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ABSTRACT. Euler’s groundbreaking work in the 18th century on linear and nonlinear harmonic sums laid
a foundation that continues to inspire mathematical research today. Over the years, many important new
discoveries have emerged, deepening our understanding of these fascinating structures. In this paper,
we explore various representations of linear harmonic Euler sums of both odd and even weights. The
findings highlight not only the rich complexity of this field but also the many opportunities that remain,
particularly in the study of multiple zeta values and their generalizations. We also present several new
examples of Euler sums with even weight, contributing fresh insights to this enduring area of research.
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1. INTRODUCTION

The 18th-century mathematician Euler introduced and investigated linear harmonic sums of the form

o0 (p)
Hy,
P (1.1)
n=1 n

where p and ¢ are positive integers with t > 2, and the sum p + ¢t is referred to as the weight of the
sum. Building on Eulers foundational work, Flajolet and Salvy [22] made a significant contribution by
systematically studying four distinct classes of linear and skew harmonic Euler sums. They provided
explicit expressions for sums of the types:

o (p) 0 n+1 7(P)
H), _ (=1)"* Hy,
++ . +—
Sp’t = E o Sm = g i (1.2)
n=1 n=1
o0 A(p) o) (_1)n+1A(p)
Sp,t = E A pt P E e (1.3)
=1 n=1

where Hﬁbp ) denotes the harmonic numbers of order p (defined in equation (1.13)) and Aﬁf’ ) denotes
the alternating harmonic numbers (defined in equation (1.15)). In particular, the linear harmonic Euler
sums S;;Jr, which are also represented as S, ;, were extensively studied by Euler and Goldbach (see
Flajolet and Salvy [22]). For sums of odd weight p + ¢, Borwein et al. [10] established the elegant

identity:
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where, in this context, the symbol [z] denotes the greatest integer less than or equal to € R. Euler
derived this evaluation by calculating numerous examples for weights p+¢ < 13 and then extrapolating
a general formula, albeit without providing a formal proof. In his work [21], Euler stated the result

1t—2
sf;:(1+;)<<t+1>—2;<<j+1><<t—j> (15)

for integer ¢ > 2. For the alternating linear harmonic Euler sums, defined by

+-— +— - +1H7(Lp)
Sp,t (1) = Sp,t = Z (=" Tt
n=1

Flajolet and Salvy [22] provided an explicit expression for the case of odd weight p + ¢:
28,7 =(1—(=1)")C@)nt)+n(p+1)

v 2 () e e

) t—1
j+2k=p

TSRS (p“‘1)<<p+i>n<2k>,

vkt NPT 1

(1.6)

where 7) (+) denotes the Dirichlet eta function. For the specific case of odd weight 1 + ¢, Sitaramachan-
drarao [39] established the following identity:

1
2
STy =@+Dnt+1)—CE+1)—2> C(2)¢(t+1—2j).
j=1
More recently, Alzer and Choi [3] derived the following identity: for p € Z>o,

p
281 =pC(p+ 1) —Ct+1)=2> n(i)np+1—7). (1.7)
Jj=1

Throughout this paper, let N, Z, R, R, and C denote the sets of positive integers, integers, real numbers,
positive real numbers, and complex numbers, respectively. Also, let Z~, (Z<,) denote the set of integers
greater than or equal to (less than or equal to) some integer /.

Nielsen [34], along with many other researchers (see [1, 3, 6, 8, 9, 10, 14, 22, 26, 43, 47, 48, 49, 50, 51],
and [68]), has continued to develop this work. It is now established that Sl';f can be explicitly evaluated
in terms of special functions, such as the Riemann zeta function, in the following cases: whenp =t € N;
when p + ¢ is odd; and when p + ¢ is even, but only for the specific pairs (p,t) = (4,2) and (2,4). Itis
conjectured that S;j’ with even weight p + ¢ > 8 cannot, in general, be evaluated in terms of special
functions.
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There are reciprocity (shuffle) relations of the form (consult [22, p. 33]):

S, +Si, =) Ct) +np+1), (1.8)
S,: +8i, =nl)n(t)+{(p+1), (1.9)
S;;HSt,p =) CH+Cp+1), (1.10)

which can be used to evaluate, for example, S;;t+ if S;r p+ is known (or vice versa).
In a similar manner, parametric extensions of these sums are defined (as in [3]) by introducing pa-
rameters a, b, and ¢ into the summation:

© H(p)() > 1)j+1H(P)(a)
++ co) — qan E( q”
Sp (ab)_Z(er) claba) = e
N 1) (1.11)
S - o (17 AR (a)
sitwnn =3 AU g -3 S

for the case ¢ = 1, and further extended by Sofo and Choi [47] to ¢ € R™. Here, a, b € C\ Z<_1, and
p, t € C are chosen so that each of the four series converges. It is easy to see that when a = 0 and
b = 0, these parametric sums reduce to the forms in (1.2) and (1.3):

S;(0,0;1) =S, F, S§/7(0,0;1) =S, S,7(0,0;1) =S, , S,7(0,0;1) =8, ;.

Dt p,t Dt

Harmonic numbers appear in a wide range of research topics. For instance, Flajolet and Sedgewick
[23], using the residue theorem from complex analysis, showed that the following finite combinatorial
sum can be expressed in terms of generalized harmonic numbers in (1.2) (refer also to Batir [7] and the
references therein): For m, n € N, they showed:

> (n) o >
ok Ok n>rBr> s>l L2 Tm

-y 1 (HS) ) " (H;f))m (Hy(f’) ) ma
B T )
mi1+2mao+--=m mi:ima: 1 2 3

where H,(Lk) denotes the generalized harmonic numbers of order &.

The paper [51] discusses a notable integral that can be expressed in terms of harmonic numbers and
finds applications in statistical plasma physics, particularly in the Sommerfeld temperature expansion
of electronic entropy. For a comprehensive overview of research on multiple zeta values and Euler sums
of arbitrary degree, readers are referred to the expository paper [11]. Since then, the study of multiple
zeta values and Euler sums has remained an active and evolving area of research; see, for example,
[5, 18, 20, 24, 25, 32, 33, 35, 36, 37, 38], and [42].

A fundamental and widely used special function in this research is the Riemann zeta function, defined
by

Zj>1 Jit = 1_124 Zj>1 (jSl)t (R(t) > 1),
¢(t) = _ (1.12)
1 (=)’~*
1_9l—t Zj}l i (%(t) >0,t# 1).
The Dirichlet eta function, 7)(t), is defined by

n(t) := Z (Gt = (1-2"")¢t) (R(t)>0).
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The generalized harmonic numbers Ji8% (U) of order p are defined by
n
1

HP (v) =) (pe C, veC\Zc 1, neN), (1.13)
= G+op
where HT(Lp ) = HT(Lp ) (0) are the harmonic numbers of order p. In particular, the classical harmonic

numbers H,, := HT(LI) are given by
1
Hn:Z;:7+w(n+1) (n € Zso), (1.14)
j=1

with the convention Hy := 0. The generalized alternating, or skew, harmonic numbers AP (a) of order
t, as introduced in (1.3), are defined by

AP ( Z

Jj=1

J+1

o) (teC,neN a\Zc 1), (1.15)
] a

(s)

where A,, := AS). An interesting relationship between the harmonic numbers H,,’ and the alternating

(s)

harmonic numbers A,,”, is given by

— 1—s p(s)

AW = g 9 Hi )y

where [x] represents the greatest integer less than or equal to =. Here, -y denotes the Euler-Mascheroni
constant (see, e.g., [53, Section 1.2]), and 1) (¢) is the digamma (or psi) function defined as

0(0) = 5 (logT (1) = -0

where I () is the Gamma function (see, e.g., [53, Section 1.1]). The generalized (or Hurwitz) zeta
function ((t, m) is defined by

Ctym) =Y (1 (R(t) > 1, a € C\ Zey), (118)

t
= U+ta)

(1.16)

(t € C\ Zo), (1.17)

and admits a meromorphic continuation to the entire complex ¢-plane (except for a simple poleatt = 1
with residue 1) (see, e.g., [53, Section 1.3]). Furthermore. the m-th derivative of the digamma function,
known as the polygamma function (™) (t), satisfies

P () = (—1)™H |Z W = (=)™ mIC(m +1,¢t).
>0

Two useful identities for the Hurwitz zeta function ((¢, m) are

C(t,1) = ¢(t) and (¢, 3) = 2°A(t), (1.19)
where A(t) denotes the Dirichlet lambda function. The Dirichlet lambda function A (s) is defined as

the term-wise arithmetic mean of the Dirichlet eta function 7(s) and the Riemann zeta function ((s),
given by

A(m)_w—g& oL — ;1 ]—1 (R(m) > 1).
The Dirichlet beta function 3(z) is defined by
e (_1)k+1
B(z)=>" (R(2) > 0), (1.20)

— (2k — 1)7
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and specifically, 5(2) = G, where G denotes the Catalan constant. Among various properties and
identities involving 3(z), we have

52 =47 {C (= ) = C (= §)) = L) - L), (121

where we use the bold symbol, i =/—1, the imaginary unit, in this paper, and Li,(z) denotes the
polylogarithm function.
The polylogarithm function Li,(z) of order p > 1 is defined by (see, e.g., [53, p. 198])
o0 Zm
Lip(z) = ) “— (<L pEeZs), (1.22)

m
m=1

and, in particular,
Lis(s) = —log(1—2), (l2] <1).
The polylogarithm Lis(—z) can be expressed as

_ dt
Li,(—2 T / - 1eXp —dt, (1.23)
0

where I (s) is the gamma function. In this context, Lis(—z) is sometimes referred to as a Fermi-Dirac
integral (see [2] or [54]). Similarly, the polylogarithm Li,(z) is given by

. I
Lis(z) = T (s) / Texp () —1 dt (1.24)
0

is sometimes called a Bose-Einstein integral [54]. According to Lewin (see [31, p. 299]; see also [16],
[19, pp. 30-31], [29], [53, pp. 197-198]), Jonquiére’s relation states that for ¢t € Z>o,

Lis C)_( ax (Ll() (2;i)tBt <gz>> (1.25)

where Li;(z) is the polylogarithm function and B;(z) denotes the Bernoulli polynomial. Expanding
By (lnz ) explicitly, we can also write

27i
Lis C) = (—1) Lig(z) + (—1)tH (2Zi)t zt: C) (g;)” B,

Jj=0

where B; are the Bernoulli numbers. For a negative argument, Jonquiére’s relation gives

1 t 2j
Li; <> = (*1)t+1 <L1t + Z ' N 2])) (t S Z)Q), (126)

where 1) (2j) denotes the Dirichlet eta function evaluated at even integers.

The relations (1.25) and (1.26) thus provide the analytic continuation of the polylogarithm Lis(z),
originally defined in (1.22), beyond its initial domain of convergence |z| < 1.

The Bernoulli polynomials B;(t) are defined by the generating function
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They have the following explicit representation (see, e.g., [53, Section 1.7]):

J . J .
Bi(t)=>" (2) Bt =%" (‘;) By_xt* (1.27)

k=0 k=0
where By, = By, (0) are the Bernoulli numbers. The Bernoulli numbers themselves are defined by the
generating function

z
e —1

i
> FBj (2| < 2m).

j=0

The Euler polynomials F,, () and Euler numbers F,, are defined by the generating functions

2 ext "
> SE @) (<),

a1
et +1 e
and
2 et 1 n T
= = —F (t < *) . 1.28
e2t +1 cosht 7;0 nl " i 2 (1.28)

Alternatively, the Euler polynomials can be expressed explicitly as

k
Eue) =3 e 21 (5) i,

Some of the first few Bernoulli numbers and Euler numbers are:

1 1 1 1
By = 1,Bi=——=,Bo=-,B3=0,By=——,B5=0, Bg = —;
0 y D1 9’ 2 67 3 07 4 307 5 07 6 49’
(1.29)
Ey = 1,Eh=0, Fb=-1, E5=0, E, =5, 5 =0, Flg = —61.

Moreover, it holds that
B2n+1 =0 (n S N),

and
Es,—1=0 (n € N)

The extended harmonic numbers H((Xm) of order m € N with index o € C\ Z<_; are defined by the
following expressions (see [53]):

o [t (m=1),
T <o)+ Gl v D (a 1) (m € Zs).

(67

(1.30)

The case for m = 1 in (1.30) is given in (1.14). By employing (1.30), we obtain the recurrence relation:

«

m 1
H™ = g™ 4 — (meN, aeC\Zg). (1.31)

Next, applying (1.30) to the multiplication formula for polygamma functions

1 .
¢(n) (mz) = 0p0logm + T Z ¢(n) <Z + %) (meN, ne€Zs), (1.32)
7=1
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where 9§, ; is the Kronecker delta, leads to the following multiplication formula for the extended har-
monic numbers:

Hifo = mp Z gﬁ ;o H(1=mTP) <)
j=1 (1.33)
(mEN,pEZ>2; ma + 1, a+% EC\Z@).

In this article, we provide a variety of specific evaluations of harmonic Euler sums with both odd
and even weights. Evaluations of linear harmonic Euler sums in closed form, whether of odd or even
weight, refer to cases where the sums can be expressed as polynomials in zeta values and other special
functions. The Euler sums that can be evaluated in this manner are referred to as reducible sums. On
the other hand, sums that cannot be expressed in terms of special functions are called irreducible Euler
sums. Relevant references regarding reducible and irreducible sums include [12, 13, 15, 17, 27, 28, 30,
34, 42, 44, 45, 46, 52, 56, 55, 57, 65].

2. GENERAL REsuULTSs FOR ODD WEIGHTS

The first general result pertains to a closed-form expression for S; 5(0,0;q) = S;j (q) for g € RT.

Theorem 2.1. Letp € N, t € Z=o, and ¢ € RT. Then, for odd weight p + 1 + t, we have:
(~1)7 p!
2178 ) = (S a1, ) o)

4]
+2(=1PpIC(p+1)C(t) — 22 (t+1—2§),d"2C¢25)C (p+1+1—2)

J_
% 1P () Lis (07
—a%(/ n” (y) Lis(y )dy>’
o y(d-y)
(2.1)
where S;;jl’t(q) is the linear harmonic Euler sum (1.2), Li;(-) is the polylogarithmic function defined by

(1.22), ¢ (t) is the Riemann zeta function, and (-),, is the Pochhammer symbol. The symbol R (z) indicates
the real part of z.

Proof. The proof is based on expressing the integral

> In” (y) Liz(y?)
/0 y(1—-y) d

using the Fermi-Dirac polylogarithm (1.24) and the Jonquiére relation (1.25), in Euler sums and special
finctions. Further details can be found in reference [40]. O

The next general result provides a closed-form expression for S; ; (0,0;q) = S;r’; (q) whereq € RT.

Theorem 2.2. Letp, t € N, and q € R™. For odd weight p + 1 + t, the following identity holds:

2(=1)PpIS;T 4(q) = qu n(p+t+1)+2(=1)Ppln(t)C (p+1)
3]
—2) (t+1-24),¢" P n2)¢ (p+t+ 1 - 2)) (2.2)
=0

+

% In® (y) Lig(—y9)
/0 y(1—y) i
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where S;Z:Lt(q) is the linear harmonic Euler sum (1.2), Li,(-) is the polylogarithmic function defined by
(1.22), € (1) is the Riemann zeta function, and (-),, is the Pochhammer symbol.

Proof. The proof is based on expressing the integral

/‘X’ In” (y) Li(—y") ,
0

Y,
y(1-y)
using the Fermi-Dirac polylogarithm (1.23) and the Jonquiére relation (1.26), in Euler sums and special
finctions. Further details can be found in reference [40]. O

Some particular cases of the results in Theorems 2.1 and 2.2 are provided.
Example 2.3. Fort € Z>o,

S5 (2) =gz¢ (t+5) + ¢ (5) ¢ (1)
(5]

— o Y (E+1=25), 2725 (t+5—25) — =t (152" = 7) C(4) ( (t+1)

N+

[\

1

o5 ()3 (3- 22 = 7) C(2) C(t +3) + 7o ()5 C (t+5).

Example 2.4. Fort € N,

[«
—~ .

> (—1)"t! HW
SLE@) =) =L (-Gt + )2+ B+1))n(t+4)

3T (41— 25)y(29)C (¢ +4 - 2)) — En(B)C (4)
§=0

— 2B (b 4+ 1) — 2Pt (b 4+ 1) (t+2) B (¢t + 3)
— gt + )t +2)¢(2).

Example 2.5. Fort € Z>o,

+ ) 5T (41— 24), 1(25)C (¢ + 2 — 29)
j=0

=322 512 0(2) 6 (C(t 75) — ¢ (6:3) = C (6 2) + ¢ (¢ 55)
=3-227 520 (2) 67 (C (1 3) = C (8, 45) —C(t15) + ¢ (.5))

where ¢ and ¢* are the two zeros of the Fibonacci recurrence:

¢ — 1+\/g ¢* —_ 17\/57)

2 2 -

3. GENERAL REsuLTs FOR EVEN WEIGHTS

In this section, we explore linear harmonic Euler sums of even weight. It is generally accepted that
Euler determined all the closed-form expressions of the type (1.4). For even weight, the following



190 ANTHONY SOFO, JUNESANG CHOI

relations hold:

S;. + St =n(t)¢(t) +n(2t);
28, = n*(t) + ((2t);
28/ = (1) + ¢ (2t);

28/ — 28, =P (t) —*(b).

The only known closed-form expressions for the linear Euler sums S;;' with even weight p + ¢ and
p # t are the exceptional cases:

Sou=C*(3) - %C(6)7
S12 = 13¢(6) — ¢*(3).
The following identity, presented in [41], states that for ¢ € RT and t € N:
261 . A
St (1) + £SHhn (@ = X (17 g7 ¢+ 1) ¢+ 1), (31)
7j=1
In particular, for ¢ = 2, we have the following relations:

2t—1
ST (3) =St = =ST3 + D ()27 ¢+ )¢+ 1),

2t—1
o y - Teo—j ryf- .
STt (3) = STa = (27 = 1) S{g + E )7 277 ¢+ 1) n(2t +1 —j),

and
2t—1

- 1 B |
Slaen (2) =Sl <2> =278 {5 — 2 Z D7 G+ 1) ¢t +1—5).

Moreover, as noted in [45, p. 10], the following even We1ght linear harmonic Euler sum identity holds:
(27 = 1) 853, + 2855 — S5ip + 287 511 =3¢ (2)n (20) — 270 (2) C (21)
+83 11+ (Qt -1 (1-27%) S{4,

2t—1
- Z 2% S (2t~ )0 () (2t +2 - j).

(3.2)

The Euler sum S;;rl’l is determined by the Alzer-Choi identity (1.7), while Si;t 41 corresponds to the
classical Euler identity (1.5). The identity (3.2) represents Euler sums of even weight. For { = 6, we
have the specific case:

285 15— 105283 T, — STy, +128] 1y = TERET (14) — 18 ¢(7)% - 32¢(5)¢(9) — 2E¢(3)¢(11). (3.3)

We introduce the following constant, which will be used in the next theorem to represent the sum
of even weight linear harmonic Euler sums. Define T'(n, k) as follows (see [69]):

T(n, k) := (Z) EZ - B : (3.4)

Here, T'(n, k) represents the number of partially ordered sets (posets) with n elements that are com-
posed of exactly k chains. These numbers also appear as coefficients in the expansion of the rising fac-
torials (x); = x(z+1) -+ (x 4+ k — 1) in terms of the falling factorials {z}; = z(x —1)--- (z —k+1).
Specifically, the relation
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zn:T (n, k){x}
k

1
holds. For additional properties of T'(n, k), see [69].
Theorem 3.1. Letm € N, t € Z>,+1, and g € R Then the following formula holds:
1 om om—t (=" _—
>t (uptty e mi ) =S CU ) S [t ) i )
n>1 r=1 n>1
(3.5)

where Li;(-) is the polylogarithm function, Hn is the extended harmonic number, and T'(m, r) is defined
q
as in (3.4).

Proof. Refer to details in [47]. U
The particular case m = 2, ¢ = 1 of (3.5) are provided in the following corollary.

Corollary 3.2. The following identities hold: fort € Z>s,
(1—2t)S33, — 2855, 1 =5t (2t — 1) (2t +3) ¢(2t +2) — 2¢(3)¢(2t — 1)

2t—1
— (2t =1)¢(2)¢(2t) — 5t (2t —1) > ¢(2t+1— )¢ + 1)
j=1
22 ' 3.6
FY 1 et — )i+ 2) o
=1
’ 2t—3 ’
+3 ) (D 5G+1DC2t=1-5)C0G +3),
j=1
and
(2t — 1) S35+ 285, 5 =5t (2t — 1) (2t +3) (2t +2) + (2t + 1) (2t + 2)
2—1
32t —1) ) C2t+1-4)¢G+1)
j=1
2%—2 3.7
£ 1P Rt )G+ 7
1
" 2—3
3 > (DG 12— 1= 5)C( +3).
7=1
Some more specific instances of (3.7) are:
5Sg6 + 2835 = 10¢(3)¢(5) — 2L¢(8) (3.8)
and
5S6,2 + 2553 = 35C(8) — 8¢(3)¢(5); (3.9)
TSas + 2837 = 14C(3)C(T) + 8¢%(5) — $¢(10) (3.10)
and

7Ss2 + 2873 = TL(10) — 8¢2(5) — 12¢(3)¢(7); (3.11)
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28311 + 118910 = 18¢3(7) + 32¢(9)¢(5) + 22¢(11)¢(3) — 65¢(14)
and

28113 + 118122 = 11¢(12)¢(2) + 78(14) — 18¢*(7) — 32¢(9)¢(5) — 20¢(11)¢(3).

The identities (3.8)and (3.10) also appear in [62, p. 595], together with
TSz — 2846 = 14¢(3)¢(7) + 10¢*(5) — 7 ¢(10).
By subtracting (3.12) from (3.8), side by side, we obtain:
Ss,7 + Su6 = 35¢(10) — ¢3(5).
Also, we have
T I +7_ —
28;,4 - Sjl_,Q +48,5 = % (6) — %C2(3)7
and similarly,
Siy 4385, +6S5 =212¢(6) — 55¢%(3).
Eliminating the ngj term from these two, we obtain:
Si5 +5Sin = 158¢(6) + 15¢7(3).
For t = 3, from [62, p. 603], we have:
1285 — §855 — 2853 +4835 = T d(8) — FLB)KO),
and
685 — §S24 + 825 = 5 C(8) — 6C(3)¢(5).

By combining these two identities, we find:

Sy —Sah = —#Sas +3C3)C(5) — 7ewC(8).
Using similar evaluations, we record the following results:
5S¢, +2853 = FB)C(5) - RRC(O),
5855 +51Sa5 —3S1h = HB)CE) - FHE).

Using (3.8) and (3.14), we derive:
5S55 (2) + 8557 (2) = 155H(8) — 1PCB3)¢(5).

For t = 4, using [62, p. 605], we get:

S35 —Sdy = —3aSan + gC(3)C(T) — 565¢(10) + FH ).
Similarly,

S5y +2875 = FLCB)C(T) — Fing¢(10) + FC3(5),

and we notice that, from (3.11) and (3.17), we have:

7Sis (2) + 575" (2) = FHEREC(10) — BRCB)C(T) — FHP(5)-
Other identities involving even weight ten are:

Sis +5S35 +288y +4S5r + 2SI = 25 2(5) 4 5

+- +,— +,— 1383 g+t _ 2353 2 4911
Sy T7Sq5 +4S37 + 55528 = S (5) + 55

3
3

(3)¢
(3)¢

Siu + 98si + 287 = URC(10) + $22¢(3)¢(7) — 85

Setting m = 4 and ¢ = 1 in Theorem 3.1, we obtain the following corollary.

84951
7) ~ 5120

( (
(7) — %50 ¢ (10),

10),

¢*(5).

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Corollary 3.3. The following identity holds: fort € Z>s,
48535 3+24(2t—3)sj;t o+ 24 (7 —2t4+3)S435, | +4(2t—1) (* —t+6)S]3,
— 2% (£ +11) S5, +4(2t — 1) (2 =t +6) ((2) ¢(2t)
+48C(5)C(2t—3) +24 (2t —3)C(4) ¢ (2t —2)+24 (=2t +3) ((3) (2t — 1)

+22 DG =) (# = 2t + 2+ 1) CG+ D2+ 1),
(3.19)

Some specific examples of (3.19) are:

%S;{’ 35S+8 +21S;f9+ = 26645 ((12) — 56¢(7)¢(5),
STa + IS + 2SIt = 28¢(14) — B¢ (7) — 27¢(9)¢(5),

Soat + 3S11h = 1888 ] + 23Le(14) — 345¢2(7) — 147¢(9)¢(5) — £2¢(11)¢(3),

6S110 — Sas = 665515 + 3433¢(14) — 141¢3(7) — 240¢(9)¢(5) — 132¢(11)¢(3),
Sis" — 655 = 66551 + BB (14) — 141¢3(7) — 240¢(9)¢(5) — 132¢(11)¢(3).

In the following theorem, we investigate variant Euler sums with even weight.
Theorem 3.4. Let (p,t) € N2, a € [—1,1], and assume that p + t + 1 is an even integer. Then the
following variant of a harmonic Euler sum of even weight holds:
(_1)n+1 HT(Zt)

+,— 1.
2p+1 Stpr1 (07 2 1) (2n + 1)p+1

n=1
[2]

et i (PHE—25\ ,
:(g!) J(p,t)+(_1)1)+122t 23<p ) j)ﬁ(QJ)B(p—Ft—I-l—Zj),

=0
(3.20)
where
J (p,1) :/”J)d— lim 27 (5 sec () (C (1) = ¢ (1. 552))).
0

Also, [m] represents the greatest integer less than or equal to m, 1) (+) is the Dirichlet eta function, /3 ()
a

is the Dirichlet beta function, Li;(—x?) is the polylogarithm function, ¢ (t, 1%) is the generalized zeta
function.

Proof. By expanding the polylogarithm inside the following integral, we obtain

1 1
/f p,t;x) de = Z:(—l)nJrl H,(f)/xzn log? (z) dx
0 n=1
1n+1H(t)
- p'z((zn-s-l pHL o
where
log? () Lis(—2?
(p. ) o= O8O

1+ 22
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By integrating f (p, t; x) over the positive line > 0 and decomposing the integral into two parts, we

obtain
o) 1 o]
/f(p,t;az)dm = /f(p,t;x)dx—l—/f(p,t;a:)daz
0 0 1

In the second integral, we apply the substitution z = y~!,

some simplifications, we find:

use the Jonquiére relation (1.26), and after

t

r p+1 ] t2j p+t_2]) . .
fptz)de=2(=1)""pl § 72 T E i %) n(25) B (p+t+1-—25).
n>1 7=0

Rearranging terms, we can express the series as:

t
5] .
(_1)n+1 H’r(lt) (71);;-0-1 +1 t_2A<p 4+t — 2]) ) )
= J(p,t)+ (=1)°P 20— 2 +t+1-29).
n; T s W (p,t) + (=1) ; , B 7)

To evaluate J (p, t), we begin by introducing the auxiliary function:

* ali(— 2
X(a,t) = /ajllj_(xf)dx,
0

where the parameter a € [—1, 1]. Using the Fermi-Dirac integral (1.23), we arrive at:

_ _L ooxt_l i A *
X(at) = r(z:)o/ 0/ T+ A 2en@ 0" )
= Gsee () (c)—¢(t.152).

Taking the p-th derivative of X (a,t) with respect to a and evaluating the limit as a — 0, we obtain

J(p,t) = / o WL,

1+ 22
0
oP /m am 1—
= limg (5o (T) €O-c5).
O
Two specific cases of the result in Theorem 3.4 are given in the following corollaries.
Corollary 3.5. The following identity holds: fort € N,
Lot . (_1)TL+1 Hﬁj?t-l—l)
3820111 (0,3:1) = o+ 1
n=1
[2t+1} (321)
2

= —712%y (2t + 1) 222t+1 20 (25) B (2t +2 — 2j) .

Proof. Setting p = 0, and replacing ¢ by 2¢ + 1 in (3.20) leads to the desired identity. g
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Corollary 3.6. The following identity holds: forp € N,

i (0, 5:1) = ( n
22p+1 +1 1,2p+1 \M» 2 2p+1
P P = (2n+ 1) P+

i (3) [Enln2-@p+18Cp+2)

1 pr1 P 24j 2p
e (TS 0 2 () By a1

Jj=1

(3.22)
Here, Byj are the Bernoulli numbers (1.29), Eo), are the Euler numbers (1.28), and X (2j + 1) are the
Dirichlet Lambda functions.

Proof. Substituting p into 2p and ¢ = 1 in (3.20) yields the desired identity. g

Two particular cases of (3.20) for weight eight when p = 5, ¢t = 2 and p = 1, t = 6, respectively,
are provided in the following examples.

Example 3.7.

iy = 20O - B0 Ae(E) - B,
n>1

Example 3.8.

( 1)n+1 H(6)

2n T 1? = 326/(8) + 80 (2) 8(6) + 120 (4) B (4) + 1 (6) B(2) — Frw¢(7).  (3.23)
n=1

4. EXTENDED DIscUssION

An illustrative example highlights the difference between two linear harmonic Euler sums of even
weight with multiple arguments. Specifically, from equation (3.20), by expansion, we have:

S (0,-5:2) - ket (0.4:2) = 30

_1)n+1 Hq(lt) N o 1
— (2n+ )PP = (2n) (4n - 1P

Setting t = 6, p = 1, this simplifies to

5805 (0,-4:2) — S35 (0,452) =2245(8) + 807 (2) B (6) + 127 (4) B (4) + 7 (6) 3 (2)
— BLr((7) 4+ 5¢(5) + 4¢(3) — 288In2 + £¢(6)
+ 3¢(4) + 44¢(2) + 487 — 32G,

where G is the Catalan constant.

Nonlinear harmonic Euler sums, which involve at least the product of two generalized harmonic
numbers, are deeply connected to linear harmonic Euler sums. Let P = (p1, ..., pg) be a partition of
an integer p into k summands such that p = p; + --- + pr and p; < py < -+ - < pg. The Euler sum of
index P, t is defined as

o0 (p1) r7(p2) (Pr)
Sp;t = Z J z n ¢ ’ (41)

i=1 J
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where H j(p ) represents the p-th generalized harmonic number. The quantity ¢+ p; + - - - 4 py, is referred
to as the weight of the sum, while & is called the degree. For simplicity, repeated summands in the
partition are represented using exponents. For example,

0o 74 f 723 £y (6)
B B Hj {Hj } H;
Si1493 64 = S1,1,1,1,222,6;t = E 5 :

: J
J=1

For a comprehensive overview of multiple zeta values and Euler sums of arbitrary degree, readers
are referred to the expository article [11]. The study of multiple zeta values and Euler sums remains an
active area of research; see, for example, [42, 43, 49, 57, 62, 60, 61, 59, 58, 63, 64, 66, 67].

Several notable results have been obtained regarding nonlinear harmonic Euler sums. Flajolet and
Salvy [22] provided numerous examples of quadratic sums, such as:

Sy2.4 = 2I((8) — 40¢(3)C(5) + 6¢(2)¢3(3) + 1185 4"

Wang and Lyu [57] in Corollary 3.4, explicitly list the Borwein-Borwein-Girgenshon reduction formula,
which expresses the quadratic Euler sums S;2.9, 5 in terms of the irreducible Euler sums Syt btyo- More-
over, in Theorem 5.5, they showed that all twenty-nine Euler sums of a given weight can be reduced to
values of S;g. For example

Sa2.0 = SIIC(8) — 35C(3)C(5) + 42¢(2)¢3(3) + 2853

In view of the linear Euler sum (1.5), the following proposition illustrates that evaluating the quadratic
nonlinear Euler sum S,z ; is equivalent to evaluating the linear Euler sum S; ;f.

Proposition 4.1. For all weights, the quadratic sums Sz, reduce to linear sums and polynomials in zeta
values as follows:

Sizq = S5, + ST — Lt +2) + ¢(2)¢(8)

Jr
Z Z aga—ajar—; (t € L),
~0

(4.2)

Ll

where the ay, are defined by
ap=1, a1 =0, ap= —C(k) (ki S Z}Q) .

Alternatively, the double sum can be expressed as

t+2 ¢
D amacajay=— Y CHCGCK),
=0 j=0 i+jt+k=t+2
where (0) := —1 and ((1) := 0 are used whenever they occur.

Si et al. [38, p. 427] presented the identity:
Sias — 4855 = FC(8) — 16¢(3)C(5) + §C(2)¢(3).

Cubic Euler sums S;3 ; for (¢ = 2, 3, 4, 6) can be expressed as polynomials in terms of Riemann zeta
values (see [38, p. 432]; see also [4, 22, 66]). Xu [61] showed that certain cubic sums

(2p+1)\
H2 H(Pk) Hn (Hn )
Sizpp =D o and Sigpp10pp1 = > T

n>1 n>1
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are reducible to combinations of quadratic and linear Euler sums. Moreover, it is known that quadratic
Euler sums of the form
Z H7(1p1) H1(1p2)

Sm 2t — nt

)
n>1

can also be expressed in terms of linear sums, provided the weight p; + pa + t is even. For example,

Sass = —%5C(10) + FC3(5) + 56¢(3)C(T) — 15¢(2)¢(3)¢(5)
~10855" — 5¢(2)S55"

5. CONCLUDING REMARKS

From the brilliant early work of Euler in the 18th century on linear and nonlinear harmonic number
sums, such as those in (1.1) and (4.1), an enduring and vibrant area of study was born, one that remains
active today. In the 19th and 20th centuries, researchers such as Nielsen, Borwein, Flajolet, and many
others revitalized this field, leading to the regular publication of new and significant results. Harmonic
Euler sums, both linear and nonlinear, have found wide-ranging applications across combinatorics,
number theory, physics, and even music.

In Section 2, we presented some of the latest developments concerning Euler sums of odd weight.
In Section 3, we compiled a collection of current and new results related to Euler sums of even weight.
Nonlinear harmonic Euler sums, in particular, are known for their difficulty, and extracting meaningful
results remains challenging. Ongoing research is focused on multivariable zeta values and Tornheim-
like series. Additionally, in Section 3, we have provided several new examples of Euler sums of even
weight.

STATEMENTS AND DECLARATIONS
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