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FIXED POINT THEOREMS FOR GENERALIZED («, 3)-S-NONEXPANSIVE MAPPINGS
WITHOUT DEMI-CLOSEDNESS PRINCIPLE IN BANACH SPACES
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ABSTRACT. We introduce a new class of nonlinear mappings called generalized (¢, 3)-S-nonexpansive
mappings and show that this class of nonlinear mappings can be considered as an extension of of non-
expansive, firmly-nonexpansive and (¢, 3)-nonexpansive mappings. Beyond the continuity assumption
on the mappings and without using the classical demiclosedness principle, we will verify new existence
and convergence results for these mappings in Banach spaces. To illustrate the results, we include some
examples in the paper.
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1. INTRODUCTION

In the whole article N denotes the set of natural numbers and R the set of real numbers. We suppose
a Banach space (E, || - ||) has a dual space E* and we indicate the duality pairing by (u, u*), Vu € E and
u* € E*. The strong convergence and the weak convergence of a sequence {uy, }neny C Etou € F are
indicated by u,, — w and u,, — u, respectively. Let D be a subset of E'and 1" : D — D an operator.
An element v € F is called a fixed point of 7' if T'(v) = v and we set F(T) = {v € E : T(v) = v}.
The operator T': D — D is called a nonexpansive if ||T'(u) — T'(v)|| < ||u — v]| for all w,v € D and
quasinonexpansive [5], if ||T(u) —v|| < ||lu—v| forallu € D andv € F(T). The first existence results
of fixed points of these mappings were studied by Browder [3, 4], Gohde [9] and Kirk [12] in Hilbert and
Banach spaces (see also [8] for detailed exposition). Many researchers have extended and generalized
these kind of mappings in different ways. In 2008, Suzuki [25] introduced (as generalization) a class of
operators known as mappings satisfying Condition (C) and investigated their fixed point results.
We adopt the following notations in the whole paper. Let Y be a nonempty subset of a Banach space
E and P(Y) be the set of all nonempty subsets of Y. We denote respectively by
e N(Y):={W € P(Y) : W is nonempty},
e CV(Y) :={W € P(Y) : W is nonempty, convex},
o C(Y):={W e P(Y) : W is nonempty, closed},
o K(Y):={W e P(Y) : W is nonempty, compact},
o Cb(Y) :={W € P(Y) : W is nonempty, closed and bounded},
o Cu(Y):={W € P(Y) : W is nonempty, closed and convex}.

Definition 1.1. [25] Let D be a subset of a Banach space E. A mapping 7' : D — D is said to satisfy
Condition (C)ifforall u, v € D, the condition 3 ||u—T'(u)|| < |Ju—v|| implies || T'(u)—T(v)|| < [Ju—v]|.
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In order to extend the Suzuki type operators, Aoyama and Kohsaka [1] introduced another class of
(not necessarily continuous) operators namely a-nonexpansive mappings and investigated some fixed
point results related to these mappings.

Definition 1.2. [1] Let E be a Banach space and D C E be a nonempty set. A mapping 7' : D — D
is called a-nonexpansive if for any 2z, w € D and some v < 1

IT(2) = T(w)|* < al|T(2) = wl* + allz = T(w)|* + (1 - )|z — w]*.

In order to prove weak and strong convergence theorems for single-valued and multivalued nonlin-
ear mappings, the concept of demiclosedness principle was introduced by Opial [19]. It is remarkable
to mention that the researchers have been deeply investigated the fixed point theorems by employing
the demiclosedness principle during past forty (40) years or so (see, e.g, [15] and the references therein).
Although some interesting results have been obtained, it is worth mentioning that, in some cases, the
mapping 7" of the class of nonexpansive mappings defined in the setting of a Hilbert space H does not
necessarily satisfy the demiclosedness principle due to Opial [19] (see [15], Example 2.1 for details).
Consequently, it is natural to ask:

Question 1: Is there any way to obtain strong convergence theorems of Halpern’s type for such map-
pings that fail to satisfy the original demiclosedness principle due to Opial in the setting of Banach
spaces?

Naraghirad [15] provided an affirmative answer to the above question by introducing the idea of
jointly demiclosedness principle (Recall that if C € N'(E), then a pair S,T : C — C satisfies jointly
demiclosedness principle if {x,, },en C C converges weakly to a point z € C' and limy, o ||S(2y) —
T(xy)|| = 0, then Sz = z and Tz = z; that is, S — T is jointly demiclosed at zero). More precisely, the
author proved the following theorem:

Theorem 1.3. [15] Let E be a Banach space and D € Cv(E) andv € D be fixed. Let S,T : D — D be
two quasi-nonexpansive self mappings such that F' = F(S) N F(T') # ( is closed and convex. Let (S, T)
satisfy jointly demiclosedness principle on D and {uy, } ncn be the sequence defined by

uy € D
Up+1 = YnU + (1 — Yn)Yn (1.1)
Yn = CuSupn + (1 — )T (un), ¥n € N,
where {n }nen and {(, fnen are sequences of real numbers in (0, 1). If the following conditions hold:
(c1) limy, o0 Y = 0;
(CZ) 22021 TYn = OO;
(c3) 0 < liminf,, o0 Gu(1 — () < limsup,,_,o Cn(1 — ¢n) < 1.
Then, the sequence {uy, }nen defined (1.1) converges strongly to QQ pu, where Q r is the sunny nonexpansive
retraction from E onto F'.

Remark 1.4. It is worth mentioning that if S = I, where [ is the identity mapping on E, then I — T is
demiclosed at zero (see, [15]). If S and 7" satisfy the demiclosedness principle according to Opial [19],
then (S, T) satisfies the jointly demiclosedness. Unfortunately, the converse is not in general true as
could be seen in Example 1 discussed in [15].

Now, we pose the following question:

Question 2: Is there any way to extend a-nonexpansive mappings to a more general class of mappings
with the existence and convergence results in general Banach spaces?

This paper is organized as follows. In Section 2, preliminaries and a clear problem statement are
provided. In Section 3, we first introduce such a new class of mappings namely, generalized («, 3)-S-
nonexpansive mappings in general Banach spaces. In Section 4, beyond the continuity assumption on
the mappings and without using the classical demiclosedness principle, we will verify new existence
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and convergence results for these mappings in Banach spaces and provide an affirmative answer to
the above Question 2. To illustrate the facts, we include some useful examples. Our results unify and
generalize corresponding ones discussed in [2, 10, 16, 20, 25]. Finally, the conclusion is in Section 5.

2. PRELIMINARIES

Let E be a Banach space with the dual space E*. We define the normalized duality mapping J :
E — 2F" as follows:

J(u) == {f € "+ (u. f) = |[ul* = | |*}, u € E.
We say that E is a smooth Banach space if the limit

po ol = )

n—so00 t

(2.1)

exists for each u,v € Sgp := {u € E : ||u]| = 1}. In this case, the norm of F is called Gateaux
differentiable. It is known that J is single valued if ' is smooth [8]. If for each = € Sg, the limit (2.1)
exists and is attained uniformly for y € Sg. For more details on the Fréchet derivative, we refer the
reader to see [8]. A Banach space F is called uniformly convex if for each ¢ € (0,2] thereisa d > 0
such that ||“32|| <1 — 6, Vu,v € E with [ju|| = [|v|| = 1 and |[u — v|| > . A Banach space E enjoys
the Opial property [19], if for every sequence {2, }nen C E with 2z, — z,

liminf [Ju, —u| < liminf |Ju, — w||
n—aoo n—aoo

for every w € E (w # wu). All Hilbert spaces and /7(1 < p < o0) have the Opial property but, the
Banach spaces L, [0, 27|(p # 2) do not enjoy the Opial property [8].

Let D be a nonempty subset of Banach space E and {uy, },cn a bounded sequence in E. For each
x € E, define:

: (i) asymptotic radius of {uy, }nen at u by 7(u, {up fnen) := limsup,,__, o ||un — ulf;

: (ii) asymptotic radius of {uy, nen relative to D by r(D, {u, }nen) := inf{r(u, {untnen) : v €
D};

: (iii) asymptotic center of {uy, },en relative to D by

A (Da {un}nEN) = {u eD: T(ua {un}nEN) = T(Dv {un}nGN)}

It is worth mentioning that A(D, {uy, }nen) is nonempty. If E is uniformly convex then A(D, {uy, }nen)
is singleton [8].

Definition 2.1. [24]Let D € N(E)and S,T : D — D be two mappings. The mappings S,T : D —>
D are said to satisfy Jointly Condition (I) if there exists a nondecreasing function h : [0, 00) — [0, c0)
satisfying ~(0) = 0, min{||lu — T'(u)||, ||[v — S(v)||} > h(max{d(u, F'(T)),d(v, F(S))}) forallu € D
and h(c) > 0 for all ¢ € (0, 00), where d(u, A) := inf{|ju —p|| : p € A}

Lemma 2.2, [23] Let E be a uniformly convex Banach space and 0 < ¢ < 7, < d < 1 for all
n € N. Let {up fnen and {v, fnen be such that limsup,, ., ||u,|| < s,limsup,,_, [|[on] < s and
lim,,— 00 | Tntn + (1 — 7))y || = s hold for some s > 0. Then lim,,—, ||ty — vy|| = 0.

3. GENERALIZED («, 3)-S-NONEXPANSIVE MAPPINGS

We first introduce the following new class of mappings in Banach spaces.
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Definition 3.1. Let D € N (FE) be fixed.
(i) A mapping T': D — D is called a generalized («, 3)-nonexpansive mapping if there exist «, 5 €
[0, 1) such that
1
Sz =Tl < ||z —wl| = |T(z) = T(w)| < alT(2) - wl| +afz = T(w)]]
+Bllz = Tz|| + Bllw — Tw||
+(1 —2a —20)||z — w|| (3.1)

forall z,w € D.
(i) Let S, T : D — D be two mappings. The mapping 7" : D — D is called a generalized («, 5)-S-
nonexpansive mapping if there exist v, 8 € [0, 1) such that

%Hz —TE <z —wl| = IT(z) = S(w)l| < of|T(z) —wll + oz = S(w)]
Bz = Tzl + Bllw — Sw]
+(1 =20 —2p)||z — w|| (3.2)
forall z,w € D.

In the special case of S = T, these two class of mappings are the same.
Now we include some essential properties of generalized («, 3)-S-nonexpansive mappings.

Remark 3.2. If T : D — D satisfies the Condition (C), then 7" is a generalized («, 3)-S-nonexpansive
mapping. However, the converse does not hold as the following example indicates. When o = 3 =0
and S = I, the identity mapping on FE, a generalized («, )-S-nonexpansive mapping reduces to a
mapping satisfying Condition (C), however the reverse is not valid as the following example indicates.

Example 3.3. Let D = [0,4] C R be endowed with the usual norm. If we define 7' : D — D by
0, ifu#4,
T(z) = { 92, ifz=4
Then for z € (2,8/3] and w = 4,

1
Sz =T = Iz = wlf and |T'(2) = T(w)l| = 2 > [|2 — wll,
and T does not satisfy Condition (C). For z € (2, 3] and w = 4, we also have
1
gl =T()| < |z = w] and | T(z) = T(w)[| > |2 = wl,

and T" does not enjoy Condition (C) but, 7" is an c-nonexpansive where o > % and a generalized («, )-
S-nonexpansive mapping where o > % and = 0. Also, the mapping 7 is not an («, 3)-nonexpansive
mapping in the sense of [20]. Since, otherwise there are real numbers «, 5 € [0, 1] such that

T(z) = T@W)P < alT(z) - wf? + alz — T(w)[? + Bz = T()[2 + Bl — T(w)]?
+(1 =20 — 28) |2 — w|? (3.3)
for all z,w € D. Now, for z = 2 and w = 4 we get that
T@) ~ TP < alT(@) — 47 +al2 = TP + 82 = TQ)P + 84— T + (1 - 20 — 28)[2 — 4P

which implies that 4 < 4 — 4« and hence o = 0. Thus we have 5 = 1. If we select z = 1 and w = 4, then by
(3.3) we obtain

T(1) = TP <alTQ) = 4P +all =T + 1 = TQ)? + B4 = T + (1 - 2a — 26)[1 - 4

and hence 4 < —4 which is a contradiction.
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Proposition 3.4. Let D € N(E) andT : D — D be a generalized («, 3)-S-nonexpansive mapping
with F(T) N F(S) # (. Then T is quasi-nonexpansive.

Proof. Let g € F(T) N F(S) and w € D. By the relation §||¢ — T(q)|| = 0 < ||w — ¢|| and in view of
(3.1) we obtain
IT(w) =gl = T (w) =S
< ofT(w) = qll + allw = S + BIT(w) = wl + Bllg = S(@)
+(1 = 20 = 26)|Jw — q||
af| T(w) — qll + eflw — gl + BIT(w) = qll + Bllg — wll + (1 = 200 = 28) [w — ¢

IN

This amounts to
(1 —a=BT(w) —qll < (1 —a—=pB)[w—ql.
Since (1 — a — 3) > 0, we arrive at |T'(w) — ¢|| < |Jw — ¢|| which finishes the proof. O
In the following we present a result concerning the structure of fixed point set for a generalized
(c, B)-S-nonexpansive mapping.

Lemma 3.5. Let D € N(FE) befixed. LetT : D — D be a generalized («, 3)-S-nonexpansive mapping
with S : D — D. Then F(T) N F'(S) is closed. If, in addition, E is strictly convex and D is convex, then
F(T)N F(S) is convex.

Proof. Let {2y, }nen C F(T) N F(S) be such that z, — u € D asn — oc. From 3|z, — S(z,)|| =0 <
||z, — z|| and considering (3.2), we are led to

lzn =T = T (20) = T(2)]l

< T (zn) = SGa)ll + 1T (2) = S(z0)

< of|T(2) = zll + allz = S(zn)ll + Bllz = T(2)]] + Bllzn — S(zn)l
(1 20— 26) 20— 7]

< af|T(2) = zull + allzn = 2] + Bllz — znll + (1 = 20 = 28) |20 — 2]|.

This amounts to
(1=a=p) lim |z =T < (1 —a=5) lim [z - 2]
Since 1 — a — 8 > 0, we obtain

lim |z, —T(()|]| < lm |z, -z,
n—oo n—-0o0

and T'(z) = z and hence F'(T) is closed. Similarly, we can prove that F'(.5) is closed.

If F is strict convexity and D is convex, then we select n € (0,1) and z,w € F(T) N F(S) with
z # w. Setting y = nz + (1 — n)w € D, by employing 3|z — T(2)|| = 0 < ||z — y|, Proposition 3.4
and (3.2), we arrive at

IT(z) =TI <z -yl
Similarly, we get
IT(v) = T(y)ll < [lv -yl
Thus we get
Iz =TIl + 1T(y) — wll = IT(z) = TWI + 1T (y) = T(w)]|
Iz =yl + [lo =yl = (1 = n)llz —wl| +nllz —w[| = ||z = w].

Iz = wl
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The strict convexity of E ensures the existence of an element 1 € [0, 1] with T'(w) = pz + (1 — p)w.
Now

(1 =pllz —wl = T(z) =TI < llz =yl = A =n)lz - wl|

and

pllz = wll = [|T(w) = Tl < lw—=yll =nllz = w].
By the above two inequalities 1 — u < 1 — n and p < 7). This implies = p and hence w € F(T). O

4. WEAK AND STRONG CONVERGENCE THEOREMS

In this section, we provide the convergence theorems for generalized («, 3)-S-nonexpansive map-
pings in Banach spaces with S : D — D. We first introduce the following iterative scheme related to
generalized («, 3)-S-nonexpansive mappings:

Let S, T : D — D be two mappings.

z1€D
Znt1 = (1= 60,)T(2n) + 0,5 (wy) (4.1)
Wn = (1 - An)zn + )\nT(Zn)v n €N,

where {0, }nen and {\, }nen are sequences in (0, 1). For the particular case of S = T, the iterative
scheme (4.1) becomes the corresponding algorithm proposed by Agarwal et al. [2]. We refer the reader
to some other references [10, 13, 18] in relation to the algorithm (4.1).

Let us verify the following lemmas which will be essential for proving our main results. The results
of this section provide an affirmative answer to Question 2.

Lemma 4.1. Let D € N(E) andT : D — D be a generalized (., 3)-S-nonexpansive mapping with
S:D — D. Then,Vz,w € D, we have:

)T (z) = S(T2)[| < ||z = T(2)]|.

(ii) Either 3|2 — T(2)|| < ||z — w| or 3| T(2) = S(T(2))l| < IT'(2) — w]|-

(iii) Either | T(z) — S(w)|| < al|T(2) — w|| + allz = S(w)|| + Bllz = T(2)|| + Bllw — S(w)|| + (1 -
2a = 2f) ||z — w]|

or [[S(T(2)) = S(w)|| < || T(2) = S(w)| + al|S(T(2)) — wll + Bllz = T(2)]| + Bllw — S(w)]

+ (1 -2a—28)||T(z) — w|.

Proof. Since ||z — T(z)|| < ||z — T(2)]|, in view of (3.2) we conclude that
IT(z) = ST < Nz =T
To verify (ii), by contradiction, we assume that

%IIZ —T(2)| > ||z = vl and %IIT(Z) = ST > T(z) = wl.

Employing (i), we get
1 1
lz =T < 2 —w + | T(z) —wl < 5llz = T(2)| + ST () = ST < [l = T,
which is a contradiction. This verifies the condition (ii) and the condition (iii) is deduced by (ii). O

Lemma4.2. Let D € N(E) and T : D — D be a generalized («, 3)-S-nonexpansive mapping such
that S : D — D. Then for all z,w € D,

3+a—0 3+a—p4

Iz = Sl < T——3lls = TG + Iz = wll, |T() = wll < 7— 5w = SW)[ + [l = wll.
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Proof. In view of Lemma 4.1, we obtain for any z, w € D either

IT(2) = S(w)l

or

< of|T(z) —wll + allz = S(w)|| + Bllz = Tz[| + Bllw — Swl|

15(T(2)) = S(w)|

In the first case, we get

This implies

|z =T (w)]

that

+(1=2a—28)||z — w||

< a|T(z) = S(w)[| + al[S(T(2)) — v

+Bllz = Tzl + Bllw — Swll + (1 = 2 = 26) [ T'(2) — w]|.

< 2= S+ ITw) - S
< 2= S+ alT(w) - 2l + allw - S|
4Bl = T(w)]| + 81z = S()] + (1 = 20 = 28)||z - w]|
< 2= S +alT(w) - 2+ allw = 2] + all - S(2)|
+6lle = T()| + Bllz — wll + Bllz - ()|
+(1—=2a—-28)||z — w||
< (A+atf)lz-SE+ (a+B)Tw) -2
Hl=a =)l - ul|
s =TI < a2 - 2 + s - wl
< GEE - T + s - ull

Similarly, we obtain

This implies

lw =T

< o= S|+ 18(w) - T()|
< flw = S@)l +alT(z) - vl +allz = S(w)|
4801z = () + Bllw — S(w)]| + (1 = 20 = 28) | = w]
< llw = S@)ll+alT() - vll + allo = 2] + aljw — S(w)|
+8lw =T + Bllz - w + Bllw - S(w)|
+(1 —2a —20)||z — w||
< (+a+B)llw— S+ (a+H)lw-T()
H1-a =)z - wl.
lo -7 < ot~ Sl + I~ wl

IN

lw = S(w)[| + ||z = wll.
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In the other case, we obtain

Iz =S) < |z =T +[T(2) = ST + ST (2)) = S(w)]
< 20z =TE)| +alT(2) = S(w)|| + | S(T(2) - wl|
+B(S(T(2)) = T + Bllw = S(w)| + (1 = 20 = 28) | T'(2) — w]|
< 2z =T +alT() = 2] + allz = S(w)|| + allS(T(2)) = T ()]
+a|T(z) — wl]
BT (2) = 2l + Bllw = 2| + Bllz = S(w) || + (1 = 20 = 2B) | T (2) — w]|
< 20z =T+ allT(2) = 2l + a2 = S(w)]]
+a||S(T(2)) = T(2)|| +al[T(2) = 2| + afz = w]]
BT (2) = 2|l + Bllw = z[| + Bz = S(w)]
(1 =20 =25)T(2) = 2|l + (1 = 2a = 26) [z — w]|
< @+at+ Pz =TE)+alS(w) =2 +aflz =T
o[z =T+ (1 —a=P)IT(2) = 2| + (1 = 2a = 2) ||z — w].
This implies

B B+a+p)
B ()H_(if447

Therefore in both the cases, we get the conclusion that

max{[|T(2) — wl), ||z — S(w >||}<3+0‘+§

Therefore in both the cases, we get the conclusion. g

Iz =TI+ 2 = wl.

max{||z = T(2)[], [w = S(w)[[} + ||z = w].

Proposition 4.3. (Jointly Demiclosedness Principle). Let E be a Banach space with the Opial property,
D € C(E)andT : D — D a generalized («, 3)-S-nonexpansive mapping with S : D — D. If
{#n}tnen C D with z,, = z € E, lim,,__, ||z, — S(2n)| = 0 and lim,,—,0 [|T(2n) — S(zn)|| = 0,
then T'(z) = z and S(z) = z. That is, (T, S) satisfies the jointly demiclosedness principle.

Proof. By the assumption, we have lim,,_,o ||z, — S(z,)|| = 0 and lim,,—,0 ||T'(2) — S(2n)|| = 0,
which imply that lim,,_ .« ||z, — T'(25,)]| = 0. In the light of Lemma 4.2, for all n € N, we obtain
(B+a+p)
Zn — T < — Mz — S(zn)|| + ||2n — 2]
I (2)]l (7a75ﬂ (za) | + 1l |
and
B+a+p)
Zp — S < — Mz = T(zn)|| + ||2n — 2||-
I (2)ll (—a—ﬁﬂ (za) | + 1l |
This implies
liminf ||z, — T'(z)|| < liminf ||z, — z||, iminf ||z, — S(2)| < liminf ||z, — z]|.
n—a~oo n——~oo n——~oo n——oo
By the Opial property, we get T'(z) = S(z) = z. O

Lemma 4.4. Let D € Cv(E) andT : D — D be a generalized («, [3)-S-nonexpansive mapping such
that S : D — D. Let {z,}nen be the sequence defined by (4.1) and z € F(T). Then the following
statements are satisfied:

(D) max{||zn1 — 2, [lwn — 2|1} < [lzn — 2
(2)limy, 00 ||z — 2|| exists.
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Proof. In view of (4.1) and Proposition 3.4, we deduce that
lwn = z[ = (L= An)zn + AT (2n) — 2[| < (1= An)llzn — 2] + Al T(20) — 2]|
< (T=2)llzn = 2] + Anllzn = 2] = ll20 — ]|
Employing (4.1) and Proposition 3.4, we obtain
lznt1 =zl = [[(1 = 00)T(20) + 005 (wn) = z[| < (1 = 0)[[T(20) = 2l + On[|S(wn) = 2|
< (1 =0n)llzn — 2l + Onllwn — 2| < (1= 6n)llzn — 2[[ + Onll2n — 2]l = |20 — =|.
This verifies that { ||z, — z|| } nen is bounded and nonincreasing and hence lim,, ., ||z, — 2| exists. O

Now, we provide the following essential an important result which will be employed in the sequel.

Theorem 4.5. Let E be a uniformly convex Banach space, D € C(E) and T : D — D a generalized
(c, B)-S-nonexpansive mapping with S : D — D. Let {z, }nen be a sequence with u; € D defined by
(4.1). Then the following assertions are equivalent:

(i) {zn }nen is bounded, lim,, . ||T(2,) — zn|| = 0 and lim,, o ||S(wy,) — v,|| = 0;

(i) F(T) N F(S) # 0.

Proof. (i) = (ii). Let {z, }nen be bounded, lim,,— o0 ||T(2,) — 2n|| = 0 and lim,,— 0 [|S(wy,) —
wy|| = 0. Since E is uniformly convex, A(D, {z, }nen) # O. Taking u € A(D, {2y }nen), we deduce
that

H(T(2). {2 ner) = limsup [, = T(w)]|

Using Lemma 4.2, one obtains

r(T(u), {zntnen) = limsup ||z, — T(u)]
7(3 +tatf) limsup [|S(wy,) — wy|| + limsup ||z, — u|| = (2, {zn }nen)-
(]_—Oé—,ﬁ) n—so0 n—>o0

Since the asymptotic center of {z, },en is uniquely determined, we arrive at 7'(u) = u. On the other
hand, by the assumption lim,,_, » ||S(wy,) — wy|| = 0, we conclude that lim,,—,, ||z, — w,|| = 0 and
hence A(D, {zn}nen) = A(D, {wp}nen) and 7(T'(u), {zn fnen) = 7(S(w), {wn tnen). This ensures
that

r(S(u), {n}nen) = limsup [[w, — S(u)l

n—aoo

BEOH ) i sup 1T z) — 2]+ linsup [y — ] = (o, {u ).

(1—0[—,8) n—soo0 n—so0

(i) = (i). Let F(T) N F(S) # @ and v € F(T) N F(S) be fixed. In the light of Lemma 4.4
we see that lim,,_, ||z, — v|| exists. Setting lim,,_,~ ||z, — v|| = s, in view of Proposition 3.4, we
obtain limsup,, . [|T(zn) — w|| < s. Using Lemma 4.4, we deduce that lim sup,,__, . ||w, —v|| < s.
Employing Proposition 3.4, we are led to limsup,, . ||S(wy) — v|| < s and hence

P i e ol = im0 0)(T(a) = 0) + (T ) — )] 42)
In view of (4.2) and Lemma 2.2, we get lim,,_, ||T'(w,) — T'(25,)|| = 0 and therefore
[zn+1 = T(2n)|| = (1 = 00)T (20) + 0.5 (wn) — T'(2n) || = Opl|T(wp) — T'(2n)]]-
Letting n — oo we get lim,, ¢ ||2n+1 — T'(2n)|| = 0. Also, we have

[znt1 = S(wn)ll < [lzn1 = T(z0)|| + [[S(wn) = T(z0)]-
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Thus we get lim,, o ||2n+1 — S(wy)|| = 0. Now, we observe that
[zn41 = vl < llzns1 = Swn)[| + [[S(wn) = wll < 2041 = S(wa)[| + [lwn = oll;

which yields » < liminf,,_, ||w, — v||. From (4.2), we get

r= lim |lw, —v|| = lm [[(1—=X)zn+ AT (2) — ||
= nhjlm (1= M) (2 — 0) + A (T (20) — 0)]|- (4.3)
Finally, from (4.3) and Lemma 2.2, we conclude that lim,,_,+ |T(25,) — 25| = 0. O

The following lemma is essential for the weak convergence result in Banach spaces.

Lemma 4.6. Suppose that the conditions of Theorem 4.5 are satisfied. Then lim,,_,oc(2pn, J(p1 — p2))
exists for any p1,p2 € F(T)NF(S); in particular (z — w, J(p1 — p2)) = 0 for all u,v € wy(2y,), where
Wy (2n) is the set of all weak limit points of {2y, }nen.

Proof. By similar discussion to that of Lemma 2.3 in [11] we arrive at the desired conclusion. O

Theorem 4.7. Let E be a ufniformly convex Banach space and D, T, S and { zy, }nen satisfy the conditions
of Theorem 4.5. Suppose that either of the following condition holds:

(i) E satisfies the Opial’s property;

(ii) E has a Fréchet differential norm and (T, S) satisfies the jointly demiclosedness principle.
IfF(T)NF(S) # O, then there exists p in F/(T') with z,, — p asn — o0.

Proof. Employing Theorem 4.5, we deduce that {z;, } ,en is bounded and lim,,—, [|7(2) — 2| = 0.
Since E is reflexive, there exists a subsequence {2y, }jen of {zn}nen such that {2, };cn converges
weakly to some p € D. First, we assume that (i) is true. From Theorem 4.5, it follows that p €
F(T) N F(S). Arguing by contradiction {z, }nen does not converge weakly to p. Then there exist
a subsequence {zy, }ken of {2, }nen and ¢ € D such that {2, } ren converges weakly to ¢ and p # q.
By Theorem 4.5, we have ¢ € F(T). It follows from Lemma 5.4 that lim,,_, ||z, — u|| exists for all
u € F(T) N F(S). The Opial property assures that

lim flzn —pl| = lm [lzo; —pll < lm [lz; —gll = lm [z, —gl| = lim [z, —q]|
n—>00 Jj—>00 J—>00 n—>00 k—>00

<l gl = lim o,
which is absurd and therefore z, — p € F(T). Since ||z, — w,|| — 0 as n — oo, we find that
wy, = p € F(S). Thusp € F(T)N F(S).
If (ii) is satisfied, then from Lemma 4.6, we get (z — w, JJ(p — q)) = 0 for all z,w € wy(2,). By

the jointly demiclosedness of (.S,T'), we discover that p,q € F(T) N F(S) and hence ||p — ¢||*> =
(p—q,J(p—q)) =0and hence p = q. O

Theorem 4.8. Let D € C(E) and T : D — D be a generalized (o, 3)-S-nonexpansive mapping with
S : D — D such that F(T) N F(S) # . Let {z, }nen be a sequence with z; € D defined by (4.1). If
liminf,, o {max{d(zy, F(T)),d(wn, F(S))}} = 0, then the sequence {z, }nen converges strongly to
a fixed point of T, where d(z, A) := inf{||z — p|| : p € A}.

Proof. Iflim inf,_ o {max{d(z,, F(T)), d(wy, F(S))}} = 0thenwe getlim inf,_, d(z,, F(T)) =

0. Hence we can select a subsequence {uy, } nen of {2y, }neny with

lim_d(uy, F(T)) = 0. (4.4)

The relation (4.4) assures the existence of a subsequence {uy, }ien of {un }neny With |Ju,, — pif| < %
forall i € N, where {p; };eny C F(T') N F(S). In view of Lemma 4.4, we are led to

1
||um+1 _piH < Hunz _pz’H < —. (4.5)
9i
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Using (4.5), we conclude that

1 1

2 =g

This implies that {p; };cn is a Cauchy sequence in F'(T'). Employing Lemma 3.5, we conclude that F'(7T")
is closed and hence there exists z € F(T) such that p; — z. Since ||z, — wy| — 0 as n — oo, we find
that p; — z € F'(S) as n — oo. Employing ||u,, — p|| < ||un; — pill + ||pi — p|| we are led to z,, — 2
as i — 00. Finally, Lemma 4.4 ensures the existence of lim,_, ||z, — p|| and therefore u,, — p as
n — oo. U

1
Hpi+1 _piH < ||pi+1 - U’m+1” + ||um+1 _piH < ﬁ +

5. CONCLUSION

We have derived fixed point results for generalized («, §)-S-nonexpansive mappings in Banach
spaces. We have also presented new fixed point theorems for these mappings defined on closed and
convex subsets of Banach spaces. In will be interesting to work on Bregman distance counterpart of the
presented results of this paper for some future research study. Also, in future works we will employ our
results to best proximity point, nonlinear variational inequality, split equilibrium problems and Halpern
type iterations in the setting of Banach spaces (see, for some related articles, [6, 7, 14, 15, 17, 21, 22, 26)).
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