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ABSTRACT. In this paper,we introduce the subclasses A;(n, m, A\, ) and T} (n, m, A, &) defined by gen-
eralized Salagean operator DY. Coefficients estimates for the function belong to class Tj(n, m, A, &)
and distortion theorems are given. By making use of the familiar concept of neighborhoods of analytic
functions is defined the neighborhoods of functions in the class T} (n, m, A, ). Furthermore, distortion
theorems for fractional calculius of functions in the class Tj(n,m, A\, &) has been studied. Additionally,
Upper bound of the Hankel determinants Hs 1 (f) for the coefficients of the functions belonging to class
A(n, m, A, a) determined.
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1. INTRODUCTION

Let A denote the class of functions of the form

flz) = z—i—Zakzk (1.1)
k=2

which in the open unit disk A = {z € C': |z| < 1}
Let A; be the family of functions of the form

f)=z+ > wz®, (jeN={1,2,3,..1}) (1.2)

which are analytic in the open unit disk A = {z € C': |2| < 1}.
For a function f(z) € A;, we define

D°f(z) = f(2)
Df(z) = Df(z)=zf(2),...
and
D"f(z)=D (D" 'f(z)) (n€eN)
The differential operator D" was introduced by Salagean [12].

With the help of the differential operator D", we say that a function f(z) € A; is in the class
Aj(n,m, «) if and only if
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D™ f(2) .
Re{an(Z)}>a (neN*=NU{0},m e N,\ >0) (1.3)

for some a(0 < a < 1), and for all z € A.
The operator D" was introduced by Sekine [13], Aouf et al. [2].
In [1], AL-Oboudi defined the generalized Salagean operator as following:
Letn € N* and A > 0. We let DY denote the operator defined by
DY:A— A
Dif(2) = f(2)
Dyf(2) = (1= NDSf(2) + Az (DSf(2)) = (1 = Nf(z) + Az f'(2)

DY f(2) = (1= NDRf(2) + Az (DR f(2))

When )\ = 1, we get Salagean’s differential operator [12].
For f € Aj(n, m, «) using the definition of the DY operator, we write [5]

W) =24 Y [+ Ak — D)) az" (1.4)
k=j+1

Let T; denote the subclass of A; consisting of functions of the form:

f)=2— Y az*, (ap>0,j€N) (1.5)

which are analytic in the open unit disk A.
With the above operator DY, we say that a function f(z) belonging to A; isin the class A (n, m, A, a)
if and only if

Re{%}>a (n,m e N, A >0) (1.6)

for some o, (0 < a < 1), and forall z € A.
We note that A1(0,1,1, ) = S*(«) is the class of starlike functions of order o, 41(1,1,1,a) =
K () is the class of convex functions of order o, and that A;(n, 1, 1, &) = S, () is the class of functions
defined by Salagean [12].
Further, we define the class Tj(n, m, A, «) by
Tj(n,m,\, o) = Aj(n,m, X\, ) N T

Then we observe that 77(0,1,1,a) = T*(«) is the subclass of starlike functions of order o [14],
T1(1,1,1,0) = C(c) is the subclass of convex functions of order «[6], and that 73(0, 1,1, ) and
Tj(1,1,1, c) are the classes defined by Chatterjea [4]

2. COEFFICIENTS ESTIMATES AND DISTORTION THEOREMS
We begin with the statement and the proof of the following result.
Theorem 2.1. Let the function f(z) be defined by

) =2— 3w, (a0
k=2

Then f(z) € T1(n, m, A, @) if and only if
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o0

DI+ AE-D" {1+ Ak-1)]" —a}ar<1-a (2.1)
k=2
forn € N*, m € N* and 0 < « < 1. The result is sharp.

Proof. Let |z| = 1. Assume that the inequality (2.1) holds. Then we have

‘Df"'mf(z) B 1‘ _|z- Yoo [1+ Ak — 1) a2k 1
Dy f(2) 2= YU Ak — D] agF
‘Zk oL+ Ak = D" {1+ A(k = D™ — 1} ag2* !
L+ > po o[l + Ak — 1)]mapzk1
< LU+ Ak = D" {1+ A(k = DI — 1} ag|2|*"
- 1= 3000+ Ak — D)]rag]zF1
_ DL AR - D" {1+ AR —1)]™ — 1} ay
1= 3000+ Ak = 1)) ay
Yl AE - A+ M- D))" —a+a—1}ag
N 1=+ Ak —1)]may
_ oL AE =D L+ AR = D)™ —ofar — (1= a) 375,7,[1 + Ak — D)]"ax
1=+ Ak —1)]"ay
(=)= (1-a) YE (L4 Mk = D] a
- 1= >0+ Ak —1)]"a

=(1-a).

Thus, we obtain

n-+m n+m
’w 1‘<1—a:>’Re{Df(Z) 1}’<1—a

D} f(2) D3 f(2)

n+m

=—(1-a) <Re{ anf — }<1—a
n+m

=—-(1-a) <Re{Danf }<1a

{Dn—i-m
=R >«
b))

So f(z) € T1(n,m, A, @).Conversely, assume that the function f(z) is in the class defined T} (n, m, A, ). Then

DR 1S A AR = D
we{ e 1 T A e )
IO

for z € A. Choose values of z on the real axis so that % is real. Upon clearing the denominator in (2.2)

(2.2)

and letting z — 1~ through real values, we obtain

1=, + Ak —1)|vFmagzk—t
1 =201+ Ak — D)]ragzh—1

>«

1= i[l + Ak = 1] a2 > a {1 — i[l + Ak — 1)]nakzk1}
k=2 o

=1 i[l + Ak — 1)}n+mak >« {1 — i[l + Mk — 1)]nak}
k=2 2

:>i1+)\ "{1+Ak-1D]" —alar <1-«
k=2
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So (2.1) is correct. The result is sharp with the extremal function f(z) defined by
2(1 — ) &

_ > .
1@ =2 G P (A G—) —alkGir ) k22 3
O
Theorem 2.2. Let the function f(z) be defined by
flz)=2— Z arz®,  (ap >0) (2.4)
k=j+1
Then f(z) € Tj(n,m, A, ) if and only if
oo
S HAE-D" {1+ Ak—D]" —atar <1-a (2.5)
k=j+1
forn € N*,m € N* and 0 < o < 1. The result is sharp for the function
f(2) =2 - 21~ o) E ki) (@)

L+ k- D {1+ AE—D" —alk(k+1)°
Proof. Putting a, = 0(k = 2,3, ..., ) in Theorem 2.1, we can prove the assertion of Theorem 2.2. [J
Corollary 2.3. Let the function f(z) defined by (2.4) be in the class function T;(n, m, \, ). Then

11—« K
1+ ME=D]" {1+ k-1 —a}
The equality in (2.7) is attained for the function f(z) given by (2.6).

ax < (k>j+1) (2.7)

Remark 2.4. Taking (n, m, A, «) = (n,m, 1, «) in Theorem 2.1, Theorem 2.2 and Corollary 2.3, we have
the corresponding results by Sekine [13]. Taking (j,n,m, A\, «) = (1,1,0,1,«) and (j,n, m, \,a) =
(1,1,1,1, ) in Theorem 2.2 , we have the corresponding results by Silverman [14]. Additionally,taking
(j,mym, A\, ) = (7,0,1,1, ) and (j,n,m, \,a) = (1,1,1,1, ) in Theorem 2.2, we have the corre-
sponding results by Chatterjea [4].

Theorem 2.5. Let the function f(z) defined by (1.5) be in the class function Tj(n, m, X\, ). Then

1«
[L4+ X"~ {(1 4+ Aj)™ — o}

DS f(2)] > 12| — Bl (2.8)

and

1—«
[1+ M1+ M)
for z € A, where 0 < Q2 < n. The equalities in (2.8) and (2.9) are attained for the function f(z) given

[DRF(2)] < el + — (2:9)

by

o -« i1
e Y Sy LA @10

Proof. Note that f(z) € Tj(n,m, )\, a) if and only if DL f(z) € Tj(n — Q,m, A, ), and that

o0

DYf(z) =2~ > [14Ak—1)%2" (2.11)
k=j+1
Using Theorem 2.2, we know that



NEW SUBCLASS OF ANALYTIC FUNCTIONS 171

o0

STAHAE-D N+ Ak -] —a}ap <1-a
k=j+1
= D AHAE-D N+ AE - DL+ AR - D" —afapr <1 -0
k=j+1
= [LT+M]H{A4+ M) —a) Z D)%< 1 -« (2.12)
k=j+1
that is, that
> 1l -«
L+ Mk—1)° .
D E ) L By, ey 19
It follow from (2.11) and (2.12) that
11—« i1
DS f(2)| > |2] - TN (A = a}|z|3+ (2.14)
and
DRF(:)] < |2l + L 2! (215)

[T+ A2 { (1 + Aj)™ — a}
Finally, we note that the equalities in (2.8) and (2.9) are attained for the function f(z) defined by

Q _ l -« i+1
PO =2 g oy e @19

This completes the proof of Theorem 2.5. U

Taking A = 1 in Theorem 2.5, the following Corollary 2.6 given by Sekine [13].

Corollary 2.6. Let the function f(z) defined by (1.6) be in the class functionT;(n, m, 1, o) =Tj(n, m, cv).
Then

Q 1« i
D@ 2 el - ey ey 2 (2.17)

and

0 1—« o
| D% f(z \_\z|+[1+j]n_ﬂ{(1+j)m_a}\zv+ (2.18)

for z € A, where of 0 < 2 < n. The equality in (2.17) and (2.18) are attained for the function f(z)
given by

11—«
f(z)=2— , 1 (2.19)
[+ {44 - a}
Taking €2 = 0 in Theorem 2.5, we have the following Corollary 2.7.
Corollary 2.7. Let the function f(z) defined by (1.5) be in the class function T;(n, m, \, ). Then
1— .
f(2)] > |z — - 2IH (2.20)
Rz [1+Ag1n{<1+m —ap
and 1_ -
[f()] <2l + 2P (2:21)

[1+ A" {(1 + AJ)’” —a}
for z € A. The equalities in (2.20) and (2.21) are attained for the function f(z) defined by (2.10).
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Taking €2 = 1 in Theorem 2.5, we can write following Corollary 2.8 .

Corollary 2.8. Let the function f(z) defined by (1.5) be in the class function T;(n, m, \, ). Then

1 1-a ;
A T ¥ e N () ey Ll (222
and 1—a )
1
|ID'f(z)] <1+ T (A ) = a}W (2.23)
forz € A.

The equalities in (2.22) and (2.23) are attained for the function f(z) defined by (2.10).
Taking (2 = 1 and A = 1 in Theorem 2.5, we can write following Corollary 2.9.
Corollary 2.9. Let the function f(z) defined by (1.5) be in the class function T;(n, m, \, ). Then

, l-« ;
R (Y I L @20
and
Fe) <1+ Lo 2 (225)

L+ H{A+5)" —a}
for z € A. The equalities in (2.22) and (2.23) are attained for the function f(z) define by (2.10).

3. NEIGHBORHOODS OF FUuNcTIONS IN THE CLAss Tj(n, m, A, &) WITH NEGATIVE COEFFICIENTS

For any f(z) € T and § > 0, we define

Nis(f)=Qg€T:g(z) =2~ Zbkz > klap—bpl <5, (3.1)
k=j+1 k=j+1

which was called (74, §) - neighborhood of f(z). So, for e(z) = z, we see that

Njs(e)=<geTj:g(z) =2~ Zbkz Zk\bk\<5 ) (3.2)
k=j+1 k=j+1
The concept of neighborhoods was first introduced by A. W. Goodman [6] and then generalized by
Ruscheweyh [15].

Theorem 3.1. Let
L—a)[L+M]"+ 1+ )" = Anj + 1| (1 — )

5o !
A+ X)) —a] 1+ Aj)"

Then Tj(n, m, A\, o) C N; s5(e).
Proof. For f(z) € Tj(n,m, A, o), Theorem 2.1 immediately yields

o0

ST RHAMe=DM{I+AE-D" —a}apr <1—a

k=j+1

=1+ A" {1+ M]™ - o} Z ar<1-a
k=j+1
11—«

- k;’f ST I+ A - o)
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On the other hand, we also find

o0

(142" ~a] 3 [0+~ )"
k=j+1
. o0 r op /\"(k—l)n-i- n /\n71<k_1)n71
=[(1+ X)) a]kgl_ ) +... nnlgi)(k_l)ﬂ ]a’“

[e.9]

> s e I

k=j+1 -
o A k=1 + (A (k— 1)t
S 5 [V O,
k=j+1 -

+[(T+ )™ —a] A Z kap, <1—«

kj+1
=14+ M\)™ —a/\Zkak
k=j+1
oo
- Ak — 1)" 4 ()AL — 1)
<t-a-fasn)n—a 3o [ METTEDATEDT,
k=j+1
=1+ )™ —a)\Zkak
k=j+1

- )"+ (1) ()
<l—a—[(1+A)"—a] Y [+.._+(“J)@j)(—)(nii)w)—ﬁl}a’“

k=j+1 n—1

=1+ M) —a] A Z kay

k=j+1
<L—a—[(1+X)" —a] > [(1+X)" = Anj+1)]a
k=j+1
=1+ X)™ —a] A Z kay,
k=j+1

1l -«

<D—a—[1+X)" = [(1+ )" = A(nj +1)] [1+ M7 {[1 + M\j]™ — a}

=1+ M) —a] A Z kay,
k=j+1

<l—a—[(1+A)" = A(nj +1)] M

=1+ M) —a] A Z kay,
k=j+1

A=)+ M+ [+ A)" = Anj + D[ (1 — o)
- (1+ A"

173
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Thus,

> Kl

k=j+1
IT—a)14+M]"+[1+XN)"=Anj+1)|(1—a)
- AT+ X5)™ —a] (1 + A\j)™
= ¢

As result, Theorem 3.1 is proven according to the definition of (3.2).
O

4. DISTORTION THEOREMS FOR FRACTIONAL CALCULUS OF FUNCTIONS IN THE Crass T)j(n, m, A, a).

Let us first give the following definitions of fractional calculus by Owa [9], which we will use in the
theorems we will give in this section.

Definition 4.1. The fractional integral of order [ is defined by

) L QO
D5 = 55 |, e @D

where 5 > 0, f(z) is an analytic function in a simply connected region of the z - plane containing the
origin and the multiplicity of (z —¢)?~! is removed by requiring log(z — ¢) to be real when (z —¢) > 0.

Definition 4.2. The fractional derivative of order [ is defined by

Bpy -+ 4 [7 J()
DG = 5y J, o 42

where 0 < 8 < 1, f(2) is an analytic function in a simply connected region of the z - plane con-
taining the origin and the multiplicity of (z — ¢)~? is removed by requiring log(z — ¢) to be real when

(z—¢) >0.

Definition 4.3. Under the hypotheses of Definition 4.2 , the fractional derivative of order (n + 3) is
defined by

d'rL
DI f(z) = @Dﬁf(z) (4.3)
where 0 < § < 1 and analyticn € N* =NU {0} ={0,1,2,3,...}.

Theorem 4.4. Let the function f(z) defined by (1.5) be in the class Tj(n, m, A, ). Then

[2]+1 { ) D + 2T+ 8)(1—a)
I

D7 (D87())| 2 T2+ 5) J 24 B+ M1+ )" - o) W} .

and

Pllaxs ] -« ;
‘Dz—ﬁ (Dg\lf(z))‘ < F| | + { I rG+2)r2+p)(1 ) |Z|]} (4.5)

2+5) L(j+2+B8)1+ M 2{1 + Aj)™ — o}
for § > 0,0 < Q < n,and z € A. The equalities in (4.4) and (4.5) are attained for the function f(z)
define by (2.10).
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Proof. 1t is easy to see that

[e.9]

6D _ P(k+ 102+ B) N
PR+ D (DR === 3 Trgry gy Uk D

=z— i O(B)[1 + Ak — 1)]%az2" (4.6)

k=j+1

e Lk+1DI(2+p)
+ +
p(k) = k>j+1 4.7
Noting that (k) is a decreasing of k, we have

L(+2)r'(2+p)

0< k) <p(G+l)= TG 1210) (4.8)
Therefore, by using (2.13) and (4.8), we can see that
T2+ B)>"D;? (DLf(2) ‘ > |2 = (G + DI ST (14 AR - 1) %y,
k=j+1
_ LG +2)r2+p8)(1-a) j+1
S N R Y e (Y e A
which implies (4.4), and that
P2+ B)2 D77 (DRF())| < 2l + 9 + DI Y [0+ Atk = 1)
k=j+1

LG +2+ B+ N1+ A))™ - a}
which shows (4.5). Furthermore, note that the equalities in (4.4) and (4.5) are attained for the function
f(2) defined by

- o IG+2)r2+p)0 -a) :

B (MO _ 7 B J

022 (081 = gy {1~ e s Enp TG Ty} 4
Thus we complete the assertion of Theorem 4.4. 0

Taking A = 1 in Theorem 4.4, the following Corollary 4.5 given by Sekine is obtained [13].

Corollary 4.5. Let the function f(z) defined by (1.5) be in the class function Tj(n, m, 1, «) = Tj(n,m, «).
Then

NE L(j+2)T(24 8)(1 —«) i
‘D (DYf(2)] 2 “T2+8) {1 TTG 24 B+ (At )™ —a}’z’ } (412)
and
NE L+ 2)T(24+ 8)(1 —a) i
D=7 (DR1)] < r T2+ 6) {1+ TG 12+ A+ {0t ) —a) } (13

for § > 0,0 < Q < n,and z € A. The equalities in (4.12) and (4.13) are attained for the function
f(2) define by

Pan B I'(j+2)T(2+ B)(1 — a) iy
2 (OE) = g {1 i e O
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Taking A = 1 and 2 = 0 Theorem 4.4, we have the following Corollary 4.6.

Corollary 4.6. Let the function f(z) defined by (1.5) be in the class functionT;(n, m, 1, a) = Tj(n, m, o).
Then

g P f DGR A B —a)

‘D e _F2+M{1 FU+2+BW+JPH1+ﬁm—aﬂ’}
and

8 HESE DG +2)0(2+ B)(1 - a) ¥

P < s {1+ s F g s e

for 5 > 0 and z € A. The equality cases in the inequalities here are valid for the function f(z)
define by (2.10).

Theorem 4.7. Let the function f(z) defined by (1.5) be in the class function Tj(n, m, X, «). Then

218 I'(j+ 12— B)(1—a) ;
|2 (0R1:)| > 5= B){l F(j+2—ﬁ>[1+AjJ““1{(1+Aj>m—a}‘zv}

and
215 L+ 12— B) (1 —a) :
) 2 (DYf(= ))) = T2—3) {1 TG 2B+ AN {1+ N - a}\ZV}

for0< g <1, 0<Q<n-—1,andz € A. The equalities in (2.22) and (2.23) are attained for the
function f(z) define by (2.10).

Proof. 1t is easy to see that

o0

r'(2-p)" (D,\f =z - Z L(k —;;_1’_ T 5)6) 14+ Ak —1)]%a2"
k=j+1
Since the function (BT )
T K2 -7 )

is decreasing in k, we have

G+ D2 -p)

O0<ok)<o(j+1) = T +2—5) (4.15)
Therefore, by using (2.13) and (4.8), we can see that
P2 B)2PD;% (DF(2))| 2 12l = (G + DI D [0+ Atk = D)%y
k=j+1
B LG +2r2+p5)(1-a) +1
S TR R [ Tl (V) s A
which implies (4.4), and that
D@ - B)2D: (DRFE)| < 12l + 0 + DI S [1+ Mk - 1))y
k=j+1
< ’z‘ + P(j+2)F(2—|—,B)(1—C¥) |z’j+1 (4.17)

(G +2+B)[1+ N2 {(1 + X )™ — a}
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which shows (1.4) Furthermore, note that the equalities in (4.16) and (4.17) are attained for the func-
tion f(z)defined by

27 FG+1)I'2-5)1 - o) :
D2 (DR1) = rs= 5 {1~ e AR A (s e )
or (2.16). Thus we complete the assertion of Theorem 4.7. O

Taking A = 1 in Theorem 4.7, we have the corresponding results by Sekine [13].

Corollary 4.8. Let the function f(z) defined by (1.4) be in the class function Tj(n, m, 1, «) = Tj(n,m, a).
Then

8 27 [ L(j+ DI(2 - B)(1 - ) i
‘Dz (D ‘ - I‘ 5) {1 I‘(] +2 _5)[1 —I—j]”_Q{(l +])m — a}| | } (4.18)
and
|27 I'G+DrE-p6)(1-a) i
p2 001N < o {1 e et s e @9

for 5 > 0 and z € A. The equalities in (4.18) and (4.19) are attained for the function f(z) define by
(2.10).
Taking A = 1 and 2 = 0 Theorem 4.7, we have

Corollary 4.9. Let the function f(z) defined by (1.4) be in the class function Tj(n, m, 1, a) =T;(n,m, a).
Then

|27

8 B IGG+1Dr2-50-a) v
’D fz ‘— I'2-p3) {1 F(j+2—5)[1+j]n{(1+j)m—a}| ! } (4.20)
and
8 R T(j+ T2 - B)(1 — a) I
‘D 1z ‘_F - B) {1+F(j+2—5)[1+j]n{(1+j)m }| | } (4.21)

for 5 > 0 and z € A. The equalities in (4.20) and (4.21) are attained for the function f(z) define by
(2.10).

5. UppPER BoUNDS OF THE HANKEL DETERMINANTS H3 1 (f) For THE COEFFICIENTS OF THE
FuncTioNs BELONGING To THE Crass A (n, m, A, «).

In the 1960s Pommerenke [10, 11] defined the Hankel determinant H, ,,( f) for a given f of the form

[e.9]
z)=z+ E anz"
n=2

as follows

A, p+1  -+-  Qpig—1
An+1 an+2 ... Gn4q
Hq,n(f) = . . .
an+g—1 Qn+q " Q(p42¢—2

where n,qg € N={1,2,3,...}. In particular,
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ap a2
az ag

a a
Hza(f) = —ag—a3 and Hyo(f) = az ai = apays — a

The studies on Hankel determinants are concentrated on estimating Hs >(f) and Hs 1 (f) for differ-
ent subclasses of S. The absolute sharp bounds of the functional Hj »( f) were found in 2.7, 2.8 for each
of the families S*, C. In [8], Janteng et al. proved that |Hz2(f)| < 1 for S* and |[Ha2(f)| < 3 for
K, where S* and K are very well known classes of starlike and convex functions. The estimation of
the determinant |H3 1(f)| is very hard as compared to deriving the bound of |H3 >(f)|. The paper on
|H31(f)| was given in 2010 by Babalola[3], in which he obtained the upper bound of Hj 1 (f) for the

families of S*, C.

For the function 9(2) = c12 +ca2? +¢32% +... (with [1(2)| < 1,2 € A) the next relations is valid

ler] < 1,
jea] <1 = Jea]
es (1= laP?) +ad| < (1-la?)” ~ fesP
From (5.3), we can write

2
e (1= leal?) +eed| < (1= 1er?) = Jeal?

2
= les 1—|01|2) — |add| < (1—yc1|2) ~eof?

2
= |es (1= lel?)| < (1= lex?) = leal” + [ex] |3

2 2
= |c3 (1 — \01\2) — ‘acg‘ < ’03 <1 — ]01]2> —l—ﬁcg‘ (1 — \01\2) — \02\2

2
1= lal?)” = leaf + fetl |3

:>|Cg| < 5
(1= tal)

2 ‘02‘2
= les| <1 — e T d+laD

Let 0 < ¢; < 1. In this case, since 0 < ¢y < 1, from (5.4) is written

c
1+

Let’s take ¢; = z and co = y to get the maksimum value of the right side of (5.5). Let’s take

2
Y
=1-22— .

Let’s calculate the maximum value of the bivariate function

|03|§1—C%—

=92 y?
Po(@,y) = — QU—’_Qél—i-ac)2 =r=0,y=0
ey(@,y) = T (T+a)
212 2 2y
xx Ly = -2 71 . N3 ) = - ) x ) = 77 . 9

(5.1)
(5.2)

(5.3)

(5.4)

(5.5)
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According to the values of the second-order partial derivatives at the point (0,0), the following
inequalities are written as

[£2y/(0,0)” = 022(0,0)0(0,0) = =4 < 0 and  ,,(0,0) = =2 < 0
then the point (0, 0) is a maximum of ¢(z,y) and

max ¢(z,y) = 1

So,
e <1 (5.6)

is obtained.

Theorem 5.1. Let f(2) = 2 + azz? + azz® + ... belongs to the class A(n,m, \,a),0 < a < 1, > 0.
Then we have the coefficients estimation:

0 < 2(1 — «)

S § IS T GRS N TON |

sl < 2(1 — a) {|1—2a|+(1+)\)m}
= @2 (420 — 1 I+ Nm—1 '

Proof. From the definition of the class A(n, m, A, ) we have
Dy 14+0

O TN LTS

DY f(2) 1—-0(2)

where U is analytic in A with U(0) = 0 and |U5(2)| < 1,2z € A. Let U(2) = c12 + c22% +c323 + .. ..

From (5.7), we have

24+ (14N ag2% + (14 20" ag2® + (14 30)" T agzt + ... (5.8)

={z4+ (1+N"a22® + (L +2\)"a3z® + (1 + 3\)"asz* + ...} {1 +2(1 — @) {O(2) + U*(2) + ...} }

and

=1+2(1—a){0(z) +0%z) + U (2) +...} (5.7)

1+2(1 — a){0(2)+ U*(2) + U*(2) + ...} (5.9)
=142(1-a) {clz—i— (cz—l-c%)zQ—l— (03+20102+c§)z3—|—...}.
From (5.8) and (5.9), we write

24+ (1+ X" ™ag2? + (14 20)" T azz3 + (1 4+ 30)"™ag2? + ... (5.10)
={z4+ 1 +N"a2®+..} [1+201—a){cz+ (o +F) 2* + (c3+ 2c1c0 + ¢F) 2° + ... }]

From (5.10), we obtain

(14+X)""ay =(1 + \)"az + 2(1 — a)e;
2(1 — a)ey

= = 5.11
AT TN 1] (5.11)
and
(L4 20" a3 =2(1 — a) (c2 + ¢F) +2(1 — @)(1 + A\)"craz + (1 4 2X)"a3
2(1 — a){eo + %wc%
=as { (= } (5.12)

(T+20)7[(14+20)™ —1]
If inequality (5.1) is used (5.11),we write
2(1 — a) e 2(1 — a)

2] S T 0 =1 N [ =)
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Similarly, If inequality (5.2) is used (5.12),we obtain

as] = 2(1 - a) (1—2a)+ (1 + A)m 2
T 20 (14 20)m (1 + )™ !

2(1 - a) 2a|+(1+>\) M}

C2

N ENCESING e + TSN

o
2(1 — ) {1+ 2a|+1|1|}
=

T2 [(1+2am
2(1 - )
(420 [(1420)™

11— 2a| + 1+)\)
(I+M)m

0

Theorem 5.2. Let f(z) = z + azz® + azz® + ... belongs to the class A(n,m, \,a),0 < o < 1. Then
we have next sharp estimation:

|Ha1(f)] <

20— a) {[l1 = 22|+ (1 + )™ (1 +)* [+ X" - 1]+ 4(1 — a)?}
(14 X)20(1 4207 [(1 4+ N)m — 12 [(1 4 20)™ — 1] ‘

Proof. From the definition of Hankel determinant has the form of Ha 1 (f) = a3 — a3. In this definition
by using (5.11) and (5.12) and taking module Hj 1 (f) is written as

2(1 - «) {62 + %C%} 2(1 —a)cy 2
Hay(f) = as — a3 = (L4220 [(1+22)™ -1 {(1 + )" [T+ A)™ —1] }

If the modulus of both sides of this last equation is taken and necessary operations are made,we obtain

|Hy 1 (f)| = |as — a3| =

2(17a){02+% 1} 2(1—a)er 2
(1+2X0)"[(1+20)™ —1] - {(1+)\)”[(1+>\)m—1} }

2(1 — ) (1—2a)+ (L+A)™
7 {le + S 1

St 20 [+ 2™ 1+ Nm

2(1 - a) S
+{<1+A>n[<1+A>m—u} “

4(1—a)?
(1+2)2[(1+1)™ -1

(1—2a)+(14X)™
e ]w}
1

(1—2a)+(1+N)™
2(1 - a) S =y s 5
= [Hz1(f)] < - = {1 + 4(1-a)? |ca
(T+20)7[(1+2)0)™ — 1] T ()i
2(1 - a) (1—20)+(1+N)™ 4(1—a)?
= [Haa ()l < (1420 [(1T+20)™ — 1] { arnm—1 T (T2 (TN —1]? }
2(1—a) {[|1 —2a| + X+ )™ (X1 + N2 [(1+ )™ — 1] +4(1 — a)?
N (1) {[l [+ A+ )"+ [(2 ) | +4(1 - a)?}
T+ 4207 [+ )™ =17 [(1+2)0)™ — 1]

O
6. CONCLUSION

Defining subclasses in the theory of analytic functions and giving coefficient estimates of these sub-
classes is one of the main problems of this theory. In this study, a new subclass of analytic functions
is defined using the generalized Salagean operator, coefficient estimates are given for the functions of
this subclass, and distortion theorems are proven. Distortion theorems have been studied for fractional
calculus belonging to defined subclass of analytic functions with negative coefficients. A relative re-
lation has been obtained for neighborhoods of defined subclass of analytical functions with negative
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coeflicients. In addition, the upper bounds of the Hankel determinant, which is one of the important
problems of this theory, was examined for a special case.

In this study, the results of previously studied subclasses can be compared by giving special values
to some parameters used to define the new subclass.
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