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Abstract. We introduce a new class of nonlinear mappings called generalized (α, β)-S-nonexpansive
mappings and show that this class of nonlinear mappings can be considered as an extension of of non-
expansive, firmly-nonexpansive and (α, β)-nonexpansive mappings. Beyond the continuity assumption
on the mappings and without using the classical demiclosedness principle, we will verify new existence
and convergence results for these mappings in Banach spaces. To illustrate the results, we include some
examples in the paper.
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1. Introduction

In the whole article N denotes the set of natural numbers and R the set of real numbers. We suppose
a Banach space (E, ∥·∥) has a dual spaceE∗ and we indicate the duality pairing by ⟨u, u∗⟩, ∀u ∈ E and
u∗ ∈ E∗. The strong convergence and the weak convergence of a sequence {un}n∈N ⊂ E to u ∈ E are
indicated by un → u and un ⇀ u, respectively. Let D be a subset of E and T : D −→ D an operator.
An element v ∈ E is called a fixed point of T if T (v) = v and we set F (T ) = {v ∈ E : T (v) = v}.
The operator T : D −→ D is called a nonexpansive if ∥T (u)− T (v)∥ ≤ ∥u− v∥ for all u, v ∈ D and
quasinonexpansive [5], if ∥T (u)−v∥ ≤ ∥u−v∥ for all u ∈ D and v ∈ F (T ). The first existence results
of fixed points of these mappings were studied by Browder [3, 4], Göhde [9] and Kirk [12] in Hilbert and
Banach spaces (see also [8] for detailed exposition). Many researchers have extended and generalized
these kind of mappings in different ways. In 2008, Suzuki [25] introduced (as generalization) a class of
operators known as mappings satisfying Condition (C) and investigated their fixed point results.

We adopt the following notations in the whole paper. Let Y be a nonempty subset of a Banach space
E and P(Y ) be the set of all nonempty subsets of Y . We denote respectively by

• N (Y ) := {W ∈ P(Y ) : W is nonempty},
• CV(Y ) := {W ∈ P(Y ) : W is nonempty, convex},
• C(Y ) := {W ∈ P(Y ) : W is nonempty, closed},
• K(Y ) := {W ∈ P(Y ) : W is nonempty, compact},
• Cb(Y ) := {W ∈ P(Y ) : W is nonempty, closed and bounded},
• Cv(Y ) := {W ∈ P(Y ) : W is nonempty, closed and convex}.

Definition 1.1. [25] LetD be a subset of a Banach space E. A mapping T : D −→ D is said to satisfy
Condition (C) if for all u, v ∈ D, the condition 1

2∥u−T (u)∥ ≤ ∥u−v∥ implies ∥T (u)−T (v)∥ ≤ ∥u−v∥.
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In order to extend the Suzuki type operators, Aoyama and Kohsaka [1] introduced another class of
(not necessarily continuous) operators namely α-nonexpansive mappings and investigated some fixed
point results related to these mappings.

Definition 1.2. [1] Let E be a Banach space andD ⊂ E be a nonempty set. A mapping T : D −→ D
is called α-nonexpansive if for any z, w ∈ D and some α < 1

∥T (z)− T (w)∥2 ≤ α∥T (z)− w∥2 + α∥z − T (w)∥2 + (1− α)∥z − w∥2.

In order to prove weak and strong convergence theorems for single-valued and multivalued nonlin-
ear mappings, the concept of demiclosedness principle was introduced by Opial [19]. It is remarkable
to mention that the researchers have been deeply investigated the fixed point theorems by employing
the demiclosedness principle during past forty (40) years or so (see, e.g, [15] and the references therein).
Although some interesting results have been obtained, it is worth mentioning that, in some cases, the
mapping T of the class of nonexpansive mappings defined in the setting of a Hilbert spaceH does not
necessarily satisfy the demiclosedness principle due to Opial [19] (see [15], Example 2.1 for details).
Consequently, it is natural to ask:
Question 1: Is there any way to obtain strong convergence theorems of Halpern’s type for such map-
pings that fail to satisfy the original demiclosedness principle due to Opial in the setting of Banach
spaces?

Naraghirad [15] provided an affirmative answer to the above question by introducing the idea of
jointly demiclosedness principle (Recall that if C ∈ N (E), then a pair S, T : C → C satisfies jointly
demiclosedness principle if {xn}n∈N ⊂ C converges weakly to a point z ∈ C and limn→∞ ∥S(xn) −
T (xn)∥ = 0, then Sz = z and Tz = z; that is, S−T is jointly demiclosed at zero). More precisely, the
author proved the following theorem:

Theorem 1.3. [15] Let E be a Banach space and D ∈ Cv(E) and v ∈ D be fixed. Let S, T : D → D be
two quasi-nonexpansive self mappings such that F = F (S) ∩ F (T ) ̸= ∅ is closed and convex. Let (S, T )
satisfy jointly demiclosedness principle on D and {un}n∈N be the sequence defined by

u1 ∈ D
un+1 = γnv + (1− γn)yn
yn = ζnSun + (1− ζn)T (un), ∀n ∈ N,

(1.1)

where {γn}n∈N and {ζn}n∈N are sequences of real numbers in (0, 1). If the following conditions hold:
(c1) limn→∞ γn = 0;
(c2)

∑∞
n=1 γn = ∞;

(c3) 0 < lim infn→∞ ζn(1− ζn) ≤ lim supn→∞ ζn(1− ζn) < 1.
Then, the sequence {un}n∈N defined (1.1) converges strongly toQFu, whereQF is the sunny nonexpansive
retraction from E onto F .

Remark 1.4. It is worth mentioning that if S = I , where I is the identity mapping on E, then I − T is
demiclosed at zero (see, [15]). If S and T satisfy the demiclosedness principle according to Opial [19],
then (S, T ) satisfies the jointly demiclosedness. Unfortunately, the converse is not in general true as
could be seen in Example 1 discussed in [15].

Now, we pose the following question:
Question 2: Is there any way to extend α-nonexpansive mappings to a more general class of mappings
with the existence and convergence results in general Banach spaces?

This paper is organized as follows. In Section 2, preliminaries and a clear problem statement are
provided. In Section 3, we first introduce such a new class of mappings namely, generalized (α, β)-S-
nonexpansive mappings in general Banach spaces. In Section 4, beyond the continuity assumption on
the mappings and without using the classical demiclosedness principle, we will verify new existence
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and convergence results for these mappings in Banach spaces and provide an affirmative answer to
the above Question 2. To illustrate the facts, we include some useful examples. Our results unify and
generalize corresponding ones discussed in [2, 10, 16, 20, 25]. Finally, the conclusion is in Section 5.

2. Preliminaries

Let E be a Banach space with the dual space E∗. We define the normalized duality mapping J :
E −→ 2E

∗ as follows:

J(u) := {f ∈ E∗ : ⟨u, f⟩ = ∥u∥2 = ∥f∥2}, u ∈ E.

We say that E is a smooth Banach space if the limit

lim
n−→∞

∥u+ tv∥ − ∥u∥
t

(2.1)

exists for each u, v ∈ SE := {u ∈ E : ∥u∥ = 1}. In this case, the norm of E is called Gâteaux
differentiable. It is known that J is single valued if E is smooth [8]. If for each x ∈ SE , the limit (2.1)
exists and is attained uniformly for y ∈ SE . For more details on the Fréchet derivative, we refer the
reader to see [8]. A Banach space E is called uniformly convex if for each ε ∈ (0, 2] there is a δ > 0
such that

∥∥u+v
2

∥∥ ≤ 1− δ, ∀u, v ∈ E with ∥u∥ = ∥v∥ = 1 and ∥u− v∥ > ε. A Banach space E enjoys
the Opial property [19], if for every sequence {zn}n∈N ⊂ E with zn ⇀ z,

lim inf
n−→∞

∥un − u∥ < lim inf
n−→∞

∥un − w∥

for every w ∈ E (w ̸= u). All Hilbert spaces and ℓp(1 < p < ∞) have the Opial property but, the
Banach spaces Lp[0, 2π](p ̸= 2) do not enjoy the Opial property [8].

Let D be a nonempty subset of Banach space E and {un}n∈N a bounded sequence in E. For each
x ∈ E, define:

: (i) asymptotic radius of {un}n∈N at u by r(u, {un}n∈N) := lim supn−→∞ ∥un − u∥;
: (ii) asymptotic radius of {un}n∈N relative to D by r(D, {un}n∈N) := inf{r(u, {un}n∈N) : u ∈

D};
: (iii) asymptotic center of {un}n∈N relative to D by

A (D, {un}n∈N) := {u ∈ D : r(u, {un}n∈N) = r(D, {un}n∈N)}.

It is worthmentioning thatA(D, {un}n∈N) is nonempty. IfE is uniformly convex thenA(D, {un}n∈N)
is singleton [8].

Definition 2.1. [24] LetD ∈ N (E) andS, T : D −→ D be twomappings. ThemappingsS, T : D −→
D are said to satisfy Jointly Condition (I) if there exists a nondecreasing function h : [0,∞) −→ [0,∞)
satisfying h(0) = 0,min{∥u− T (u)∥, ∥v− S(v)∥} ≥ h(max{d(u, F (T )), d(v, F (S))}) for all u ∈ D
and h(c) > 0 for all c ∈ (0,∞), where d(u,A) := inf{∥u− p∥ : p ∈ A}.

Lemma 2.2. [23] Let E be a uniformly convex Banach space and 0 < c ≤ τn ≤ d < 1 for all
n ∈ N. Let {un}n∈N and {vn}n∈N be such that lim supn−→∞ ∥un∥ ≤ s, lim supn−→∞ ∥vn∥ ≤ s and
limn−→∞ ∥τnun + (1− τn)vn∥ = s hold for some s ≥ 0. Then limn−→∞ ∥un − vn∥ = 0.

3. Generalized (α, β)-S-Nonexpansive Mappings

We first introduce the following new class of mappings in Banach spaces.
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Definition 3.1. Let D ∈ N (E) be fixed.
(i) A mapping T : D −→ D is called a generalized (α, β)-nonexpansive mapping if there exist α, β ∈
[0, 1) such that

1

2
∥z − T (w)∥ ≤ ∥z − w∥ =⇒ ∥T (z)− T (w)∥ ≤ α∥T (z)− w∥+ α∥z − T (w)∥

+β∥z − Tz∥+ β∥w − Tw∥
+(1− 2α− 2β)∥z − w∥ (3.1)

for all z, w ∈ D.
(ii) Let S, T : D −→ D be two mappings. The mapping T : D −→ D is called a generalized (α, β)-S-
nonexpansive mapping if there exist α, β ∈ [0, 1) such that

1

2
∥z − T (z)∥ ≤ ∥z − w∥ =⇒ ∥T (z)− S(w)∥ ≤ α∥T (z)− w∥+ α∥z − S(w)∥

+β∥z − Tz∥+ β∥w − Sw∥
+(1− 2α− 2β)∥z − w∥ (3.2)

for all z, w ∈ D.

In the special case of S = T , these two class of mappings are the same.
Now we include some essential properties of generalized (α, β)-S-nonexpansive mappings.

Remark 3.2. If T : D → D satisfies the Condition (C), then T is a generalized (α, β)-S-nonexpansive
mapping. However, the converse does not hold as the following example indicates. When α = β = 0
and S = I , the identity mapping on E, a generalized (α, β)-S-nonexpansive mapping reduces to a
mapping satisfying Condition (C), however the reverse is not valid as the following example indicates.

Example 3.3. Let D = [0, 4] ⊂ R be endowed with the usual norm. If we define T : D −→ D by

T (z) =

{
0, if u ̸= 4,
2, if z = 4

Then for z ∈ (2, 8/3] and w = 4,
1

2
∥z − T (z)∥ ≤ ∥z − w∥ and ∥T (z)− T (w)∥ = 2 > ∥z − w∥,

and T does not satisfy Condition (C). For z ∈ (2, 3] and w = 4, we also have
1

2
∥w − T (w)∥ ≤ ∥z − w∥ and ∥T (z)− T (w)∥ > ∥z − w∥,

and T does not enjoy Condition (C) but, T is an α-nonexpansive where α ≥ 1
2 and a generalized (α, β)-

S-nonexpansive mapping where α ≥ 1
3 and β = 0. Also, the mapping T is not an (α, β)-nonexpansive

mapping in the sense of [20]. Since, otherwise there are real numbers α, β ∈ [0, 1] such that

|T (z)− T (w)|2 ≤ α|T (z)− w|2 + α|z − T (w)|2 + β|z − T (z)|2 + β|w − T (w)|2

+(1− 2α− 2β)|z − w|2 (3.3)
for all z, w ∈ D. Now, for z = 2 and w = 4 we get that

|T (2)− T (4)|2 ≤ α|T (2)− 4|2 + α|2− T (4)|2 + β|2− T (2)|2 + β∥4− T (4)|2 + (1− 2α− 2β)|2− 4|2

which implies that 4 ≤ 4 − 4α and hence α = 0. Thus we have β = 1. If we select z = 1 and w = 4, then by
(3.3) we obtain

|T (1)− T (4)|2 ≤ α|T (1)− 4|2 + α|1− T (4)|2 + β|1− T (1)|2 + β∥4− T (4)|2 + (1− 2α− 2β)|1− 4|2

and hence 4 ≤ −4 which is a contradiction.
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Proposition 3.4. Let D ∈ N (E) and T : D −→ D be a generalized (α, β)-S-nonexpansive mapping
with F (T ) ∩ F (S) ̸= ∅. Then T is quasi-nonexpansive.

Proof. Let q ∈ F (T ) ∩ F (S) and w ∈ D. By the relation 1
2∥q − T (q)∥ = 0 ≤ ∥w − q∥ and in view of

(3.1) we obtain

∥T (w)− q∥ = ∥T (w)− S(q)∥
≤ α∥T (w)− q∥+ α∥w − S(q)∥+ β∥T (w)− w∥+ β∥q − S(q)∥

+(1− 2α− 2β)∥w − q∥
≤ α∥T (w)− q∥+ α∥w − q∥+ β∥T (w)− q∥+ β∥q − w∥+ (1− 2α− 2β)∥w − q∥.

This amounts to

(1− α− β)∥T (w)− q∥ ≤ (1− α− β)∥w − q∥.

Since (1− α− β) > 0, we arrive at ∥T (w)− q∥ ≤ ∥w − q∥ which finishes the proof. □

In the following we present a result concerning the structure of fixed point set for a generalized
(α, β)-S-nonexpansive mapping.

Lemma 3.5. LetD ∈ N (E) be fixed. Let T : D −→ D be a generalized (α, β)-S-nonexpansive mapping
with S : D −→ D. Then F (T )∩F (S) is closed. If, in addition, E is strictly convex andD is convex, then
F (T ) ∩ F (S) is convex.

Proof. Let {zn}n∈N ⊂ F (T )∩F (S) be such that zn → u ∈ D as n → ∞. From 1
2∥zn−S(zn)∥ = 0 ≤

∥zn − z∥ and considering (3.2), we are led to

∥zn − T (z)∥ = ∥T (zn)− T (z)∥
≤ ∥T (zn)− S(zn)∥+ ∥T (z)− S(zn)∥
≤ α∥T (z)− zn∥+ α∥z − S(zn)∥+ β∥z − T (z)∥+ β∥zn − S(zn)∥

+(1− 2α− 2β)∥zn − z∥
≤ α∥T (z)− zn∥+ α∥zn − z∥+ β∥z − zn∥+ (1− 2α− 2β)∥zn − z∥.

This amounts to

(1− α− β) lim
n−→∞

∥zn − T (z)∥ ≤ (1− α− β) lim
n−→∞

∥zn − z∥.

Since 1− α− β > 0, we obtain

lim
n−→∞

∥zn − T (z)∥ ≤ lim
n−→∞

∥zn − z∥,

and T (z) = z and hence F (T ) is closed. Similarly, we can prove that F (S) is closed.
If E is strict convexity and D is convex, then we select η ∈ (0, 1) and z, w ∈ F (T ) ∩ F (S) with

z ̸= w. Setting y = ηz + (1 − η)w ∈ D, by employing 1
2∥z − T (z)∥ = 0 ≤ ∥z − y∥, Proposition 3.4

and (3.2), we arrive at

∥T (z)− T (y)∥ ≤ ∥z − y∥.

Similarly, we get

∥T (v)− T (y)∥ ≤ ∥v − y∥.

Thus we get

∥z − w∥ ≤ ∥z − T (y)∥+ ∥T (y)− w∥ = ∥T (z)− T (y)∥+ ∥T (y)− T (w)∥
≤ ∥z − y∥+ ∥v − y∥ = (1− η)∥z − w∥+ η∥z − w∥ = ∥z − w∥.
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The strict convexity of E ensures the existence of an element µ ∈ [0, 1] with T (w) = µz + (1− µ)w.
Now

(1− µ)∥z − w∥ = ∥T (z)− T (y)∥ ≤ ∥z − y∥ = (1− η)∥z − w∥

and

µ∥z − w∥ = ∥T (w)− T (y)∥ ≤ ∥w − y∥ = η∥z − w∥.

By the above two inequalities 1− µ ≤ 1− η and µ ≤ η. This implies η = µ and hence w ∈ F (T ). □

4. Weak and Strong Convergence Theorems

In this section, we provide the convergence theorems for generalized (α, β)-S-nonexpansive map-
pings in Banach spaces with S : D −→ D. We first introduce the following iterative scheme related to
generalized (α, β)-S-nonexpansive mappings:
Let S, T : D −→ D be two mappings.

z1 ∈ D
zn+1 = (1− θn)T (zn) + θnS(wn)
wn = (1− λn)zn + λnT (zn), n ∈ N,

(4.1)

where {θn}n∈N and {λn}n∈N are sequences in (0, 1). For the particular case of S = T , the iterative
scheme (4.1) becomes the corresponding algorithm proposed by Agarwal et al. [2]. We refer the reader
to some other references [10, 13, 18] in relation to the algorithm (4.1).

Let us verify the following lemmas which will be essential for proving our main results. The results
of this section provide an affirmative answer toQuestion 2.

Lemma 4.1. Let D ∈ N (E) and T : D −→ D be a generalized (α, β)-S-nonexpansive mapping with
S : D −→ D. Then, ∀z, w ∈ D, we have:
(i) ∥T (z)− S(Tz)∥ ≤ ∥z − T (z)∥.
(ii) Either 1

2∥z − T (z)∥ ≤ ∥z − w∥ or 1
2∥T (z)− S(T (z))∥ ≤ ∥T (z)− w∥.

(iii) Either ∥T (z) − S(w)∥ ≤ α∥T (z) − w∥ + α∥z − S(w)∥ + β∥z − T (z)∥ + β∥w − S(w)∥ + (1 −
2α− 2β)∥z − w∥
or ∥S(T (z))− S(w)∥ ≤ α∥T (z)− S(w)∥+ α∥S(T (z))− w∥+ β∥z − T (z)∥+ β∥w − S(w)∥
+ (1− 2α− 2β)∥T (z)− w∥.

Proof. Since 1
2∥z − T (z)∥ ≤ ∥z − T (z)∥, in view of (3.2) we conclude that

∥T (z)− S(T (z))∥ ≤ ∥z − T (z)∥.

To verify (ii), by contradiction, we assume that
1

2
∥z − T (z)∥ > ∥z − v∥ and 1

2
∥T (z)− S(T (z))∥ > ∥T (z)− w∥.

Employing (i), we get

∥z − T (z)∥ ≤ ∥z − w∥+ ∥T (z)− w∥ <
1

2
∥z − T (z)∥+ 1

2
∥T (z)− S(T (z))∥ ≤ ∥z − T (z)∥,

which is a contradiction. This verifies the condition (ii) and the condition (iii) is deduced by (ii). □

Lemma 4.2. Let D ∈ N (E) and T : D −→ D be a generalized (α, β)-S-nonexpansive mapping such
that S : D −→ D. Then for all z, w ∈ D,

∥z − S(w)∥ ≤ 3 + α− β

1− α− β
∥z − T (z)∥+ ∥z − w∥, ∥T (z)− w∥ ≤ 3 + α− β

1− α− β
∥w − S(w)∥+ ∥z − w∥.
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Proof. In view of Lemma 4.1, we obtain for any z, w ∈ D either

∥T (z)− S(w)∥ ≤ α∥T (z)− w∥+ α∥z − S(w)∥+ β∥z − Tz∥+ β∥w − Sw∥
+(1− 2α− 2β)∥z − w∥

or

∥S(T (z))− S(w)∥ ≤ α∥T (z)− S(w)∥+ α∥S(T (z))− w∥
+β∥z − Tz∥+ β∥w − Sw∥+ (1− 2α− 2β)∥T (z)− w∥.

In the first case, we get

∥z − T (w)∥ ≤ ∥z − S(z)∥+ ∥T (w)− S(z)∥
≤ ∥z − S(z)∥+ α∥T (w)− z∥+ α∥w − S(z)∥

+β∥w − T (w)∥+ β∥z − S(z)∥+ (1− 2α− 2β)∥z − w∥
≤ ∥z − S(z)∥+ α∥T (w)− z∥+ α∥w − z∥+ α∥z − S(z)∥

+β∥z − T (w)∥+ β∥z − w∥+ β∥z − S(z)∥
+(1− 2α− 2β)∥z − w∥

≤ (1 + α+ β)∥z − S(z)∥+ (α+ β)∥T (w)− z∥
+(1− α− β)∥z − w∥.

This implies that

∥z − T (w)∥ ≤ 1 + α+ β

1− α− β
∥T (z)− z∥+ ∥z − w∥

≤ (3 + α+ β)

(1− α− β)
∥z − T (z)∥+ ∥z − w∥.

Similarly, we obtain

∥w − T (z)∥ ≤ ∥w − S(w)∥+ ∥S(w)− T (z)∥
≤ ∥w − S(w)∥+ α∥T (z)− w∥+ α∥z − S(w)∥

+β∥z − T (z)∥+ β∥w − S(w)∥+ (1− 2α− 2β)∥z − w∥
≤ ∥w − S(w)∥+ α∥T (z)− v∥+ α∥v − z∥+ α∥w − S(w)∥

+β∥w − T (z)∥+ β∥z − w∥+ β∥w − S(w)∥
+(1− 2α− 2β)∥z − w∥

≤ (1 + α+ β)∥w − S(w)∥+ (α+ β)∥w − T (z)∥
+(1− α− β)∥z − w∥.

This implies

∥w − T (z)∥ ≤ (1 + α+ β)

(1− α− β)
∥w − S(w)∥+ ∥z − w∥

≤ (3 + α+ β)

(1− α− β)
∥w − S(w)∥+ ∥z − w∥.
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In the other case, we obtain

∥z − S(w)∥ ≤ ∥z − T (z)∥+ ∥T (z)− S(T (z))∥+ ∥S(T (z))− S(w)∥
≤ 2∥z − T (z)∥+ α∥T (z)− S(w)∥+ α∥S(T (z))− w∥

+β∥S(T (z))− T (z)∥+ β∥w − S(w)∥+ (1− 2α− 2β)∥T (z)− w∥
≤ 2∥z − T (z)∥+ α∥T (z)− z∥+ α∥z − S(w)∥+ α∥S(T (z))− T (z)∥

+α∥T (z)− w∥
+β∥T (z)− z∥+ β∥w − z∥+ β∥z − S(w)∥+ (1− 2α− 2β)∥T (z)− w∥

≤ 2∥z − T (z)∥+ α∥T (z)− z∥+ α∥z − S(w)∥
+α∥S(T (z))− T (z)∥+ α∥T (z)− z∥+ α∥z − w∥
+β∥T (z)− z∥+ β∥w − z∥+ β∥z − S(w)∥
+(1− 2α− 2β)∥T (z)− z∥+ (1− 2α− 2β)∥z − w∥

≤ (2 + α+ β)∥z − T (z)∥+ α∥S(w)− z∥+ α∥z − T (z)∥
+β∥z − T (z)∥+ (1− α− β)∥T (z)− z∥+ (1− 2α− 2β)∥z − w∥.

This implies

∥z − S(w)∥ ≤ (3 + α+ β)

(1− α− β)
∥z − T (z)∥+ ∥z − w∥.

Therefore in both the cases, we get the conclusion that

max{∥T (z)− w∥, ∥z − S(w)∥} ≤ 3 + α+ β

1− α− β
max{∥z − T (z)∥, ∥w − S(w)∥}+ ∥z − w∥.

Therefore in both the cases, we get the conclusion. □

Proposition 4.3. (Jointly Demiclosedness Principle). Let E be a Banach space with the Opial property,
D ∈ C(E) and T : D −→ D a generalized (α, β)-S-nonexpansive mapping with S : D −→ D. If
{zn}n∈N ⊂ D with zn ⇀ z ∈ E, limn−→∞ ∥zn − S(zn)∥ = 0 and limn−→∞ ∥T (zn) − S(zn)∥ = 0,
then T (z) = z and S(z) = z. That is, (T, S) satisfies the jointly demiclosedness principle.

Proof. By the assumption, we have limn−→∞ ∥zn − S(zn)∥ = 0 and limn−→∞ ∥T (zn) − S(zn)∥ = 0,
which imply that limn−→∞ ∥zn − T (zn)∥ = 0. In the light of Lemma 4.2, for all n ∈ N, we obtain

∥zn − T (z)∥ ≤ (3 + α+ β)

(1− α− β)
∥zn − S(zn)∥+ ∥zn − z∥.

and

∥zn − S(z)∥ ≤ (3 + α+ β)

(1− α− β)
∥zn − T (zn)∥+ ∥zn − z∥.

This implies

lim inf
n−→∞

∥zn − T (z)∥ ≤ lim inf
n−→∞

∥zn − z∥, lim inf
n−→∞

∥zn − S(z)∥ ≤ lim inf
n−→∞

∥zn − z∥.

By the Opial property, we get T (z) = S(z) = z. □

Lemma 4.4. Let D ∈ Cv(E) and T : D −→ D be a generalized (α, β)-S-nonexpansive mapping such
that S : D −→ D. Let {zn}n∈N be the sequence defined by (4.1) and z ∈ F (T ). Then the following
statements are satisfied:
(1) max{∥zn+1 − z∥, ∥wn − z∥} ≤ ∥zn − z∥, ∀n ∈ N;
(2) limn−→∞ ∥zn − z∥ exists.
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Proof. In view of (4.1) and Proposition 3.4, we deduce that

∥wn − z∥ = ∥(1− λn)zn + λnT (zn)− z∥ ≤ (1− λn)∥zn − z∥+ λn∥T (zn)− z∥
≤ (1− λn)∥zn − z∥+ λn∥zn − z∥ = ∥zn − z∥

Employing (4.1) and Proposition 3.4, we obtain

∥zn+1 − z∥ = ∥(1− θn)T (zn) + θnS(wn)− z∥ ≤ (1− θn)∥T (zn)− z∥+ θn∥S(wn)− z∥
≤ (1− θn)∥zn − z∥+ θn∥wn − z∥ ≤ (1− θn)∥zn − z∥+ θn∥zn − z∥ = ∥zn − z∥.

This verifies that {∥zn−z∥}n∈N is bounded and nonincreasing and hence limn−→∞ ∥zn−z∥ exists. □

Now, we provide the following essential an important result which will be employed in the sequel.

Theorem 4.5. Let E be a uniformly convex Banach space, D ∈ C(E) and T : D −→ D a generalized
(α, β)-S-nonexpansive mapping with S : D −→ D. Let {zn}n∈N be a sequence with u1 ∈ D defined by
(4.1). Then the following assertions are equivalent:
(i) {zn}n∈N is bounded, limn−→∞ ∥T (zn)− zn∥ = 0 and limn−→∞ ∥S(wn)− vn∥ = 0;
(ii) F (T ) ∩ F (S) ̸= Ø.

Proof. (i) =⇒ (ii). Let {zn}n∈N be bounded, limn−→∞ ∥T (zn) − zn∥ = 0 and limn−→∞ ∥S(wn) −
wn∥ = 0. Since E is uniformly convex, A(D, {zn}n∈N) ̸= Ø. Taking u ∈ A(D, {zn}n∈N), we deduce
that

r(T (z), {zn}n∈N) = lim sup
n−→∞

∥zn − T (u)∥.

Using Lemma 4.2, one obtains

r(T (u), {zn}n∈N) = lim sup
n−→∞

∥zn − T (u)∥

≤ (3 + α+ β)

(1− α− β)
lim sup
n−→∞

∥S(wn)− wn∥+ lim sup
n−→∞

∥zn − u∥ = r(z, {zn}n∈N).

Since the asymptotic center of {zn}n∈N is uniquely determined, we arrive at T (u) = u. On the other
hand, by the assumption limn−→∞ ∥S(wn)−wn∥ = 0, we conclude that limn−→∞ ∥zn−wn∥ = 0 and
hence A(D, {zn}n∈N) = A(D, {wn}n∈N) and r(T (u), {zn}n∈N) = r(S(u), {wn}n∈N). This ensures
that

r(S(u), {wn}n∈N) = lim sup
n−→∞

∥wn − S(u)∥

≤ (3 + α+ β)

(1− α− β)
lim sup
n−→∞

∥T (zn)− zn∥+ lim sup
n−→∞

∥wn − u∥ = r(u, {wn}n∈N).

(ii) =⇒ (i). Let F (T ) ∩ F (S) ̸= Ø and v ∈ F (T ) ∩ F (S) be fixed. In the light of Lemma 4.4
we see that limn−→∞ ∥zn − v∥ exists. Setting limn−→∞ ∥zn − v∥ = s, in view of Proposition 3.4, we
obtain lim supn−→∞ ∥T (zn)−w∥ ≤ s. Using Lemma 4.4, we deduce that lim supn−→∞ ∥wn− v∥ ≤ s.
Employing Proposition 3.4, we are led to lim supn−→∞ ∥S(wn)− v∥ ≤ s and hence

r = lim
n−→∞

∥zn+1 − v∥ = lim
n−→∞

∥(1− θn)(T (zn)− v) + θn(T (wn)− v)∥. (4.2)

In view of (4.2) and Lemma 2.2, we get limn−→∞ ∥T (wn)− T (zn)∥ = 0 and therefore

∥zn+1 − T (zn)∥ = ∥(1− θn)T (zn) + θnS(wn)− T (zn)∥ = θn∥T (wn)− T (zn)∥.

Letting n −→ ∞ we get limn−→∞ ∥zn+1 − T (zn)∥ = 0. Also, we have

∥zn+1 − S(wn)∥ ≤ ∥zn+1 − T (zn)∥+ ∥S(wn)− T (zn)∥.
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Thus we get limn−→∞ ∥zn+1 − S(wn)∥ = 0. Now, we observe that
∥zn+1 − v∥ ≤ ∥zn+1 − S(wn)∥+ ∥S(wn)− w∥ ≤ ∥zn+1 − S(wn)∥+ ∥wn − v∥,

which yields r ≤ lim infn−→∞ ∥wn − v∥. From (4.2), we get
r = lim

n−→∞
∥wn − v∥ = lim

n−→∞
∥(1− λn)zn + λnT (zn)− v∥

= lim
n−→∞

∥(1− λn)(zn − v) + λn(T (zn)− v)∥. (4.3)

Finally, from (4.3) and Lemma 2.2, we conclude that limn−→∞ ∥T (zn)− zn∥ = 0. □

The following lemma is essential for the weak convergence result in Banach spaces.
Lemma 4.6. Suppose that the conditions of Theorem 4.5 are satisfied. Then limn−→∞⟨zn, J(p1 − p2)⟩
exists for any p1, p2 ∈ F (T )∩F (S); in particular ⟨z−w, J(p1 − p2)⟩ = 0 for all u, v ∈ ωw(zn), where
ωw(zn) is the set of all weak limit points of {zn}n∈N.
Proof. By similar discussion to that of Lemma 2.3 in [11] we arrive at the desired conclusion. □

Theorem 4.7. LetE be a ufniformly convex Banach space andD,T, S and {zn}n∈N satisfy the conditions
of Theorem 4.5. Suppose that either of the following condition holds:
(i) E satisfies the Opial’s property;
(ii) E has a Fréchet differential norm and (T, S) satisfies the jointly demiclosedness principle.
If F (T ) ∩ F (S) ̸= Ø, then there exists p in F (T ) with zn ⇀ p as n → ∞.

Proof. Employing Theorem 4.5, we deduce that {zn}n∈N is bounded and limn−→∞ ∥T (zn)− zn∥ = 0.
Since E is reflexive, there exists a subsequence {znj}j∈N of {zn}n∈N such that {znj}j∈N converges
weakly to some p ∈ D. First, we assume that (i) is true. From Theorem 4.5, it follows that p ∈
F (T ) ∩ F (S). Arguing by contradiction {zn}n∈N does not converge weakly to p. Then there exist
a subsequence {znk

}k∈N of {zn}n∈N and q ∈ D such that {znk
}k∈N converges weakly to q and p ̸= q.

By Theorem 4.5, we have q ∈ F (T ). It follows from Lemma 5.4 that limn−→∞ ∥zn − u∥ exists for all
u ∈ F (T ) ∩ F (S). The Opial property assures that

lim
n−→∞

∥zn − p∥ = lim
j−→∞

∥znj − p∥ < lim
j−→∞

∥znj − q∥ = lim
n−→∞

∥zn − q∥ = lim
k−→∞

∥znk
− q∥

< lim
k−→∞

∥znk
− p∥ = lim

n−→∞
∥zn − p∥,

which is absurd and therefore zn ⇀ p ∈ F (T ). Since ∥zn − wn∥ → 0 as n → ∞, we find that
wn ⇀ p ∈ F (S). Thus p ∈ F (T ) ∩ F (S).

If (ii) is satisfied, then from Lemma 4.6, we get ⟨z − w, J(p − q)⟩ = 0 for all z, w ∈ ωw(zn). By
the jointly demiclosedness of (S, T ), we discover that p, q ∈ F (T ) ∩ F (S) and hence ∥p − q∥2 =
⟨p− q, J(p− q)⟩ = 0 and hence p = q. □

Theorem 4.8. Let D ∈ C(E) and T : D −→ D be a generalized (α, β)-S-nonexpansive mapping with
S : D −→ D such that F (T ) ∩ F (S) ̸= Ø. Let {zn}n∈N be a sequence with z1 ∈ D defined by (4.1). If
lim infn−→∞{max{d(zn, F (T )), d(wn, F (S))}} = 0, then the sequence {zn}n∈N converges strongly to
a fixed point of T , where d(z,A) := inf{∥z − p∥ : p ∈ A}.
Proof. If lim infn−→∞{max{d(zn, F (T )), d(wn, F (S))}} = 0 thenwe get lim infn−→∞ d(zn, F (T )) =
0. Hence we can select a subsequence {un}n∈N of {zn}n∈N with

lim
n−→∞

d(un, F (T )) = 0. (4.4)

The relation (4.4) assures the existence of a subsequence {uni}i∈N of {un}n∈N with ∥uni − pi∥ ≤ 1
2i

for all i ∈ N, where {pi}i∈N ⊂ F (T ) ∩ F (S). In view of Lemma 4.4, we are led to

∥uni+1 − pi∥ ≤ ∥uni − pi∥ ≤ 1

2i
. (4.5)
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Using (4.5), we conclude that

∥pi+1 − pi∥ ≤ ∥pi+1 − uni+1∥+ ∥uni+1 − pi∥ <
1

2i+1
+

1

2i
<

1

2i−1
.

This implies that {pi}i∈N is a Cauchy sequence in F (T ). Employing Lemma 3.5, we conclude that F (T )
is closed and hence there exists z ∈ F (T ) such that pi → z. Since ∥zn − wn∥ → 0 as n → ∞, we find
that pi → z ∈ F (S) as n → ∞. Employing ∥uni − p∥ ≤ ∥uni − pi∥+ ∥pi − p∥ we are led to zni → z
as i → ∞. Finally, Lemma 4.4 ensures the existence of limn−→∞ ∥zn − p∥ and therefore un → p as
n → ∞. □

5. Conclusion

We have derived fixed point results for generalized (α, β)-S-nonexpansive mappings in Banach
spaces. We have also presented new fixed point theorems for these mappings defined on closed and
convex subsets of Banach spaces. In will be interesting to work on Bregman distance counterpart of the
presented results of this paper for some future research study. Also, in future works we will employ our
results to best proximity point, nonlinear variational inequality, split equilibrium problems andHalpern
type iterations in the setting of Banach spaces (see, for some related articles, [6, 7, 14, 15, 17, 21, 22, 26]).
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