
 

APPLICABLE NONLINEAR ANALYSIS
Volume 3 (2026), No. 2, 106–113
DOI:https://doi.org/10.69829/apna-026-0302-ta03 Tulipa Opera Scholarum

THE EXTRAGRADIENT ALGORITHM FOR VARIATIONAL INEQUALITIES WITH
SUMMABLE ERRORS

ALEXANDER J. ZASLAVSKI1,∗

1Department of Mathematics, The Technion – Israel Institute of Technology, 32000 Haifa, Israel

Abstract. We study, in the setting of a Hilbert space, the behavior of the sequences generated by extra-
gradient methods for solving variational inequalities in the presence of summable computational errors.
It is shown that most of iterates are good approximate solutions of variational inequalities.
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1. Introduction

Gradient-type methods and variational inequalities have recently been and continue to be important
topics in optimization theory and its applications. See, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]
and references mentioned therein. In the present paper we study, in the setting of a Hilbert space,
the behavior of the sequences generated by the extragradient method, introduced in [12] for solving
variational inequalities, in the presence of summable computational errors. It is shown that most of
iterates are good approximate solutions of variational inequalities. This result is important because
computational errors are always present in the practice.

Let (X, ⟨·, ·⟩) be a Hilbert space with an inner product ⟨·, ·⟩ which induces a complete norm ∥ · ∥.
For each x ∈ X and each r > 0 set

B(x, r) = {y ∈ X : ∥x− y∥ ≤ r}.
In the sequel we use the following well-known result [16].

Lemma 1.1. LetD be a nonempty closed convex subset ofX . Then for each x ∈ X there is a unique point
PD(x) ∈ D satisfying

∥x− PD(x)∥ = inf{∥x− y∥ : y ∈ D}.
Moreover,

∥PD(x)− PD(y)|| ≤ ∥x− y∥ for all x, y ∈ X

and for each x ∈ X and each z ∈ D,

⟨z − PD(x), x− PD(x)⟩ ≤ 0, ∥z − PD(x)∥2 + ∥x− PD(x)∥2 ≤ ∥z − x∥2.

Let C be a nonempty closed convex subset of X . Consider a mapping f : X → X . We say that the
mapping f is monotone on C if

⟨f(x)− f(y), x− y⟩ ≥ 0 for all x, y ∈ C.

We say that f is pseudo-monotone on C if for each x, y ∈ C the inequality
⟨f(y), x− y⟩ ≥ 0 implies that ⟨f(x), x− y⟩ ≥ 0. (1.1)
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Clearly, if f is monotone on C , then f is pseudo-monotone on C . Denote by S the set of all x ∈ C
such that

⟨f(x), y − x⟩ ≥ 0 for all y ∈ C. (1.2)

For each ϵ > 0 denote by Sϵ the set of all x ∈ C such that

⟨f(x), y − x⟩ ≥ −ϵ∥y − x∥ − ϵ for all y ∈ C. (1.3)

Elements of Sϵ can be considered as ϵ-approximate solutions of the variational inequality.
In this paper, in order to solve the variational inequality (to find x ∈ S), we use the algorithm known

in the literature as the extragradient method [12]. In each iteration of this algorithm, in order to get
the next iterate xk+1, two orthogonal projections onto C are calculated, according to the following
iterative step. Given the current iterate xk calculate yk = PC(xk − τkf(xk)) and then

xk+1 = PC(xk − τkf(yk)),

where τk is some positive number. It is known that this algorithm generates sequences which weakly
converge to an element of S [5]. In this paper, we study the behavior of the sequences generated by
the algorithm taking into account computational errors which are always present in practice. Namely,
the algorithm generates sequences {xk}∞k=0 and {yk}∞k=0 such that for each integer k ≥ 0,

∥yk − PC(xk − τkf(xk))∥ ≤ ∆k

and
∥xk+1 − PC(xk − τkf(yk))∥ ≤ ∆k,

where {∆k}∞k=0 are summable computational errors.
We suppose that the mapping f is Lipschitz on all bounded subsets of X and that

⟨f(y), y − x⟩ ≥ 0 for all y ∈ C and all x ∈ S. (1.4)

Note that (1.4) holds if f is pseudo-monotone on C .

2. Auxiliary Results

We begin with the results obtained in [14].

Lemma 2.1. Assume that τ > 0, u∗ ∈ S, M0 > 0, M1 > 0, L > 0, f(B(u∗,M0)) ⊂ B(0,M1), and

∥f(z1)− f(z2)∥ ≤ L∥z1 − z2∥ for all z1, z2 ∈ B(u∗,M0 + τM1).

Let u ∈ B(u∗,M0), v = PC(u − τf(u)), T := {w ∈ X : ⟨u − τf(u) − v, w − v⟩ ≤ 0}, D be a
convex and closed subset of X such that

C ⊂ D ⊂ T

(note that C ⊂ T ) and let ũ = PD(u− τf(v)).Then,

∥ũ− u∗∥2 ≤ ∥u− u∗∥2 − (1− τ2L2)∥u− v∥2.

Lemma 2.2. Let u∗ ∈ S, M0 > 0, M1 > 0, L > 0, δ ∈ (0, 1), f(B(u∗,M0)) ⊂ B(0,M1),

∥f(z1)− f(z2)∥ ≤ L∥z1 − z2∥ for all z1, z2 ∈ B(u∗,M0 +M1 + 1),

and τ ∈ (0, 1], Lτ < 1. Assume that

x ∈ B(u∗,M0), y ∈ X, ∥y − PC(x− τf(x))∥ ≤ δ, x̃ ∈ X, ∥x̃− PC(x− τf(y))∥ ≤ δ.

Then,
∥x̃− u∗∥2 ≤ 4δ(1 +M0) + ∥x− u∗∥2 − (1− τ2L2)∥x− PC(x− τf(x))∥2.
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3. Exact Iterates

We use the assumptions, definitions and the notation introduced in Section 1.1.The following theo-
rem shows that the most exact iterates of our algorithm are approximate solutions of the variational
inequality.

Theorem 3.1. Let ϵ ∈ (0, 1),M0,M1, L > 0,

B(0,M0) ∩ S ̸= ∅, (3.1)

f(B(0, 3M0)) ⊂ B(0,M1), (3.2)

∥f(z1)− f(z2)∥ ≤ L∥z1 − z2∥ (3.3)

for all z1, z2 ∈ B(0, 3M0 +M1),
0 < τ̃ < τ∗ ≤ 1, τ∗L < 1 (3.4)

and let ϵ0 > 0 satisfy
ϵ0(τ̃

−1 +M1) < ϵ. (3.5)

Assume that {xk}∞k=0 ⊂ X , {yk}∞k=0 ⊂ X

{τk}∞k=0 ⊂ [τ̃ , τ∗], (3.6)

∥x0∥ ≤ M0 (3.7)

and that for each integer k ≥ 0,
yk = PC(xk − τkf(xk)), (3.8)

xk+1 = PC(xk − τkf(yk)). (3.9)

Then
∥xk∥ ≤ 3M0, k = 0, 1, . . .

and
Card({k ∈ {0, 1, . . . } : ∥xk − yk∥ > ϵ0}) ≤ 4M2

0 ϵ
−2
0 (1− τ2∗L

2)−1.

Moreover, if k ≥ 0 is an integer and ∥xk − yk∥ ≤ ϵ0, then

⟨f(xk), ξ − xk⟩ ≥ −ϵ− ϵ∥ξ − xk∥, ξ ∈ Ck

and xk ∈ Sϵ.

Proof. By (3.1), there exists
u∗ ∈ S(0, B(0,M0). (3.10)

Equations (3.7) and (3.10) imply that
∥x0 − u∗∥ ≤ 2M0. (3.11)

Assume that k ≥ 0 is an integer and
∥xk − u∗∥ ≤ 2M0. (3.12)

(In view of (3.11), equation (3.12) holds for k = 0.) By (3.2), (3.8)-(3.10), (3.12) and Lemma 2.1 applied
with

u = xk, v = yk, ũ = xk+1, τ = τk,

we have
∥xk+1 − u∗∥2 ≤ ∥xk − u∗∥2 − (1− τ2kL

2)∥xk − yk∥2

≤ ∥xk − u∗∥2 − (1− τ2∗L
2)∥xk − yk∥2.

(3.13)

It follows from (3.4), (3.12) and (3.13) that
∥xk+1 − u∗∥ ≤ ∥xk − u∗∥ ≤ 2M0.

Thus by induction (3.12) and (3.13) hold for all integers k ≥ 0. By (3.10) and (3.12),
∥xk∥ ≤ 3M0, k = 0, 1, . . . .
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Set
E = {k ∈ {0, 1, . . . , } : ∥xk − yk∥ > ϵ0}. (3.14)

Let Q be a natural number. Set
EQ = E ∩ {0, . . . , Q− 1}. (3.15)

By (3.11) and (3.13)-(3.15),

4M2
0 ≥∥x0 − u∗∥2

≥∥x0 − u∗∥2 − ∥xQ − u∗∥2

=

Q−1∑
k=0

(∥xk − u∗∥2 − ∥xk+1 − u∗∥2)

≥
∑

{∥xk − u∗∥2 − ∥xk+1 − u∗∥2 : k ∈ EQ}

≥ϵ20 Card(EQ)(1− τ2∗L
2)

and
Card(EQ) ≤ 4M2

0 ϵ
−2
0 (1− τ2∗L

2)−1.

Since Q is any natural number, we conclude that

Card(E) ≤ 4M2
0 ϵ

−2
0 (1− τ2∗L

2)−1.

Assume that k ≥ 0 is an integer and
∥xk − yk∥ ≤ ϵ0. (3.16)

By (3.8) and (3.16),
∥xk − PC(xk − τkf(xk))∥ ≤ ϵ0. (3.17)

It follows from (3.17) that for each ξ ∈ C ,

0 ≥⟨xk − τkf(xk)− PC(xk − τkf(xk)), ξ − PC(xk − τkf(xk))⟩
=⟨xk − PC(xk − τkf(xk)), ξ − PC(xk − τkf(xk))⟩
− τk⟨f(xk), ξ − PC(xk − τkf(xk))⟩

≥ − ∥xk − PC(xk − τkf(xk))∥(∥ξ − xk∥+ ∥xk − PC(xk − τkf(xk))∥)
− τk⟨f(xk), ξ − xk⟩ − τk⟨f(xk), xk − PC(xk − τkf(xk))⟩

≥ − ϵ0(∥ξ − xk∥+ ϵ0)− τk⟨f(xk), ξ − xk⟩ − τk∥f(xk)∥ϵ0.

(3.18)

In view of (3.2), (3.10) and (3.12),
∥f(xk)∥ ≤ M1. (3.19)

It follows from (3.5), (3.6), (3.28) and (3.19) that for each ξ ∈ C ,

0 ≥ −ϵ0∥ξ − xk∥ − ϵ20 − τk⟨f(xk), ξ − xk⟩ − τkM1ϵ0

and
⟨f(xk), ξ − xk⟩ ≥τ−1

k ϵ0∥ξ − xk∥ − ϵ20τ
−1
k −M1ϵ0

≥− τ̃−1ϵ0∥ξ − xk∥ − ϵ20τ̃
−1 −M1ϵ0

≥ϵ∥ξ − xk∥ − ϵ.

Thus, Theorem 3.1 is proved. □
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4. Inexact Iterates With Summable Iterates

We use the assumptions, definitions and the notation introduced in Section 1.1. The following theo-
rem shows that the most inexact iterates of our algorithm under the presence of summable computa-
tional errors are approximate solutions of the variational inequality.

Theorem 4.1. Let {∆i}∞i=0 ⊂ (0, 1) satisfy

∆ =

∞∑
i=0

∆i < ∞, (4.1)

ϵ ∈ (0, 1),M0 ≥ 1,M1, L > 0,
B(0,M0) ∩ S ̸= ∅, (4.2)

f(B(0, 3M0 + 4∆+ 1)) ⊂ B(0,M1), (4.3)

∥f(z1)− f(z2)∥ ≤ L∥z1 − z2∥ (4.4)

for all z1, z2 ∈ B(0, 3M0 +M1 + 4∆+ 1),

0 < τ̃ < τ∗ ≤ 1, τ∗L < 1 (4.5)

and let ϵ0 > 0 satisfy
2ϵ0(6τ̃

−1 + 2M1 + 2L) < ϵ. (4.6)

Assume that {xk}∞k=0 ⊂ X , {yk}∞k=0 ⊂ X

{τk}∞k=0 ⊂ [τ̃ , τ∗], (4.7)

∥x0∥ ≤ M0 (4.8)

and that for each integer k ≥ 0,

∥yk − PC(xk − τkf(xk))∥ ≤ ∆k, (4.9)

∥xk+1 − PC(xk − τkf(yk))∥ ≤ ∆k (4.10)

and a natural number n0 satisfies for each integer k ≥ n0,

∆k ≤ ϵ0/2. (4.11)

Then
∥x∥ ≤ 3M0 + 4∆, k = 0, 1, . . .

and

Card({k ∈ {0, 1, . . . } : ∥xk−yk∥ > ϵ0}) ≤ n0+4ϵ−2
0 (1−τ2∗L

2)−1((2M0+4∆)2+4∆(2M0+4∆+1)).

Moreover, if k ≥ n0 is an integer and ∥xk − yk∥ ≤ ϵ0, then

⟨f(xk), ξ − xk⟩ ≥ −ϵ− ϵ∥ξ − xk∥, ξ ∈ C

and Sϵ ∩B(xk, ϵ) ̸= ∅.

Proof. By (4.2), there exists
u∗ ∈ S ∩B(0,M0). (4.12)

Equations (4.8) and (4.12) imply that
∥x0 − u∗∥ ≤ 2M0. (4.13)

Assume that k ≥ 0 is an integer and

∥xk − u∗∥ ≤ 2M0 + 4
∑

{∆i : i ∈ {0, . . . , k} \ {k}}. (4.14)

(In view of (4.13), equation (4.14) holds for k = 0.) Set

M̃k = 2M0 + 4
∑

{∆i : i ∈ {0, . . . , k} \ {k}}. (4.15)
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Clearly,
M̃k ≤ 2M0 + 4∆.

By (4.12), (4.15) and Lemma 2.2 applied with

M0 = M̃k, x = xk, y = yk, x̃ = xk+1, τ = τk, δ = ∆k

we have

∥xk+1 − u∗∥2 ≤ ∥xk − u∗∥2 + 4∆k(M̃k + 1)− (1− τ2kL
2)∥xk − PC(xk − τkf(xk))∥2. (4.16)

It follows from (4.15) and (4.16) that

∥xk+1 − u∗∥2 ≤ ∥xk − u∗∥2 + 4∆k(1 + 2M0 + 4∆)− (1− τ2kL
2)∥xk − PC(xk − τkf(xk))∥2.

(4.17)
In view of (4.14)-(4.16),

x∥xk+1 − u∗∥2 ≤4∆k(1 + M̃k) + M̃2
k ≤ M̃2

k + 8∆kM̃k ≤ (M̃k + 4∆k)
2,

∥xk+1 − u∗∥ ≤M̃k + 4∆k ≤ 2M0 + 4

k∑
i=0

∆i.

Thus, we showed by induction that (4.14) and (4.17) hold for all integers k ≥ 0. By (4.1), (4.12) and
(4.14), for each integer k ≥ 0,

∥xk − u∗∥ ≤ 2M0 + 4∆, ∥xk∥ ≤ 3M0 + 4∆. (4.18)

Set
E = {k ∈ {n0, n0 + 1, . . . , } : ∥xk − yk∥ > ϵ0}. (4.19)

In view of (4.11) and (4.19), for each integer k ∈ E,

∥xk − PC(xk − τkf(xk))∥ ≥ ∥xk − yk∥ − ∥yk − PC(xk − τkf(xk))∥ > ϵ0 −∆k ≥ ϵ0/2. (4.20)

Let Q > n0 be a natural number. Set

EQ = E ∩ {0, . . . , Q− 1}. (4.21)

By (4.17) and (4.18),

(2M0 + 4∆)2 ≥∥xn0 − u∗∥2

≥∥xn0 − u∗∥2 − ∥xQ − u∗∥2

=

Q−1∑
k=n0

(∥xk − u∗∥2 − ∥xk+1 − u∗∥2)

≥
Q−1∑
k=n0

((1− τ2kL
2)∥xk − PC(xk − τkf(xk))∥2 − 4∆k(1 + 2M0 + 4∆))

and in view of (4.7) and (4.19)-(4.21),

(1− τ2∗L
2)−1((2M0 + 4∆)2 + 4∆(1 + 2M0 + 4∆)) ≥

Q−1∑
k=n0

∥xk − PC(xk − τkf(xk))∥2

≥
∑

{∥xk − PC(xk − τkf(xk))∥2 : k ∈ EQ}

≥4−1ϵ20Card(EQ)

and
Card(EQ) ≤ 4ϵ−2

0 (1− τ2∗L
2)−1((2M0 + 4∆)2 + 14∆(2M0 + 4∆+ 1)).
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Since Q is any natural number larger than n0 we conclude that
Card(E) ≤ 4ϵ−2

0 (1− τ2∗L
2)−1((2M0 + 4∆)2 + 4∆(2M0 + 4∆+ 1))

and in view of (4.19),]
Card({k ∈ {0, 1, . . . } : ∥xk − yk∥ > ϵ0}) ≤n0 + Card(E)

≤n0 + 4ϵ−2
0 (1− τ2∗L

2)−1((2M0 + 4∆)2 + 4∆(2M0 + 4∆+ 1)).

Assume that k ≥ n0 is an integer and
∥xk − yk∥ ≤ ϵ0. (4.22)

By (4.9), (4.11) and (4.22),
∥xk − PC(xk − τkf(xk))∥ ≤∥xk − yk∥+ ∥yk − PC(xk − τkf(xk))∥

≤ϵ0 +∆k

≤2ϵ0. (4.23)
It follows from Lemma 1.1 that for each ξ ∈ C ,

0 ≥ ⟨xk − τkf(xk)− PC(xk − τkf(xk)), ξ − PC(xk − τkf(xk))⟩. (4.24)

By (4.23), (4.24) and the Cauchy-Schwartz inequality for each ξ ∈ C ,
0 ≥⟨xk − PC(xk − τkf(xk)), ξ − PC(xk − τkf(xk))⟩

− τ⟨f(xk), ξ − PC(xk − τkf(xk))⟩
≥ − ∥xk − PC(xk − τkf(xk))∥(∥ξ − xk∥+ ∥xk − PC(xk − τkf(xk)∥)
− τk⟨f(xk), ξ − xk⟩ − τk⟨f(xk), xk − PC(xk − τkf(xk))⟩

≥ − 2ϵ0∥ξ − xk∥ − 4ϵ20 − τk⟨f(xk), ξ − xk⟩ − 2τk∥f(xk)∥ϵ0. (4.25)
It follows from (4.3), (4.7), (4.18) and (4.25) that for each ξ ∈ C ,

τk⟨f(xk), ξ − xk⟩ ≥ − 2ϵ0∥ξ − xk∥ − 4ϵ20 − 2τkϵ0M1,

⟨f(xk), ξ − xk⟩ ≥ − 2ϵ0τ̃
−1∥ξ − xk∥ − 4ϵ20τ̃

−1 − 4τ̃−1 − 2ϵ0M1. (4.26)
By (4.6) and (4.26), for each ξ ∈ C ,

⟨f(xk), ξ − xk⟩ ≥ −ϵ∥ξ − xk∥ − ϵ.

Set
ȳ = PC(xk − τkf(xk)). (4.27)

Clearly, ȳ ∈ C . In view of (4.6), (4.23) and (4.27),
∥xk − ȳ∥ ≤ 2ϵ0 < ϵ. (4.28)

Equations (4.3), (4.4), (4.18) and (4.28) that
∥f(ȳ)∥ ≤ M1, ∥f(xk)− f(ȳ)∥ ≤ L∥xk − ȳ∥ ≤ 2Lϵ0. (4.29)

By (4.6), (4.26), (4.28) and (4.29), for each ξ ∈ C ,
⟨f(ȳ), ξ − ȳ⟩ ≥⟨f(ȳ), ξ − xk⟩ − ∥f(ȳ)∥∥xk − ȳ∥

≥⟨f(ȳ), ξ − xk⟩ − 2ϵ0M1

≥⟨f(xk), ξ − xk⟩ − ∥f(ȳ)− f(xk)∥∥ξ − xk∥ − 2ϵ0M1

≥− 2ϵ0τ̃
−1∥ξ − xk∥ − 4ϵ0τ̃

−1 − 2ϵ0L∥ξ − xk∥ − 4ϵ0M1

≥− (2τ̃−1ϵ0 + 2Lϵ0)∥ξ − xk∥ − 4ϵ0M1 − 4ϵ0τ̃
−1

≥− ϵ∥ξk − ȳ∥ − (2τ̃−1ϵ0 + 2Lϵ0)∥xk − ȳ∥ − 4ϵ0τ̃
−1 − 4ϵ0M1

≥− ϵ∥ξ − ȳ∥ − 2ϵ0(2τ̃
−1ϵ0 + 2Lϵ0)− 4ϵ0τ̃

−1 − 4ϵ0M1

≥− ϵ∥ξ − ȳ∥ − ϵ.

Theorem 4.1 is proved. □
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