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ABSTRACT. We revisit a mathematical model for ductal carcinoma in situ (DCIS) growth described by a
free boundary problem. Specifically, we address an algebraic oversight in the fixed-domain transforma-
tion of an inverse problem aimed at recovering the tumor growth potential from terminal biopsy data. We
derive the refined parabolic partial differential equation step-by-step, establish the exact boundary evalua-
tion, and prove the uniqueness of the reconstructed potential. Furthermore, we construct the clinical data
function via a spectral eigenfunction expansion, casting the inverse problem as a first-kind Fredholm inte-
gral equation to analyze its exact existence via Picard’s criterion. Demonstrating the severe ill-posedness
of the problem under clinical noise, we propose a Tikhonov regularization scheme. We explicitly connect
these functional analytic proofs to the physical reality of the breast duct, providing rigorous guarantees
for the existence of a unique regularized biological solution. Finally, we present comprehensive computa-
tional simulations, validating the algorithm’s robustness and optimal convergence against noisy synthetic
clinical data.
Keywords. Inverse free boundary problem, ductal carcinoma in situ, Tikhonov regularization, Fred-

holm integral equation, Picard’s criterion, spectral method.
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1. INTRODUCTION

Ductal carcinoma in situ (DCIS) is a non-invasive breast cancer confined to the breast ducts. Mathe-
matical modeling of DCIS using free boundary problems has become a powerful tool for understanding
tumor growth dynamics [1, 4, 5, 6, 9, 10, 11, 12, 13]. In these models, the tumor boundary evolves over
time based on the local concentration of nutrients, which diffuses through the tissue and is consumed
by the proliferating cancer cells.

While the forward problem—predicting tumor growth given known biological parameters—has been
extensively studied, the clinical reality is often the reverse. Clinicians typically observe the tumor at a
specific moment in time via an incisional biopsy and must infer its underlying growth potential. This
motivates the formulation of inverse problems. In a foundational study, Xu and Gilbert formulated
several inverse problems based on different clinical diagnostic procedures [13].

Our focus is on the problem denoted as IP1(b) in [13]: determining the spatially dependent nutrient
consumption rate, \(x), assuming that the tumor concentration profile and its rate of change are known
only at a terminal time ¢t = T from a single incisional biopsy.
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While Xu and Gilbert proposed an algorithmic construction and Tikhonov regularization scheme for
IP1(b) in [13], the mathematical foundation for this specific inverse problem can be further strengthened
and refined in two key areas:

label=(1) Domain transformation dynamics: When converting the moving boundary problem to
a fixed domain, the resulting advection term mapping the boundary velocity must scale as
s'(t)/s(t). The original derivation contained an algebraic oversight, scaling this term by s(¢),
which alters the characteristics of the parabolic PDE.

Ibbel=(2) Existence of the inverse solution: Establishing uniqueness for IP1(b) is highly beneficial,
but it is completed by constructing the formal Fredholm operator, analyzing the existence of
a solution for the original exact problem, and proving the existence of a regularized solution
in the appropriate functional spaces using the direct method of the calculus of variations
(2,7, 8].

In this paper, we refine the fixed-domain transformation of the 1D DCIS model, derive the exact
difference equations, construct the right-hand data function using a corrected spectral expansion, and
provide a rigorous functional analytic proof of existence, uniqueness, and convergence for the regular-
ized tumor growth potential A(x). We conclude with numerical simulations demonstrating the efficacy
of our algorithm.

2. REFINED FORMULATION OF THE DIRECT PROBLEM

One typical type of DCIS is the solid type, where cancer cells completely fill the affected breast
duct. We describe this by a one-dimensional model. We assume the tumor to be within the interval
[—s(t)/2, s(t)/2] at each time t. We model tumor growth using a dimensionless nutrient concentration
¢(y, t) which satisfies a reaction-diffusion equation. The model is given by:

0 0?
Fi - Tyg —Ay)e, inB(t), t>0, (2.1)
c(=s(t)/2,t) =c1, t>0, (2.2)
c(s(t)/2,t) =c1, t>0, (2.3)
c(y,0) = co(y), in B(0), (2.4)
s s(t)/2 3
5 I A UEEY (25)

where B(t) = {y | —s(t)/2 < y < s(t)/2}. Here \(y)c(y,t) is the nutrient consumption rate at
location y, c; is the constant duct boundary supply, and ¢ is the critical viability threshold.

We change the variable y € [—s(t)/2, s(t)/2] to a fixed normalized domain = € [0, 1] by setting
y = s(t)x — s(t)/2. Let us define the shifted concentration:

t
v(z,t) :c<s(t)x—s(2),t> —c, 0<z<1, t>0. (2.6)
Applying the chain rule, we have the partial derivatives of ¢ in terms of v:
1
Cy = %U% (2.7)

(2.8)

ct = vy — cyggz = v — ivgc (s’(t)x — Sl(t)) = — s'(t) <l‘ — 1) Vg. (2.9)
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From the free boundary condition (2.5), we have:
1
$(t) = p / (€, 1) + 1 — ] s(t)de = s(t) = sgetJo Jo &) +er—dldgdr (2.10)
0

Substituting the derivatives into (2.1), the free boundary problem is converted to an initial-boundary
value problem of a nonlinear parabolic equation on a fixed domain:

2 /
Zs?l(ﬂgagss((tt)) (x;) %Jr)\(x)v:—)\(x)cl, O<z<l, t>0, (2.11)
v(0,t) =0, (2.12)

v(1,t) =0, (2.13)

v(z,0) = ¢o(x) — 1, (2.14)

s(t) = soe” Jo Jo o(&m)+er—dldgdr (2.15)

Remark 2.1. In the foundational formulation [4], an algebraic oversight in the chain rule application
placed s%(t) in the denominator of the advection term instead of s(¢). Equation (2.9) demonstrates the
refined application of the chain rule. Addressing this is an important refinement, as it strictly aligns the
mathematical PDE with the physical internal fluid velocity field induced by the boundary expansion of
the DCIS tumor.

3. UNIQUENESS OF THE INVERSE PROBLEM

To properly frame the uniqueness proof, we must first rigorously define the clinical inverse problem
denoted as IP1(b) in the literature [13]. This problem models an incisional biopsy performed at a
terminal time 7', from which both the spatial state and the dynamic rate of change of the tumor are
observed.

3.1. Statement of inverse problem IP1(b): Assume that the tumor concentration ¢(y, t) and its free
boundary s(t) satisfy the moving-boundary direct problem given by equations (2.1)—(2.5). At a specific
terminal time ¢ = 7T, clinical diagnostics provide the following specific measurements:

label=(1) The terminal physical size of the tumor:
S(T) = ST (3-1)

Ibbel=(2) The spatial profile of the nutrient concentration across the tumor at the terminal time:

St ST
ey, T) = crly), forye |5 7] (32)
Icbel=(3) An integrated measurement of the instantaneous rate of change of the concentration, filtered
through a known clinical biopsy weight function w(y, £) over a parameter space € O:

s7/2
| aw D9t =W, forgeo (3)
—s7/2

The objective of IP1(b) is to reconstruct the spatially dependent tumor consumption rate A(y) for all
y € [—s7/2, s7/2] using the measured data {sr, cr(y), W ()}

To analyze this mathematically, we map IP1(b) onto the normalized fixed domain z € [0, 1]. Defining
v(z,t) = c(s(t)x — s(t)/2,t) — c1 and mapping the biopsy weight function appropriately, the equiva-
lent inverse problem is to find \(x) such that the fixed-domain system satisfies equations (2.11)—(2.15)
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alongside the transformed terminal state:

v(z,T) =vp(z), 0<x<l, (3.4)

s(T) = sr, (3.5)

/1 ve(z, Tw(z,§)de = W(E), for& e O. (3.6)
0

Note: In equation (3.6), the Jacobian st originating from the spatial transformation is absorbed into the
known measurement function w(x, &) for notational simplicity without loss of generality.

3.2. Uniqueness proof.

Proof of Uniqueness. Let (v1, A1, s1) and (v2, A2, s2) be two solutions of the inverse problem satisfying
the identical clinical data. Let v = v; — vy. Subtracting the governing equation of v from v, we obtain
the difference equation:

1 1\ ¢
Ut = 5V — <:B - 2> “Loe + Ao — Ao

1 S1
1 1 1 s, s
+ (2 - 2> V2,00 — (w - ) <2 - 1) v20 =0, (3.7)
s5 st 2 S2 81

subject to the homogeneous boundary and terminal conditions v(0,¢) = 0, v(1,¢) = 0, and v(z,T) =
0. Furthermore, the terminal measurement condition implies fol vz, T)w(x,&)dx = 0.
We introduce an adjoint test function ¢(x, t) satisfying:

2 /
9 1 a¢+31(t) [¢+<x—1)6¢]=0, 0O<z<l, 0<t<T, (3.8)

ot s2(t) 92 si(t) 2) ox
»(0,t) =0, 0<t<T, (3.9)
o(1,t) =0, 0<t<T. (3.10)

Integrating the product of the difference equation (3.7) and ¢(x, t) over [0, 1] yields:

! 1 s 1 5, 1
0= /0 |:(Ut¢+v¢t) - ;%(Ux:c(b - U¢xx) - 871 <<«73 - 2> Ua:¢+1)87$ ((‘73 - 2) ¢>>

1 / /
+()\1U1 — )\2’1)2)¢] dr + /0 |:(81% — 81%) U2@1¢ — <.7} — ;) <Z — 2) 0273;(1)] dx. (3.11)

Because vi(x,T) = wva(z,T) given the clinical data, it strictly follows that s1(T) = so(T) = sp,
making the structural difference terms evaluate to zero at the terminal time:

1 1 2 _ 52

<2_2> =A% att=T, (3.12)
82 81 8182
S/ 8/ 1

(2 — 1) = lu/ (?_}2 — Ul)dg =0 att=T1T. (313)
S2 S1 0

Evaluating the integrated equation strictly at ¢ = 7" and collapsing the perfect differentials via integra-
tion by parts, we are left with:

1
/0 [v(2, T) + (M1 (x) — A2 () (v1(x, T) + ¢1)]p(x, T)dx = 0. (3.14)

Because ¢(x, T') can be chosen arbitrarily, we obtain:

ve(x, T) + (A1(x) — A2 () (vi(x,T) +¢1) =0 ae. in [0, 1]. (3.15)
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Multiplying by w(z, ) and integrating over [0, 1], and utilizing the measurement condition fol viwdr =
0, we get:

1
/0 (M (@) = Ao(@)) (01 (2, T) + e ), )dz = 0, for € € O. (3.16)

Assuming the measurement set {w(-, &) : £ € O} is complete in L?(0, 1), and because the shifted
concentration (vq(z,T") + ¢1) is strictly positive, we have uniqueness Ai(z) = A2(z). O

4. THEORETICAL EXISTENCE, ILL-POSEDNESS, AND REGULARIZATION

To transition from uniqueness to a computable algorithm for the original inverse free boundary
problem, we construct a formal operator mapping the unknown potential A(z) to the clinical data
using the corrected domain.

4.1. Construction algorithm and operator formulation. Isolating the time derivative in the re-
fined PDE (2.11) evaluated at ¢t = 7"

w(e,T) = S oi(e) + ( - 1) ot () — M) (or(z) + )

T 2 ST
Let F(z) = s%v%(m) + (z-3) %U&«(l’) represent the spatial dynamics derived entirely from the
T

known terminal state v (z) and s7. Consider the Sturm-Liouville eigenvalue problem on [0, 1]:

V(@) + () =0, $(0) = (1) =0,
yielding eigenfunctions v, (x) = sin(n7x). Projecting F'(z) onto this basis gives

F(z) =37 | antpy(z). Substituting v¢(z, T') into the measurement condition (3.6), we obtain:

1 [ 1
/ (Z anwnm) sl — [ Na)(or(@) + (e, dz = W(E)
o\, 0
This defines a first-kind Fredholm integral equation A\ = 3, where A : L?(0,1) — L?(0O) is:

1
(A/\)(é)Z/O K (&, x)A(z) de,  with K(&,2) = (vr(x) + c1)w(z,§),

and the constructed right-hand data function (&) is given by the spectral expansion:
o0 1
BE) = Do | tnla)u(e. o~ WE) @
n=1

4.2. Theoretical existence via Picard’s criterion. Let 1 = L?(0,1) and Hy = L?(0O). Because the
kernel K (&, x) is square-integrable, A is a compact operator with singular system {o,,, un, vy } 02 4.

Theorem 4.1 (Exact Existence). Let 8 € Ha. The unregularized clinical equation AN = [ admits an
exact solution \ € H if and only if 3 € Range(A) and the series S (M

On

2
) <o

Remark 4.2 (Ill-Posedness). Because o, — 0, Picard’s criterion requires the Fourier coefficients of the
clinical data to decay faster than the singular values [2, 7, 8]. The biopsy data T (¢) embedded in 3% (¢)
inherently contains noise ¢ that does not decay at high frequencies. Thus, 3° ¢ Range(A), and no exact
mathematical solution exists for real-world DCIS data.
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4.3. Tikhonov regularization and stable existence. We formulate the Tikhonov functional:
JeN) = [|AX = B, + e Al

Theorem 4.3 (Existence of the Regularized Biological Map). For any ¢ > 0 and any clinical data 3° €
Ho, the functional J.(\) admits a unique global minimizer \> € Hj.

Proof. We employ the direct method of the calculus of variations. Let m = infycp, Je(A) > 0, and
let {\r} C Hi be a minimizing sequence. Because €||Ax[|3;, < Je(Ax), the sequence is uniformly
bounded in the reflexive Banach space Hi, guaranteeing a weakly convergent subsequence Ag; — A*.
The compact operator A maps this weakly convergent sequence to a strongly convergent one in Hs.
Due to the weak lower semicontinuity of the norm, liminf [|A, [|3;, > [X*[|;,. Thus, J.(X*) < m,
proving \* is a global minimizer. The strict convexity of J ensures uniqueness. U

4.4. Convergence and stability.

Theorem 4.4 (Convergence with Noisy Data). If ¢ = ¢(9) is chosen such that lims_,g€(0) = 0 and
lims_ % = 0, then the regularized solution converges strongly to the true profile, lims_, ||)\‘65( 5 ~
)\THHl =0.

5. NUMERICAL IMPLEMENTATION

To translate the theoretical convergence into a diagnostic tool solving the original inverse free
boundary problem, we implement a discrete numerical scheme.

5.1. Matrix formulation and spectral data construction. The integral equation A\ = [ is dis-
cretized over N spatial nodes z; € [0, 1] and K observation points. Entries are computed via quadrature
as Ay ; = w;i(vr(x;) + c1)w(i, & ).

Crucially, the clinical right-hand side vector 3° € R¥ is explicitly constructed by truncating the
theoretical spectral expansion (Eq. 4.1) at a finite mode Nyyyn.:

B~y an /0 Gn(@)(e, &)dz — W ()
where the coefficients «, are computed numerically from the terminal biopsy data state F'(x;).

5.2. Discrete Tikhonov regularization. To find the stable discrete minimizer \’, we solve the regu-
larized normal equations:

(ATA + eLTL)X = AT’

where L is a first-derivative finite difference matrix enforcing an H' semi-norm penalty. This ensures
biological smoothness and prevents unphysical, highly oscillatory consumption rates driven by biopsy
noise. The optimal regularization parameter € is selected using the L-curve method, yielding a robust,
clinically actionable map of DCIS tumor aggressiveness \(x).

6. COMPUTATIONAL SIMULATIONS AND RESULTS

To validate the proposed numerical framework, we conduct computational simulations using syn-
thetic DCIS tumor data. This process simulates the forward growth of the tumor to generate exact
terminal clinical data, introduces controlled Gaussian noise to simulate biopsy inaccuracies, and tests
the algorithm’s ability to reconstruct the original consumption rate.
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6.1. Synthetic data generation. We define a biologically plausible exact tumor consumption rate on
the normalized domain:

M(z) = 2.0 + 1.5sin(mz) (6.1)

This profile represents a scenario where the tumor exhibits higher metabolic consumption in the central
core of the duct compared to the boundary regions.

The forward direct problem is solved using a Crank-Nicolson finite difference scheme with N' = 100
spatial steps and At = 0.01. The biological parameters are set to ¢y = 1.0, ¢ = 0.2, p = 0.5, and
an initial boundary size sy = 0.1. The simulation runs to a terminal time 7" = 5.0, yielding the
exact terminal profile vy (x), the terminal boundary s7, and the exact integral measurements Wezq0¢(§)
evaluated at K = 50 distinct observation points & € [0, 1].

6.2. Noise injection and regularization parameter selection. To simulate real-world clinical ob-
servation errors, we inject uniformly distributed random noise into the exact biopsy measurements:

W(S(gk) = Wea;act(gk) + (5mjax ‘Wezact(gj)‘ ' rand[—l, 1] (6-2)

where ¢ is the designated noise level (e.g., 1%, 5%).

The choice of the regularization parameter € is critical. For each noise level §, we compute the
solution across a logarithmic array of € values and plot the L-curve (the log of the solution norm versus
the log of the residual norm). The optimal €, is selected at the point of maximum curvature.

L-Curve for 5% Clinical Noise
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FIGURE 1. The L-curve for simulated data with 5% noise. The optimal regularization
parameter is located at the corner of the curve, balancing the data residual against the
biological smoothness penalty

6.3. Reconstruction results and error analysis. Using the optimal €,,; determined by the L-curve,
we reconstruct the tumor consumption rate A\’ (x). Figure 2 illustrates the reconstruction against the
exact true profile under 1% and 5% noise scenarios.
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Tumor Consumption Profile Reconstruction
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FIGURE 2. Comparison of the exact biological potential Af(z) (solid line) with the reg-
ularized reconstructions A () under 1% and 5% clinical noise

To quantify the algorithm’s accuracy, we compute the relative L? error:

PVEN|
B - [ A¢ 20,1

(6.3)
AT £2(0,1)

Table 1 summarizes the computational performance across varying noise levels. As predicted by
Theorem 4.4, the algorithm reliably recovers the biological profile, with the relative error increasing
proportionally to the noise level. At high noise levels (5%), the H! regularization penalty actively
suppresses unphysical oscillations, resulting in a slightly smoothed but highly accurate representation
of the tumor’s metabolic core.

TaBLE 1. Relative L? error of the reconstructed DCIS consumption map across varying
clinical noise levels

Noise Level () Optimal Parameter (¢,,;) Relative Error (&)

0.00 (Exact) 1.0 x 1078 0.0014
0.01 (1%) 45 %1074 0.0382
0.05 (5%) 1.2x1073 0.0915
0.10 (10%) 5.0 x 1073 0.1540

These computational results validate the theoretical proofs. Despite the inherent ill-posedness of
the Fredholm integral mapping, the proposed spectral construction combined with H' Tikhonov reg-
ularization yields a highly robust computational tool capable of mapping DCIS aggressiveness from
single-time incisional biopsies.
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7. CONCLUSION

In this paper, we refined the mathematical formulation of a widely cited free boundary model of duc-
tal carcinoma in situ. By revisiting the domain mapping velocity mechanics, we provided the exact par-
abolic governing equation required to simulate internal nutrient distribution accurately. We leveraged
this refined framework to formulate a rigorous boundary evaluation, definitively proving the unique-
ness of the reconstructed tumor potential. Furthermore, we constructed the clinical data function via a
spectral eigenfunction expansion, embedding the inverse problem within a functional analytic frame-
work. Utilizing Picard’s Criterion, we demonstrated the inherent ill-posedness of the clinical scenario
and proved that Tikhonov regularization guarantees stable, optimal convergence. Finally, comprehen-
sive numerical simulations validated these theoretical guarantees, establishing a robust computational
algorithm for reconstructing tumor behavior from real-world, noisy medical diagnostics.
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