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ABSTRACT. We prove the Holder continuity of a weak solution v € W7 © () to quasi-linear elliptic
equations in the diverged form div (A (z, u, Vu)) +b(z, u, Vu) = 0, in the regular bounded domain
Qin R for | > 3, where functions A = a; (z, u, k) and b (z, u, k) are correctly defined for all z €
clos () and every u, k, and A, b are measurable. We establish the conditions on coefficients A and b
under which the weak solution u € Wlp“ (€2) belongs to Co, o (£2) for certain o depending only on M,
v (M), u(M),p(-),and |Vp|, where essmax lul <M < 0.
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1. INTRODUCTION

This article is dedicated to the Holder regularity of a weak solution to the elliptic differential equation
in the divergent form with the nonstandard growth

div (A (z, u, Vu))+b(x, u, Vu) =0, (1.1)

where € is a bounded domain in R!, [ > 3, and where functions A = a; (z, u, k) and b (x, u, k) are
well-defined for all z € clos (2) and every u, k, are measurable. This type of equation is connected
with the minimization problem of variational functionals [ of the type

I:/ Vu (z)P™) da
Q

with variable exponential growth conditions. More information can be found in [4, 9], and the Holder
minimizer continuity was discussed in [6] for variational problems under the assumptions of nonstan-
dard growth.

For general information on the smoothness of the weak solutions to quasilinear Dirichlet problems
with standard growth, we refer to [9]. See [1, 11], for breakthrough results in Holder’s regularity of
solutions to linear elliptic differential equations. The authors employed the estimation of the square
integrals of some convex functions of a weak solution.

We are interested in the regularity of a weak solution in the variable exponent Sobolev spaces

Wf(') (€2) under the assumption that such a solution exists and that e p € P'°% (Q), p,,, = mlIglgp (z),
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ps = supp (z) and |Vp| < const. From condition (3.2) follows
el

> ai(z, u, k) < p(jul) (1+ || )P ~L
i=1, ..., 1

and, for fixed space variables, we are applying the Young inequality in the form

< p(ZL’) — 1@}7&()%—)1 + 1 bp(x)

~ p(2) p(x)
which is valid for all numbers a, b > 0. In [5], the authors studied the existence of weak solutions to
the Dirichlet problem for equations involving variable exponent Laplacian and proved the criterion for
the existence of infinitely many pairs of weak solutions for such problems. In [6], the Holder continuity
of minimizers of variational functional associated with quasi-linear elliptic equations is investigated in
the variational exponent framework; authors used methods similar to that are developed in the present

paper, however, the De Giorgio classes introduced as follows: a function u € W7 ) (€2) belongs to class
Bpy (2, M) = B,y (2, M, 9, 91, 6) if ess max |u(z)| < M and for every components u () and

—u (z) in arbitrary ball B, C {2 the inequality

/ IVulP@ dz < v /
An, r—"r An, s

holds foreachy € (0, 1), and here ess maxu () < M,n> maxuy (x)—0 and aball B,_,is concentric

p(z)

ulw) —n dz 4 9meas (A, )

with the ball B,., see [6, 9]. In case p (x) is a constant, definitions and general framework can be found
in [9]. The results on the existence of a weak solution can be found in [2, 3, 4, 5, 6, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23]; some applications of equations involving variable exponent Laplacian
were presented in [14, 15].

In this article, assuming the existence of a weak solution u € W} ¢ (€) to the elliptic equation (1.1),
we establish the rather minimal conditions under which this weak solution satisfies a Holder condition
with some exponent a € (0, 1] and the Holder constant

osc{u, B, N}

Ta

My = sup

2. PRELIMINARY INFORMATION

Let Q C R" be a bounded domain. Assume p € P°8 (Q), we denote p,, = insfzp (z) and pg =
re

supp (z). We define a modular function by
xeQ)

o () = [ (@) da. 2.
The norm of the variable exponent Lebesgue space LP(") () is defined by
: u
HU||LP(~)(Q) = /1\1;% {Pp(-) <X> < 1}- (2.2)

The Sobolev space W} ¢ (Q) consists of all functions u € LP) (Q) such that its all weak partial
derivatives dyu € LP() (Q) with |a| < k. The norm of the Sobolev space is defined by

) On Ul
lullypor ) = nf I%:kpp(.) </\> <1lp. (2.3)
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We assume u € Wf(') (Q), and B, (x) C Q is a ball of radius > 0 centered at a point = € ), we
denote

Ay ={2€Q : u(z)>n},
Ap,r={z € B, : u(z) >n}.

A function p is continuous; therefore, there exists a small radius 7 < 1 such that clos (B (z, 7)) C
osc{p, B(Z,7)}
and % (max|u]> <1
Q

Definition 2.1. A functional class B, (2, M) = By, (2, M, ¥, ¥1, J) consists of all elements u
of Wf(') (€2) such that ess max |u (x)| < M and for every component u (z) and —u (x) in an arbitrary

ball B, C €2, the inequality
/ [VulP@® dz <

n, r—yr

<4 ! X

APs min (rpm(l_n%), rps(l_%))

max (max ((u (z) —n)PS | (u(z) —n)’™)) + Imeas'™m (A, r)

n, T

holds for each v € (0, 1), and where €55 maxu () < M,n > ma>)(u (x) — 0 and a ball B,_,,is
concentric with the ball B;.

Straightforwardly [9, lemma 6.1, also 6, lemmas 2.1 - 2.3], we have that if the function u satisfies the
inequality
S VP PO da <
<9 <fAn (u— n)P@ v P® dz + meast ™ m (An, T))

forn > m(a>)<u (z) — 0 and for an arbitrary positive, smooth function ¢, which vanishes on the sphere
B(r

S (r) = OB (r), then the function u satisfies the conditions of the previous definition for B, and an
arbitrary concentric ball B,_, for all v € (0, 1).

Proposition 2.2. There exists a positive number 1 > 0 such that, for allu € B, (2, M), B, C Q

and a numbern > %1(&})(u (x) — 9, we have that from

meas (Ap, ) < 0,7
follows
meas (An+§’ -

where K = maxu (x) —n > rl=m.
B(r)

Proposition 2.3. There exists a positive number k > 0 such that, for allu € B,y (2, M), B, C ) and
a concentric ball By, C (), we have at least one of the following inequalities

osc{u, By} < okpl=m

or
osc{u, By} < <1 — 2"““7"1_#) osc{u, By}

holds.
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Proposition 2.4. Let u is a measurable function bounded in a ball B,. For fixedb > 1,7 < %0, let By,
B, and By, be concentric balls. Assume that at least one of the inequalities

osc{u, B, NQ} < c1rf,

or
osc{u, B, NQ} < o osc{u, By NN}
holds for some c1,e < 1 and o < 1. Then, for allr < rg, the inequality

osc{u, B,NQ} <c <T>
To
holds for
a=min(—In,o, €),
¢ = b"max (c170°, osc{u, By, NQ}).
As a result, we have the theorem.

Theorem 2.5. Letu € By (Q, M) and By, C Q, 19 < 1. Then, for each ball B,, r < ry concentric
with By, we have

osc{u, By} < c<r>
o

for some constants o and c.

3. THE REGULARITY FOR ELLIPTIC EQUATIONS INVOLVING THE GENERALIZED VARIABLE EXPONENT
LAPLACIAN

We assume that functions a; (z, u, k) and b (z, u, k) satisfy the following condition

S ai (@, u, k) ki > v (ul) [BPY = (lul) | (3.1)
i=1, ..., 1

dimt, g lai (@, us B[ (1 + [K[) +
+ b (z, u, k)| < p(jul) (14 |E)P

where v and p are positive functions.

(3.2)

Definition 3.1. A function u € W/ ¢ (€) is called a weak solution to the elliptic differential equation
in the divergent form with the nonstandard growth if the identity

Z /ai (z, u, Vu) Vipdr — / b(z, u, Vu)edr =0 (3.3)
i=1,...,17% @

ceey

holds for all p € W) (Q2).
A weak solution u € W/ ) () to the elliptic differential equation in the divergent form is called

bounded if essmax lu| < oo.

Remark. Further, we will skip the symbol of the sum, for example

Z a; (l’, u, VU) Vz(p = a4 (IE, u, VU) VZSO
=1, ..,1

We prove the following lemma.
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Lemma 3.2. Let the function u € Wf(') (Q2) be a weak, bounded solution to the elliptic differential
equation in the divergent form with the nonstandard growth such that essmax lu| < M < oc. Then, for

any ball B, C 2, the estimate
/ ]Vu|p(z) dz < eqrt (1 + max ((7“1 —7r) s (ry — r)_pm)) ,

where a constant ¢; depends only on M, v (M), u (M), p(-) and |Vp
the ball B, and the boundary 0f).

, 71 is the distance from center of

Proof. We assume B, C 2 and ¢ = e M (P(*) where ( is a smooth finite function such that 0 <
((x) <1, zeQand((x) =1, x € By,and ( () =0, x € Q\B,,, r < r; where B, and B,, are
concentric balls. Taking a test function equal ¢ = e*“¢P(*), we obtain

fQ AP 0, s uda+ fQ e P In (¢) a; Vipda+ pr (z) e ¢P®)=1q, ¥, (da— fQ be (P dy = 0.

We denote v = v (M), u = 1 (M). From assumptions, we deduce

a;Viu >v |Vu|p(x) — 1,

[p (@) P10, Vic| <p (@) p (14 Va7 PO v

< (p (@) = 1) L+ [VulP ¢ 4 @ 9 ¢,

and
]CW) In (¢) a;Vip| <pcP@ =1 (1 + |Vul)P@ 7 |vp|
< |Vpl (p(’ (14 [Vu))"® 7@ 4 upmlB,.) ,
p(z) p(z)

where we employed the inequality |In ({)| < % forall ¢ € (0, 1].
By assumption |Vp| < const, therefore, we obtain

)\V/ e |Vu\p($) Cp(z)dx Sc/ e ((1 + |Vu|)p(x) Cp(x) + |VC|p<x)) dx
Q Q

Pm pPs
4+ rax (whm, pPs) / Ny do.
Pm Q

We take A = 2¢ and obtain

v

/ |vu|p(x) Cp(x)dx < B%M/ (Cp(m) + |VC|p<x)) dx + ¢max (uP™, uPs) e XMl
Q Q
Now, changing constants and choosing max V(| < const ((Tl _ T)—1>’ we conclude

/ |Vu|p(w) dx < ért (1 + max ((rl —r) P (- r)_p”‘>) + Gort.
B
This concludes the proof of the lemma.

Lemma 3.3. Let the function u € Wf(') () be a weak, bounded solution to the elliptic differential equation in the
divergent form with the nonstandard growth such that essmax lu| < M < oo. Let u (x)|5q = ¥ ()] yq, where

is a bounded function from Wlp(') () . Then, for any ball B, C €Q, the estimate
/ IVulP'™ dz < cmax (ri=ps, plmpm)
B,.NQ

where a constant ¢ depends only on M, v (M), u (M), max |4

VZZJ”LP(«)(Q)’P (), and [Vp|.

B

Proof. We take the test function as ¢ = (e)‘“ — e/\w) ¢, where ( is the cutoff for an arbitrary ball Bs,., equal
to the unit in a concentric ball B,.. Applying similar to the previous lemma arguments, we obtain the statement
of the lemma.
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Theorem 3.4. Let conditions (5) and (6) be satisfied. Then, any weak, bounded solution u € Wf(') () to the elliptic
differential equation in the divergent form with the nonstandard growth such that essmax |u| < M < oo belongs

to the Holder class Cy, o, (2) for certain o depending only on M, v (M), pn (M), p(-), and |Vp| .
Proof. We assume that a function u € W} ) () is a weak bounded solution. We take
o () = (P (2) max (u (x) — n, 0),

where ( is the cutoff for an arbitrary ball B,., and the number n is arbitrary for all inside balls B, and larger than
the maximum of the solution u (z) on B, N 92, when B,. N 91 is not empty. We have

fAn - ¢PWa;Vudz+ fAn D (z) P@La; (u(z) — n) Vi(dx
+fo, PO M) a (u(x) — m) Vipda— [, b(u(x) —n) (PP dx =0,

where A, . = {z € B, NQ : u(x) > n}. Applying conditions (3.1), (3.2), we obtain

v [ O dn < [ (09 4p @) (14 [Tu) T OOV () — ) da
An, » A

n, r

b [ IVBIEET @ V) O () - ) da
A

n, r

+u/ (1 + |Vu)P™ ¢P@) (u (2) — n) da.

n, r

By the Young inequality, we obtain
p (@) (1+ [Vu)PO7 PO (u (2) — n)
<(p(x) — Ve (1 +[Vu))PP @ 4 77 (4 (2) — n)P@ |v¢[P™
<p (2) 27@e (1 + |Vu|)P™) @) + 1720 (4 () — n)P@ [P

and, we similarly calculate

(@)—1 ()—1 B plz)—1 @) p@) | L _1-p@) _ @)
¢P (1+|Vul)? (u(z) —n) gsip @ (1 + |[Vu| )P ¢P*) 4 p(x)s P (y (x) —n)P

1
<2P@)e (1 4 |V )P® (P@ 4 1P (4 (2) — )P
p(z)
Then, we choose € = 7——— and number n such that
2PS T ups
v
maxu(r) —n <0 =5

Then, we have

Iy (@) =) [V + @) de,

where a constant ¢ depends only on v, u, p(+), and |Vp| . Let v € (0,
unit in a ball B,_., concentric with the ball B, and such that |V{| <

vgp(x) |VU|P(1) dz< 5fA

n,

1), we choose the function ¢ equal to the

T and we obtain

fAn L ‘Vu‘p(z) dx

< 0 (b mx (0 ) = ) (o) = ") +1) meas (A, ).

The same inequality is applicable to the negative component —u (x) of the weak solution u (), if we take
v () = (P (2) max (~u (z) —n, 0),
where a number n is chosen so that

14

T

and

— <n.
g ) =



206

M. I. YAREMENKO

So, the weak solution u belongs to a certain De Giorgio class B (clos (2), M, ¥, ) ,where ¥, § depending
only on M, v (M), u (M), p(-), and |Vp| thus u belongs to Cy_ 4 (€2).
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