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A STEP SIZE RESOLVENT METHOD FOR MIXED VARIATIONAL INEQUALITIES AND
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ABSTRACT. The objective of this study is to develop an approximation for the common solution to mixed
variational inequalities governed by monotone and uniformly continuous operators and hierarchical fixed
point in real Hilbert space. We propose a resolvent method with double inertial extrapolations. Our
approach departs from traditional Armijo-type line searches by using a simple step-size adjustment rule
that generates a non-monotonic sequence. We introduce a less restrictive condition that ensures the
convergence of our inertial method without requiring knowledge of the Lipschitz constant. Finally, we
present numerical results to evaluate the performance of the proposed algorithm.
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1. INTRODUCTION

Consider a real Hilbert space H, where (-, -) is the inner product and || - || is the associated norm. Let
1 : H — R be continuous function and G : H — H be a nonlinear mapping. The mixed variational
inequalities (MVI), finding = € H such that

(G(x),y —x) +9¥(y) —¢(z) >0, VyeH. (1.1)

We refer to the set of solutions of (1.1) as MV I(G,1). The MVI provides a versatile framework that
unifies diverse challenges from continuous optimization and variational analysis. It encompasses clas-
sical models such as minimization and linear complementarity problems, alongside a broad spectrum
of other variational inequalities. These classes of variational inequalities are essential for modeling
phenomena across a wide range of disciplines; see, for instance, [1, 10, 18, 20, 21, 22, 23, 24, 25, 26, 27,
32, 34, 36, 49, 57, 58].

The presence of a nonlinear term within the MVI framework introduces significant complexities,
hindering the direct application of projection-based methods for developing efficient numerical algo-
rithms. To overcome this, we adopt the resolvent operator approach, a technique pioneered by [12]. As
established in the literature [2, 3, 4, 5, 8, 17, 28, 29, 37, 38, 39, 40, 41, 52, 57, 58], the resolvent operator ap-
proach serves as a powerful foundation for iterative methods, providing superior numerical efficiency
for various classes of (1.1). A shared feature among these resolvent operator-based approaches is their
fundamental reliance on line-search procedures. Establishing convergence for such iterative methods
requires G to satisfy monotonicity and global Lipschitz continuity. Crucially, these algorithms rely on
the Lipschitz constant of (G, which is often difficult to estimate. Moreover, a recognized drawback of
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this approach is that the descent of the stepsize decay often leads to a significant slowdown the algo-
rithm’s convergence during the final stages of the process. The practical applicability of existing algo-
rithms is often constrained by these factors. Our objective is to overcome these hurdles by proposing
a simplified, more resilient framework that operates independently of the function’s specific structural
characteristics. Furthermore, let us investigate the fixed point problem for the operator 7', according
to its definition

find z€C suchthat T(z)=x, (1.2)

where C' is nonempty closed and convex. We denote by F(T) the set of solutions of (1.2). Fixed
point theory has gained substantial momentum in recent years, evolving into a highly active field of
mathematical research due to its broad utility across various disciplines; see for example [6, 7, 9, 11, 13,
14, 16, 19, 43, 48].

The hierarchical fixed point problem (HFPP), as studied by Moudafi and Mainge [35], seeks a point
2* within the fixed point set of a nonexpansive mapping 7' relative to another nonexpansive mapping
S. Specifically, find 2* € F(T) such that

(I-S)z*,z—2%) >0, VaeF(T). (1.3)

Let A represent the solution set of the HFPP (1.3). It is important to note that whenever A is nonempty,
it constitutes a closed and convex set.

The HFPP is essential in fields ranging from optimization to differential equations. To solve this
problem when contraction mappings are present, the viscosity scheme is frequently employed. This
method was pioneered by Moudafi and Mainge [35], Xu [53] proved strong convergence toward a
unique solution for HFPP involving both contraction and nonexpansive mappings. A key advantage
of the viscosity scheme is its ability to find a solution within a fixed point set without requiring the
direct calculation of a metric projection at any step. Furthermore, Yao et al. [55] explored singleton so-
lutions of the HFPP as strong limits, expanding the scope of the problem by utilizing metric projections
and countable families of nonexpansive mappings. Many researchers developed and analysed iterative
algorithms for finding common element of solution sets of HFPP and other problems. For example,
Kazmi et al. [30] introduced and analyzed a Krasnoselski-Mann type algorithm designed to identify a
common element between the solution sets of the HFPP and the split mixed equilibrium problem. This
approach was subsequently refined by Kim and Majee [31], who substituted the nonexpansive self-
mapping 7" with an average of a finite family {7} consisting of k;-strictly pseudocontractive non-self
mappings. Notably, their modification utilized a step size independent of the operator norm. Recently,
to enhance the convergence rate of the method in [31], Chuasuk and Kaewcharoen [15] proposed an in-
ertial Krasnoselski-Mann type algorithm. Their work addresses common solutions for HFPP involving
k-strictly pseudocontractive non-self mappings and split generalized mixed equilibrium problems.

Synthesizing previous findings and an extensive review of the relevant literature, we propose a re-
solvent method with double inertial extrapolations to approximate the common solution to mixed vari-
ational inequalities (1.1) and the hierarchical fixed point (1.3) in the setting of real Hilbert spaces.

Our approach departs from traditional Armijo-type line searches by using a simple step-size adjust-
ment rule that generates a non-monotonic sequence. In the study of inertial methods, parameters are
frequently constrained to be non-decreasing with a fixed upper bound. Furthermore, many existing
frameworks require the inertia parameter to depend on the Lipschitz constant, which can be challeng-
ing to estimate in practice. To address these limitations, we introduce a less restrictive condition that
ensures the convergence of our inertial method without requiring knowledge of the Lipschitz constant.

2. PRELIMINARIES

We begin by establishing the fundamental definitions and preliminary results essential for the anal-
ysis of our proposed method.
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Definition 2.1. The mapping 7" : C' — H is said to be
(a) monotone if
(Tex —Ty,z —y) >0, Va,y € C;
(b) pseudomonotone if
(Te,y—z) > 0= (Ty,y —x) >0, Va,y € C,

(c) nonexpansive if

[Tz —Ty|| < [z —yll, Vz,yel;
(d) L-Lipschitz continuous if there exists a constant L > 0 such that
[Tz —Ty| < Lllz —yl|,  Va,yeC;

(e) contraction if there exists a constant 0 < k < 1 such that
[Tx =Tyl < kllx—yl,  Vz,yeC;

Definition 2.2. [12] Let A be a maximal monotone operator, then the resolvent operator associated
with A is defined as

Ja(u) = (I +pA)~'(u), VueH,

where p > 0 is a constant and [ is the identity operator.

Remark 2.1. Itis well known that the subdifferential 01 of a convex, proper and lower-semicontinuous
function v : H — R is a maximal monotone with respect to the first argument, its resolvent is defined
by

Jyp = (I + pdy)~t. (2.1)
The resolvent operator Jdefined by (2.1) has the following characterization,
Lemma 2.1. [12]. For a givenu € H, z € H satisfies the inequality
(u—z,v—u)+ pY(v) — pp(u) >0, YveH, (2.2)
if and only if
u=Jylz],
where Jy, is resolvent operator defined by (2.1).
Remark 2.2. It follows from Lemma 2.1 that
(Jplz] = z,v = Jylz]) + pv(v) — pp(Jylz]) >0, Vu,v,z € H (2.3)
which implies that
20— Jylz), Jylz) — 2) < 20 (V) = U(Jyl]) ) o € H.

Since
2(v — Jylz], Jylz] = 2) = v = z|” = [l = Ty[2][1> = | p[2] — 21|

Then we obtain
o~ JolalIP” < o — 2l = [1l2] — 2l + 20((0) — w(Ty2D) Yo € A. (24)

Lemma 2.2. [42] Every Hilbert space satisfies the Opial’s condition, i.e., for any sequence {x,,} in the
space that converges weakly to a point x, the following property holds:

lim inf ||z, —zol < lm inf |z, — y|| (2.5)
n—00 n—00

for all points y in the space that are not equal to xg.
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Lemma 2.3. [51] A function F' defined on a convex domain is uniformly continuous, if and only if, for

every € > 0, there exists a K < 0o such that ||[F(a) — F(b)|| < Klla — b|| + €.

Lemma 2.4. [47] Let {c,,} and {w,} be two nonnegative real sequences satisfy

Cnt1 S Cp +wp, Yn > 1

If Y07 qwn < 00, then lim ¢, exists.
o0

Lemma 2.5. [45] Let {c,,} be a positive real sequence, {wy, } be a sequence in (0, 1) such that ) w, = 0o
n=1

and ¥y, is a sequence of real numbers. Suppose that

Cn+1 < (1 —wp)ep + wpy, VYn > 1.
Iflimsupy,_, oo Upn, < 0 for all subsequences {cy, } of {cn} satisfying the condition

. 2 >0, . _ 0
11}££f(0nk+1 ) > 0. Then, nh_)rglocn 0

Finally, we require the following standard inequalities and equalities, which are valid in Hilbert
spaces.

(i)
|z 4+ v||? < ||z||? + 2(v, z + v), Va,v € H. (2.6)
(ii) For eachvy,---, v, € H and 01, -+, 8y, € [0,1] with 3", 6; = 1, the following equality holds
6101 + -+ - + 5mva2 = 251||vz|]2 — Z (5,(5]”2)1 — UjH2. (2.7)
i=1 1<i<j<m

3. THE PROPOSED METHOD AND SOME PROPERTIES

Let H be real Hilbert space. Let ) : H — R|J{+0oc} be bifunction convex. Let 7, S : H — H
be nonexpansive mappings. Let f : H — H be a contraction mapping with constant & € [0, 1). Let
{an}, {Bn}s {0n}, {tn}s {en}s {&n} {n} and {p,, } are nonnegative sequences satisfying the following
conditions:

(@) ap+ By + 6, =1, and liminf,, 5,0, > 0;

() lim < = 0and lim & —0;
n—00 Oy, n—00 Qip
o
(¢) lim,, 00 oty = 0 and Z Qy, = 00;
(@ 0 < liminf 1, < limsup s, < 1;
n—00 n—00
o
(e) nz:lm < 00, nh_}rglo rn = 0.
Assuming the usual conditions:
(C1) The operator G : H — H be monotone and uniformly continuous on H and satisfies the
following property: whenever {z,,} € H, x,, = z*, one has |G(z*)|| < linni}gf |G (xn)]|-
(C2) The solution set Q2 = F(S)(MVI(G,v) A # 0.
To determine the common solutions of (1.1) and (1.3), we propose the following algorithm
Algorithm 3.1.
Step 0. The initial step:
Given x € (0,1),v, € (0,1),m, € (0,1), un, € (0,1),p1 > 0,0 > 0,0 > 0, and let 2,z €
H be arbitrary.
Given x,,_1, Tn.
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Step 1. Choose 6, and @, such that

. o .
o { G e 6
And
- { min{w, ta—y} if o 7&'“’"‘1’ (3.2)
w, otherwise.
Step 2. Set
ap = YnTn + (1 — ) [xn + O (xp — :vn,l)],
by, = Mnxn + (1 —np) [wn + wp (2, — xn_l)} ,
and compute
2 = Jy (an — puGlan))
if z,, = a,, then stop, a,, is a solution of (1.1). Else, do Step 3.
Step 3. Compute
Up = Jy (an — pnG(zn)>.
Step 4. Compute
Up = (1 — pn)tn + pnS(uy,)
and
Tnt1 = anh(by) + Bnon + 05T (vy).
Update
P { min { “";@Eﬂi;:&ﬂi?ﬂ:’izsHQ) , Pn + Tn} if (G(an) — G(zn),un — 2zn) >0, (33)
Pn + Tn otherwise.

Setn :=n + 1 and go to Step 1.
Given that ¢ is an indicator function of a closed convex set C' in H, its corresponding resolvent

operator then Jy;, becomes the metric projection Pc onto C and consequently Algorithm 3.1 reduces to

Algorithm 3.2.

Step 0. The initial step:
Given x € (0,1),v, € (0,1),1, € (0,1), ptn € (0,1),p1 > 0,0 > 0, > 0, and let zg, 2, €
H be arbitrary.
Given z,,_1, Ty,

Step 1. Choose 6,, and w,, such that

6, — min{é, m} if £, # Tn_1,
0, otherwise.
And

. €n .
Wn = mln{w’ ”xn*gﬁn—lu} if Zp 7 Tn-1,
w, otherwise.
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Step 2. Set
Ap = YnTn + (1 - ’Vn) [xn + en(xn - xn—l)]v

bn = NnTp + (1 - 7771) |:xn + wn(xn - xn—l)} ,
and compute
zn = Po (an - pnG(CLn>>,

if z,, = a,, then stop, a,, is a solution of (1.1). Else, do Step 3.
Step 3. Compute

u, = Po <an — pnG(zn)>.
Step 4. Compute
Vn = (1 — pn)un + S (un)

and
T e anh(bn) + ann + 5TLT(U71)
Update
. n an—2zn||2+||un—2n]|2 .
Py = | D {( %gﬂn)—cxlnﬂn—m D, o + Tn} if (G(an) — G(zn), un — 2n) >0,
On + Tn otherwise.

Setn :=n + 1 and go to Step 1.
Remark 3.1. By condition (b), from (3.1) we we obtain

eonn - xn—l” <é, and wonn - xn—l” <én.

then 0
lim ||z, — 21| =0 (3.4)
n—00 lp,
and
w
lim —"||x, — z,_1] = 0. (3.5)
n—00
Thus, there exist N; > 0 and Ny > 0 such that
On
— ||@n — 2p-1|| < Ni,Vn €N (3.6)
(679
and
Wn
OTH% — Zp—1]| £ N2, Vn € N. 3.7)
n

The proof of global convergence for our method relies on the foundational lemmas presented below.

Lemma 3.1. [11] Let {p,} be a sequence defined by (3.3). Then, we have lim p, = p, where p €
n—o0

00
|:min (%7p1>7;01 + ZTn:|
n=1

Remark 3.2. It follows from Lemma 3.1 and condition (e) that

):1—X>o, (3.8)

there exists ng > 0 such that for all n > ng, we have 1 — (r'f# > 1—% > 0.
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Lemma 3.2. Given the sequence {x,} produced by Algorithm 3.1 and a point =* € (), the following
holds

= 212 < flag — 22— (1= XY e (1 Ty e )
Pn+1 Pn+1

Proof. It follows from (2.4) that

lun =212 = |y (an = puGlzn)) = "
lan — pnG(2n) — w*HZ — [Jun — an + PnG(Zn)”Q
+2pn[th(2%) — P (un)]

”an - $*||2 —2pp(un — 2%, G(2n)) — Hun - an”2

20 [(a") — (un)]

IN

Since 2* € MV I(G, 1), we have
(G(7), 2n — ") + (20) — (%) 2 0
and using the monotonicity of G, we get
(Glzn): 20— 2°) 4+ (zn) = (") 2 0. (3.10)
On the other hand, inequality (2.3) yields
(= puGan) = 20 20 = ) + puth(ttn) = pato(z0) = 0. (311
By virtue of (3.10) and (3.11), we obtain
e =22 < llan = 21 = 2pn(Glzn), tn = 2%) = lftn = an?
+2pn[t(@") = ¥(un)] + 20 ((G(zn), 20— ) + ¥ (zn) = ¥(a"))
~2(an = pnG(an) = nytn = 2n) + 200 ($(un) = V(20))

= |lan — 33*H2 —2pp(G(20), un — 2n) — |lun — Zn||2 — lzn — an”2
—2(Up, — Zny Zn — Q)
—2(an — pnG(an) — 2n,Un — zn)
= llan — %[> = lun = 20ll* = 120 = anll® + 2pn(G(an)
—G(zn), Un — 2n). (3.12)

Invoking (3.3), we obtain the following

g =212 < oy — a2 (1= LY e (o Ty e
Pn+1 +1

which leads to the desired assertion of this lemma. O

Lemma 3.3. Let {x,} be the sequence generated by Algorithm 3.1. Then, for a given x* € (), there exists
an integer ng such that {x,} is bounded for alln > ny.



A STEP SIZE RESOLVENT METHOD FOR MIXED VARIATIONAL INEQUALITIES

Proof. Observe that

[Zns1 — 27

IN N

+0n 1T (vn) — 27|

IN

+0n [T (vn) = T(2")]]

< ankllbn — 27 4 an|[h(2”) — 27| + (1 = an)ljon — 27|,

Hanh(bn) + Bnvn + 6nT(Un) - J;*H
an||h(bn) — || + Bnllvn — 2™ + 6n [|T(vs) — 27|
anllh(by) — h(z")|| + an|[h(z™) — 2" + Bullvn — 27|

ankl||by, — *|| + an||R(x™) — || + Bnl|lvn — ||

On the other hand, applying (2.7) in conjunction with Lemma 3.2, we obtain

lon — 2|

IN

IN

IN A

In view of (3.6), we have

llan — 27|

IN

IN

H(l — Hn)Un + pn S (un) —

H(l — i) (Up, — %) + pin (S(un) — x*)

(1= pn)llun — 2% + pin

—pn(1 = pin) ‘S(Un) — Un

(1= pn)ln = 2*|* +

_Mn(l - Mn)

‘S(un) — Uy

(1= pn)llun — 2% + pn|

[wn — x*HQ — pin (1 — fin)
[
lan — 2*|%.

N 2
X

S(up) — z*
‘2

= 2% = (L = )| |S ) = e

S(un) — up,

‘ 2

2

2

I+ (1= ) [0 + Bl = 2an)| = 2|

x « 0
Tallan = 2+ (1= 70) | low = 2" + (= 2 = 2]
n

|xn — ™[] + anN.

Observing (3.7), we obtain

16 — ]|

IN

IN

10 + (1= 1) 2 + Dal@n = 20-1)] =27

" " w
Mllzn — [ + (1 = nn) [Hxn — x| + O‘n<an |zn — xn—luﬂ
n

lxn — ™| + anNa.

2
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(3.13)

(3.14)

(3.15)

(3.16)
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Applying (3.14), (3.15) and (3.16) in (3.13), we obtain

lensr =2l < (1= (= K)an)llen = I+ anllh(@®) = 2| + an (N1 + ka2
< (1= (= Kan)lan = 2| + alla(@") = a7 + an(Ny + Vo)
_ . |A(a®) = a*| + (N1 + No)
= (1= (1= K)an) lon — 2" + an(1 k) ( - )
h(z*) — x* N N-
< max(”azn—aj*H,H (=) le_J;( Lt 2)) (3.17)

By induction on n, we obtain

[h(z*) — 2*[| + (N1 + Na)
1—-k

Hence {x,} is bounded and consequently, we deduce that {a,}, {b,},{zn}, {vn}, {un} and {h(by,)}

are bounded. g

),VnZno.

lon = 2| < max(flan, — 2,

4. CONVERGENCE ANALYSIS

We now demonstrate the strong convergence of the proposed method. Notably, our approach by-
passes the traditional two-case analysis frequently utilized in the literature, offering a more direct and
unified proof structure.

Theorem 4.1. Algorithm 3.1 generates a sequence {x,} that converges strongly to a point & € ). This
limit point is characterized as & = Pq[h(Z)].

Proof. Let € Q and aa,, = x,, + 0 (x, — Tp—1), we have
laa, — &> < |lzn = Z[* + O2ll2n — 21 ]|? + 20520 — &[0 — 201 ]

N 0 N
= |lzn - 5'3”2 + O‘neninxn - $n71||2 + 20 ||Tn — 13”7””5571 — ZTn-1|-
Qo Qp

In view of the definition of a,,, we have the following
lan = Z[1* < Allzn = Zl* + (1 = 70)llaan — 2]
- - 6
< allan — x||2 + (1 = w)llzn — $H2 + anenai||xn - xn—IHQ
n
1 On
F2apzn — 2|~ l2n — zn
an

= lzn — Z* + anggn (4.1)
where
0, .0,
qGn = Onllzn — Tn1l|—||Tn — Tn-1l| + 2|20 — Z||—[|Tn — TH-1]. (4.2)
Oy On

Let bb,, = x, + wp(zy — Tp—1), we get
166, = 2|* < lan — &)1 + wpllen — zaall® + 20|20 — &0 — 2|

W, v
= ||xn—xH + o — Hxn — Tn— 1”2+2O‘N||xn_x”inuxn_mn—l”-
Oy On

Applying the definition of b,,, we obtain
on = 2|* < mallzn — 2|7+ (1 - nn)be - |

IN

Hxn_xH +O‘nwn ”wn_mn 1H2—|—2aonn—xH H$n_mn 1]]
Qp (679

= |lzn — ZI* + anppn (4.3)
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where

w LT
ppn = @pllzn = Taci =20 = @aca|| + 20|@n — E)| == lon — 2p-a)- (4.4)
Qp Qp,

By combining (3.4) into (3.5), it can be shown that

lim ¢¢g, =0 and lim pp, = 0. (4.5)
n—o0 n—oo
In view of (2.7) and lemma 3.2, and taking into account (3.14), (4.1) and (4.3), it follows that
Zn+1 — i‘HQ = [lanh(bn) + Bron + 6T (vn) — j”2
< anllh(bn) = &1 + Ballva — ZII* + 8u | T (va) — Z||?

—Bnon, ||T(Un) - UnHQ
~ ~ ~ 2 ~ 2
tn ([1(bn) = h(@)]| + (&) = &)+ Bullvw — 3
+0, | T(vn) = T(@)])> = Badn [T (vn) — val|?
2
tn (Kllbn = 21| + 11(2) = 7ll) "+ (1 = an)llon = 712 = Bada IT(0a) = vl

IN

IN

IN

unllbn = 1 + o (2o — 2 15(2) — 7] + 11(E) - 7]

+(1 = ap)|Jun — Z|?

2 2
— Bnnl|T (vn) — v

0ol — 1 + v (20— 211(@) — 7] + [1(@) — 7]?)

+(1 — an)llan — |

(1 a1 Ty
Pn+1

(- an)<1 _ w) 20 — an?
Pn+1

S(up) — up

—n(1 = pin) (1 = )

IN

2
— (1 — pn) (1 — ) [|S(un) — Un|| — Bnbnl|T(vn) — UnH2

IN

tn (2 = &2 + nppn
(26 = FA(E) — 2l + 1) = #l12) + (1 = an) (llzn = 71 + anaan

(1 a1 Ty
Pn+1

~(a-an)(1- <:+X)”)\ P — (1 — ) (1 — )

—Bnbn | T (vn) — UnH2
i — &1+ v (2000 — FIR(E) — 2] + 1) ~ 32 + ag0 +pp2)

(rn + X)Pn
(1) (1= T Y, — 2

2
S(un) — up,

IN

Pn+
1 _(rn+X)Pn _ 2
(1= an) (1= 0 o —
2
(1= pn)(1 = )| [S(uwn) = wn|” = Budullon — ua® (4.6)
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Suppose that {||z,,, — Z|*} is a subsequence of {||x,, — Z||?} satisfying
lim inf <||znk+1 — &) = ||z, — :zH?) > 0. 4.7)
k—00
Inequality (4.6) then yields

Ty, + Tny + :
(=) (1= Py o (1 g (1 P
ng Nk

2
+:unk(1 - /"Lnk)<]‘ - ank) + Bnkénk HT(vnk) — Uny H2

[ (tun) =t
< = 2P = enern = E? + an, <2ank — |[||h(&) = Z|| + [|h(E) = ZI|* + qqn, +ppnk>.
In light of the above inequality and (4.7), and noting that lim,,_, o, = 0, it follows that

timsup (1 - a,) (1 - Loty e
k—o0 pnk+l

Tn, T X
Hlmap) (1 Dty 2
ng

2 2
+ By IT (W) = vn, 1?)

(S () =

+Unk(1 - Nnk)(l - ank)

< limsup ([an, — 72 = @m0 — 7
k—ro0
- N~ SN A2
i (2lbe, = T 12(2) = 2 + [7(F) = | + g0, + PP ))
= —liminf (ane1 = 72 = on, - 7[?)
k—o0
< 0.
Recalling (3.8) alongside conditions (a), (¢), and (d), we observe that
lm ||un, — 2n, ]| =0, lim ||an, — 2zn, || =0, lim ||T(vp,) — vn, || =0, lim HS(unk) —Up, || =0. (4.8)
k—oco k—oco k— oo k— oo
By applying the triangle inequality to the first two limits in (4.8), we immediately obtain
lim ||an, — tn, | = 0. (4.9)
k—o0 ) ’
Furthermore, from (3.6), we observe that
lan, = zn = 1= %) [0n, (@0, — Tn—1)|l
< e’ﬂk ||xnk - xnk*1||
S Qi Nl.
Given that o, — 0 as & — oo, we conclude
lim |an, — @n, || =0. (4.10)
k— o0
Applying the triangle inequality, we have
Hunk - xﬂk” < ||unk - a’nkll + ||ank - xnk”
Based on (4.9) and (4.10), it follows that
lim ||up, — Zn,|| = 0. (4.11)
—00

Next, considering the relationship between v,,, and z,,,
ank - xnk” < ||U7lk: - unk” + ||umc - xnk” < HS(unk) - unk” + Hunk - xnk”

In view of (4.8) and (4.11), we obtain
lim ||vn, —@n, || =0. (4.12)
k— o0
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For the term involving the operator 7', we observe that
HT(UTLk) = Uny, ” < ||T(U"Lk) - vnk” + ||v71k — Ty ” + ||unk — Ty H
By combining (4.8), (4.11) and (4.12), we conclude that
lim || T(vn,,) — un, || = 0. (4.13)
k—o0
From the definition of x,,, +1, we have

Hxnk+1 — Ty ” < Qny, ||h(bnk) — Ty ” + ﬁnk ank — Ty H + 6nk ||T(vnk) — Ty ||
< Qny, ||h(bnk) = Ty, ” + (Bnk + §nk)||vnk = Ty, H + 57% ”T(Unk) — Uny, ”
Taking the limit as kK — oo and substituting the results from (4.8) and (4.12), we obtain
klglolo Hxnk“l‘l — Ty, ” =0. (4.14)
We now proceed to prove that w,,(x,) C €, where w,(z,) denotes the set of weak cluster points of {zy},
defined as
wy(xy) ={x € H : x,,, — x for some subsequence {x,, } of {z,}}.

Given that the sequence {z,} is bounded, the set wy,(x,) is nonempty. Let Z € wy,(x,); then there exists a
subsequence {x,, } of {x,} such that x,, — & as k — oo. Furthermore, since limy_, o ||apn, — Zn, || = 0, it
follows that a,,, also converges weakly to Z as k — oo.
We shall now demonstrate that £ € MV I(G, ). Recalling that 2z, = Jy(a,, — pnG(ay)) and applying (2.2), we
obtain
1
'(/)(y) - ¢(Zn) + <G(an)ay - zn> + p7<y — ZnyRn T an> > 07 Vy €H
and
Zny — Qn
w(y) - q/j(znk) + <G(ank)7y - Z7lk> + <y  Pngs %> > 07 vy €H. (4-15)
n

Setting ¢; =ty + (1 — )z € H fort € (0,1] and y € H, noting that ¢; € H. It then follows from (4.15) that
(Gle),ee = zny) 2 Ylan) — ¥ler) +(Gler), et — zn,.)

Zny, — OGn
_<G(ank),8t - an> - <Ct — Zng> M>)

Nk
= Plzn) = ¥(er) +(Gler) = Gl2ny ), ¢t = 2ny)
Zny, — On
+<G(an) - G(a"lk)7 Ct — an> - <Ct — Zngs M> (4.16)
ny,
Given that G is uniformly continuous on H and noting that limy_, « ||2n, — an, || = 0 (see (4.8)), it follows that

limy s o ||G(2n, ) — G(an, )|l = 0. Utilizing the monotonicity of G, the weak lower semicontinuity of ¢, and the
fact that z,,, — &, we deduce from (4.16) that

(Gler), o — ) = () = (er)- (4.17)

Using the fact that 1) is convex, we obtain
(Gle)yy =) 29(@) —¥(y), VyeH.
Letting ¢ — 04 we have
y) —v(@) + (G(2),y — 1) 20, VyeH,
which implies that & € MV I(G, ). Next, we show that & € F(S). Given that klim [ttn,, — @0, || = O (see(4.11)),
—00
it follows that w,,, — 2 as k — co. We apply the triangle inequality and the properties of the operator
oy = S < omy = Sum )|+ 18 (um,) = SN < June ~ St )+ um, 7],

Taking the limit inferior on both sides and utilizing (4.8), we obtain

liminf ||u,, — S(Z)|| < liminf ||u,, — Z||.
k—o0 k—o0
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By the Opial property of the Hilbert space H (see(Lemma 2.2)), this inequality implies that S(Z) = Z, thus
confirming & € F(S).
Following a similar logic, since klim [lvn, — @n, || = O (see(4.12)), we have v,,, — Z as k — oco. We then observe
—00
[on, = T(@)| < l[on, = T (o)l + 1T (0n) = T@) < llvn, = T(wn )l + lon, = Z]|-
Applying the limit inferior and (4.8) yields
liminf ||vy,, —T(Z)| < liminf ||v,, — Z||.
k— o0 k— o0

Again, invoking the Opial property, we conclude that T'(Z) = &, which implies that & € F(T'). Next, we show
that € A. From the monotonicity of I — S and Vz € F(T'), we have

(

T(vnk) — Uny,
Hny,

7unk_z> = <(I—S)(unk)—(I—S)(2)7unk—z)—i—(([—S)(z),um—z>

T(v,, ) —u
+<M,unk —2)

Hony,

Since klim |ttn,, — @n, || = 0, we have that u,, — % as k — oo. It follows from (4.8), (4.13) and (4.18) that
—00

JUp,, — Z) (4.18)

((I—-S8)(2),z—2)<0 VzeF(T). (4.19)
Forany0 <t < landz € F(T),let cc; = tz+(1—t)Z, using the fact that F(T") is convex, we have cc; € F(T).
Then from (4.19), we obtain

0> ((I—-S)(eet), @ —cer) =t{(I—S)(cer), @ —2z) Vze F(T)
which yields
0> ((I—-S)(cer), 2 —2)y Vze F(T).

Letting ¢ — 04 we have

(I-95)(2),2—-2) <0 VzeF(T),
which implies that Z € A. Since T € wy, (), it follows that w,,(x,) C . We next aim to show that

limsup(h(Z) — &, xp, 41 — T) < 0.
k—o00

To this end, let {xnkj } be a subsequence of {z,, } that converges weakly to some & € €, such that

lim (h(Z) — &, 2y, — Z) = limsup(h(Z) — &, x,, — T).

—+oo ’ k—o00
Given that x,, — % € Q and recalling the characterization of the metric projection & = Pq[h(Z)], we obtain

limsup(h(Z) — &, xp, +1 — &) = limsup(h(Z) — &, xp, — ) = (R(Z) — Z,2 — Z) < 0. (4.20)
k—o0 k—oo

Furthermore, as Z € (), it follows from (2.6) that

Qn,, (h(bnk) - h("z‘)) + Bnk (Unk, - ‘%) + 5nk (T(vnk) - i.)

e =2 = |

2
Vo, (h(F) — x)H

|

+20, (W(Z) — &, Tp+1 — T)
< an [[hbny) = M@)? + By lvn, — 2% + 0n lvn, — 2|
+2a, (h(Z) — Z,2p, 41 — T)
< an kb, — 22+ (1 — an,)||vn, — E)? + 20, (R(E) — &, Tnp i1 — 7). (4.21)

e (h{bn) = (&) + By (0, — )+ 80, (T(r,) — )|

IN

Combining Lemma 3.2 with the results from (4.1) and (4.3), we can reduce (4.21) to
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onsr =32 < (1= @ = Ko ) l2n, =71 + oy (kppa, + (1= @, )agn, )

+2a’ﬂk<h<§j) _jamnk+1 _57>
Tk n 2(h(z) — ~a Nk — X
(1= (1= R ), = 717 + (1= Ry, (s 2D =D Tun =)

IN

1-k 1—-k

PPy + 4, 2(0(T) — T, pp1 — T)
1—k 1—k

_ u—amm%%—fﬂ+am(

where 0, = (1 — k), and define

_ PP+ 0ny  2E) = T, Typ1 — T)

P 1—k 1—k

Given that Zzzzl O, = 00 and limy_, o @y, = 0, it follows immediately that

o0
E On, =00 and lim o,, =0.
k— o0

nkzl
Furthermore, invoking (4.5) and (4.20), we obtain

lim sup ¢, < 0.
k—o00
Condition (4.7) ensures that all hypotheses of Lemma 2.5 are satisfied. Consequently, we deduce that
lim,, 00 |2, — Z||> = 0, which implies lim,, o, ||z, — Z|| = 0. This establishes the strong convergence of {z,, }
to & and completes the proof. O

5. NUMERICAL EXAMPLES

In this section, we provide numerical experiments to demonstrate the convergence properties of our proposed
algorithm. We compare the performance of our method against several established approaches from the literature.
Across all tests, the parameters are defined as follows:

e Proposed Method: We select 11 = 0.35,x = 0.4, = 0.65,w = 0.22,7,, = W’G” =&, =

1 _ 1 _ 1 _ n I e ) — — _ 1 — —
(2n+1)37pn - (n+1)aan - maﬁn - 2(n+3)76n - 2(n+3)7/’L - Olﬂ?n =Tn = Eak - 05,T($) -

5,9(z) = £,and e, = ||z, — ay|.
e Method of Yang [54]: Ay = 0.8, u = 0.9, v;, = 0.4, and e,, = ||wy, — Yn||-
e Method of Shehu et al. [46]: A\, = 0.7, = 0.9,,, = 0.4, 77 = 0.8, and e,, = ||w,, — yn||-

e Method of Thong et al. [50]: \,, = 0.8, u = 0.9,, = 04,71 = 0.8, and ¢, = ||w,, — yn |-

Example 5.1: Let the mapping G : R™ — R™ be defined by G(z) = Mz + ¢, where ¢ € R" and M =
NTN + U + D. Here, N is an n X n matrix, U isann X n skew-symmetric matrix, and D is an n X n diagonal
matrix with non-negative entries. Under these conditions, M is positive semi-definite, ensuring that G is both
monotone and uniformly continuous. The convergence of the algorithms proposed in [50] and [54] requires G to
be monotone and L-Lipschitz continuous. It is straightforward to show that G satisfies these requirements with
a Lipschitz constant L = || M ||. The feasible set is defined as:

C={zeR":-5<x;<5 i=1,...,n}

For our numerical simulations, we set ¢ as the zero vector and generate the entries of V, U, and D randomly. We
initialize the algorithms with 1 = ones(n, 1) and xg = 2x;. The iterations are terminated once the stopping
criterion e,, < 10~* is satisfied.

Table 5.1 summarizes the performance of the proposed method in comparison to those in [46], [50], and [54].
The results are categorized by problem dimension (n) and include both the number of iterations (No. It.) and the
total computational time.
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Table 1: Numerical results for Example 5.1

The method in [54] | The method in [46] | The method in [50] | The proposed method
n No. It. CPU(Sec.) | No. It. CPU(Sec.) | No.It. | CPU(Sec.) | No. It CPU(Sec.)
n =10 274 3.234 | 240 2.897 194 2.218 37 0.408
n =20 768 9.338 | 582 7.089 313 3.704 34 0.377
n =30 1222 15.235 | 1241 16.445 440 4.491 35 0.529
n=>50| 1334 17.584 | 1320 15.954 | 1059 13.114 388 5.032
i i i 10 T T
—+— The method in [48] —+— The method in [48]
The method in [35] The method in [35]
—>— The method in [42] E| 100 —>— The method in [42]
—>— The proposed method —>— The proposed method

Error e,
o
[

Error e,

. . . . . . . . . . . .
100 150 200 250 300 350 400 450 500 0 200 400 600 800
NumberofIterations NumberofIterations

1000

|
0 50

1200

Figure 1: n = 10 Figure 2: n = 30

Example 5.2: Consider the Hilbert space H = L?([0, 1]) equipped with the inner product

1/2
(x,y) = fol x(t)y(t)dt and the induced norm ||z|| = (fol \x(t)|2dt> . Let the feasible set C be the unit ball,
defined by C' = {x € L?([0,1]) : ||| < 1}. We define the mapping G : C — H as follows:

Ga)(t) = [ (@lt) = B(t.9)f(a(s))) ds +310)
where E(t,s), f(z), and g(t) are given by:

2% (t+s)
Et,s)= 22¢

The mapping G is known to be monotone and L-Lipschitz continuous with L = 1. This specific test problem is
adapted from [44]. For the numerical implementation, we initialize the algorithms with 21 (t) = z((¢) = sin(t)
and employ the stopping criterion e,, < 10~%. The comparative results between our proposed method and the
approaches described in [46], [50], and [54] are summarized in Table 2.

Table 2: Numerical results for Example 5.2

The method in [54] | The method in [46] | The method in [50] | The proposed method

n No. It. CPU(Sec.) | No. It. CPU(Sec.) | No. It. CPU(Sec.) | No. It. CPU(Sec.)

n =50 48 0.114 37 0.321 30 0.127 10 0.032
n = 100 42 3.589 36 3.116 31 2.958 10 0.451
n = 150 48 8.627 36 5.412 30 2.387 10 0.852
n = 200 48 14.167 36 9.512 30 7.624 10 1.873

Remark 5.1. Figures 1, 2, 3 and 4, along with Tables 1 and 2, illustrate the effectiveness and feasibility of the
proposed method.
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102 102
—+— The method in [48] —+— The method in [48]
1 The method in [35] i 1L The method in [35]
10 —>¢— The method in [42] 10 —>¢— The method in [42]
—>— The proposed method —>— The proposed method

Error ¢,
Error ey,

10 10
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
NumberofIterations NumberofIterations
Figure 3: n = 50 Figure 4: n = 250

6. CONCLUSIONS

This paper introduces a resolvent-based method designed to identify common solutions for problems (1.1) and
(1.3) within the context of a real Hilbert space. Departing from traditional Armijo-type line search techniques,
our algorithm employs a straightforward, self-adaptive step-size strategy. Under suitable conditions, we prove
the strong convergence of the proposed algorithm. By generalizing and refining existing methods, our framework
proves applicable to a wide array of challenges, most notably in the fields of variational inequalities and nonlinear

complementarity.
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