∈ N)

The differential operator Dn was introduced by Salagean [12].
With the help of the differential operator Dn, we say that a function f(z) ∈ Aj is in the class

Aj(n,m,α) if and only if
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Re

{
Dn+mf(z)

Dnf(z)

}
> α (n ∈ N∗ = N ∪ {0},m ∈ N, λ ≥ 0) (1.3)

for some α(0 ≤ α < 1), and for all z ∈ ∆.
The operator Dn+m was introduced by Sekine [13], Aouf et al. [2].
In [1], AL-Oboudi defined the generalized Salagean operator as following:
Let n ∈ N∗ and λ ≥ 0. We let Dn

λ denote the operator defined by
Dn

λ : A→ A

D0
λf(z) = f(z)

D1
λf(z) = (1− λ)D0

λf(z) + λz
(
D0

λf(z)
)′
= (1− λ)f(z) + λzf ′(z)

· · ·

Dn+1
λ f(z) = (1− λ)Dn

λf(z) + λz (Dn
λf(z))

′

When λ = 1, we get Salagean’s differential operator [12].
For f ∈ Aj(n,m,α) using the definition of the Dn

λ operator, we write [5]

Dn
λf(z) = z +

∞∑
k=j+1

[1 + λ(k − 1)]nakz
k (1.4)

Let Tj denote the subclass of Aj consisting of functions of the form:

f(z) = z −
∞∑

k=j+1

akz
k, (ak ≥ 0, j ∈ N) (1.5)

which are analytic in the open unit disk ∆.
With the above operatorDn

λ , we say that a function f(z) belonging toAj is in the classAj(n,m, λ, α)
if and only if

Re

{
Dn+mf(z)

Dnf(z)

}
> α (n,m ∈ N∗, λ ≥ 0) (1.6)

for some α, (0 ≤ α < 1), and for all z ∈ ∆.
We note that A1(0, 1, 1, α) = S∗(α) is the class of starlike functions of order α, A1(1, 1, 1, α) =

K(α) is the class of convex functions of orderα, and thatA1(n, 1, 1, α) =Sn(α) is the class of functions
defined by Salagean [12].

Further, we define the class Tj(n,m, λ, α) by
Tj(n,m, λ, α) = Aj(n,m, λ, α) ∩ Tj

Then we observe that T1(0, 1, 1, α) = T ∗(α) is the subclass of starlike functions of order α [14],
T1(1, 1, 1, α) = C(α) is the subclass of convex functions of order α[6], and that Tj(0, 1, 1, α) and
Tj(1, 1, 1, α) are the classes defined by Chatterjea [4]

2. Coefficients Estimates And Distortion Theorems

We begin with the statement and the proof of the following result.

Theorem 2.1. Let the function f(z) be defined by

f(z) = z −
∞∑
k=2

akz
k, (ak ≥ 0)

Then f(z) ∈ T1(n,m, λ, α) if and only if
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∞∑
k=2

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} ak ≤ 1− α (2.1)

for n ∈ N∗,m ∈ N∗ and 0 ≤ α < 1. The result is sharp.

Proof. Let |z| = 1. Assume that the inequality (2.1) holds. Then we have∣∣∣∣Dn+m
λ f(z)

Dn
λf(z)

− 1

∣∣∣∣ = ∣∣∣∣z −∑∞
k=2[1 + λ(k − 1)]n+makz

k

z −
∑∞

k=2[1 + λ(k − 1)]nakzk
− 1

∣∣∣∣
=

∣∣∣∣∑∞
k=2[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − 1} akzk−1

1 +
∑∞

k=2[1 + λ(k − 1)]nakzk−1

∣∣∣∣
≤

∑∞
k=2[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − 1} ak|z|k−1

1−
∑∞

k=2[1 + λ(k − 1)]nak|z|k−1

=

∑∞
k=2[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − 1} ak

1−
∑∞

k=2[1 + λ(k − 1)]nak

=

∑∞
k=2[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α+ α− 1} ak

1−
∑∞

k=2[1 + λ(k − 1)]nak

=

∑∞
k=2[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} ak − (1− α)

∑∞
k=2[1 + λ(k − 1)]nak

1−
∑∞

k=2[1 + λ(k − 1)]nak

≤
(1− α)− (1− α)

∑∞
k=2[1 + λ(k − 1)]nak

1−
∑∞

k=2[1 + λ(k − 1)]nak

= (1− α).

Thus, we obtain ∣∣∣∣Dn+m
λ f(z)

Dn
λf(z)

− 1

∣∣∣∣ < 1− α⇒
∣∣∣∣Re{Dn+m

λ f(z)

Dn
λf(z)

− 1

}∣∣∣∣ < 1− α

⇒− (1− α) < Re

{
Dn+m

λ f(z)

Dn
λf(z)

− 1

}
< 1− α

⇒− (1− α) < Re

{
Dn+m

λ f(z)

Dn
λf(z)

− 1

}
< 1− α

⇒Re

{
Dn+m

λ f(z)

Dn
λf(z)

}
> α

So f(z) ∈ T1(n,m, λ, α).Conversely, assume that the function f(z) is in the class defined T1(n,m, λ, α). Then

Re

{
Dn+m

λ f(z)

Dn
λf(z)

}
=

{
1−

∑∞
k=2[1 + λ(k − 1)]n+makz

k−1

1−
∑∞

k=2[1 + λ(k − 1)]nakzk−1

}
> α (2.2)

for z ∈ ∆. Choose values of z on the real axis so that Dn+m
λ f(z)

Dn
λf(z) is real. Upon clearing the denominator in (2.2)

and letting z → 1−through real values, we obtain
1−

∑∞
k=2[1 + λ(k − 1)]n+makz

k−1

1−
∑∞

k=2[1 + λ(k − 1)]nakzk−1
> α

⇒1−
∞∑
k=2

[1 + λ(k − 1)]n+makz
k−1 > α

{
1−

∞∑
k=2

[1 + λ(k − 1)]nakz
k−1

}

⇒1−
∞∑
k=2

[1 + λ(k − 1)]n+mak ≥ α

{
1−

∞∑
k=2

[1 + λ(k − 1)]nak

}

⇒
∞∑
k=2

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} ak ≤ 1− α



170 M. KAMALI, K. MARKAEV

So (2.1) is correct. The result is sharp with the extremal function f(z) defined by

f(z) = z − 2(1− α)

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} k(k + 1)
zk (k ≥ 2) (2.3)

□

Theorem 2.2. Let the function f(z) be defined by

f(z) = z −
∞∑

k=j+1

akz
k, (ak ≥ 0) (2.4)

Then f(z) ∈ Tj(n,m, λ, α) if and only if

∞∑
k=j+1

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} ak ≤ 1− α (2.5)

for n ∈ N∗,m ∈ N∗ and 0 ≤ α < 1. The result is sharp for the function

f(z) = z − 2(1− α)

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} k(k + 1)
zk (k ≥ j + 1) (2.6)

Proof. Putting ak = 0(k = 2, 3, . . . , j) in Theorem 2.1, we can prove the assertion of Theorem 2.2. □

Corollary 2.3. Let the function f(z) defined by (2.4) be in the class function Tj(n,m, λ, α). Then

ak ≤ 1− α

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α}
zk (k ≥ j + 1) (2.7)

The equality in (2.7) is attained for the function f(z) given by (2.6).

Remark 2.4. Taking (n,m, λ, α) = (n,m, 1, α) in Theorem 2.1, Theorem 2.2 and Corollary 2.3, we have
the corresponding results by Sekine [13]. Taking (j, n,m, λ, α) = (1, 1, 0, 1, α) and (j, n,m, λ, α) =
(1, 1, 1, 1, α) in Theorem 2.2 , we have the corresponding results by Silverman [14]. Additionally,taking
(j, n,m, λ, α) = (j, 0, 1, 1, α) and (j, n,m, λ, α) = (1, 1, 1, 1, α) in Theorem 2.2, we have the corre-
sponding results by Chatterjea [4].

Theorem 2.5. Let the function f(z) defined by (1.5) be in the class function Tj(n,m, λ, α). Then

∣∣DΩ
λ f(z)

∣∣ ≥ |z| − 1− α

[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (2.8)

and

∣∣DΩ
λ f(z)

∣∣ ≤ |z|+ 1− α

[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (2.9)

for z ∈ ∆, where 0 ≤ Ω ≤ n. The equalities in (2.8) and (2.9) are attained for the function f(z) given
by

f(z) = z − 1− α

[1 + λj]n {[1 + λj]m − α}
zj+1 (2.10)

Proof. Note that f(z) ∈ Tj(n,m, λ, α) if and only if DΩ
λ f(z) ∈ Tj(n− Ω,m, λ, α), and that

DΩ
λ f(z) = z −

∞∑
k=j+1

[1 + λ(k − 1)]Ωakz
k (2.11)

Using Theorem 2.2, we know that



NEW SUBCLASS OF ANALYTIC FUNCTIONS 171

∞∑
k=j+1

[1 + λ(k − 1)]n−Ω+Ω {[1 + λ(k − 1)]m − α} ak ≤ 1− α

⇒
∞∑

k=j+1

[1 + λ(k − 1)]n−Ω[1 + λ(k − 1)]Ω {[1 + λ(k − 1)]m − α} ak ≤ 1− α

⇒ [1 + λj]n−Ω {(1 + λj)m − α}
∞∑

k=j+1

[1 + λ(k − 1)]Ωak≤ 1− α (2.12)

that is, that

∞∑
k=j+1

[1 + λ(k − 1)]Ωak ≤ 1− α

[1 + λj]n−Ω {(1 + λj)m − α}
(2.13)

It follow from (2.11) and (2.12) that∣∣DΩ
λ f(z)

∣∣ ≥ |z| − 1− α

[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (2.14)

and ∣∣DΩ
λ f(z)

∣∣ ≤ |z|+ 1− α

[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (2.15)

Finally, we note that the equalities in (2.8) and (2.9) are attained for the function f(z) defined by

DΩ
λ f(z) = z − 1− α

[1 + λj]n−Ω {[1 + λj]m − α}
zj+1 (2.16)

This completes the proof of Theorem 2.5. □

Taking λ = 1 in Theorem 2.5, the following Corollary 2.6 given by Sekine [13].

Corollary 2.6. Let the function f(z) defined by (1.6) be in the class functionTj(n,m, 1, α) =Tj(n,m,α).
Then ∣∣DΩf(z)

∣∣ ≥ |z| − 1− α

[1 + j]n−Ω {(1 + j)m − α}
|z|j+1 (2.17)

and ∣∣DΩf(z)
∣∣ ≤ |z|+ 1− α

[1 + j]n−Ω {(1 + j)m − α}
|z|j+1 (2.18)

for z ∈ ∆, where of 0 ≤ Ω ≤ n. The equality in (2.17) and (2.18) are attained for the function f(z)
given by

f(z) = z − 1− α

[1 + j]n {[1 + j]m − α}
zj+1 (2.19)

Taking Ω = 0 in Theorem 2.5, we have the following Corollary 2.7.

Corollary 2.7. Let the function f(z) defined by (1.5) be in the class function Tj(n,m, λ, α). Then

|f(z)| ≥ |z| − 1− α

[1 + λj]n {(1 + λj)m − α}
|z|j+1 (2.20)

and
|f(z)| ≤ |z|+ 1− α

[1 + λj]n {(1 + λj)m − α}
|z|j+1 (2.21)

for z ∈ ∆. The equalities in (2.20) and (2.21) are attained for the function f(z) defined by (2.10).
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Taking Ω = 1 in Theorem 2.5 , we can write following Corollary 2.8 .

Corollary 2.8. Let the function f(z) defined by (1.5) be in the class function Tj(n,m, λ, α). Then∣∣D1f(z)
∣∣ ≥ 1− 1− α

[1 + λj]n−1 {(1 + λj)m − α}
|z|j (2.22)

and ∣∣D1f(z)
∣∣ ≤ 1 +

1− α

[1 + λj]n {(1 + λj)m − α}
|z|j (2.23)

for z ∈ ∆.
The equalities in (2.22) and (2.23) are attained for the function f(z) defined by (2.10).

Taking Ω = 1 and λ = 1 in Theorem 2.5, we can write following Corollary 2.9.

Corollary 2.9. Let the function f(z) defined by (1.5) be in the class function Tj(n,m, λ, α). Then∣∣f ′(z)∣∣ ≥ 1− 1− α

[1 + j]n−1 {(1 + j)m − α}
|z|j (2.24)

and ∣∣f ′(z)∣∣ ≤ 1 +
1− α

[1 + j]n−1 {(1 + j)m − α}
|z|j (2.25)

for z ∈ ∆. The equalities in (2.22) and (2.23) are attained for the function f(z) define by (2.10).

3. Neighborhoods of Functions In The Class Tj(n,m, λ, α) With Negative Coefficients

For any f(z) ∈ Tj and δ ≥ 0, we define

Nj,δ(f) =

g ∈ Tj : g(z) = z −
∞∑

k=j+1

bkz
k,

∞∑
k=j+1

k |ak − bk| ≤ δ

 , (3.1)

which was called (j, δ) - neighborhood of f(z). So, for e(z) = z, we see that

Nj,δ(e) =

g ∈ Tj : g(z) = z −
∞∑

k=j+1

bkz
k,

∞∑
k=j+1

k |bk| ≤ δ

 . (3.2)

The concept of neighborhoods was first introduced by A. W. Goodman [6] and then generalized by
Ruscheweyh [15].

Theorem 3.1. Let

δ =
(1− α)[1 + λj]n + |(1 + λj)n − λ(nj + 1)| (1− α)

λ [(1 + λj)m − α] (1 + λj)n

Then Tj(n,m, λ, α) ⊂ Nj,δ(e).

Proof. For f(z) ∈ Tj(n,m, λ, α), Theorem 2.1 immediately yields

∞∑
k=j+1

[1 + λ(k − 1)]n {[1 + λ(k − 1)]m − α} ak ≤ 1− α

⇒[1 + λj]n {[1 + λj]m − α}
∞∑

k=j+1

ak ≤ 1− α

⇒
∞∑

k=j+1

ak ≤ 1− α

[1 + λj]n {[1 + λj]m − α}
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On the other hand, we also find

[(1 + λj)m − α]

∞∑
k=j+1

[1 + λ(k − 1)]nak

= [(1 + λj)m − α]
∞∑

k=j+1

[ (
n
0

)
λn(k − 1)n +

(
n
1

)
λn−1(k − 1)n−1

+ . . .+
(

n
n−1

)
λ(k − 1) + 1

]
ak

= [(1 + λj)m − α]
∞∑

k=j+1

[
λn(k − 1)n +

(
n
1

)
λn−1(k − 1)n−1

+ . . .+ λk − λ+ 1

]
ak

= [(1 + λj)m − α]

∞∑
k=j+1

[
λn(k − 1)n +

(
n
1

)
λn−1(k − 1)n−1

+ . . .− λ+ 1

]
ak

+ [(1 + λj)m − α]λ
∞∑

k=j+1

kak ≤ 1− α

⇒[(1 + λj)m − α]λ

∞∑
k=j+1

kak

≤1− α− [(1 + λj)m − α]
∞∑

k=j+1

[
λn(k − 1)n +

(
n
1

)
λn−1(k − 1)n−1

+ . . .− λ+ 1

]
ak

⇒[(1 + λj)m − α]λ
∞∑

k=j+1

kak

≤1− α−[(1 + λj)m − α]

∞∑
k=j+1

[
(λj)n +

(
n
1

)
(λj)n−1

+ . . .+
(

n
n−1

)
(λj)−

(
n

n−1

)
(λj)− λ+ 1

]
ak

⇒[(1 + λj)m − α]λ
∞∑

k=j+1

kak

≤1− α− [(1 + λj)m − α]

∞∑
k=j+1

[(1 + λj)n − λ(nj + 1)] ak

⇒[(1 + λj)m − α]λ
∞∑

k=j+1

kak

≤1− α− [(1 + λj)m − α] [(1 + λj)n − λ(nj + 1)]
1− α

[1 + λj]n {[1 + λj]m − α}

⇒[(1 + λj)m − α]λ
∞∑

k=j+1

kak

≤1− α− [(1 + λj)n − λ(nj + 1)]
1− α

[1 + λj]n

⇒[(1 + λj)m − α]λ
∞∑

k=j+1

kak

≤(1− α)[1 + λj]n + |(1 + λj)n − λ(nj + 1)| (1− α)

(1 + λj)n
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Thus,
∞∑

k=j+1

k |ak|

≤ (1− α)[1 + λj]n + |(1 + λj)n − λ(nj + 1)| (1− α)

λ [(1 + λj)m − α] (1 + λj)n

= δ

As result, Theorem 3.1 is proven according to the definition of (3.2).
□

4. Distortion Theorems for Fractional Calculus of Functions in The Class Tj(n,m, λ, α).

Let us first give the following definitions of fractional calculus by Owa [9], which we will use in the
theorems we will give in this section.

Definition 4.1. The fractional integral of order β is defined by

D−β
z f(z) =

1

Γ(β)

∫ z

0

f(ζ)

(z − ζ)1−β
dζ (4.1)

where β > 0, f(z) is an analytic function in a simply connected region of the z - plane containing the
origin and the multiplicity of (z−ζ)β−1 is removed by requiring log(z−ζ) to be real when (z−ζ) > 0.

Definition 4.2. The fractional derivative of order β is defined by

Dβ
z f(z) =

1

Γ(1− β)

d

dz

∫ z

0

f(ζ)

(z − ζ)β
dζ (4.2)

where 0 ≤ β < 1, f(z) is an analytic function in a simply connected region of the z - plane con-
taining the origin and the multiplicity of (z− ζ)−β is removed by requiring log(z− ζ) to be real when
(z − ζ) > 0.

Definition 4.3. Under the hypotheses of Definition 4.2 , the fractional derivative of order (n + β) is
defined by

Dβ+n
z f(z) =

dn

dzn
Dβ

nf(z) (4.3)

where 0 ≤ β < 1 and analytic n ∈ N∗ = N ∪ {0} = {0, 1, 2, 3, . . .}.

Theorem 4.4. Let the function f(z) defined by (1.5) be in the class Tj(n,m, λ, α). Then

∣∣∣D−β
z

(
DΩ

λ f(z)
)∣∣∣ ≥ |z|β+1

Γ(2 + β)

{
1− Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
|z|j

}
(4.4)

and

∣∣∣D−β
z

(
DΩ

λ f(z)
)∣∣∣ ≤ |z|β+1

Γ(2 + β)

{
1 +

Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
|z|j

}
(4.5)

for β > 0, 0 ≤ Ω ≤ n, and z ∈ ∆. The equalities in (4.4) and (4.5) are attained for the function f(z)
define by (2.10).
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Proof. It is easy to see that

Γ(2 + β)z−βD−β
z

(
DΩ

λ f(z)
)
= z −

∞∑
k=j+1

Γ(k + 1)Γ(2 + β)

Γ(k + 1 + β)
[1 + λ(k − 1)]Ωakz

k

= z −
∞∑

k=j+1

φ(k)[1 + λ(k − 1)]Ωakz
k (4.6)

Where
φ(k) =

Γ(k + 1)Γ(2 + β)

Γ(k + 1 + β)
(k ≥ j + 1) (4.7)

Noting that φ(k) is a decreasing of k, we have

0 < φ(k) ≤ φ(j + 1) =
Γ(j + 2)Γ(2 + β)

Γ(j + 2 + β)
(4.8)

Therefore, by using (2.13) and (4.8), we can see that∣∣∣Γ(2 + β)z−βD−β
z

(
DΩ

λ f(z)
)∣∣∣ ≥ |z| − φ(j + 1)|z|j+1

∞∑
k=j+1

[1 + λ(k − 1)]Ωak

≥ |z| − Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (4.9)

which implies (4.4), and that∣∣∣Γ(2 + β)z−βD−β
z

(
DΩ

λ f(z)
)∣∣∣ ≤ |z|+ φ(j + 1)|z|j+1

∞∑
k=j+1

[1 + λ(k − 1)]Ωak

≤ |z|+ Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (4.10)

which shows (4.5). Furthermore, note that the equalities in (4.4) and (4.5) are attained for the function
f(z) defined by

D−β
z

(
DΩ

λ f(z)
)
=

zβ+1

Γ(2 + β)

{
1− Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
zj
}

(4.11)

Thus we complete the assertion of Theorem 4.4. □

Taking λ = 1 in Theorem 4.4, the following Corollary 4.5 given by Sekine is obtained [13].

Corollary 4.5. Let the function f(z) defined by (1.5) be in the class functionTj(n,m, 1, α) = Tj(n,m,α).
Then

∣∣∣D−β
z

(
DΩ

1 f(z)
)∣∣∣ ≥ |z|β+1

Γ(2 + β)

{
1− Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + j]n−Ω {(1 + j)m − α}
|z|j

}
(4.12)

and

∣∣∣D−β
z

(
DΩ

1 f(z)
)∣∣∣ ≤ |z|β+1

Γ(2 + β)

{
1 +

Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + j]n−Ω {(1 + j)m − α}
|z|j

}
(4.13)

for β > 0, 0 ≤ Ω ≤ n, and z ∈ ∆. The equalities in (4.12) and (4.13) are attained for the function
f(z) define by

D−β
z

(
DΩ

1 f(z)
)
=

zβ+1

Γ(2 + β)

{
1− Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + j]n−Ω {(1 + j)m − α}
zj
}

(4.14)
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Taking λ = 1 and Ω = 0 Theorem 4.4, we have the following Corollary 4.6.

Corollary 4.6. Let the function f(z) defined by (1.5) be in the class functionTj(n,m, 1, α) = Tj(n,m,α).
Then ∣∣∣D−β

z f(z)
∣∣∣ ≥ |z|β+1

Γ(2 + β)

{
1− Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + j]n {(1 + j)m − α}
|z|j

}
and ∣∣∣D−β

z f(z)
∣∣∣ ≤ |z|β+1

Γ(2 + β)

{
1 +

Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + j]n {(1 + j)m − α}
|z|j

}
for β > 0 and z ∈ ∆. The equality cases in the inequalities here are valid for the function f(z)

define by (2.10).

Theorem 4.7. Let the function f(z) defined by (1.5) be in the class function Tj(n,m, λ, α). Then

∣∣∣Dβ
z

(
DΩ

λ f(z)
)∣∣∣ ≥ |z|1−β

Γ(2− β)

{
1− Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + λj]n−Ω−1 {(1 + λj)m − α}
|z|j

}
and ∣∣∣Dβ

z

(
DΩ

λ f(z)
)∣∣∣ ≤ |z|1−β

Γ(2− β)

{
1 +

Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + λj]n−Ω−1 {(1 + λj)m − α}
|z|j

}
for 0 ≤ β < 1, 0 ≤ Ω ≤ n− 1, and z ∈ ∆. The equalities in (2.22) and (2.23) are attained for the

function f(z) define by (2.10).

Proof. It is easy to see that

Γ(2− β)zβDβ
z

(
DΩ

λ f(z)
)
= z −

∞∑
k=j+1

Γ(k + 1)Γ(2− β)

Γ(k + 1− β)
[1 + λ(k − 1)]Ωakz

k

Since the function
σ(k) =

Γ(k)Γ(2− β)

Γ(k + 1− β)
(k ≥ j + 1)

is decreasing in k, we have

0 < σ(k) ≤ σ(j + 1) =
Γ(j + 1)Γ(2− β)

Γ(j + 2− β)
(4.15)

Therefore, by using (2.13) and (4.8), we can see that∣∣∣Γ(2− β)z−βD−β
z

(
DΩ

λ f(z)
)∣∣∣ ≥ |z| − φ(j + 1)|z|j+1

∞∑
k=j+1

[1 + λ(k − 1)]Ωak

≥ |z| − Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (4.16)

which implies (4.4), and that∣∣∣Γ(2− β)z−βD−β
z

(
DΩ

λ f(z)
)∣∣∣ ≤ |z|+ φ(j + 1)|z|j+1

∞∑
k=j+1

[1 + λ(k − 1)]Ωak

≤ |z|+ Γ(j + 2)Γ(2 + β)(1− α)

Γ(j + 2 + β)[1 + λj]n−Ω {(1 + λj)m − α}
|z|j+1 (4.17)
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which shows (1.4) Furthermore, note that the equalities in (4.16) and (4.17) are attained for the func-
tion f(z)defined by

Dβ
z

(
DΩ

λ f(z)
)
=

z1−β

Γ(2− β)

{
1− Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + λj]n−Ω−1 {(1 + λj)m − α}
|z|j

}
or (2.16). Thus we complete the assertion of Theorem 4.7. □

Taking λ = 1 in Theorem 4.7, we have the corresponding results by Sekine [13].

Corollary 4.8. Let the function f(z) defined by (1.4) be in the class functionTj(n,m, 1, α) = Tj(n,m,α).
Then

∣∣∣Dβ
z

(
DΩ

1 f(z)
)∣∣∣ ≥ |z|1−β

Γ(2− β)

{
1− Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + j]n−Ω {(1 + j)m − α}
|z|j

}
(4.18)

and

∣∣∣Dβ
z

(
DΩ

1 f(z)
)∣∣∣ ≤ |z|1−β

Γ(2− β)

{
1 +

Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + j]n−Ω−1 {(1 + j)m − α}
|z|j

}
(4.19)

for β > 0 and z ∈ ∆. The equalities in (4.18) and (4.19) are attained for the function f(z) define by
(2.10).

Taking λ = 1 and Ω = 0 Theorem 4.7, we have

Corollary 4.9. Let the function f(z) defined by (1.4) be in the class functionTj(n,m, 1, α) =Tj(n,m,α).
Then ∣∣∣Dβ

z f(z)
∣∣∣ ≥ |z|1−β

Γ(2− β)

{
1− Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + j]n {(1 + j)m − α}
|z|j

}
(4.20)

and ∣∣∣Dβ
z f(z)

∣∣∣ ≤ |z|1−β

Γ(2− β)

{
1 +

Γ(j + 1)Γ(2− β)(1− α)

Γ(j + 2− β)[1 + j]n {(1 + j)m − α}
|z|j

}
(4.21)

for β > 0 and z ∈ ∆. The equalities in (4.20) and (4.21) are attained for the function f(z) define by
(2.10).

5. Upper Bounds Of The Hankel Determinants H2,1(f) For The Coefficients Of The
Functions Belonging To The Class A (n,m, λ, α).

In the 1960s Pommerenke [10, 11] defined the Hankel determinantHq,n(f) for a given f of the form

f(z) = z +

∞∑
n=2

anz
n

as follows

Hq,n(f) =

∣∣∣∣∣∣∣∣∣
an an+1 . . . an+q−1

an+1 an+2 . . . an+q
...

... · · ·
...

an+q−1 an+q · · · an+2q−2

∣∣∣∣∣∣∣∣∣
where n, q ∈ N = {1, 2, 3, . . .}. In particular,
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H2,1(f) =

∣∣∣∣ a1 a2
a2 a3

∣∣∣∣ = a3 − a22 and H2,2(f) =

∣∣∣∣ a2 a3
a3 a4

∣∣∣∣ = a2a4 − a23

The studies on Hankel determinants are concentrated on estimating H2,2(f) and H3,1(f) for differ-
ent subclasses of S. The absolute sharp bounds of the functionalH2,2(f) were found in 2.7, 2.8 for each
of the families S∗, C . In [8], Janteng et al. proved that |H2,2(f)| ≤ 1 for S∗ and |H2,2(f)| ≤ 1

8 for
K , where S∗ and K are very well known classes of starlike and convex functions. The estimation of
the determinant |H3,1(f)| is very hard as compared to deriving the bound of |H2,2(f)|. The paper on
|H3,1(f)| was given in 2010 by Babalola[3], in which he obtained the upper bound of H3,1(f) for the
families of S∗, C .

For the function ψ(z) = c1z+ c2z
2+ c3z

3+ . . . ( with |ψ(z)| < 1, z ∈ ∆ ) the next relations is valid

|c1| ≤ 1, (5.1)

|c2| ≤ 1− |c1|2 (5.2)∣∣∣c3 (1− |c1|2
)
+ c̄1c

2
2

∣∣∣ ≤ (
1− |c1|2

)2
− |c2|2 . (5.3)

From (5.3), we can write

∣∣∣c3 (1− |c1|2
)
+ c1c

2
2

∣∣∣ ≤ (
1− |c1|2

)2
− |c2|2

⇒
∣∣∣c3 (1− |c1|2

)∣∣∣− ∣∣c1c22∣∣ ≤ ∣∣∣c3 (1− |c1|2
)
+ c1c

2
2

∣∣∣2 (1− |c1|2
)2

− |c2|2

⇒
∣∣∣c3 (1− |c1|2

)∣∣∣− ∣∣c1c22∣∣ ≤ (
1− |c1|2

)2
− |c2|2

⇒
∣∣∣c3 (1− |c1|2

)∣∣∣ ≤ (
1− |c1|2

)2
− |c2|2 + |c1|

∣∣c22∣∣
⇒|c3| ≤

(
1− |c1|2

)2
− |c2|2 + |c1|

∣∣c22∣∣∣∣∣(1− |c1|2
)∣∣∣

⇒|c3| ≤ 1− |c1|2 −
|c2|2

(1 + |c1|)
(5.4)

Let 0 ≤ c1 ≤ 1. In this case, since 0 ≤ c2 ≤ 1, from (5.4) is written

|c3| ≤ 1− c21 −
c22

1 + c1
(5.5)

Let’s take c1 = x and c2 = y to get the maksimum value of the right side of (5.5). Let’s take

φ(x, y) = 1− x2 − y2

1 + x
.

Let’s calculate the maximum value of the bivariate function

φx(x, y) = −2x+ y2

(1+x)2

φy(x, y) = − 2y
(1+x)

}
⇒ x = 0, y = 0

φxx(x, y) = −2− 2y2

(1 + x)3
, φyy(x, y) = − 2

(1 + x)
, φxy(x, y) =

2y

(1 + x)2
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According to the values of the second-order partial derivatives at the point (0, 0), the following
inequalities are written as

[φxy(0, 0)]
2 − φxx(0, 0)φyy(0, 0) = −4 < 0 and φxx(0, 0) = −2 < 0

then the point (0, 0) is a maximum of φ(x, y) and

maxφ(x, y) = 1

So,
|c3| ≤ 1 (5.6)

is obtained.

Theorem 5.1. Let f(z) = z + a2z
2 + a3z

3 + . . . belongs to the class A(n,m, λ, α), 0 ≤ α < 1, λ > 0.
Then we have the coefficients estimation:

|a2| ≤ 2(1− α)

(1 + λ)n [(1 + λ)m − 1]
,

|a3| ≤ 2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
|1− 2α|+ (1 + λ)m

(1 + λ)m − 1

}
.

Proof. From the definition of the class A(n,m, λ, α) we have
Dn+m

λ f(z)

Dn
λf(z)

= α+ (1− α)
1 + ℧(z)
1− ℧(z)

= 1 + 2(1− α)
{
℧(z) + ℧2(z) + ℧3(z) + . . .

}
(5.7)

where ℧ is analytic in ∆ with ℧(0) = 0 and |℧(z)| < 1, z ∈ ∆. Let ℧(z) = c1z + c2z
2 + c3z

3 + . . ..
From (5.7), we have

z + (1 + λ)n+ma2z
2 + (1 + 2λ)n+ma3z

3 + (1 + 3λ)n+ma4z
4 + . . . (5.8)

=
{
z + (1 + λ)na2z

2 + (1 + 2λ)na3z
3 + (1 + 3λ)na4z

4 + . . .
}{

1 + 2(1− α)
{
℧(z) + ℧2(z) + . . .

}}
and

1 + 2(1− α){℧(z)+ ℧2(z) + ℧3(z) + . . .
}

(5.9)
= 1 + 2(1− α)

{
c1z +

(
c2 + c21

)
z2 +

(
c3 + 2c1c2 + c31

)
z3 + . . .

}
.

From (5.8) and (5.9), we write

z + (1 + λ)n+ma2z
2 + (1 + 2λ)n+ma3z

3 + (1 + 3λ)n+ma4z
4 + . . . (5.10)

=
{
z + (1 + λ)na2z

2 + . . .
} [

1 + 2(1− α)
{
c1z +

(
c2 + c21

)
z2 +

(
c3 + 2c1c2 + c31

)
z3 + . . .

}]
From (5.10), we obtain

(1 + λ)n+ma2 =(1 + λ)na2 + 2(1− α)c1

⇒ a2 =
2(1− α)c1

(1 + λ)n [(1 + λ)m − 1]
(5.11)

and

(1 + 2λ)n+ma3 =2(1− α)
(
c2 + c21

)
+ 2(1− α)(1 + λ)nc1a2 + (1 + 2λ)na3

⇒a3
2(1− α)

{
c2 +

(1−2α)+(1+λ)m

(1+λ)m−1 c21

}
(1 + 2λ)n [(1 + 2λ)m − 1]

. (5.12)

If inequality (5.1) is used (5.11),we write

|a2| ≤
2(1− α) |c1|

(1 + λ)n [(1 + λ)m − 1]
=

2(1− α)

(1 + λ)n [(1 + λ)m − 1]
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Similarly, If inequality (5.2) is used (5.12),we obtain

|a3| =
2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

∣∣∣∣c2 + (1− 2α) + (1 + λ)m

(1 + λ)m − 1
c21

∣∣∣∣
≤ 2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
|c2|+

|1− 2α|+ (1 + λ)m

(1 + λ)m − 1

∣∣c21∣∣}
=

2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
1 +

|1− 2α|+ 1

(1 + λ)m − 1
|c1|2

}
≤ 2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
|1− 2α|+ (1 + λ)m

(1 + λ)m − 1

}
.

□

Theorem 5.2. Let f(z) = z + a2z
2 + a3z

3 + . . . belongs to the class A(n,m, λ, α), 0 ≤ α < 1. Then
we have next sharp estimation:

|H2,1(f)| ≤
2(1− α)

{
[|1− 2α|+ (1 + λ)m] (1 + λ)2n [(1 + λ)m − 1] + 4(1− α)2

}
(1 + λ)2n(1 + 2λ)n [(1 + λ)m − 1]2 [(1 + 2λ)m − 1]

.

Proof. From the definition of Hankel determinant has the form of H2,1(f) = a3− a22. In this definition
by using (5.11) and (5.12) and taking module H2,1(f) is written as

H2,1(f) = a3 − a22 =
2(1− α)

{
c2 +

(1−2α)+(1+λ)m

(1+λ)m−1 c21

}
(1 + 2λ)n [(1 + 2λ)m − 1]

−
{

2(1− α)c1
(1 + λ)n [(1 + λ)m − 1]

}2

.

If the modulus of both sides of this last equation is taken and necessary operations are made,we obtain

|H2,1(f)| =
∣∣a3 − a22

∣∣ = ∣∣∣∣ 2(1−α)
{
c2+

(1−2α)+(1+λ)m

(1+λ)m−1
c21

}
(1+2λ)n[(1+2λ)m−1] −

{
2(1−α)c1

(1+λ)n[(1+λ)m−1]

}2
∣∣∣∣

≤ 2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
|c2|+

(1− 2α) + (1 + λ)m

(1 + λ)m − 1

∣∣c21∣∣}
+

{
2(1− α)

(1 + λ)n [(1 + λ)m − 1]

}2

|c1|2

=
2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
1 +

[
−1 + (1−2α)+(1+λ)m

(1+λ)m−1

+ 4(1−α)2

(1+λ)2n[(1+λ)m−1]2

]
|c1|2

}

⇒|H2,1(f)| ≤
2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
1 +

[
−1 + (1−2α)+(1+λ)m

(1+λ)m−1

+ 4(1−α)2

(1+λ)2n[(1+λ)m−1]2

]
|c1|2

}

⇒|H2,1(f)| ≤
2(1− α)

(1 + 2λ)n [(1 + 2λ)m − 1]

{
(1−2α)+(1+λ)m

(1+λ)m−1 + 4(1−α)2

(1+λ)2n[(1+λ)m−1]2

}
⇒|H2,1(f)| ≤

2(1− α)
{
[|1− 2α|+ (1 + λ)m] (1 + λ)2n [(1 + λ)m − 1] + 4(1− α)2

}
(1 + λ)2n(1 + 2λ)n [(1 + λ)m − 1]

2
[(1 + 2λ)m − 1]

□

6. Conclusion

Defining subclasses in the theory of analytic functions and giving coefficient estimates of these sub-
classes is one of the main problems of this theory. In this study, a new subclass of analytic functions
is defined using the generalized Salagean operator, coefficient estimates are given for the functions of
this subclass, and distortion theorems are proven. Distortion theorems have been studied for fractional
calculus belonging to defined subclass of analytic functions with negative coefficients. A relative re-
lation has been obtained for neighborhoods of defined subclass of analytical functions with negative
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coefficients. In addition, the upper bounds of the Hankel determinant, which is one of the important
problems of this theory, was examined for a special case.

In this study, the results of previously studied subclasses can be compared by giving special values
to some parameters used to define the new subclass.
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