
 

APPLICABLE NONLINEAR ANALYSIS
Volume 3 (2026), No. 3, 148–163
DOI: https://doi.org/10.69829/apna-026-0303-ta01 Tulipa Opera Scholarum

SOLUTIONS FOR LINEAR NON-HOMOGENEOUS SET-VALUED DIFFERENTIAL
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YONGLIN LIU1,∗

1School of Mathematics and Statistics, Changsha University of Science and Technology, Changsha, China

Abstract. We study linear non-homogeneous set-valued differential equations in Rn with memory ef-
fects under generalized derivatives. The memory term is described by a convolution-type radius function,
which leads to equivalent set-valued Volterra integral equations. Under suitable structural assumptions on
the coefficient matrix, we derive explicit solution representations for the integral equation associated with
the Hukuhara derivative, which yield globally defined solutions with monotone non-decreasing diame-
ters. In contrast, for the Plotnikov–Skripnik derivative and the Bede–Gal derivative, we obtain ball-valued
solutions that are typically only locally defined in time and have monotone decreasing diameters. Several
examples are included to illustrate qualitative differences in the solution behavior induced by different
notions of generalized differentiability.
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1. Introduction

Set-valued differential equations arise naturally in the mathematical modeling of dynamical systems
involving uncertainty, imprecision, or incomplete information. Since the pioneering work of de Blasi
and Iervolino [7], such equations have attracted considerable attention and have found applications
in a wide range of fields, including control theory, population dynamics, and systems with fuzzy or
interval uncertainty. Within this framework, a fundamental analytical issue concerns the choice of an
appropriate notion of differentiability for set-valued mappings.

The classical approach is based on the Hukuhara derivative [11], which provides a natural extension
of the standard derivative to the space of nonempty compact convex sets. However, a well-known
limitation of the Hukuhara derivative is that the diameter of any solution obtained under this notion is
necessarily non-decreasing. This restriction significantly limits its applicability in situations where the
uncertainty of the system is expected to decrease over time.

To overcome this drawback, several generalized notions of differentiability have been introduced. In
particular, the concepts of Bede–Gal differentiability [3, 31] and Plotnikov–Skripnik differentiability [27]
allow the diameter of set-valued solutions to either increase or decrease, thereby providing a more flex-
ible framework for modeling realistic dynamical phenomena. As a consequence, differential equations
involving these generalized derivatives have been extensively investigated in the literature; see, for
example, [16, 17, 30, 29, 28, 25, 9] and the references therein.

In recent years, systematic studies of linear homogeneous and non-homogeneous set-valued differ-
ential equations under generalized derivatives have been carried out; see, for instance, [16, 17, 15]. It
has been shown that, even in the linear setting, the existence and explicit representation of solutions
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may strongly depend on structural properties of the coefficient matrix, such as the multiplicity of its
singular values. These results reveal a delicate interplay between the algebraic features of the linear
part and the qualitative behavior of set-valued solutions.

Motivated by these developments, the present paper is concerned with linear non-homogeneous
set-valued differential equations incorporating memory effects. More precisely, we consider models in
which the non-homogeneous term depends on the past history of the system through a convolution-
type radius function. This formulation naturally leads to memory-dependent set-valued Volterra in-
tegral equations, whose solvability and qualitative properties depend both on the chosen notion of
generalized differentiability and on the structure of the coefficient matrix.

Building upon solution representations available in the instantaneous setting, we analyze how the
presence of memory influences the existence interval, representation, and diameter evolution of so-
lutions. Under suitable structural assumptions on the coefficient matrix, including the case in which
all singular values coincide, we show that explicit representations derived in the non-memory case
can be extended to the memory-dependent framework. Moreover, we demonstrate that the qualitative
distinction between different generalized derivatives persists: solutions associated with the Hukuhara
derivative are globally defined and exhibit monotone non-decreasing diameters, whereas solutions cor-
responding to the Plotnikov–Skripnik and Bede–Gal derivatives are, in general, only locally defined and
display monotone decreasing diameters.

The paper is organized as follows. In Section 2, basic notions and preliminary results concerning
set-valued functions, generalized differentiability, and set-valued integration are recalled. Section 3 is
devoted to the formulation of linear non-homogeneous problems with memory and to the derivation
of solution representations under different generalized derivatives. Several illustrative examples are
presented in Section 4.

2. Preliminaries

Let Kc(Rn) denote the family of all nonempty compact convex subsets of the Euclidean space Rn,
endowed with the Hausdorff metric

h(A,B) = min
{
r ≥ 0 : A ⊂ B +Br(0), B ⊂ A+Br(0)

}
,

where A,B ∈ Kc(Rn) and
Br(0) = {x ∈ Rn : ∥x∥ ≤ r}

denotes the closed ball of radius r ≥ 0 centered at the origin.
For any A,B ∈ Kc(Rn) and λ ∈ R, the Minkowski sum and scalar multiplication are defined by

A+B = {a+ b : a ∈ A, b ∈ B}, λA = {λa : a ∈ A}.

The following properties of these operations, which will be used throughout the paper, are well known
(see [26, 22]).

Proposition 2.1. For all A,B,C,D ∈ Kc(Rn), λ, µ ∈ R+, and β ∈ R, the following statements hold.

(i) A+ {0} = A;
(ii) A+B = B +A;
(iii) 1A = A and 0A = {0};
(iv) (λ+ µ)A = λA+ µA;
(v) β(A+B) = βA+ βB;
(vi) h(A+ C,B + C) = h(A,B);
(vii) h(βA, βB) = |β|h(A,B).
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The metric space (Kc(Rn), h) is complete. However, in general, the equality A + (−1)A = {0}
does not hold for arbitrary sets A ∈ Kc(Rn). To address this difficulty, the notion of the Hukuhara
difference was introduced in [11].

Definition 2.2. [11] Let A,B ∈ Kc(Rn). If there exists a set C ∈ Kc(Rn) such that A = B+C , then
the Hukuhara difference of A and B is said to exist and is denoted by A⊖h B, that is,

A⊖h B = C ⇐⇒ A = B + C.

Proposition 2.3. [30] Let A,B,C ∈ Kc(Rn) and λ ∈ R+.

(i) If the Hukuhara difference A⊖h B exists, then it is unique.
(ii) A⊖h A = {0}.
(iii) If A⊖h B exists, then λA⊖h λB exists and λ(A⊖h B) = λA⊖h λB.
(iv) (A+B)⊖h B = A.
(v) If A⊖h B exists, then there exists α0 ≥ 1 such that A⊖h αB exists for all α ∈ (0, α0].
(vi) If A⊖h (B + C) exists, then

A⊖h (B + C) = (A⊖h B)⊖h C = (A⊖h C)⊖h B.

(vii) If both A⊖h B and A⊖h C exist, then there exists α > 0 such that A⊖h α(B + C) exists.

Definition 2.4. [4] A set M ⊂ Rn is said to be centrally symmetric with respect to a point q ∈ Rn if,
for every x ∈ M , there exists x′ ∈ M such that x+ x′ = 2q.

The following lemma collects several properties of the Hukuhara difference and of balls in Kc(Rn)
that will be used repeatedly in the sequel.

Lemma 2.5. [15, 22] Let A,B ∈ Kc(Rn).

(i) If A and B are centrally symmetric and A⊖h B exists, then the Hukuhara differences

A⊖h (−1)A, B ⊖h (−1)B, (−1)A⊖h B, A⊖h (−1)B, (−1)A⊖h (−1)B

exist.
(ii) IfA andB are not centrally symmetric andA⊖hB exists, then (−1)A⊖h (−1)B exists, whereas

the other corresponding differences do not.
(iii) IfA⊖hB exists, then either bothA andB are centrally symmetric or neither is centrally symmetric.
(iv) IfX +Y = B1(0) for someX,Y ∈ Kc(Rn), then there exist µ, λ ≥ 0 and z1, z2 ∈ Rn such that

X = Bµ(z1), Y = Bλ(z2), µ+ λ = 1, and z1 + z2 = 0.
(v) Br1(z1) +Br2(z2) = Br1+r2(z1 + z2).
(vi) λBr(0) = B|λ|r(0).

Let A ∈ L(Rn) denote a linear operator on Rn. Its action can be naturally extended to the space
Kc(Rn) by setting

AX = {Ax : x ∈ X}, X ∈ Kc(Rn). (2.1)

Proposition 2.6. [22] Let F,G ∈ Kc(Rn) and let A,B ∈ L(Rn). Then the following relations hold.

(i) A(F +G) = AF +AG;
(ii) A(BF ) = (AB)F .

Remark 2.7. In general, for A,B ∈ L(Rn) and F ∈ Kc(Rn), the equality

(A+ B)F = AF + BF

does not necessarily hold.
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Remark 2.8. Alternatively, for X ∈ Kc(Rn) and an n × n matrix A, the action of A on X may be
defined by

AX = {Ax : x ∈ X}.
In particular, if X = B1(0) is centrally symmetric, then AB1(0) is an r-dimensional ellipsoid whose
semi-axes are determined by the singular values of A, where r = rank(A)(see [8]). Moreover, if A is
an orthogonal matrix, then AB1(0) = B1(0).

Definition 2.9. [11] Let X : [0, T ] → Kc(Rn) be a set-valued mapping. The Hukuhara derivative
DHX(t) ∈ Kc(Rn) at t ∈ (0, T ) is said to exist if, for all sufficiently small h > 0, the corresponding
Hukuhara differences exist and satisfy

lim
h→0+

X(t+ h)⊖h X(t)

h
= lim

h→0+

X(t)⊖h X(t− h)

h
= DHX(t).

Remark 2.10. If a set-valued mapping X(·) is Hukuhara differentiable on [0, T ], then the diameter
function diam(X(·)) is non-decreasing on [0, T ]. The converse implication does not hold in general.

To overcome the restrictions of the Hukuhara derivative, several generalized notions of differentia-
bility for set-valued mappings have been introduced. Among the available approaches, the Bede–Gal
derivative and the Plotnikov–Skripnik derivative provide a flexible and effective framework for the
formulation of set-valued differential equations.

Definition 2.11. [31, 2] Let X : [0, T ] → Kc(Rn). The Bede–Gal derivative DbgX(t) ∈ Kc(Rn) at
t ∈ (0, T ) is defined if, for sufficiently small h > 0, the corresponding Hukuhara differences exist and
at least one of the following conditions holds.

(i)

lim
h→0

X(t+ h)⊖h X(t)

h
= lim

h→0

X(t)⊖h X(t− h)

h
;

(ii)

lim
h→0

X(t)⊖h X(t+ h)

−h
= lim

h→0

X(t− h)⊖h X(t)

−h
;

(iii)

lim
h→0

X(t+ h)⊖h X(t)

h
= lim

h→0

X(t− h)⊖h X(t)

−h
;

(iv)

lim
h→0

X(t)⊖h X(t+ h)

−h
= lim

h→0

X(t)⊖h X(t− h)

h
.

The common value of the above limits is denoted by DbgX(t).

Definition 2.12. [27, 17] Let X : [0, T ] → Kc(Rn). The Plotnikov–Skripnik derivative DpsX(t) ∈
Kc(Rn) at t ∈ (0, T ) is defined if, for sufficiently small h > 0, the corresponding Hukuhara differences
exist and at least one of the following conditions holds.

(i)

lim
h→0

X(t+ h)⊖h X(t)

h
= lim

h→0

X(t)⊖h X(t− h)

h
;

(ii)

lim
h→0

X(t)⊖h X(t+ h)

h
= lim

h→0

X(t− h)⊖h X(t)

h
;

(iii)

lim
h→0

X(t+ h)⊖h X(t)

h
= lim

h→0

X(t− h)⊖h X(t)

h
;
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(iv)

lim
h→0

X(t)⊖h X(t+ h)

h
= lim

h→0

X(t)⊖h X(t− h)

h
.

The common value of the above limits is denoted by DpsX(t).

Remark 2.13. [13] If a set-valued mapping X(·) is Hukuhara differentiable on [0, T ], then it is both
Bede–Gal differentiable and Plotnikov–Skripnik differentiable on [0, T ], and

DHX(t) = DbgX(t) = DpsX(t), t ∈ [0, T ].

There exist set-valued mappings that are Bede–Gal differentiable and Plotnikov–Skripnik differentiable
but not Hukuhara differentiable. Moreover, there exist mappings for which DbgX(t) ̸= DpsX(t) for
all t.

Theorem 2.14. [11, 27, 1] Suppose that X : [0, T ] → Kc(Rn) is a set-valued mapping for which one of
the derivatives DHX(·), DbgX(·), or DpsX(·) exists on (0, T ].

(i) If diam(X(t)) is non-decreasing on [0, T ], then

X(t) = X(0) +

∫ t

0
DX(s) ds, t ∈ [0, T ],

where DX(t) denotes any of the above derivatives.
(ii) If diam(X(t)) is decreasing on [0, T ], then

X(t) = X(0)⊖h

∫ t

0
DpsX(s) ds or X(t) = X(0)⊖h (−1)

∫ t

0
DbgX(s) ds.

For completeness, we recall the following classical result for linear set-valued differential equations
under the Hukuhara derivative.

Theorem 2.15. Consider the linear set-valued differential equation

DHX(t) = λ(t)X(t) + F (t), X(0) = X0, (2.2)
where λ : R → R+ is summable, F : R → Kc(Rn) is measurable, and there exists a summable function
k : R → R+ such that h(F (t), 0) ≤ k(t). Then the mapping X(·) defined by

X(t) = e
∫ t
0 λ(s) dsX0 + e

∫ t
0 λ(s) ds

∫ t

0
e−

∫ s
0 λ(τ) dτF (s) ds

is a solution of (2.2).

For generalized derivatives such as the PS and BG derivatives, the corresponding initial value prob-
lems may exhibit substantially different solvability and solution behavior compared with the Hukuhara
case, even for linear equations. In particular, obtaining explicit and geometrically interpretable so-
lution representations often requires additional structural assumptions on matrix coefficients. These
considerations motivate the assumptions adopted in the subsequent analysis, where we focus on non-
homogeneous models with memory effects leading to set-valued Volterra-type integral equations.

3. Linear Non-Homogeneous Set-Valued Differential Eqations

Consider the set-valued linear non-homogeneous differential equation with memory perturbation
of the form

DX(t) = AX(t) +Br(t)(0) +

∫ t

0
k(t− s)Bq(s)(0) ds, X(0) = B1(0), (3.1)

where DX(t) denotes one of the generalized derivatives DHX(t), DpsX(t), or DbgX(t) of the set-
valued mapping X(·) : [0, T ] → Kc(Rn), A is an n × n matrix, r, q : [0, T ] → R+ = [0,∞) are
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bounded continuous functions, and the kernel k : [0, T ] → R satisfies k ∈ L1(0, T ) and k(t) ≥ 0
almost everywhere on [0, T ].

Define
ρ(t) := r(t) +

∫ t

0
k(t− s)q(s) ds, t ∈ [0, T ]. (3.2)

Since k(t− s) ≥ 0 and q(s) ≥ 0, by Lemma 2.5(vi) we have

k(t− s)Bq(s)(0) = Bk(t−s)q(s)(0),

and hence
Br(t)(0) +

∫ t

0
k(t− s)Bq(s)(0) ds = Bρ(t)(0).

Therefore, equation (3.1) is equivalent to

DX(t) = AX(t) +Bρ(t)(0), X(0) = B1(0). (3.3)

The set-valued integral equations locally equivalent to (3.3) depend on the type of generalized deriv-
ative involved. For t ∈ (0, T ), we distinguish the following cases.

(i) If DX(t) = DHX(t), then the corresponding SVIE is

X(t) = B1(0) +A

∫ t

0
X(s) ds+BR(t)(0). (3.4)

(ii) If DX(t) = DpsX(t), corresponding to case (ii) in Definition 2.12, then the SVIE is

X(t) +A

∫ t

0
X(s) ds+BR(t)(0) = B1(0). (3.5)

(iii) If DX(t) = DbgX(t), corresponding to case (ii) in Definition 2.11, then the SVIE is

X(t) + (−1)A

∫ t

0
X(s) ds+BR(t)(0) = B1(0). (3.6)

Here,

BR(t)(0) = {x ∈ Rn : ∥x∥ ≤ R(t)}, R(t) =

∫ t

0
ρ(s) ds.

In all three cases, the integral is understood in the sense of Hukuhara.

Definition 3.1. A set-valued mappingX : [0, T ] → Kc(Rn) is called a solution of the integral equation
(3.4), (3.5), or (3.6) if it is continuous and satisfies the corresponding equation on [0, t0], for some t0 < T ,
depending on the type of derivative and the evolution of the solution diameter.

We also consider the set-valued linear non-homogeneous differential equation with memory pertur-
bation of the form

DX(t) = (−1)AX(t) +Br(t)(0) +

∫ t

0
k(t− s)Bq(s)(0) ds, X(0) = B1(0), (3.7)

where DX(t) denotes one of the generalized derivatives DHX(t), DpsX(t), or DbgX(t).
Define

ρ(t) := r(t) +

∫ t

0
k(t− s)q(s) ds, t ∈ [0, T ]. (3.8)

Since k(t− s) ≥ 0 and q(s) ≥ 0, we obtain

Br(t)(0) +

∫ t

0
k(t− s)Bq(s)(0) ds = Bρ(t)(0),
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and hence equation (3.7) is equivalent to

DX(t) = (−1)AX(t) +Bρ(t)(0), X(0) = B1(0). (3.9)

As in the previous case, the set-valued integral equations locally equivalent to (3.9) depend on the
type of generalized derivative involved. For t ∈ (0, T ), we distinguish the following cases.

(i) If DX(t) = DHX(t), then

X(t) = B1(0) + (−1)A

∫ t

0
X(s) ds+BR(t)(0), (3.10)

where

R(t) =

∫ t

0
ρ(s) ds.

(ii) If DX(t) = DpsX(t), corresponding to case (ii) in Definition 2.12, then

X(t) + (−1)A

∫ t

0
X(s) ds+BR(t)(0) = B1(0). (3.11)

(iii) If DX(t) = DbgX(t), corresponding to case (ii) in Definition 2.11, then

X(t) +A

∫ t

0
X(s) ds+BR(t)(0) = B1(0). (3.12)

In all three cases, the integral is understood in the sense of Hukuhara.

Remark 3.2. Since the initial set X(0) = B1(0) and the forcing term

Br(t)(0) +

∫ t

0
k(t− s)Bq(s)(0) ds

are centrally symmetric, the solutions of the integral equations associated with the PS-derivative coin-
cide with those associated with the BG-derivative in the corresponding paired cases, whenever both are
well defined. Although the corresponding integral equations may admit different formal expressions,
in the ball-valued setting they reduce to the same scalar radius equation.

Theorem 3.3. Assume that ρ : [0, T ] → R+ is bounded and continuous, and let

R(t) =

∫ t

0
ρ(s) ds.

Define X : [0, T ] → Kc(Rn) by

X(t) =

∞∑
m=0

tm

m!
AmB1(0) +

∞∑
m=0

1

m!

(∫ t

0
(t− s)mρ(s) ds

)
AmB1(0). (3.13)

Then X(t) satisfies the integral equation (3.4) on [0, T ].

Proof. Since ρ is bounded on [0, T ] and A ∈ Rn×n, the matrix power series
∑∞

m=0
tm

m!A
m converges

absolutely and uniformly on [0, T ]. Moreover, for all t ∈ [0, T ],∫ t

0
(t− s)mρ(s) ds ≤ ∥ρ∥∞

∫ t

0
(t− s)m ds =

∥ρ∥∞
m+ 1

tm+1.

Hence, the second series in (3.13) also converges uniformly on [0, T ].
In particular, X(t) is well defined in Kc(Rn) for all t ∈ [0, T ], and the integrals below are understood

in the sense of Hukuhara and may be computed term by term.
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Step 1: Homogeneous part. Set

X1(t) :=

∞∑
m=0

tm

m!
AmB1(0).

Then ∫ t

0
X1(s) ds =

∞∑
m=0

tm+1

(m+ 1)!
AmB1(0),

and hence

A

∫ t

0
X1(s) ds =

∞∑
m=1

tm

m!
AmB1(0) = X1(t)−B1(0).

Step 2: Forcing part. Set

X2(t) :=
∞∑

m=0

1

m!

(∫ t

0
(t− s)mρ(s) ds

)
AmB1(0).

Then ∫ t

0
X2(τ) dτ =

∞∑
m=0

1

m!

∫ t

0

(∫ τ

0
(τ − s)mρ(s) ds

)
dτ AmB1(0).

By Fubini’s theorem, ∫ t

0

(∫ τ

0
(τ − s)mρ(s) ds

)
dτ =

∫ t

0

(t− s)m+1

m+ 1
ρ(s) ds.

Therefore,

A

∫ t

0
X2(τ) dτ = X2(t)−

(∫ t

0
ρ(s) ds

)
B1(0).

Since R(t) ≥ 0, by Lemma 2.5(vi) we have
R(t)B1(0) = BR(t)(0).

Thus,

X2(t) = A

∫ t

0
X2(τ) dτ +BR(t)(0).

Step 3: Combination. Let X(t) = X1(t) +X2(t). Using the identities obtained in Steps 1 and 2, we
obtain

B1(0) +A

∫ t

0
X(τ) dτ +BR(t)(0) = X(t),

which shows that X(t) satisfies (3.4). □

Assume that A ∈ Rn×n is symmetric. By the spectral theorem, there exist an orthogonal matrix Q
and a diagonal matrix

Λ = diag(λ1, . . . , λn)

such that
A = QΛQT .

Set
|Λ| = diag(|λ1|, . . . , |λn|), S = diag(sgn(λ1), . . . , sgn(λn)).

For k ≥ 0, define Dk := Sk. Then
Λk = |Λ|kDk,

and hence
Ak = QΛkQT = Q|Λ|kDkQ

T , k ≥ 0.
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Moreover, since Q is orthogonal, we have QTB1(0) = B1(0).

Theorem 3.4. Assume that A ∈ Rn×n is symmetric and nondegenerate, and let ρ : [0, T ] → R+ be
bounded and continuous. Let X(t) be defined by the series representation (3.13). Then X(t) admits the
exponential representation

X(t) = Q

(
et|Λ|B1(0) +

∫ t

0
e(t−s)|Λ|ρ(s) dsB1(0)

)
. (3.14)

Proof. Since A is symmetric and nondegenerate, we have A = QΛQT with Q orthogonal and Λ diag-
onal with no zero entries. Using the identity Λm = |Λ|mDm, it follows that

Am = QΛmQT = Q|Λ|mDmQT , m ≥ 0.

Because A is nondegenerate, the matrix Dm is orthogonal, and hence

DmB1(0) = B1(0).

Moreover, since Q is orthogonal, we also have QTB1(0) = B1(0). Therefore,

AmB1(0) = Q|Λ|mDmQTB1(0) = Q|Λ|mB1(0), m ≥ 0.

Substituting this identity into the series representation (3.13) and factoring out the orthogonal matrix
Q yields (3.14). □

Figure 1. Evolution of the solution set X(t) = diag(a(t), b(t))B1(0) in Example 3.5,
visualized as a family of filled ellipses for several time instants t

Example 3.5. Consider the set-valued differential equation

DX(t) = AX(t) +Br(t)(0) +

∫ t

0
k(t− s)Bq(s)(0) ds, X(0) = B1(0).

Let

A =

(
2 0

0 −1

)
, r(t) ≡ 4, q(t) ≡ 2, k(t) = e−t.

Then
ρ(t) = 4 + 2(1− e−t) = 6− 2e−t, R(t) =

∫ t

0
ρ(s) ds = 6t− 2(1− e−t).

Since A is symmetric and nondegenerate, we may take

Q = I, Λ =

(
2 0

0 −1

)
, |Λ| =

(
2 0

0 1

)
.
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Consequently,

et|Λ| =

(
e2t 0

0 et

)
.

By Theorem 3.4, the solution admits the representation

X(t) =

(
et|Λ| +

∫ t

0
e(t−s)|Λ|ρ(s) ds

)
B1(0). (3.15)

A direct computation yields∫ t

0
e(t−s)|Λ|ρ(s) ds =

(
3(e2t − 1)− 2

3(e
2t − e−t) 0

0 6(et − 1)− (et − e−t)

)
.

Therefore,

X(t) =

10

3
e2t +

2

3
e−t − 3 0

0 6et + e−t − 6

B1(0).

The time evolution of the solution setX(t) is illustrated in Fig. 1, where the expanding family of filled
ellipses highlights the anisotropic growth induced by the spectrum of A together with the cumulative
effect of the memory term.

Remark 3.6. If A ∈ Rn×n is symmetric positive definite, then all eigenvalues of A are positive. Conse-
quently, for the spectral decomposition A = QΛQT one has

|Λ| = Λ and Dk = I for all k ≥ 0.

Therefore, the exponential representation (3.14) reduces to

X(t) = Q

(
etΛB1(0) +

∫ t

0
e(t−s)Λρ(s) dsB1(0)

)
,

which provides a simpler expression for the solution of (3.4) in the positive-definite case.

As a particular structural case of the previous results, we now consider the situation where all sin-
gular values of the matrix A coincide.

Let A = UΣV T be a singular value decomposition of A, where U and V are orthogonal matrices and
Σ = diag(σ1, . . . , σn) with σi ≥ 0. Since orthogonal transformations preserve the Euclidean norm,
we have

UBr(0) = Br(0), V TBr(0) = Br(0), r ≥ 0.

In particular, if all singular values of A are equal, that is, σ1 = · · · = σn = σ > 0, then Σ = σI , and
hence

ABr(0) = U(σI)V TBr(0) = σ U
(
V TBr(0)

)
= σBr(0), r ≥ 0.

Theorem 3.7. Assume that all singular values of A ∈ Rn×n are equal to σ > 0. Let ρ : [0, T ] → R+ be
bounded and continuous. Define X : [0, T ] → Kc(Rn) by

X(t) =
(
eσt + J(t)

)
B1(0), J(t) :=

∫ t

0
eσ(t−s)ρ(s) ds. (3.16)

Then X(t) satisfies the integral equation (3.4) on [0, T ].

Proof. Since all singular values of A are equal to σ > 0, it follows that

ABr(0) = σBr(0), r ≥ 0.
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We now verify that the function

X(t) =
(
eσt + J(t)

)
B1(0), J(t) :=

∫ t

0
eσ(t−s)ρ(s) ds,

satisfies the integral equation (3.4).
For α, β ≥ 0, by Lemma 2.5(v),

αB1(0) + βB1(0) = (α+ β)B1(0).

Moreover, ∫ t

0
c(s)B1(0) ds =

(∫ t

0
c(s) ds

)
B1(0).

Since c(·) is nonnegative and continuous, we obtain∫ t

0
X(s) ds =

(∫ t

0
eσs ds+

∫ t

0
J(s) ds

)
B1(0).

Therefore,

A

∫ t

0
X(s) ds = σ

(∫ t

0
eσs ds+

∫ t

0
J(s) ds

)
B1(0).

A direct computation yields

σ

∫ t

0
eσs ds = eσt − 1,

and, by Fubini’s theorem,∫ t

0
J(s) ds =

∫ t

0

(∫ s

0
eσ(s−u)ρ(u) du

)
ds =

1

σ
J(t)− 1

σ
R(t).

Consequently,

A

∫ t

0
X(s) ds =

(
eσt − 1 + J(t)−R(t)

)
B1(0).

Finally, since BR(t)(0) = R(t)B1(0), we obtain

B1(0) +A

∫ t

0
X(s) ds+BR(t)(0) =

(
eσt + J(t)

)
B1(0) = X(t),

which proves that X(t) satisfies (3.4). □

Remark 3.8. A fundamental difference between the Hukuhara derivative and the PS/BG derivatives lies
in the evolution of the solution diameter. In the Hukuhara case, the diameter of a solution is monotone
non-decreasing, and thus ball-valued solutions do not break down due to a loss of nonnegativity of the
radius. In contrast, PS and BG derivatives allow decreasing diameters, and ball-valued solutions may
cease to exist in finite time when the associated radius reaches zero. As a consequence, solutions in the
PS/BG setting are naturally considered on a finite interval [0, t0], on which the radius function remains
nonnegative.

Theorem 3.9. Assume that all singular values of A ∈ Rn×n are equal to σ > 0. Let ρ : [0, T ] → R+ be
bounded and continuous, and set

R(t) =

∫ t

0
ρ(s) ds, M := ∥ρ∥∞ = sup

t∈[0,T ]
ρ(t).

Define u : [0, T ] → R by

u(t) = e−σt −
∫ t

0
e−σ(t−s)ρ(s) ds, (3.17)
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and let
t0 =

1

σ
ln
(
1 +

σ

M

)
. (3.18)

Define X : [0, t0] → Kc(Rn) by X(t) = u(t)B1(0). Then X(t) satisfies the integral equation (3.5) on
[0, t0].

Proof. Since all singular values of A are equal to σ > 0, we have
ABr(0) = σBr(0) = Bσr(0), r ≥ 0.

We show that X(t) = u(t)B1(0) with u(t) given by (3.17) satisfies (3.5) on [0, t0]. First observe that
u is continuously differentiable and solves the scalar linear ODE

u′(t) = −σu(t)− ρ(t), u(0) = 1,

whose unique solution is exactly (3.17).
Step 1: Nonnegativity of u(t) on [0, t0].

Since 0 ≤ ρ(t) ≤ M , from (3.17) we have, for all t ∈ [0, T ],

u(t) ≥ e−σt −M

∫ t

0
e−σ(t−s) ds = e−σt − M

σ

(
1− e−σt

)
.

Thus u(t) ≥ 0 whenever e−σt ≥ M
σ+M , which is equivalent to

t ≤ 1

σ
ln
(
1 +

σ

M

)
= t0.

Hence u(t) ≥ 0 on [0, t0], and therefore X(t) = u(t)B1(0) = Bu(t)(0) is well defined on [0, t0].
Step 2: Verification of (3.5).

Define
Φ(t) :=

∫ t

0
u(s) ds, t ∈ [0, t0],

and set
f(t) := u(t) + σΦ(t) +R(t).

Then
f ′(t) = u′(t) + σu(t) + ρ(t) = 0.

Since f(0) = u(0) = 1, we obtain

u(t) + σ

∫ t

0
u(s) ds+R(t) = 1, t ∈ [0, t0].

Substituting X(t) = u(t)B1(0) into the left-hand side of (3.5), we obtain∫ t

0
X(s) ds = Φ(t)B1(0),

and, since Φ(t) ≥ 0 on [0, t0],

A

∫ t

0
X(s) ds = σΦ(t)B1(0) = BσΦ(t)(0).

Therefore, by Lemma 2.5(v),

X(t) +A

∫ t

0
X(s) ds+BR(t)(0) = Bu(t)+σΦ(t)+R(t)(0).

Using u(t) + σΦ(t) +R(t) = 1, we conclude that

X(t) +A

∫ t

0
X(s) ds+BR(t)(0) = B1(0), t ∈ [0, t0],
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that is, X(t) satisfies (3.5) on [0, t0]. □

Remark 3.10. The bound (3.18) is not optimal. Any t0 ∈ (0, T ] such that u(t) ≥ 0 on [0, t0] yields a
valid existence interval. In particular, a sufficient condition is

u(t0) ≥ 0, i.e., e−σt0 ≥
∫ t0

0
e−σ(t0−s)ρ(s) ds.

Remark 3.11. Since B1(0) and BR(t)(0) are centrally symmetric, we have BR(t)(0) = −BR(t)(0).
Hence, in the ball-valued setting considered above, the PS-type integral equation (3.5) and the BG-type
integral equation (3.6) admit the same solution on [0, t0].

Figure 2. Hukuhara case in Example 3.12: evolution of XH(t) = aH(t)B1(0) for
several time instants

Example 3.12. Let

A =

(√
5 2

−2
√
5

)
.

A direct computation shows that all singular values of A are equal to σ = 3. In this example we take

ρ(t) = t, R(t) =

∫ t

0
ρ(s) ds =

t2

2
.

(i) Hukuhara case. For the Hukuhara-type SVIE (3.4), Theorem 3.7 yields

XH(t) =

(
e3t +

∫ t

0
e3(t−s) s ds

)
B1(0), t ≥ 0.

Moreover, ∫ t

0
e3(t−s) s ds = e3t

∫ t

0
se−3s ds =

1

9
e3t − t

3
− 1

9
.



LINEAR SET-VALUED DIFFERENTIAL EQUATIONS WITH MEMORY 161

Hence,

XH(t) =

(
10

9
e3t − t

3
− 1

9

)
B1(0), t ≥ 0. (3.19)

In particular, diam(XH(t)) is increasing on [0,+∞). The corresponding evolution of the solution sets
is illustrated in Fig. 2.

(ii) PS and BG cases. For the PS-type SVIE (3.5), Theorem 3.9 gives

XPS(t) = u(t)B1(0), u(t) = e−3t −
∫ t

0
e−3(t−s) s ds, 0 ≤ t ≤ t0,

where t0 > 0 is chosen so that u(t) ≥ 0 on [0, t0]. A direct computation yields∫ t

0
e−3(t−s) s ds = e−3t

∫ t

0
se3s ds =

t

3
− 1

9
+

1

9
e−3t.

Therefore,

XPS(t) =

(
8

9
e−3t − t

3
+

1

9

)
B1(0), 0 ≤ t ≤ t0, (3.20)

where t0 is the unique solution of
8

9
e−3t − t

3
+

1

9
= 0 ⇐⇒ 8e−3t − 3t+ 1 = 0.

Moreover, diam(XPS(t)) is decreasing on [0, t0]. Finally, by Remark 3.11, the BG-type SVIE (3.6) admits
the same solution on [0, t0]. The time evolution of the PS/BG solutions is shown in Fig. 3.

Figure 3. PS/BG case in Example 3.12: evolution of XPS(t) = XBG(t) =
aPS(t)B1(0) for t ∈ [0, t0], where t0 ≈ 0.680
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4. Conclusions and Future Works

In this paper, we have investigated linear non-homogeneous set-valued differential equations in Rn

with memory effects under generalized derivatives. By introducing a convolution-type radius function,
the original problems were reformulated as memory-perturbed set-valued Volterra integral equations.

Under suitable structural assumptions on the coefficient matrix, we showed that solution repre-
sentations known from the instantaneous case can be extended to the memory-dependent setting. Our
analysis demonstrates that the qualitative distinction between different notions of generalized differen-
tiability persists in the presence of memory effects: solutions associated with the Hukuhara derivative
admit representations with monotone non-decreasing diameters, whereas solutions corresponding to
the PS and BG derivatives are, in general, only locally defined and exhibit monotone decreasing diam-
eters.

Possible directions for future research include the study of more general memory kernels and the
investigation of set-valued differential equations with memory under weaker structural assumptions
on the coefficient matrix. Another natural extension concerns fractional-order or impulsive set-valued
systems with memory effects, which may provide further insight into the interplay between generalized
differentiability and hereditary dynamics.
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