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Abstract. We prove the Holder continuity of a weak solution u ∈ W
p(·)
1 (Ω) to quasi-linear elliptic

equations in the diverged form div (A (x, u, ∇u))+ b (x, u, ∇u) = 0, in the regular bounded domain
Ω in Rl for l ≥ 3, where functions A = ai (x, u, k) and b (x, u, k) are correctly defined for all x ∈
clos (Ω) and every u, k, and A, b are measurable. We establish the conditions on coefficients A and b

under which the weak solution u ∈ W
p(·)
1 (Ω) belongs to C0, α (Ω) for certain α depending only on M ,

ν (M), µ (M), p (·), and |∇p| , where essmax
Ω

|u| ≤ M < ∞.
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1. Introduction

This article is dedicated to the Holder regularity of a weak solution to the elliptic differential equation
in the divergent form with the nonstandard growth

div (A (x, u, ∇u)) + b (x, u, ∇u) = 0, (1.1)

where Ω is a bounded domain in Rl, l ≥ 3, and where functions A = ai (x, u, k) and b (x, u, k) are
well-defined for all x ∈ clos (Ω) and every u, k, are measurable. This type of equation is connected
with the minimization problem of variational functionals I of the type

I =

∫
Ω
|∇u (x)|p(x) dx

with variable exponential growth conditions. More information can be found in [4, 9], and the Holder
minimizer continuity was discussed in [6] for variational problems under the assumptions of nonstan-
dard growth.

For general information on the smoothness of the weak solutions to quasilinear Dirichlet problems
with standard growth, we refer to [9]. See [1, 11], for breakthrough results in Holder’s regularity of
solutions to linear elliptic differential equations. The authors employed the estimation of the square
integrals of some convex functions of a weak solution.

We are interested in the regularity of a weak solution in the variable exponent Sobolev spaces
W

p(·)
1 (Ω) under the assumption that such a solution exists and that e p ∈ P log (Ω), pm = inf

x∈Ω
p (x),
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pS = sup
x∈Ω

p (x) and |∇p| ≤ const. From condition (3.2) follows∑
i=1, ..., l

|ai (x, u, k)| ≤ µ (|u|) (1 + |k|)p(x)−1 ,

and, for fixed space variables, we are applying the Young inequality in the form

ab ≤ p (x)− 1

p (x)
a

p(x)
p(x)−1 +

1

p (x)
bp(x),

which is valid for all numbers a, b > 0. In [5], the authors studied the existence of weak solutions to
the Dirichlet problem for equations involving variable exponent Laplacian and proved the criterion for
the existence of infinitely many pairs of weak solutions for such problems. In [6], the Holder continuity
of minimizers of variational functional associated with quasi-linear elliptic equations is investigated in
the variational exponent framework; authors used methods similar to that are developed in the present
paper, however, the De Giorgio classes introduced as follows: a function u ∈W

p(·)
1 (Ω) belongs to class

B̃p(·) (Ω, M) = B̃p(·) (Ω, M, ϑ, ϑ1, δ) if essmax
Ω

|u (x)| ≤ M and for every components u (x) and
−u (x) in arbitrary ball Br ⊂ Ω the inequality∫

Λn, r−γr

|∇u|p(x) dx ≤ ϑ

∫
Λn, r

∣∣∣∣u (x)− n

γr

∣∣∣∣p(x) dx+ ϑ̃meas (Λn, r)

holds for each γ ∈ (0, 1), and here essmax
Ω

u (x) ≤M , n ≥ max
B(r)

u (x)−δ and a ballBr−γris concentric

with the ball Br , see [6, 9]. In case p (x) is a constant, definitions and general framework can be found
in [9]. The results on the existence of a weak solution can be found in [2, 3, 4, 5, 6, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23]; some applications of equations involving variable exponent Laplacian
were presented in [14, 15].

In this article, assuming the existence of a weak solution u ∈W
p(·)
1 (Ω) to the elliptic equation (1.1),

we establish the rather minimal conditions under which this weak solution satisfies a Holder condition
with some exponent α ∈ (0, 1] and the Holder constant

M1 = sup
osc {u, Br ∩ Ω}

rα
.

2. Preliminary Information

Let Ω ⊂ Rn be a bounded domain. Assume p ∈ P log (Ω), we denote pm = inf
x∈Ω

p (x) and pS =

sup
x∈Ω

p (x). We define a modular function by

ρp(·) (u) =

∫
Ω
|u (x)|p(x) dx. (2.1)

The norm of the variable exponent Lebesgue space Lp(·) (Ω) is defined by

∥u∥Lp(·)(Ω) = inf
λ>0

{
ρp(·)

(u
λ

)
≤ 1

}
. (2.2)

The Sobolev space W p(·)
k (Ω) consists of all functions u ∈ Lp(·) (Ω) such that its all weak partial

derivatives ∂αu ∈ Lp(·) (Ω) with |α| ≤ k. The norm of the Sobolev space is defined by

∥u∥
W

p(·)
k (Ω)

= inf
λ>0

 ∑
|α|≤k

ρp(·)

(
∂αu

λ

)
≤ 1

 . (2.3)
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We assume u ∈ W
p(·)
1 (Ω), and Br (x) ⊂ Ω is a ball of radius r > 0 centered at a point x ∈ Ω, we

denote
Λn = {x ∈ Ω : u (x) > n} ,

Λn, r = {x ∈ Br : u (x) > n} .
A function p is continuous; therefore, there exists a small radius r̃ < 1 such that clos (B (x̃, r̃)) ⊂ Ω

and 1
2

(
max
Ω

|u|
)osc{p, B(x̃, r̃)}

≤ 1.

Definition 2.1. A functional class Bp(·) (Ω, M) = Bp(·) (Ω, M, ϑ, ϑ1, δ) consists of all elements u
ofW p(·)

1 (Ω) such that essmax
Ω

|u (x)| ≤M and for every component u (x) and−u (x) in an arbitrary
ball Br ⊂ Ω , the inequality ∫

Λn, r−γr

|∇u|p(x) dx ≤

≤ ϑ
1

γpS min
(
rpm(1−

l
m), rpS(1−

l
m)

)×
max
Λn, r

(max ((u (x)− n)pS , (u (x)− n)pm)) + ϑmeas1−
pS
m (Λn, r)

holds for each γ ∈ (0, 1), and where essmax
Ω

u (x) ≤ M , n ≥ max
B(r)

u (x) − δ and a ball Br−γris

concentric with the ball Br .

Straightforwardly [9, lemma 6.1, also 6, lemmas 2.1 – 2.3], we have that if the function u satisfies the
inequality ∫

Λn, r
|∇u|p(x) ζp(x)dx ≤

≤ ϑ̃
(∫

Λn, r
(u− n)p(x) |∇ζ|p(x) dx+meas1−

pS
m (Λn, r)

)
for n ≥ max

B(r)
u (x)− δ and for an arbitrary positive, smooth function ζ , which vanishes on the sphere

S (r) = ∂B (r), then the function u satisfies the conditions of the previous definition for Br and an
arbitrary concentric ball Br−γr for all γ ∈ (0, 1).

Proposition 2.2. There exists a positive number θ1 > 0 such that, for all u ∈ Bp(·) (Ω, M) , Br ⊂ Ω
and a number n ≥ max

B(r)
u (x)− δ, we have that from

meas (Λn, r) ≤ θ1r
l

follows

meas
(
Λn+K

2
, r
2

)
= 0,

whereK = max
B(r)

u (x)− n ≥ r1−
l
m .

Proposition 2.3. There exists a positive number k > 0 such that, for all u ∈ Bp(·) (Ω, M) , Br ⊂ Ω and
a concentric ball B4r ⊂ Ω, we have at least one of the following inequalities

osc {u, Br} ≤ 2kr1−
l
m

or
osc {u, Br} ≤

(
1− 2−k+1r1−

l
m

)
osc {u, B4r}

holds.
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Proposition 2.4. Let u is a measurable function bounded in a ball Br0 . For fixed b > 1, r ≤ r0
b , let Br0 ,

Br , and Bbr be concentric balls. Assume that at least one of the inequalities

osc {u, Br ∩ Ω} ≤ c1r
ε,

or
osc {u, Br ∩ Ω} ≤ σ osc {u, Bbr ∩ Ω}

holds for some c1, ε ≤ 1 and σ < 1. Then, for all r ≤ r0, the inequality

osc {u, Br ∩ Ω} ≤ c

(
r

r0

)α

holds for
α = min (− lnb σ, ε) ,

c = bαmax (c1r0
ε, osc {u, Br0 ∩ Ω}) .

As a result, we have the theorem.

Theorem 2.5. Let u ∈ Bp(·) (Ω, M) and Br0 ⊂ Ω, r0 ≤ 1. Then, for each ball Br, r < r0 concentric
with Br0 , we have

osc {u, Br} ≤ c

(
r

r0

)α

for some constants α and c.

3. The Regularity for Elliptic Eqations Involving the Generalized Variable Exponent
Laplacian

We assume that functions ai (x, u, k) and b (x, u, k) satisfy the following condition∑
i=1, ..., l

ai (x, u, k) ki ≥ ν (|u|) |k|p(x) − µ (|u|) , (3.1)

∑
i=1, ..., l |ai (x, u, k)| (1 + |k|)+

+ |b (x, u, k)| ≤ µ (|u|) (1 + |k|)p(x) ,
(3.2)

where ν and µ are positive functions.

Definition 3.1. A function u ∈W
p(·)
1 (Ω) is called a weak solution to the elliptic differential equation

in the divergent form with the nonstandard growth if the identity∑
i=1, ..., l

∫
Ω
ai (x, u, ∇u)∇iφdx−

∫
Ω
b (x, u, ∇u)φdx = 0 (3.3)

holds for all φ ∈W
p(·)
1, 0 (Ω).

A weak solution u ∈ W
p(·)
1 (Ω) to the elliptic differential equation in the divergent form is called

bounded if essmax
Ω

|u| <∞.

Remark. Further, we will skip the symbol of the sum, for example∑
i=1, ..., l

ai (x, u, ∇u)∇iφ = ai (x, u, ∇u)∇iφ.

We prove the following lemma.
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Lemma 3.2. Let the function u ∈ W
p(·)
1 (Ω) be a weak, bounded solution to the elliptic differential

equation in the divergent form with the nonstandard growth such that essmax
Ω

|u| ≤ M < ∞. Then, for

any ball Br ⊂ Ω, the estimate∫
Br

|∇u|p(x) dx ≤ c1r
l
(
1 + max

(
(r1 − r)−pS , (r1 − r)−pm

))
,

where a constant c1 depends only onM , ν (M), µ (M), p (·) and |∇p|, r1 is the distance from center of
the ball Br and the boundary ∂Ω.

Proof. We assume Br ⊂ Ω and φ = eλuζp(x), where ζ is a smooth finite function such that 0 ≤
ζ (x) ≤ 1, x ∈ Ω and ζ (x) = 1, x ∈ Br , and ζ (x) = 0, x ∈ Ω\Br1 , r < r1 where Br and Br1 are
concentric balls. Taking a test function equal φ = eλuζp(x), we obtain∫

Ω
λeλuζp(x)ai∇iudx+

∫
Ω
eλuζp(x) ln (ζ) ai∇ipdx+

∫
Ω
p (x) eλuζp(x)−1ai∇iζdx−

∫
Ω
beλuζp(x)dx = 0.

We denote ν = ν (M), µ = µ (M). From assumptions, we deduce

ai∇iu ≥ν |∇u|p(x) − µ,∣∣∣p (x) ζp(x)−1ai∇iζ
∣∣∣ ≤p (x)µ (1 + |∇u|)p(x)−1

ζp(x)−1 |∇ζ|

≤ (p (x)− 1) (1 + |∇u|)p(x) ζp(x) + µp(x) |∇ζ|p(x) ,
and ∣∣∣ζp(x) ln (ζ) ai∇ip

∣∣∣ ≤µζp(x)−1 (1 + |∇u|)p(x)−1 |∇p|

≤ |∇p|
(
p (x)− 1

p (x)
(1 + |∇u|)p(x) ζp(x) + 1

p (x)
µp(x)1Br

)
,

where we employed the inequality |ln (ζ)| ≤ 1
ζ for all ζ ∈ (0, 1].

By assumption |∇p| ≤ const, therefore, we obtain

λν

∫
Ω

eλu |∇u|p(x) ζp(x)dx ≤c
∫
Ω

eλu
(
(1 + |∇u|)p(x) ζp(x) + |∇ζ|p(x)

)
dx

+ c
max (µpm , µpS )

pm

∫
Ω

eλu1Br
dx.

We take λ = 2c
ν and obtain∫
Ω

|∇u|p(x) ζp(x)dx ≤ e
4c
ν M

∫
Ω

(
ζp(x) + |∇ζ|p(x)

)
dx+ c̃max (µpm , µpS ) e

2c
ν Mrl.

Now, changing constants and choosing max
Ω

|∇ζ| ≤ const
(
(r1 − r)

−1
)
, we conclude∫

Br

|∇u|p(x) dx ≤ c̃1r
l
(
1 + max

(
(r1 − r)

−pS , (r1 − r)
−pm

))
+ c̃2r

l.

This concludes the proof of the lemma.

Lemma 3.3. Let the function u ∈W
p(·)
1 (Ω) be a weak, bounded solution to the elliptic differential equation in the

divergent form with the nonstandard growth such that essmax
Ω

|u| ≤M <∞. Let u (x)|∂Ω = ψ (x)|∂Ω, where ψ

is a bounded function fromW
p(·)
1 (Ω) .Then, for any ball Br ⊂ Ω, the estimate∫

Br∩Ω

|∇u|p(x) dx ≤ cmax
(
rl−pS , rl−pm

)
,

where a constant c depends only onM , ν (M), µ (M),max
Ω

|ψ|, ∥∇ψ∥Lp(·)(Ω), p (·), and |∇p| .

Proof. We take the test function as φ =
(
eλu − eλψ

)
ζ , where ζ is the cutoff for an arbitrary ball B2r , equal

to the unit in a concentric ball Br . Applying similar to the previous lemma arguments, we obtain the statement
of the lemma.
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Theorem 3.4. Let conditions (5) and (6) be satisfied. Then, any weak, bounded solution u ∈W
p(·)
1 (Ω) to the elliptic

differential equation in the divergent form with the nonstandard growth such that essmax
Ω

|u| ≤ M < ∞ belongs

to the Holder class C0, α (Ω) for certain α depending only onM , ν (M), µ (M), p (·), and |∇p| .

Proof. We assume that a function u ∈W
p(·)
1 (Ω) is a weak bounded solution. We take

φ (x) = ζp(x) (x)max (u (x)− n, 0) ,

where ζ is the cutoff for an arbitrary ballBr , and the number n is arbitrary for all inside ballsBr and larger than
the maximum of the solution u (x) on Br ∩ ∂Ω, when Br ∩ ∂Ω is not empty. We have∫

Λn, r
ζp(x)ai∇iudx+

∫
Λn, r

p (x) ζp(x)−1ai (u (x)− n)∇iζdx

+
∫
Λn, r

ζp(x) ln (ζ) ai (u (x)− n)∇ipdx−
∫
Λn, r

b (u (x)− n) ζp(x)dx = 0,

where Λn, r = {x ∈ Br ∩ Ω : u (x) > n}. Applying conditions (3.1), (3.2), we obtain

ν

∫
Λn, r

ζp(x) |∇u|p(x) dx ≤µ
∫
Λn, r

(
ζp(x) + p (x) (1 + |∇u|)p(x)−1

ζp(x)−1 |∇ζ| (u (x)− n)
)
dx

+ µ

∫
Λn, r

|∇p| ζp(x)−1 (1 + |∇u|)p(x)−1
(u (x)− n) dx

+ µ

∫
Λn, r

(1 + |∇u|)p(x) ζp(x) (u (x)− n) dx.

By the Young inequality, we obtain

p (x) (1 + |∇u|)p(x)−1
ζp(x)−1 |∇ζ| (u (x)− n)

≤ (p (x)− 1) ε (1 + |∇u|)p(x) ζp(x) + ε1−p(x) (u (x)− n)
p(x) |∇ζ|p(x)

≤p (x) 2p(x)ε (1 + |∇u|)p(x) ζp(x) + ε1−p(x) (u (x)− n)
p(x) |∇ζ|p(x) ,

and, we similarly calculate

ζp(x)−1 (1 + |∇u|)p(x)−1
(u (x)− n) ≤εp (x)− 1

p (x)
(1 + |∇u|)p(x) ζp(x) + 1

p (x)
ε1−p(x) (u (x)− n)

p(x)

≤2p(x)ε (1 + |∇u|)p(x) ζp(x) + 1

p (x)
ε1−p(x) (u (x)− n)

p(x)
.

Then, we choose ε = ν
2pS+4µpS

and number n such that

max
Br∩Ω

u (x)− n ≤ δ =
ν

2pS+6µ
.

Then, we have ∫
Λn, r

ζp(x) |∇u|p(x) dx≤ c̃
∫
Λn, r

(
(u (x)− n)

p(x) |∇ζ|p(x) + ζp(x)
)
dx,

where a constant c̃ depends only on ν, µ, p (·), and |∇p| . Let γ ∈ (0, 1), we choose the function ζ equal to the
unit in a ball Br−γr concentric with the ball Br , and such that |∇ζ| ≤ c

γr , and we obtain∫
Λn, r−γr

|∇u|p(x) dx

≤ ϑ

(
1

min((γr)pS , (γr)pm )max
Λn, r

(max ((u (x)− n)
pS , (u (x)− n)

pm)) + 1

)
meas (Λn, r) .

The same inequality is applicable to the negative component −u (x) of the weak solution u (x), if we take

φ (x) = ζp(x) (x)max (−u (x)− n, 0) ,

where a number n is chosen so that

max
Br

(−u (x))− n ≤ δ =
ν

2pS+6µ

and
max
Br∩∂Ω

(−u (x)) ≤ n.
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So, the weak solution u belongs to a certain De Giorgio class B (clos (Ω) , M, ϑ, δ) ,where ϑ, δ depending
only onM , ν (M), µ (M), p (·), and |∇p| thus u belongs to C0, α (Ω).
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