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THE EXTRAGRADIENT ALGORITHM FOR VARIATIONAL INEQUALITIES WITH
SUMMABLE ERRORS
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ABSTRACT. We study, in the setting of a Hilbert space, the behavior of the sequences generated by extra-
gradient methods for solving variational inequalities in the presence of summable computational errors.
It is shown that most of iterates are good approximate solutions of variational inequalities.
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1. INTRODUCTION

Gradient-type methods and variational inequalities have recently been and continue to be important
topics in optimization theory and its applications. See, for example, [1, 2, 3, 4, 5,6, 7, 8, 9, 10, 11, 12, 13]
and references mentioned therein. In the present paper we study, in the setting of a Hilbert space,
the behavior of the sequences generated by the extragradient method, introduced in [12] for solving
variational inequalities, in the presence of summable computational errors. It is shown that most of
iterates are good approximate solutions of variational inequalities. This result is important because
computational errors are always present in the practice.

Let (X, (-,-)) be a Hilbert space with an inner product (-, -) which induces a complete norm || - |
For each z € X and each r > 0 set

Bla,r)={ye X : |lz—yll <r}.
In the sequel we use the following well-known result [16].
Lemma 1.1. Let D be a nonempty closed convex subset of X . Then for eachx € X there is a unique point
Pp(x) € D satisfying
|z = Pp(x)|| = inf{|lz —y[ : y € D}.
Moreover,
1Pp(x) = Pp)l| < [l — yl| forallz,y € X
and for each x € X and each z € D,

(z = Pp(x),z — Pp(z)) <0,z — Pp(a)| + ||lz — Pp(z)|* < |2 — z|>

Let C be a nonempty closed convex subset of X. Consider a mapping f : X — X. We say that the
mapping f is monotone on C' if

(f(z) = f(y),z—y) > 0forallz,y € C.
We say that f is pseudo-monotone on C' if for each x,y € C the inequality

(f(y),z —y) > 0 implies that (f(x),z —y) > 0. (1.1)
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Clearly, if f is monotone on C, then f is pseudo-monotone on C'. Denote by S the set of all x € C'
such that

(f(z),y —x) >0forally € C. (1.2)
For each € > 0 denote by S, the set of all z € C such that
(f(x),y —x) > —¢lly —z| —eforally € C. (1.3)

Elements of S, can be considered as e-approximate solutions of the variational inequality.

In this paper, in order to solve the variational inequality (to find x € S), we use the algorithm known
in the literature as the extragradient method [12]. In each iteration of this algorithm, in order to get
the next iterate 1, two orthogonal projections onto C are calculated, according to the following
iterative step. Given the current iterate xy, calculate y;, = Po(zg — 7 f (7)) and then

rp1 = Po(zr — mf(yr)),

where 7, is some positive number. It is known that this algorithm generates sequences which weakly
converge to an element of S [5]. In this paper, we study the behavior of the sequences generated by
the algorithm taking into account computational errors which are always present in practice. Namely,
the algorithm generates sequences {x} 32, and {y;} 72, such that for each integer k& > 0,

lyx — Po(xr — i f (21))]| < Ag
and
|21 — Po(or — mf (yr) || < A,

where {A}}72, are summable computational errors.
We suppose that the mapping f is Lipschitz on all bounded subsets of X and that

(fly),y—x) >0forally € C andall z € S. (1.4)
Note that (1.4) holds if f is pseudo-monotone on C'

2. AUXILIARY RESULTS
We begin with the results obtained in [14].
Lemma 2.1. Assume thatT > 0, u, € S, My >0, M; >0, L >0, f(B(u«, Mp)) C B(0, M), and
| f(z1) — f(22)|] < L||z1 — 22|| forall z1, z2 € B(us, Mo + 7Mjy).

Letu € B(us, My), v = Po(u—7f(u)), T :={w e X : (u—7f(u) —v,w—v) <0}, D bea
convex and closed subset of X such that

cchcT
(note that C' C T') and let it = Pp(u — 7f(v)). Then,

| —w|* < lu—ue = (1= 72L2)|Ju —v||*.
Lemma 2.2. Letu, € S, My >0, My >0, L >0, € (0,1), f(B(ux, My)) C B(0, My),
I1f(z1) — f(2z2)|| < L||z1 — 22| forall z1, zo € B(us, My + M7 + 1),
andT € (0,1], LT < 1. Assume that
z € B(us, Mo), y € X, |ly— Po(z —7f(2)| <0, £ € X, ||z - Po(z —7f(y))| < 0.

Then,
|12 — wal|* < 46(1+ M) + ||z — wa]|* = (1 = 72L?) || — Po(x — 7f(2))]*.
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3. ExAacT ITERATES

We use the assumptions, definitions and the notation introduced in Section 1.1.The following theo-
rem shows that the most exact iterates of our algorithm are approximate solutions of the variational

inequality.
Theorem 3.1. Lete € (0,1), My, M, L > 0,
B(0,Mo) NS # 0,
f(B(0,3My)) < B(0, My),
1f(z1) = f(z2)ll < Lllz1 — 22|l

forall z1,z0 € B(0,3Mo + M),
O0<7<7n <1, 1L <1

and let eq > 0 satisfy
(771 M) < e
Assume that {x;,}72 o C X, {yr}i2, C X
{m}ezo C [T, 7],
[[zol| < Mo
and that for each integer k > 0,
yr = Po(xr — mf(21)),
zp+1 = Po(vr — e f (Yk))-
Then
kaH < 3M0, k= 0, 1, N

and

Card({k € {0,1,...} : ||ox — yrll > e0}) < 4AMey*(1 — 72L*) 1.

Moreover, if k > 0 is an integer and ||z, — yi|| < €o, then
(fxr), € —an) > —e —€l|l§ — ]|, € Ch
and xj, € S..
Proof. By (3.1), there exists
ux € S(0, B(0, My).

Equations (3.7) and (3.10) imply that
|zo — us|| < 2M.

Assume that £ > 0 is an integer and
”.I'k - U*H < 2M0.

(3.10)
(3.11)

(3.12)

(In view of (3.11), equation (3.12) holds for k£ = 0.) By (3.2), (3.8)-(3.10), (3.12) and Lemma 2.1 applied

with
u:xlm U:yka ﬂ:xk+17 T = Tk,

we have

1 = usl® < o —wd]* = (1= 77 L) g — yell?

<l = wal* = (1= 72L2) e — w1

It follows from (3.4), (3.12) and (3.13) that

ks — wall < g — wil] < 2Mo.

Thus by induction (3.12) and (3.13) hold for all integers k£ > 0. By (3.10) and (3.12),

lzgll < 3Mo, k=0,1,....

(3.13)
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Set
E={ke{0,1,...,}: ||z — yk|| > €0}
Let () be a natural number. Set
Eg=En{0,...,Q —1}.
By (3.11) and (3.13)-(3.15),

AMG > [lzo — |

>[|lzo — usl® = llzg — wl®

Q-1
= (llor = wal? = llwres — wil®)
k=0

> {llon — wl® = lops —wel* s k € Eg}
>ed Card(Eg)(1 — 2L?)
and
Card(Eg) < 4MZey?(1 — m2L%) 71
Since () is any natural number, we conclude that
Card(F) < 4Mgey2(1 — 2L%) 7.
Assume that k& > 0 is an integer and
|2k — ykll < €o-
By (3.8) and (3.16),
2% — Po(zr — 7 f (1)) < €o.
It follows from (3.17) that for each & € C,
0 >(x — 7 f(2r) — Po(zr — e f(21)), § — Po(zk — e f(21)))
=(@k — Po(or — 7 f(2k)), € — Polzk — 7 f(w1)))
— Tk f(2r), € — Po(or — 1 f (1))
> — |lz — Po(xp — mef () (1€ — 2xll + |2k — Pol(zr — e f (z))l])
= 7l f(@k), & — w) — T (f(xn), T — Pol(or — e f (z)))

> —eo(|1§ — @kl + €0) — 7 (f (k). € — z) — Tr[l f (1) €0-

In view of (3.2), (3.10) and (3.12),
1S (@)l < M.

It follows from (3.5), (3.6), (3.28) and (3.19) that for each £ € C,

0> —eoll¢ — axll — € — 7l f (ar), € — ax) — Mieg
and
(f(xr), & — o) ZTk_lme — x| — 637']:1 — Mg
> — 7 eo||€ — ]| — 271 — Myeg
>l — ap]| — e

Thus, Theorem 3.1 is proved.
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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4. INEXACT ITERATES WITH SUMMABLE ITERATES

We use the assumptions, definitions and the notation introduced in Section 1.1. The following theo-
rem shows that the most inexact iterates of our algorithm under the presence of summable computa-

tional errors are approximate solutions of the variational inequality.

Theorem 4.1. Let {A;}5°, C (0, 1) satisfy
o0
A= Z A; < o0,
i=0

€ E (0,1),M0 >1, M, L >0,
B(0, M) NS # 0,
F(B(0,3Mo + 4A + 1)) C B(0, My),
1f(z1) = f(22)|| < L[z1 — 22|
forall z1,z9 € B(0,3My + My + 4A + 1),
O<7<rn <1, 71L<1

and let eg > 0 satisfy
260(67 71 +2M; 4 2L) < e.

Assume that {x;,}72 o C X, {yr}io, C X
{Tk}zo:(] C [7:77—*]7
[[zol| < Mo
and that for each integer k > 0,
lyk — Po(wr — e f (zx)|| < Ay,
k41 — Poler — 7 f (yr)) | < Ak
and a natural number ng satisfies for each integer k > ny,
Ak < 60/2.

Then
|z| < 3Mo+4A, k=0,1,...

and

(4.9)
(4.10)

(4.11)

Card({k € {0,1,...} : |lzr—yrll > e0}) < no+dey 2(1-72L%) "1 ((2Mo+4A)*+4A(2My+4A+1)).

Moreover, if k > ng is an integer and ||xy — yi|| < €o, then

(f(ag), & —ap) > —e— €€ — x|, € C
and Se N B(xy, €) # 0.
Proof. By (4.2), there exists
Uy € SOB(O, Mo)

Equations (4.8) and (4.12) imply that
HIL’O — U*H < 2M0.

Assume that £ > 0 is an integer and

g — wall < 2Mo +4) {A;: i €{0,...,k}\ {k}}.

(In view of (4.13), equation (4.14) holds for £ = 0.) Set
My =2Mo+4> {A;: i €{0,... .k} \ {k}}.

(4.12)

(4.13)

(4.14)

(4.15)
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Clearly,
M, < 2M, + 4A.

By (4.12), (4.15) and Lemma 2.2 applied with
Mo = My, © =k, y =Yk, & =Tp41, T=Tk, 0 = Ay
we have
|Zri1 — wel|® < Jlog — wal? + 488 (My + 1) — (1 = 77 L) ||z, — Po(z, — 7f (w2) % (4.16)
It follows from (4.15) and (4.16) that

ka+1 — 'LL*H2 S ||.Tk - U*H2 + 4Ak(1 + 2M() + 4A) — (1 — T]?Lz)ka — Pc(ilik — ka(xk))HQ
(4.17)
In view of (4.14)-(4.16),

wl|lzpsr — wil|? <AAR(L + My) + M7 < ME + 8Ap M, < (M, + 44Ay)2,
~ k
[Zht1 — wal| <My + 44, < 2Mo + 42&'-
i=0
Thus, we showed by induction that (4.14) and (4.17) hold for all integers k > 0. By (4.1), (4.12) and
(4.14), for each integer k£ > 0,

Ha;k — U*H < 2My + 4A, kaH < 3My + 4A. (4.18)
Set
E={ke{nomno+1,....}: o —ull > o). (4.19)
In view of (4.11) and (4.19), for each integer k € F,
lox — Pol(zr — e f (xe)ll > llzk — vkl = llye — Po(or — e f (z2)]| > €0 — A > €0/2. (4.20)
Let () > ng be a natural number. Set
Eo=En{0,...,Q - 1}. (4.21)
By (4.17) and (4.18),
(2Mo + 48)% 2@, — .
>[|@ng — uell? = ll2q — us|?

Q-1
= Z (o — wal® = llzpsr — ual?)

(1 = 72L2)||xx, — Po(xr — mif (zp)]|? — 4A%(1 + 2My + 4A))

M@

k=no
and in view of (4.7) and (4.19)-(4.21),
Q-1
(1= m2L%) 71 (2Mo + 4A) + 4A(1 + 2Mo +4A)) = > |2y, — Po(ar — 7 f ()1
k=ng
> {llar — Polay — mef (i) k € Eg}
>4~ e Card(Eq)
and
Card(Eq) < 4eg*(1 — 72L%) "1 ((2Mo + 4A)? + 14A(2Mp + 4A + 1)).
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Since () is any natural number larger than ny we conclude that
Card(F) < 4ey2(1 — 72L%) 1 ((2Mp + 4A)2 + 4A(2Mp + 4A + 1))
and in view of (4.19),]
Card({k € {0,1,...}: ||z — yxll > €0}) <ng + Card(E)
<ng +deg 2 (1 — T2L%) 71 ((2My + 4A)? + 4A(2Mp + 4A +1)).
Assume that £ > ng is an integer and
Iz — yill < €o. (4.22)
By (4.9), (4.11) and (4.22),
lzx — Po(@r — i f (@p)) | <llze — yrll + llye — Polze — 7 f (i)l
<eo + Ay
<2¢. (4.23)
It follows from Lemma 1.1 that for each £ € C,
0> (wg — 7 f(wx) — Po(zk — mef(zk)), & — Pol(or — 1w f(21)))- (4.24)
By (4.23), (4.24) and the Cauchy-Schwartz inequality for each £ € C,
0 >(zy — Po(zr — o f (k). € — Po(ok — e f(21)))
—7(f(xx),§ — Po(zr — 7 f(wk)))
2 — |z — Po(ze — e f (@) 116 — 2kl + llze — Po(zr — 7 f (zi)l])
= Te(f(zr), & — z) — T (f (@), 2k — Polzr — 7 f (k)
> — 2¢0||€ — il — 45 — T (f (wr), & — xx) — 27| f (1) [ €o- (4.25)
It follows from (4.3), (4.7), (4.18) and (4.25) that for each £ € C,
T (f (1), € — wk) > — 2€0]|€ — @] — de§ — 2mpeo M,
(f(zr), & — ) > — 2607 H|€ — ap|| — 4ed7 1 — 4771 — 2e0 M. (4.26)
By (4.6) and (4.26), for each € € C,
(f(zk), & —21) > —€||§ — 2i]| — €.
Set
y = Po(xr — i f(xr)). (4.27)
Clearly, § € C. In view of (4.6), (4.23) and (4.27),
lzr — gl < 2e0 <e. (4.28)
Equations (4.3), (4.4), (4.18) and (4.28) that
If @I < My, [[f(@x) = F@)] < Lljzx — gl < 2Leo. (4.29)
By (4.6), (4.26), (4.28) and (4.29), for each £ € C,
(f@).€—9) 2(f(@),€ —zx) = [IF @) l|zx — 7]
>(f(), & — k) — 260 My
=(f(@r), & —xr) — [ f(@) = fl@e)ll§ — 2]l — 2e0M
> — 2¢07 L€ — || — deo7 ! — 20 L||€ — || — deo My

> — (27 Yeg + 2Leo)||€ — wp|| — deo My — depF

> —e||&r — 7| — (27 teo + 2Leo) ||z — | — deoT Tt — deg My
> — €||¢ — 7|l — 2e0(27 Yeg + 2Leg) — depT ! — deg M,y

> —el§ =yl —e

Theorem 4.1 is proved. 0
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