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Abstract. In this paper, we investigate the existence of solutions for a system of impulsive functional
integro-differential evolution equations with state-dependent delay on infinite intervals via resolvent op-
erators in the sense of Grimmer. Our analysis is based on fixed point theorem with measures of noncom-
pactness combined with a vector approach that uses matrices that converge to zero which was given in
generalized Banach space. Moreover, an illustrative example is considered to support our new results.
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1. Introduction

Impulsive events, which frequently occur in both nature and human activity, are the results of a
sudden change in a system’s state brought on by external disturbance. The phenomena of this type are
split into two groups depending on the duration of the change. One is that this alteration only lasts
for a brief period of time in comparison to the entire process, known as the instantaneous impulse.
And when the effects are continuous, which means they can begin at any fixed point and last for a set
amount of time. It is known as a non-instantaneous impulse. The theory of instantaneous impulsive
differential equations has undergone rapid development over the years and played a very important
role in modern applied mathematical models of real processes rising in phenomena studied in physics,
population dynamics, chemical technology, biotechnology and economics, there are current results for
impulsive evolution equations in [1, 4, 15] and its reference. But sometimes instantaneous impulses
cannot describe the dynamics of certain evolution processes. For example, when one considers the
hemodynamic equilibrium of a person, the introduction of the drugs in the bloodstream and the con-
sequent absorption for the body are a gradual and continuous process. also a widely used example of
noninstantaneous impulses is the introduction of insulin in the bloodstream which is abrupt change
and the consequent absorption which is a gradual process as it remains active for a finite interval of
time. Many researchers have investigated non-instantaneous impulses; for an example, see [2, 5, 9, 28].

On the other hand, due to their frequent appearance in applications as equation models, functional-
differential equations with delays have drawn a lot of interest in recent years. see for instance [1, 3, 8,
11, 16, 26] and the references therein.
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Recently, many authors have investigated the existence of a solution for a system of impulsive dif-
ferential equations using fixed point theorems (see, [7, 10, 12, 20, 23, 19, 24, 25]). The approach that uses
matrices that converge to zero is more general in terms of the conditions that are imposed (we will give
comments before the example).

Motivated by the above works, in this paper, we first discuss the existence of mild solutions for
the following abstract model of impulsive functional integro-differential system with state-dependent
delays:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

(︁
ϑ(t)− Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
= A1(t)

(︁
ϑ(t)− Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
+
∫︁ t
0 B1(t, s)

(︁
ϑ(s)− Λ1(s, ϑρ1(s,ϑs), ϖρ2(s,ϖs))

)︁
ds

+f1
(︁
t, ϑρ1(t,ϑt), ϖρ2(t,ϖt), H1(ϑ(t), ϖ(t))

)︁
; for t ∈ ˜︁Ω,

d
dt

(︁
ϖ(t)− Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
= A2(t)

(︁
ϖ(t)− Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
+
∫︁ t
0 B2(t, s)

(︁
ϖ(s)− Λ2(s, ϑρ1(s,ϑs), ϖρ2(s,ϖs))

)︁
ds

+f2
(︁
t, ϑρ1(t,ϑt), ϖρ2(t,ϖt), H2(ϑ(t), ϖ(t))

)︁
; for t ∈ ˜︁Ω,

ϑ(t+k )− ϑ(t−k ) = ∆k(ϑ(t
−
k ), ϖ(t−k )), k = 1, . . . ,m,

ϖ(t+k )−ϖ(t−k ) =
˜︁∆k(ϑ(t

−
k ), ϖ(t−k )), k = 1, . . . ,m,

(ϑ(t), ϑ(t)) = (Φ1(t),Φ2(t)); if t ∈ R−,
(1.1)

where Ω = R+, ˜︁Ω = Ω\ˆ︁Ωk, ˆ︁Ωk = {t1, . . . , tk, . . .}, with 0 = t0 < t1 < t2 < . . . < tk < tk+1 →
+∞, (k → +∞).

Next, we discuss the existence of mild solutions for the following system of integro-differential equa-
tions with state-dependent delays and noninstantaneous impulsive:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

(︁
ϑ(t)− Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
= A1(t)

(︁
ϑ(t)− Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
+
∫︁ t
0 B2(t, s)

(︁
ϑ(s)− Λ1(s, ϑρ1(s,ϑs), ϖρ2(s,ϖs))

)︁
ds

+f1
(︁
t, ϑρ1(t,ϑt), ϖρ2(t,ϖt), H1(ϑ(t), ϖ(t))

)︁
; if t ∈ Ik, k ∈ N0,

d
dt

(︁
ϖ(t)− Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
= A2(t)

(︁
ϖ(t)− Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

)︁
+
∫︁ t
0 B2(t, s)

(︁
ϖ(s)− Λ2(s, ϑρ1(s,ϑs), ϖρ2(s,ϖs))

)︁
ds

+f2
(︁
t, ϑρ1(t,ϑt), ϖρ2(t,ϖt), H2(ϑ(t), ϖ(t))

)︁
; if t ∈ Ik, k ∈ N0,

ϑ(t) = Θk

(︁
t, ϑ
(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

; if t ∈ Ωk, k ∈ N,

ϑ(t) = Ξk

(︁
t, ϑ
(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

; if t ∈ Ωk, k ∈ N,

(ϑ(t), ϑ(t)) = (Φ1(t),Φ2(t)); if t ∈ R−,
(1.2)

where I0 = [0, t1] , Ik =( sk, tk+1], Ωk =( tk, sk], N = {1, 2, . . .} and N0 = N ∪ {0} with 0 = s0 <
t1 ≤ s1 ≤ t2 < . . . < sm−1 ≤ tm ≤ sm ≤ tm+1 → +∞, (k → +∞).

In systems (1.1) and (1.2) and for i = 1, 2, Ai(t) : D(Ai(t)) ⊂ ℧ → ℧, Bi(t, s) are closed linear op-
erators on ℧, with dense domains D(Ai(t)), which are independent of t, and D(Ai(s)) ⊂ D(Bi(t, s)),
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the operators Hi are defined by

Hi(ϑ,ϖ)(t) =

∫︂ a

0
hi(t, s, ϑ(s), ϖ(s))ds, a > 0.

The nonlinear terms fi : Ω × § × § × ℧ → ℧, Λi : Ω × § × § → ℧, Θk, Ξk : Ωk × ℧ × ℧ → ℧,
Ik, Īk : ℧× ℧ → ℧, k ∈ N, Φi : R− → ℧, ρi : Ω× § → (−∞,∞) are a given functions.

This work is organized of as follows. In Section 2, we recall some preliminary results and definitions
which will be utilized throughout this manuscript In Section 3 and 4, we give the existence results of
mild solutions to the problems (1.1) and (1.2) respectively. An example is presented in Section 5 to
illustrate the application of our results.

2. Preliminaries

Let BC(Ω,℧) be the Banach space of all bounded and continuous functions ϑ mapping Ω :=
[0,+∞) into ℧, with

∥ϑ∥∞ = sup
t∈Ω

∥ϑ(t)∥.

AndL1([0,+∞),℧) be the Banach space of measurable functions ϑ : [0,+∞) → ℧ which are Bochner
integrable, with the norm

∥ϑ∥L1 =

∫︂ +∞

0
∥ϑ(t)∥dt.

We introduce the space

PC(R,℧) =
{︃
ϑ : R → ℧ : ϑ|R− ∈ §, ϑ|Ωk

= Zk; k ∈ N, ϑ|Ik ; k ∈ N0, is continuous,

ϑ
(︁
s+k
)︁
, ϑ
(︁
t−k
)︁

and ϑ
(︁
t+k
)︁

exists with ϑ(s+k ) = ϑ(sk) and ϑ(t−k ) = ϑ(tk)

}︃
.

Let ˜︁Ω0 = [0, t1] , ˜︁Ωk = (tk, tk+1] , Ω̄k = [tk, tk+1] for k ∈ N, ϑ (t+) = limt→t+ ϑ(t). We define the
space of piecewise continuous functions:˜︃PC(Ω,℧) = {︃ϑ : R → ℧ : ϑ|R− ∈ ˜︁§, ϑ|˜︁Ωk

∈ C
(︂˜︁Ωk,℧

)︂
, such that ϑ

(︁
t−k
)︁

and ϑ
(︁
t+k
)︁

exist and

satisfy ϑ
(︁
t−k
)︁
= ϑ (tk) , for k ∈ N

}︃
.

2.1. Generalized Banach space.

Definition 2.1. Let X be a vector metric space on K = R or C. A map ∥ · ∥ : X → Rn
+ is called a

norm on X if it satisfies the following properties:
• ∥ϑ∥ = 0 then ϑ = (0, ..., 0);
• ∥λϑ∥ = |λ|∥ϑ∥ for ϑ ∈ X,λ ∈ K;
• ∥ϑ+ v∥ ≤ ∥ϑ∥+ ∥v∥ for every ϑ, v ∈ X .

Remark 2.2. The pair (X, ∥·∥X) is called a generalized normed space. If the generalized metric generated
by ∥ ·∥X (i.e d(ϑ, v) = ∥ϑ−v∥X) is complete then the space (X, ∥ ·∥X) is called a generalized Banach
space, where

∥ϑ− v∥X =

⎛⎜⎝ ∥ϑ− v∥1
...

∥ϑ− v∥n

⎞⎟⎠ .
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Let X × X = PC(Ω,℧) × PC(Ω,℧) be endowed with the vector norm ∥ · ∥X×X defined by
∥v∥X×X = (∥u1∥PC , ∥u2∥PC) for v = (u1, u2). It is clear that (PC(Ω,℧)× PC(Ω,℧), ∥ · ∥X×X) is
a generalized Banach space.

In the case of generalized Banach spaces in the sense of Perov, the notations of convergent sequence,
Cauchy sequence, completeness, open and closed subset are similar to those for usual metric spaces.

Theorem 2.3 ([27]). Let M = (ai,j) and ˜︂M = (bi,j) be two m × r matrices. Then, M ≥ ˜︂M (> ˜︂M) if
ai,j ≥ bi,j (> bi,j), for all 1 ≤ i ≤ m, 1 ≤ j ≤ r. If O is the null matrix and A ≥ O (> 0), we say that
A is non-negative (positive) matrix. Finally, if B = bi,j is an arbitrary complex m × r matrix, then |B|
denotes the matrix with entries |bi,j |.

Definition 2.4. A square matrix M of real numbers is said to be convergent to zero if and only if,
Mm → 0 as m→ ∞.

Theorem 2.5 ([27]). A square matrix M of real numbers is said to be convergent to zero if and only if its
spectral radius ρ(M) is strictly less than 1. In other words, this means that all the eigenvalues of M are in
the open unit disc i.e. |λ| < 1, for every λ ∈ C with det (M − λI) = 0, where I denote the unit matrix of
Mm×m(R).

Lemma 2.6 ([27]). Let M ∈ Mm×m (R+). Then, the following assertions are equivalent:
• M is convergent towards zero,
• Mk → 0 as k → ∞,
• The matrix (I −M) is nonsingular and

(I −M)−1 = I +M +M2 + . . .+Mk + . . .

• The matrix (I −M) is nonsingular and (I −M)−1 has nonnegative elements.

Theorem 2.7 ([27]). Let A and B be two m×m matrices with O ≤ |B| ≤ A. Then ρ(B) ≤ ρ(A).

Lemma 2.8 ([6]). If A ∈ Mm×m (R+) is a matrix with ρ(A) < 1, then ρ(A+B) < 1 for every matrix
B ∈ Mm×m (R+) whose elements are small enough.

Definition 2.9. Let Q ∈ M2×2(R) is said to be order preserving (or positive) if
p1 ≤ p0, q1 ≤ q0,

imply

Q

(︃
p0
q0

)︃
≥ Q

(︃
p1
q1

)︃
.

in the sense of components.

Lemma 2.10 ([22]). Let

Q =

(︃
α −β
−γ δ

)︃
,

where α, β, γ, δ ≥ 0 and detQ > 0. Then Q−1 is order preserving.

Let the state space (§, ∥ · ∥§) is a seminormed linear space of functions mapping (−∞, 0] into R, and
verifying (see [14] for more details):
(A1) If ϑ ∈ PC and ϑ0 ∈ §, then for every t ∈ Ω, the following hold:

(i) ϑt ∈ §,
(ii) There exists ℘ > 0 such that |ϑ(t)| ≤ ℘ ∥ϑt∥§,
(iii) There exist two functions L(·) and M(·) : R+ → R+ independent of ϑ with L continuous

and bounded and M locally bounded such that :
∥ϑt∥§ ≤ L(t) sup{|ϑ(s)| : 0 ≤ s ≤ t}+M(t) ∥ϑ0∥§ .
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(A2) For the function ϑ in (A1) , ϑt is a § - valued continuous function on R+ \ Ωk.
(A3) The space § is complete. Denote L∗ = sup{L(t) : t ∈ Ω}, M∗ = sup{M(t) : t ∈ Ω},

ℵ = max{L∗,M∗}.
Now, let p ∈ N0 and (θk)k∈N be a sequence defined by

θk =

{︃
tp+1 − t , if k = 2p+ 1, t ∈ R−,
sp − t , if k = 2p, t ∈ R−.

Then, for Iθ = R− \ {θk : k = 2p, p ∈ N}, consider

PCθ(R−,℧) = {ϑ : R− → ℧ : ϑ|Iθ is continuous, ϑ(θ−k ), ϑ(θ
+
k ) exist with ϑ(θ−k ) = ϑ(θk)

}︁
,

and the space
Cθ := {ϕ ∈ PCθ(R−,℧) : lim

τ→−∞
ϕ(τ) exist in ℧},

endowed with the norm
∥ϕ∥θ = sup{|ϕ(τ)| : τ ≤ 0}.

And for ˜︁Iθ = R− \ {θ ∈ R− : if t ∈ Ω, then (θ + t) ∈ ˆ︁Ωk}, we define the space˜︃PCθ(R−,℧) = {ϑ : R− → ℧ : ϑ|˜︁Iθ is continuous, ϑ(θ−k ), ϑ(θ
+
k ) exist with ϑ(θ−k ) = ϑ(θk)

}︁
,

and the space ˜︁Cθ := {ϕ ∈ ˜︃PCθ(R−,℧) : lim
τ→−∞

ϕ(τ) exist in ℧}.

Then, the axioms (A1) − (A3) are satisfied in the spaces Cθ, ˜︁Cθ . So in all what follows, we consider
the phase space § = {Cθ, if u ∈ PC(R,℧)}, and § = { ˜︁Cθ, if u ∈ ˜︃PC(R,℧)}, and let

BPC(R,℧) = {ϑ ∈ PC(R,℧) : ϑ is bounded on R+ with respect to the norm ∥ · ∥BPC},

X = {ϑ ∈ ˜︃PC(R,℧) : ϑ is bounded on R+ with respect to the norm ∥ · ∥X },
where

∥ϑ∥BPC = sup
t∈R

{∥ϑ(t)∥} , and ∥ϑ∥X = sup
t∈R

{∥ϑ(t)∥} .

We consider the following Cauchy problem{︃
ϑ′(t) = A(t)ϑ(t) +

∫︁ t
0 B(t, s)ϑ(s)ds; for t ≥ 0,

ϑ(0) = ϑ0 ∈ ℧. (2.1)

The existence and properties of a resolvent operator has been discussed in [13]. We shall make the
following assumptions

(I) A(t) generates a uniformly continuous semigroup of evolution operators in ℧,
(II) Suppose Y is the Banach space formed from D(A(t)) with the graph norm. A(t) and B(t, s)

are closed operators. It follows that A(t) and B(t, s) are in the set of bounded operators from
Y to X, B(Y,℧), for 0 ≤ t < ∞ and 0 ≤ s ≤ t < ∞, respectively. Further, A(t) and B(t, s)
are continuous on 0 ≤ t <∞ and 0 ≤ s ≤ t <∞, respectively, into B(Y,℧).

Definition 2.11. A resolvent operator for (2.1) is a bounded operator valued functionR(t, s) ∈B(℧),
0 ≤ s ≤ t <∞, the space of bounded linear operators on ℧, having the following properties.

(i) R(t, s) is strongly continuous in s and t, R(s, s) = I, 0 ≤ s <∞, and
∥R(t, s)∥ ≤Meβ(t−s), for some constants M and β,

(ii) R(t, s)Y ⊂ Y, R(t, s) is strongly continuous in s and t on Y ,
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(iii) For each x ∈ D(A(t)), R(t, s)x is strongly continuously differentiable in t and s and

∂R

∂t
(t, s)x = A(t)R(t, s)x+

∫︂ t

s
B(t, r)R(r, s)xdr,

∂R

∂s
(t, s)x = −R(t, s)A(s)x−

∫︂ t

s
R(t, r)B(r, s)xdr,

with ∂R
∂t (t, s)x and ∂R

∂s (t, s)x strongly continuous on 0 ≤ s ≤ t < ∞. Here, R(t, s) can be extracted
from the evolution operator of the generator A(t). For nonautonomous differential equations in a Ba-
nach space, the resolvent operator is analogous to an evolution operator. The definition of the resolvent
operator yields a number of results.

Theorem 2.12 ([12]). Let F ⊂ X be a bounded closed convex subset and N : F → F be a generalized
β-condensing continuous mapping, where β is a nonsingular measure of noncompactress defined on the
subsets of X . Then the set

Fix(N) = {x ∈ F : x = N(x)},

is nonempty.

3. Mild Solutions with Instantaneous Impulses

Firstly we define a generalized measure of noncompactness in the spaceX×X . Let us fix a nonempty
bounded subset S of the space X . For u ∈ S, T > 0, ϵ > 0, κ1, κ2 ∈ [−T, T ], such that |κ1 − κ2| ≤ ϵ.
We denote ωT (u, ϵ) the modulus of continuity of the function u on the interval [−T, T ], namely,

ωT (u, ϵ) = sup{∥e−κ1u(κ1)− e−κ2u(κ2)∥ ; κ1, κ2 ∈ [−T, T ]},
ω0(S) = limT→+∞ limϵ→0 supu∈S{ωT (u, ϵ)}.

If t is fixed from R let us denote for the set S(t) = {u(t) ∈ ℧ ; u ∈ S}

d∆(S(t)) = sup{∥u(t)− u(s)∥ ; u ∈ S, t, s > T}, and D∆(S) = lim
T→∞

sup d∆(S(t)).

Consider χBPC∗ defined on the family of subset of S = S1 × S2 ⊂ X × X by the formula

χBPC∗(S1 × S2) =

(︃
χ1(S1)

χ1(S2)

)︃
=

(︃
ω0(S1) +D∆(S2)

ω0(S2) +D∆(S1)

)︃
.

As in [12, 21], the function χBPC∗ is a generalized measure of noncompactness on the space X × X .

Definition 3.1. A function (ϑ,ϖ) ∈ X × X is called a mild solution of problem (1.1) if it verifies

ϑ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1(t, 0)(Φ1(0)− Λ1(0,Φ1,Φ2)) + Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

+
∫︁ t
0 R1(t, s)f1

(︁
θ, ϑρ1(s,ϑs), ϖρ2(s,ϖs), H1(ϑ(s), ϖ(s))

)︁
ds,

+
∑︁

0<tk<tR1(t− tk)∆k(ϑ(tk
−), ϖ(tk

−)), if t ∈ Ω,

Φ1(t), if t ∈ R−.
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And

ϖ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

R2(t, 0)(Φ2(0)− Λ2(0,Φ1,Φ2)) + Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

+
∫︁ t
0 R2(t, s)f2

(︁
θ, ϑρ1(s,ϑs), ϖρ2(s,ϖs), H2(ϑ(s), ϖ(s))

)︁
ds,

+
∑︁

0<tk<tR2(t− tk)˜︁∆k(ϑ(tk
−), ϖ(tk

−)) if t ∈ Ω,

Φ2(t), if t ∈ R−.

The hypotheses:
(H1) The functions fi : Ω× § × § × ℧ → ℧ are Carathéodory functions and there exist functions

ξi, ˆ︁ξi ∈ L1(Ω,R+), and a continuous nondecreasing functions ψi, ˆ︁ψi : Ω → (0,+∞) such
that

∥fi(t, ϑ1, ϑ2, ϑ3)− fi(t,ˆ︂ϑ1,ˆ︂ϑ2, ˆ︁ϑ3)∥ ≤ ξi(t)ψi(∥ϑ1 −ˆ︂ϑ1∥§ + ∥ϑ2 −ˆ︂ϑ2∥§)
+ ˆ︁ξi(t) ˆ︁ψi(∥ϑ3 −ˆ︂ϑ3∥),

for ϑ1,ˆ︂ϑ1, ϑ2 ,ˆ︂ϑ2 ∈ §, ϑ3 ,ˆ︂ϑ3 ∈ ℧. And, for every ϱ1, ϱ2 ≥ 0 we have

lim
t→+∞

sup
t∈Ω

∫︂ t

0
e−µi(t−s)

[︁
ϱiξi(s) + ϱiξi(s)

]︁
ds = 0,

and

f∗i = sup
t∈Ω

{︃∫︂ t

0
∥fi(s, 0, 0, Hi(0, 0))∥ds

}︃
<∞.

(H2) The functions hi : Dhi
× ℧ × ℧ → ℧ are continuous and there exists a continuous functions

hci : Dhi
→ (0,+∞) such that, for each (t, s) ∈ Dhi

and ϑ3, ˆ︂ϑ3, ϑ4, ˆ︂ϑ4 ∈ ℧:

∥hi(t, s, ϑ3, ϑ4)− hi(t, s, ˆ︁ϑ3, ˆ︁ϑ4)∥ ≤ hci(t, s)(∥ϑ3 −ˆ︂ϑ3∥+ ∥ϑ4 −ˆ︂ϑ4∥).
max

{︄
sup
Dh

{hci(t, s)}, sup
Dhi

{∥hi(t, s, 0)∥}

}︄
= max{h∗ci , h

∗
i } <∞.

(H3) The functions Λi : Ω× §× § → ℧ are continuous and for any bounded set B ∈ §, the function
{t → Λi(t, xt, yt), (x, y) ∈ B × B} is equicontinuous on each compact interval of [0;+∞).
Also we assume that there exists continuous functions LΛi : Ω → R+, and a nondecreasing
continuous functions ˆ︁φi : R+ → R+, such that

∥Λi(t, ϑ1, ϑ2)− Λi(t,ˆ︂ϑ1,ˆ︂ϑ2)∥ ≤ LΛi(t) ˆ︁φi(∥ϑ1 −ˆ︂ϑ1∥§ + ∥ϑ2 −ˆ︂ϑ2∥§),
for all ϑ1,ˆ︂ϑ1, ϑ2 ,ˆ︂ϑ2 ∈ §, with

L∗
Λi

= sup
t∈Ω

{LΛi(t)} < +∞, Λ∗
i = ∥Λi(t, w0, ˆ︁w0)∥.

(H4) There exist MRi ≥ 1, µi ≥ 0, such that

∥Ri(t, s)∥B(℧) ≤MRie
−µi(t−s).

(H5) The functions Qi
k, ℧× ℧ → ℧ are continuous and there exist positive constants LQi

k
, k ∈ N,

such that

∥Qi
k(ϑ3, ϑ4)−Qi

k(
ˆ︂ϑ3, ˆ︁ϑ4)∥ ≤ LQi

k
(∥ϑ3 − ˆ︁ϑ3∥+ ∥ϑ4 − ˆ︁ϑ4∥),

for all ϑ3, ˆ︁ϑ3, ϑ4, ˆ︁ϑ4 ∈ ℧, k ∈ N.
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And ∑︂
k≥0

∥Qi
k(0, 0)∥ = Qi

k < +∞,

where

Qi
k =

{︃
∆k if i = 1,˜︁∆k if i = 2.

(HΦ) Set R (ρ−) = {ρ(s, φ) : (s, φ) ∈ Ω × B, ρ(s, φ) ≤ 0}. We assume that ρ : Ω × B → R is
continuous. Moreover we assume the following assumption and hypothesis:
• The function t → Φt is continuous from R (ρ−)into B and there exists a continuous and

bounded function LΦ : R (ρ−) → (0,∞) such that

∥Φt∥B ≤ LΦ(t)∥Φ∥B, for every t ∈ R
(︁
ρ−
)︁
.

Remark 3.2. The condition (HΦ), is verified by continuous and bounded functions. See [18], for more
information.

Lemma 3.3 ([17]). If y : R → ℧ is a function such that y0 = Φ, then

∥ys∥B ≤
(︁
M + LΦ

)︁
∥Φ∥B + L sup{|y(θ)| ; θ ∈ [0,max{0, s}]}, s ∈ R

(︁
ρ−
)︁
∪ Ω,

where LΦ = supt∈R(ρ−) LΦ(t).

Now, we define the matrix

MΞ =

(︃
ς1 ς2
ς5 ς6

)︃
.

Where ς1, ς2, ς5, ς6 are constants, they will be specific later.

Theorem 3.4. If the conditions (H1) − (H5) and (HΦ) are satisfied, and the matrix MΞ converges to
zero. Then, the system (1.1) has at least one mild solution.

Proof. Consider the operator Ξ : X × X → X ×X given by:

Ξ(ϑ(t), ϖ(t)) = (Ξ1(ϑ(t), ϖ(t)),Ξ2(ϑ(t), ϖ(t))),

where

Ξi(ϑ(t), ϖ(t)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ri(t, 0)(Φi(0)− Λi(0,Φ1,Φ2)) + Λi(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

+
∫︁ t
0 Ri(t, s)fi

(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
ds

+
∑︁

0<tk<tRi(t− tk)Q
i
k(ϑ(tk

−), ϖ(tk
−)), if t ∈ Ω,

Φi(t), if t ∈ R−.

Clearly, the fixed points of the operator Ξ are mild solutions of the problem (1.1), so we shall check that
operator Ξ satisfies all conditions of Theorem 2.12.

Let Bθ be defined by:

Bθ = {(ϑ,ϖ) ∈ X × X : (∥ϑ∥X , ∥ϖ∥X ) ≤ (θ1, θ2)},

with θi > ∥Φi∥§. Then, the set Bθ is bounded, closed and convex of X × X .
We have divided the proof into 3 steps:
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Step 1 : Ξ(Bθ) ⊂ Bθ.
For each (ϑ,ϖ) ∈ Bθ and t ∈ R (ρ−) ∪ Ω, it follows that

∥ϑt∥§ ≤
(︁
M1(t) + LΦ1

)︁
∥Φ1∥§ + L1(t) sup

[0,s]
∥ϑ(t)∥

≤ ℵ1θ1 +
(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§ = ℵ∗

1,

and
∥ϖt∥§ ≤ ℵ2θ2 +

(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§ = ℵ∗

2.

And, we get
∥Hi(ϑ,ϖ)(s)∥ ≤ a(h∗ciθ1 + h̄∗ciθ2 + h∗i ) = H∗

i .

Also, we have
∥Λi(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))− Λi(t, 0, 0)∥ ≤ LΛi(t) ˆ︁φi(∥ϑρ1(t,ϑt)∥§ + ∥ϖρ2(t,ϖt)∥§).

And
∥Qi

k(u, v)∥ ≤ mi
k(∥u∥X ) + ˜︁mi

k(∥v∥X ) + ∥Qi
k(0, 0)∥.

If t ∈ Ω, then we have
∥Ξi(ϑ,ϖ)(t)∥ ≤MRi

(∥Φi(0)∥§ +
(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁)
+MRi

∫︂ t

0

ξi(s)ψi(ℵ∗
i ) +

ˆ︁ξi(s) ˆ︁ψi(H
∗
i )dsd+MRi

f∗i +
(︁
L∗
Λi
ˆ︁φ(ℵ∗

1 + ℵ∗
2) + Λ∗

i

)︁
+MRi

∑︂
k≥0

(mi
k(∥ϑ∥X ) + ˜︁mi

k(∥ϖ∥X )) +MRi
∥Qi

k(0, 0)∥.

≤MRi

(︃
∥Φi(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁+ ∥ξi∥L1ψi(ℵ∗
i ) + ∥ˆ︁ξi∥L1 ˆ︁ψi(H

∗
i ) + f∗i

)︃
+
(︁
L∗
Λi
ˆ︁φ(ℵ∗

1 + ℵ∗
2) + Λ∗

i

)︁
+MRi

∑︂
k≥0

L∗
Qi

k
+MRi

∑︂
k≥0

∥Qi
k(0, 0)∥.

We define

ς1 =MR1

⎛⎝∥ξ1∥L1ℵ1 + ∥ˆ︁ξ1∥L1ah∗c1 +
∑︂
k≥0

L∗
Q1

k

⎞⎠+ ℵ1L
∗
Λ1
.

ς2 =MR1

⎛⎝∥ˆ︁ξ1∥L1ah
∗
c1 +

∑︂
k≥0

L∗
Q1

k

⎞⎠+ ℵ2L
∗
Λ1
.

ς3 =
(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§∥ξ1∥L1 + (ah∗1 + f∗1 )∥ˆ︁ξ1∥L1 .

ς4 = L∗
Λ1

(︁(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§ +

(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§

)︁
) + Λ∗

1.

ς5 =MR2

⎛⎝∥ˆ︁ξ2∥L1ah∗c2 +
∑︂
k≥0

L∗
Q2

k

⎞⎠+ ℵ1L
∗
Λ2
.

ς6 =MR2

⎛⎝∥ξ2∥L1ℵ2 + ∥ˆ︁ξ2∥L1ah
∗
c2 +

∑︂
k≥0

L∗
Q2

k

⎞⎠+ ℵ2L
∗
Λ2
.

ς7 =
(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§∥ξ2∥L1 + (ah∗2 + f∗2 )∥ˆ︁ξ2∥L1 .

ς8 =
(︁(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§ +

(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§

)︁
L∗
Λ2

+ Λ∗
2.

Then, we obtain (︃
∥ϑ∥X
∥ϖ∥X

)︃
≤MΞ

(︃
∥ϑ∥X
∥ϖ∥X

)︃
+

(︃
P1

P2

)︃
,
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where

P1 =MR1

(︁
∥Φ1(0)∥§ +

(︁
L∗
Λ1
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λ1

∗)︁+ ς3
)︁
+ ς4,

P2 =MR2

(︁
∥Φ2(0)∥§ +

(︁
L∗
Λ2
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λ2

∗)︁+ ς7
)︁
+ ς8.

Since MΞ converges to zero. From Lemma 2.6, (I −MΞ) is invertible and its inverse (I −MΞ)
−1 has nonnega-

tive elements. Hence,

(1−MΞ)
−1

(︃
P1

P2

)︃
≤
(︃
θ1
θ2

)︃
.

If t ∈ R−, then we get

∥Ξi(ϑ,ϖ)(t)∥ = ∥Φi(t)∥
≤ ∥Φi∥§.

Therefore,

∥Ξ(ϑ,ϖ)∥X×X ≤ θ.

Thus, Ξ(Bθ) ⊂ Bθ and Ξ(Bθ) is bounded.

Step 2: Ξ is continuous.
Let (ϑm, ϖm)m∈N be a sequence such that (ϑm, ϖm) → (ϑ∗, ϖ∗) in Bθ . At the first, we study the convergence
of the sequences

(︂
ϑmρ(s,ϑm

s )

)︂
m∈N

, s ∈ Ω. If s ∈ Ω, such that ρ (s, ϑs) > 0, then we have⃦⃦⃦
ϑmρ(s,ϑm

s ) − ϑ∗ρ(s,ϑ∗
s)

⃦⃦⃦
§

≤
⃦⃦⃦
ϑmρ(s,ϑm

s ) − ϑ∗ρ(s,ϑm
s )

⃦⃦⃦
§
+
⃦⃦⃦
ϑ∗ρ(s,ϑm

s ) − ϑ∗ρ(s,ϑ∗
s)

⃦⃦⃦
§

≤ L ∥ϑm − ϑ∗∥ +
⃦⃦⃦
ϑ∗ρ(s,ϑn

s )
− ϑ∗ρ(s,ϑ∗

s)

⃦⃦⃦
§
,

which proves that ϑmρ(s,ϑm
s ) → ϑ∗ρ(s,ϑs)

in §, as m → ∞, for every s ∈ Ω such that ρ (s, ϑs) > 0. Similarly, if
ρ (s, ϑs) < 0, we get ⃦⃦⃦

ϑnρ(s,ϑm
s ) − ϑ∗ρ(s,ϑs)

⃦⃦⃦
§
=
⃦⃦⃦
Φm

ρ(s,ϑm
s ) − Φρ(s,ϑ∗

s)

⃦⃦⃦
§
= 0,

which also shows that ϑmρ(s,ϑm
s ) → ϑ∗ρ(s,ϑs)

in §, as m → ∞, for every s ∈ Ω such that ρ (s, ϑs) < 0. Then, for
t ∈ I0, we have

∥(Ξi (ϑ
m, ϖm))(t)− (Ξi(ϑ

∗, ϖ∗))(t)∥
≤ ∥Λi(t, ϑ

m
ρ1(t,ϑm

t ), ϖ
m
ρ2(t,ϖm

t ))− Λi(t, (ϑ
∗
ρ1(t,ϑ∗

t )
), (ϖ∗

ρ2(t,ϖ∗
t )
))∥

+MRi

∫︂ t

0

∥fi(s, ϑmρ1(s,ϑm
s ), ϖ

m
ρ2(s,ϖm

s ), Hi(ϑ
m, ϖm)(s))

− fi(s, ϑ
∗
ρ1(s,ϑ∗

s)
, ϖ∗

ρ2(s,ϖ∗
s )
, Hi(ϑ

∗, ϖ∗)(s))∥ds

+MRi

∑︂
k≥0

∥Qi
k(ϑn(t), ϖn(t))−Qi

k(ϑ
∗(t), ϖ∗(t))∥.

From (H1)-(H3), we obtain

hi(t, s, (ϑ
m, ϖm) (s)) → hi(t, s, (ϑ

∗, ϖ∗) (s)), as m→ +∞.

And
∥hi(t, s, (ϑm, ϖm) (s))− hi(t, s, (ϑ

∗, ϖ∗) (s))∥ ≤ h∗ci(∥ϑ
m − ϑ∗∥X + ∥ϖm −ϖ∗∥X ).

By the Lebesgue dominated convergence theorem, we have∫︂ t

0

hi(t, s, (ϑ
m, ϖm) (s))ds −−−−−→

m→+∞

∫︂ t

0

hi(t, s, (ϑ
∗, ϖ∗) (s))ds.

Then, we get

fi(s, ϑ
m
ρ1(s,ϑm

s ), ϖ
m
ρ2(s,ϖm

s ), Hi(ϑ
m, ϖm)(s)) −−−−−→

m→+∞
fi(s, ϑ

∗
ρ1(s,ϑ∗

s)
, ϖ∗

ρ2(s,ϖ∗
s )
, Hi(ϑ

∗, ϖ∗)(s)).
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Also, the continuity of Qi
k gives

Qi
k(ϑm(·), ϖm(·)) → Qi

k(ϑ
∗(·), ϖ∗(·)) as m→ +∞.

The same way about Λi, we obtain

∥(Ξi(ϑ
m, ϖm))(t)− (Ξi(ϑ

∗, ϖ∗))(t)∥ → 0, as m→ +∞.

If t ∈ R−, we get

∥(Ξi(ϑ
m, ϖm))(t)− (Ξi(ϑ

∗, ϖ∗))(t)∥ = 0.

Thus, Ξ is continuous.

Step 3: The set Ξ(Bθ) is equicontinuous.
For Π ⊂ Bθ , T > 0, (ϑ,ϖ) ∈ Π and κ1, κ2 ∈ [0, T ], we have

∥Ξi(ϑ,ϖ)(κ1)− Ξi(ϑ,ϖ)(κ2)∥
≤ ∥Ri(κ1, 0)−Ri(κ2, 0)∥

(︁
∥Φ1(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁)︁
+ ∥Λi(κ1, ϑρ1(κ1,ϑκ1 )

, ϖρ2(κ1,ϖκ1 )
)− Λi(κ2, ϑρ1(κ2,ϑκ2 )

, ϖρ2(κ2,ϖκ2 )
)∥

+

∫︂ κ2

κ1

∥Ri(κ1, s)∥∥fi
(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
∥ds

+

∫︂ κ2

0

∥Ri(κ1, s)−Ri(κ2, s)∥∥fi
(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
∥ds

+
∑︂

0<tk<κ1

∥Ri(κ1 − tk)−Ri(κ2 − tk)∥∥Qk(ϑ(tk
−), ϖ(tk

−))∥

+MRi

∑︂
κ1<tk<κ2

∥Qi
k(ϑ(tk

−), ϖ(tk
−))∥

≤ ∥Ri(κ1, 0)−Ri(κ2, 0)∥
(︁
∥Φ1(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁)︁
+ ∥Λi(κ1, ϑρ1(κ1,ϑκ1

), ϖρ2(κ1,ϖκ1
))− Λi(κ2, ϑρ1(κ2,ϑκ2

), ϖρ2(κ2,ϖκ2
))∥

+

∫︂ κ2

κ1

ψi(ℵ∗
i )ξi(s) +

ˆ︁ψi(H
∗
i )
ˆ︁ξi(s)ds+ ∫︂ κ2

κ1

∥fi(s, 0, 0, Hi(0, 0))∥ds

+

∫︂ κ2

κ1

∥Ri(κ1, s)−Ri(κ2, s)∥(ψi(ℵ∗
i )ξi(s) +

ˆ︁ψi(H
∗
i )
ˆ︁ξi(s))ds

+

∫︂ κ2

κ1

∥Ri(κ1, s)−Ri(κ2, s)∥∥fi(s, 0, 0, Hi(0, 0))∥ds

+
∑︂

0<tk<κ1

∥Ri(κ1 − tk)−Ri(κ2 − tk)∥∥Qk(ϑ(tk
−), ϖ(tk

−))∥

+MRi

∑︂
κ1<tk<κ2

∥Qi
k(ϑ(tk

−), ϖ(tk
−))∥.

By the strong continuity of Ri(·) and (H3), we get

∥Ξi(ϑ,ϖ)(κ1)− Ξi(ϑ,ϖ)(κ2)∥ → 0, as κ1 → κ2.

And for t ∈ R−, we obtain

∥Ξi(ϑ,ϖ)(κ1)− Ξi(ϑ,ϖ)(κ2)∥ = ∥Φi(κ1)− Φi(κ2)∥ → 0, as κ1 → κ2.
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Hence, the set Ξ(Π) is equicontinuous, then ω0(Ξ(Π)) = 0.
On the other hand, for ϑ, ˆ︁ϑ, ϖ, ˆ︁ϖ ∈ Π and t ∈ Ω, we have

∥(Ξi(ϑ,ϖ))(t)− (Ξi(ˆ︁ϑ, ˆ︁ϖ))(t)∥

≤ ∥Λi(t, ϑρ(t,ϑt), ϖρ(t,ϖt))− Λi(t, ˆ︁ϑρ(t,ˆ︁ϑt)
, ˆ︁ϖρ(t,ˆ︁ϖt))∥

+

∫︂ t

0

∥Ri(t, s)∥∥fi
(︁
s, ϑρ(s,ϑs), ϖρ(s,ϖs), Hi(ϑ,ϖ)(s)

)︁
− fi

(︂
s, ˆ︁ϑρ(s,ˆ︁ϑs)

, ˆ︁ϖρ(t,ˆ︁ϖt), Hi(ˆ︁ϑ, ˆ︁ϖ)(s)
)︂
∥ds

+MRi

∑︂
k≥0

LQi
k
(∥ϑ− ˆ︁ϑ∥X + ∥ϖ − ˆ︁ϖ∥X )

≤ L∗
Λi

(︂
∥ϑρ(t,ϑt) − ˆ︁ϑρ(t,ˆ︁ϑt)

∥+ ∥ϖρ(t,ϖt) − ˆ︁ϖρ(t,ˆ︁ϖt)∥
)︂

+MRi

∫︂ t

0

e−µi(t−s) (ψi(ℵ∗
i )ξi(s) + ψi(H

∗
i )ξi(s))

+MRi

∑︂
k≥0

LQi
k
(∥ϑ− ˆ︁ϑ∥X + ∥ϖ − ˆ︁ϖ∥X ).

When t tends to +∞, we get

D∆(Ξi(Π))) ≤

⎛⎝L∗
Λi

+MRi

∑︂
k≥0

LQi
k

⎞⎠(︃D∆(Π1) +D∆(Π2)

)︃
.

If t ∈ R−, we have

∥Ξi(ϑ,ϖ)(t)− Ξi(ˆ︁ϑ, ˆ︁ϖ)(t)∥ = 0.

Thus,

χBPC∗(Ξ(Π)) ≤ ˜︂MΞ

(︃
χ1 (Π1)

χ1 (Π2)

)︃
,

such that,

˜︂MΞ =

(︄
L∗
Λ1

+MR1

∑︁
k≥0 LQ1

k
L∗
Λ1

+MR1

∑︁
k≥0 LQ1

k

L∗
Λ2

+MR2

∑︁
k≥0 LQ2

k
L∗
Λ2

+MR2

∑︁
k≥0 LQ2

k

)︄
.

We have |˜︂MΞ| < MΞ, then from Theorem 2.7, the spectral radius ρ(˜︂MΞ) ∈ (0, 1). Therefore, ˜︂MΞ converge to
zero. Thus, Ξ is generalized χBPC∗-condensing operator. Applying now Theorem 2.12, we conclude that Ξ has
at least one fixed point, which is a mild solution of problem (1.1). □

4. Mild Solutions with Noninstantaneous Impulses

Definition 4.1. A function (ϑ,ϖ) ∈ BPC(R,℧)×BPC(R,℧) = Y ×Y is called a mild solution of
problem (1.2) if it satisfies



SYSTEM OF NEUTRAL FUNCTIONAL. . . 41

ϑ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1(t, 0)(Φ1(0)− Λ1(0,Φ1,Φ2)) + Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

+
∫︁ t
0 R1(t, s)f1

(︁
θ, ϑρ1(s,ϑs), ϖρ2(s,ϖs), H1(ϑ(s), ϖ(s))

)︁
ds, if t ∈ I0,

R1(t, sk)
(︂
Θk

(︁
sk, ϑ

(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

− Λ1(sk, ϑρ1(sk,ϑsk
), ϖρ2(sk,ϖsk

))
)︂

+
∫︁ t
sk
R1(t, s)f1

(︁
θ, ϑρ1(s,ϑs), ϖρ2(s,ϖs), H1(ϑ(s), ϖ(s))

)︁
ds

+Λ1(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt)), if t ∈ Ik, k ∈ N,

Θk

(︁
t, ϑ
(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

if t ∈ Ωk, k ∈ N,

Φ1(t), if t ∈ R−,

and

ϖ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R2(t, 0)(Φ2(0)− Λ2(0,Φ1,Φ2)) + Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

+
∫︁ t
0 R2(t, s)f2

(︁
θ, ϑρ1(s,ϑs), ϖρ2(s,ϖs), H2(ϑ(s), ϖ(s))

)︁
ds, if t ∈ I0,

R2(t, sk)
(︂
Ξk

(︁
sk, ϑ

(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

− Λ2(sk, ϑρ1(sk,ϑsk
), ϖρ2(sk,ϖsk

))
)︂

+
∫︁ t
sk
R2(t, s)f2

(︁
θ, ϑρ1(s,ϑs), ϖρ2(s,ϖs), H2(ϑ(s), ϖ(s))

)︁
ds

+Λ2(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt)), if t ∈ Ik, k ∈ N,

Ξk

(︁
t, ϑ
(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

if t ∈ Ωk, k ∈ N,

Φ2(t), if t ∈ R−.

We introduce the following assumption to establish our results:
(H6) The functions Zi

k, Ωk × ℧ × ℧ → ℧ are continuous and there exist functions LZi
k
: Ω →

(0,+∞), k ∈ N, such that

∥Zi
k(θ, ϑ3, ϑ4)− Zi

k(θ,
ˆ︂ϑ3, ˆ︁ϑ4)∥ ≤ LZi

k
(θ)(∥ϑ3 − ˆ︁ϑ3∥+ ∥ϑ4 − ˆ︁ϑ4∥),

for all ϑ3, ˆ︁ϑ3, ϑ4, ˆ︁ϑ4 ∈ ℧, k ∈ N. And, let(︃
max
k∈N

sup
θ∈Ω

{︂
LZi

k
(θ), k ∈ N

}︂
, Zi

k(0, 0)

)︃
=
(︂
L∗
Zi
k
, Zi

k

)︂
< +∞,

where

Zi
k =

{︃
Θk if i = 1
Ξk if i = 2.

Now, we define the matrix

Mα1 =

(︃
σ1 σ2
σ5 σ6

)︃
,

where σ1, σ2, σ5, σ6 are constants to be specific later.

Theorem 4.2. If the conditions (H1)−(H4), (H6) and (HΦ) are satisfied, and the matrixMα1 converges
to zero with maxi=1,2

{︂
MRi

(︂
L∗
Zi
k
+ L∗

Λi
ℵi

)︂}︂
< 1, then the system (1.2) has at least one mild solution.



42 A. BENSALEM, A. SALIM, M. BENCHOHRA, C. TUNÇ

Proof. Firstly consider the generalized measure of noncompactness χBPC defined on the family of
subset of S = S1 × S2 ⊂ BPC(Ω,℧)×BPC(Ω,℧) by the formula

χBPC(S1 × S2) =

(︃
χ1(S1)

χ1(S2)

)︃
=

(︃
ω0(S1) +D∆(S2)

ω0(S2) +D∆(S1)

)︃
.

Now, transform the problem (1.2) into a fixed point problem, consider the operator
Υ : BPC(Ω,℧)×BPC(Ω,℧) → BPC(Ω,℧)×BPC(Ω,℧) define by:

Υ(ϑ(t), ϖ(t)) = (Υ1(ϑ(t), ϖ(t)),Υ2(ϑ(t), ϖ(t))),

where

Υi(ϑ(t), ϖ(t)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ri(t, 0)(Φi(0)− Λi(0,Φ1,Φ2)) + Λi(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt))

+
∫︁ t
0 Ri(t, s)fi

(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
ds, if t ∈ I0,

Ri(t, sk)
(︂
Zi
k

(︁
sk, ϑ

(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

− Λi(sk, ϑρ1(sk,ϑsk
), ϖρ2(sk,ϖsk

))
)︂

+
∫︁ t
sk
Ri(t, s)fi

(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
ds

+Λi(t, ϑρ1(t,ϑt), ϖρ2(t,ϖt)), if t ∈ Ik, k ∈ N,

Zi
k

(︁
t, ϑ
(︁
t−k
)︁
, ϖ
(︁
t−k
)︁)︁

if t ∈ Ωk, k ∈ N,

Φi(t), if t ∈ R−,

and

Zi
k =

{︃
Ψk if i = 1ˆ︁Ψk if i = 2.

Clearly, the fixed points of the operator Υ are mild solutions of the problem (1.2), so we shall check
that operator Υ satisfies all conditions of Theorem 2.12.
Let Bδ be defined by:

Bδ = {(ϑ,ϖ) ∈ Y × Y : (∥ϑ∥Y , ∥ϖ∥Y) ≤ (δ1, δ2)},

with δi > ∥Φi∥§. The set Bδ is bounded, closed and convex of Y × Y .
We have divided the proof into 4 steps:

Step 1 : Υ(Bδ) ⊂ Bδ.
For each (ϑ,ϖ) ∈ Bδ and t ∈ R (ρ−) ∪ Ω, it follows that

∥ϑt∥§ ≤ ℵ1δ1 +
(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§ = ℵ∗

1,

∥ϖt∥§ ≤ ℵ2δ2 +
(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§ = ℵ∗

2,

and

∥Hi(ϑ,ϖ)(s)∥ ≤ a(h∗ciδ1 + h̄∗ciδ2 + h∗i ) = H∗
i .

Then, we have the following cases:
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• Case 1 : t ∈ I0. We have
∥Υi(ϑ,ϖ)(t)∥ ≤MRi(∥Φi(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁)
+MRi

∫︂ t

0
ξi(s)ψi(ℵ∗

i ) +
ˆ︁ξi(s) ˆ︁ψi(H

∗
i )ds

+MRif
∗
i +

(︁
L∗
Λi
ˆ︁φ(ℵ∗

1 + ℵ∗
2) + Λ∗

i

)︁
≤MRi

(︃
∥Φi(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁
+ ∥ξi∥L1ψi(ℵ∗

i ) + ∥ˆ︁ξi∥L1 ˆ︁ψi(H
∗
i ) + f∗i

)︃
+
(︁
L∗
Λi
ˆ︁φ(ℵ∗

1 + ℵ∗
2) + Λ∗

i

)︁
.

We define
σ1 =MR1(∥ξ1∥L1ℵ1 + ∥ˆ︁ξ1∥L1ah∗c1) + ℵ1L

∗
Λ1
,

σ2 =MR1(∥ˆ︁ξ1∥L1ah
∗
c1) + ℵ2L

∗
Λ1
,

σ3 =
(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§∥ξ1∥L1 + (ah∗1 + f∗1 )∥ˆ︁ξ1∥L1 ,

σ4 = (
(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§ +

(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§)L∗

Λ1
+ Λ∗

1.

σ5 =MR2(∥ˆ︁ξ2∥L1ah∗c2) + ℵ1L
∗
Λ2
,

σ6 =MR2(∥ξ2∥L1ℵ2 + ∥ˆ︁ξ2∥L1ah
∗
c2) + ℵ2L

∗
Λ2
,

σ7 =
(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§∥ξ2∥L1 + (ah∗2 + f∗2 )∥ˆ︁ξ2∥L1 ,

σ8 = (
(︁
ℵ1 + LΦ1

)︁
∥Φ1∥§ +

(︁
ℵ2 + LΦ2

)︁
∥Φ2∥§)L∗

Λ2
+ Λ∗

2.

Therefore, (︃
∥ϑ∥Y
∥ϖ∥Y

)︃
≤Mα1

(︃
∥ϑ∥Y
∥ϖ∥Y

)︃
+

(︃
W1

W2

)︃
,

where
W1 =MR1

(︁
∥Φ1(0)∥§ +

(︁
L∗
Λ1
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λ1

∗)︁+ σ3
)︁
+ σ4,

W2 =MR2

(︁
∥Φ2(0)∥§ +

(︁
L∗
Λ2
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λ2

∗)︁+ σ7
)︁
+ σ8.

• Case 2 : t ∈ Ik. We have
∥Zi

k(., u(.))∥ ≤ L∗
Zi
k
φ(δ1 + δ2) + Z0,i

k .

Then,

∥Υi(ϑ,ϖ)(t)∥ ≤MRi

(︃
l∗Zi

k
φ(δ1 + δ2) + Z0,i

k + L∗
Λi
ˆ︁φ(ℵ∗

1 + ℵ∗
2) + Λ∗

i + ∥ξi∥L1ψi(ℵ∗
i )

+ ∥ˆ︁ξi∥L1 ˆ︁ψi(H
∗
i ) + f∗i

)︃
+ L∗

Λi
(ˆ︁φ(ℵ∗

1 + ℵ∗
2)) + Λ∗

i = ∆δi
2 .

Then, we obtain (︃
∥ϑ∥Y
∥ϖ∥Y

)︃
≤Mα2

(︃
∥ϑ∥Y
∥ϖ∥Y

)︃
+

(︃˜︂W1˜︂W2

)︃
,

where ˜︂W1 =MR1

(︂
Z0,1
k + Λ∗

1 + σ3

)︂
+ σ4,˜︂W2 =MR2

(︂
Z0,2
k + Λ∗

2 + σ7

)︂
+ σ8,
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and

Mα2 =

(︄
MR1(L

∗
Z1
k
+ L∗

Λ1
ℵ1) + σ1 MR1(L

∗
Z1
k
+ L∗

Λ1
ℵ2) + σ2

MR2(L
∗
Z2
k
+ L∗

Λ2
ℵ1) + σ5 MR2(L

∗
Z2
k
+ L∗

Λ2
ℵ2) + σ6

)︄
.

We have

Mα2 =Mα1 +

(︄
MR1(L

∗
Z1
k
+ L∗

Λ1
ℵ1) MR1(L

∗
Z1
k
+ L∗

Λ1
ℵ2)

MR2(L
∗
Z2
k
+ L∗

Λ2
ℵ1) MR2(L

∗
Z2
k
+ L∗

Λ2
ℵ2)

)︄
.

Since
max
i=1,2

{︂
MRi

(︂
L∗
Zi
k
+ L∗

Λi
ℵi

)︂}︂
< 1,

the from Lemma 2.8, we deduce that Mα2 converges to zero.
• Case 3 : t ∈ Ωk. We get

∥Υi(ϑ,ϖ)(t)∥ ≤ L∗
Zi
k
φ(δ1 + δ2) + Z0,i

k = ∆δi
3 .

Then, we obtain (︃
∥ϑ∥Y
∥ϖ∥Y

)︃
≤Mα3

(︃
∥ϑ∥Y
∥ϖ∥Y

)︃
+

(︃
Z0,1
k

Z0,2
k

)︃
,

where

Mα3 =

(︄
L∗
Z1
k

L∗
Z1
k

L∗
Z2
k

L∗
Z2
k

)︄
.

We have |Mα3 | < Mα2 , then ρ(Mα3) ∈ (0, 1). Therefore, Mα3 converge to zero.
• Case 4 : t ∈ R−. We have

∥Υi(ϑ,ϖ)(t)∥ = ∥Φi(t)∥ ≤ ∥Φi∥§.

Thus, (︃
∥ϑ∥Y
∥ϖ∥Y

)︃
≤ ˜︂A1

(︃
∥ϑ∥Y
∥ϖ∥Y

)︃
+ ˜︂B1,

such that

˜︂A1 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Mα1 ; if t ∈ I0,

Mα2 ; if t ∈ Ik, k ∈ Nm
1 ,

Mα3 ; if t ∈ Ωk, k ∈ Nm
1 ,

and

˜︂B1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(︁
W1

W2

)︁
; if t ∈ I0,

(︁˜︂W1˜︂W2

)︁
; if t ∈ Ik, k ∈ Nm

1 ,

(︁Z0,1
k

Z0,2
k

)︁
; if t ∈ Ωk, k ∈ Nm

1 .

Since for j = 1, 2, 3, Mαj converges to zero, from Lemma 2.6
(︁
I −Mαj

)︁
are invertible and their

inverses
(︁
I −Mαj

)︁−1 has nonnegative elements. Hence,(︂
1− ˜︂A1

)︂−1 ˜︂B1 ≤
(︃
δ1
δ2

)︃
.

Therefore,
∥Υ(ϑ,ϖ)∥Y×Y ≤ δ.
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Thus, Υ(Bδ) ⊂ Bδ and Υ(Bδ) is bounded.

Step 2: Υ is continuous.
Let (ϑm, ϖm)m∈N be a sequence such that (ϑm, ϖm) → (ϑ∗, ϖ∗) in Bδ .
Similarly to Step 2 in the proof of Theorem 3.4, the sequences

(︂
ϑmρ(s,ϑm

s )

)︂
m∈N

, converge to ϑ∗ρ(s,ϑs)
in

§, as m→ ∞ for every s ∈ Ω. Then, for t ∈ I0, we have

∥(Υi (ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥
≤ ∥Λi(t, ϑ

m
ρ1(t,ϑm

t ), ϖ
m
ρ2(t,ϖm

t ))− Λi(t, (ϑ
∗
ρ1(t,ϑ∗

t )
), (ϖ∗

ρ2(t,ϖ∗
t )
))∥

+MRi

∫︂ t

0
∥fi(s, ϑmρ1(s,ϑm

s ), ϖ
m
ρ2(s,ϖm

s ), Hi(ϑ
m, ϖm)(s))

− fi(s, ϑ
∗
ρ1(s,ϑ∗

s)
, ϖ∗

ρ2(s,ϖ∗
s )
, Hi(ϑ

∗, ϖ∗)(s))∥ds.

From (H1)− (H3), we obtain

hi(t, s, (ϑ
m, ϖm) (s)) → hi(t, s, (ϑ

∗, ϖ∗) (s)), as m→ +∞,

and

∥hi(t, s, (ϑm, ϖm) (s))− hi(t, s, (ϑ
∗, ϖ∗) (s))∥ ≤ h∗ci(∥ϑ

m − ϑ∗∥Y + ∥ϖm −ϖ∗∥Y).

By the Lebesgue dominated convergence theorem, we have∫︂ t

0
hi(t, s, (ϑ

m, ϖm) (s))ds −−−−−→
m→+∞

∫︂ t

0
hi(t, s, (ϑ

∗, ϖ∗) (s))ds.

Then, we get

fi(s, ϑ
m
ρ1(s,ϑm

s ), ϖ
m
ρ2(s,ϖm

s ), Hi(ϑ
m, ϖm)(s)) −−−−−→

m→+∞
fi(s, ϑ

∗
ρ1(s,ϑ∗

s)
, ϖ∗

ρ2(s,ϖ∗
s )
, Hi(ϑ

∗, ϖ∗)(s)).

The same way about Λi, we get

∥(Υi(ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥ → 0, as m→ +∞.

Now, for t ∈ Ik, we have

∥(Υi (ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥

≤MRi∥Zi
k(sk, ϑ

m(t−k ), ϖ
m(t−k ))− Zi

k(sk, ϑ
∗(t−k ), ϖ

∗(t−k ))∥
+MRi∥Λi(sk, ϑ

m

ρ1
(︂
sk,ϑm

sk

)︂, ϖm

ρ2
(︂
sk,ϖm

sk

)︂)
− Λi(sk, (ϑ

∗
ρ1

(︂
sk,ϑ∗

sk

)︂), (ϖ∗
ρ2

(︂
sk,ϖ∗

sk

)︂))∥
+ ∥Λi(t, ϑ

m
ρ1(t,ϑm

t ), ϖ
m
ρ2(t,ϖm

t ))− Λi(t, (ϑ
∗
ρ1(t,ϑ∗

t )
), (ϖ∗

ρ2(t,ϖ∗
t )
))∥

+MRi

∫︂ t

sk

∥fi(s, ϑmρ1(s,ϑm
s ), ϖ

m
ρ2(s,ϖm

s ), Hi(ϑ
m, ϖm)(s))

− fi(s, ϑ
∗
ρ1(s,ϑ∗

s)
, ϖ∗

ρ2(s,ϖ∗
s )
, Hi(ϑ

∗, ϖ∗)(s))∥ds.

Similarly, by the continuity of hi, fi,Λi and Z
i
k, we get

∥(Υi(ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥ → 0, as m→ +∞.
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If t ∈ Ωk, we get

∥(Υi(ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥

≤ ∥Zi
k(tk, ϑ

m(t−k ), ϖ
m(t−k ))− Zi

k(tk, ϑ
∗(t−k ), ϖ

∗(t−k ))∥.

The continuity of Zi
k gives

∥(Υi(ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥ → 0, as m→ +∞.

And for t ∈ R−, we have

∥(Υi(ϑ
m, ϖm))(t)− (Υi(ϑ

∗, ϖ∗))(t)∥ = 0.

Thus, Υ is continuous.

Step 3: The set Υ(Bδ) is equicontinuous.
For Π ⊂ Bδ , T > 0, k0 ∈ N with T ≥ tk0 , then for (ϑ,ϖ) ∈ Π and κ1, κ2 ∈ I0, we have

∥Υi(ϑ,ϖ)(κ1)−Υi(ϑ,ϖ)(κ2)∥
≤ ∥Ri(κ1, 0)−Ri(κ2, 0)∥

(︁
∥Φ1(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁)︁
+ ∥Λi(κ1, ϑρ1(κ1,ϑκ1 )

, ϖρ2(κ1,ϖκ1 )
)− Λi(κ2, ϑρ1(κ2,ϑκ2 )

, ϖρ2(κ2,ϖκ2 )
)∥

+ ∥
∫︂ κ2

κ1

∥Ri(κ1, s)∥∥fi
(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
∥ds

+

∫︂ κ2

0
∥Ri(κ1, s)−Ri(κ2, s)∥∥fi

(︁
s, ϑρ1(s,ϑs), ϖρ2(s,ϖs), Hi(ϑ(s), ϖ(s))

)︁
∥ds

≤ ∥Ri(κ1, 0)−Ri(κ2, 0)∥
(︁
∥Φ1(0)∥§ +

(︁
L∗
Λi
ˆ︁φ(∥Φ1∥§ + ∥Φ2∥§) + Λi

∗)︁)︁
+ ∥Λi(κ1, ϑρ1(κ1,ϑκ1 )

, ϖρ2(κ1,ϖκ1 )
)− Λi(κ2, ϑρ1(κ2,ϑκ2 )

, ϖρ2(κ2,ϖκ2 )
)∥

+

∫︂ κ2

κ1

ψi(ℵ∗
i )ξi(s) +

ˆ︁ψi(H
∗
i )
ˆ︁ξi(s)ds+ ∫︂ κ2

κ1

∥fi(s, 0, 0, Hi(0, 0))∥ds

+

∫︂ κ2

κ1

∥Ri(κ1, s)−Ri(κ2, s)∥(ψi(ℵ∗
i )ξi(s) +

ˆ︁ψi(H
∗
i )
ˆ︁ξi(s))ds

+

∫︂ κ2

κ1

∥Ri(κ1, s)−Ri(κ2, s)∥∥fi(s, 0, 0, Hi(0, 0))∥ds.

By the strong continuity of Ri(·) and assumption (H3), we get

∥Υi(ϑ,ϖ)(κ1)−Υi(ϑ,ϖ)(κ2)∥ → 0, as κ1 → κ2.
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Now, if κ1, κ2 ∈ Ik, we have

∥Υi(ϑ,ϖ)(κ1)−Υi(ϑ,ϖ)(κ2)∥

≤ ∥Ri(κ1, 0)−Ri(κ2, 0)∥
(︃
l∗Zi

k
φ(δ1 + δ2) + Z0,i

k + L∗
Λi
ˆ︁φ(ℵ∗

1 + ℵ∗
2) + Λ∗

i

+ ∥ξi∥L1ψi(ℵ∗
i ) + ∥ˆ︁ξi∥L1 ˆ︁ψi(H

∗
i ) + f∗i

)︃
+ ∥Λi(κ1, ϑρ1(κ1,ϑκ1 )

, ϖρ2(κ1,ϖκ1 )
)− Λi(κ2, ϑρ1(κ2,ϑκ2 )

, ϖρ2(κ2,ϖκ2 )
)∥

+

∫︂ κ2

κ1

ψi(ℵ∗
i )ξi(s) +

ˆ︁ψi(H
∗
i )
ˆ︁ξi(s)ds

+

∫︂ κ2

κ1

∥fi(s, 0, 0, Hi(0, 0))∥ds

+

∫︂ κ2

κ1

∥Ri(κ1, s)−Ri(κ2, s)∥(ψi(ℵ∗
i )ξi(s) +

ˆ︁ψi(H
∗
i )
ˆ︁ξi(s))ds

+

∫︂ κ2

κ1

∥Ri(κ1, s)−Ri(κ2, s)∥∥fi(s, 0, 0, Hi(0, 0))∥ds.

Similarly, we get

∥Υi(ϑ,ϖ)(κ1)−Υi(ϑ,ϖ)(κ2)∥ → 0, as κ1 → κ2.

If κ1, κ2 ∈ Ωk, from (H3), the set
{︁
Zi
k(t, ϑ(t

−
k ), ϖ(t−k ))

}︁+∞
k=1

is equicontinuous, then we get

∥Υi(ϑ,ϖ)(κ1)−Υi(ϑ,ϖ)(κ2)∥ = ∥Zi
k(κ1, ϑ(t

−
k ), ϖ(t−k ))− Zi

k(κ2, ϑ(t
−
k ), ϖ(t−k ))∥

−→ 0, as κ1 → κ2.

Hence, the set Υ(Π) is equicontinuous, then ω0(Υ(Π)) = 0.
On the other hand, for ϑ, ˆ︁ϑ, ϖ, ˆ︁ϖ ∈ Π and t ∈ I0, we have

∥(Υi(ϑ,ϖ))(t)− (Υi(ˆ︁ϑ, ˆ︁ϖ))(t)∥ ≤ ∥Λi(t, ϑρ(t,ϑt), ϖρ(t,ϖt))− Λi(t, ˆ︁ϑρ(t,ˆ︁ϑt)
, ˆ︁ϖρ(t,ˆ︁ϖt))∥

+

∫︂ t

0
∥Ri(t, s)∥∥fi

(︁
s, ϑρ(s,ϑs), ϖρ(s,ϖs), Hi(ϑ,ϖ)(s)

)︁
− fi

(︂
s, ˆ︁ϑ

ρ(s,ˆ︁ϑs)
, ˆ︁ϖρ(t,ˆ︁ϖt), Hi(ˆ︁ϑ, ˆ︁ϖ)(s)

)︂
∥ds

≤ L∗
Λi

(︂
∥ϑρ(t,ϑt) − ˆ︁ϑρ(t,ˆ︁ϑt)

∥+ ∥ϖρ(t,ϖt) − ˆ︁ϖρ(t,ˆ︁ϖt)∥
)︂

+MRi

∫︂ t

0
e−µi(t−s) (ψi(ℵ∗

i )ξi(s) + ψi(H
∗
i )ξi(s)) .

When t tend to +∞, we get

D∆(Υi(Π))(t)) ≤
(︁
L∗
Λi

)︁(︃
D∆(Π1(t)) +D∆(Π2(t))

)︃
.
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Now, for t ∈ Ik, we have

∥(Υi(ϑ,ϖ))(t)− (Υi(ˆ︁ϑ, ˆ︁ϖ))(t)∥

≤MRie
−µi(t−sk)

(︃
∥Zi

k(sk, ϑ(t
−
k ), ϖ(t−k ))− Zi

k(sk,
ˆ︁ϑ(t−k ), ˆ︁ϖ(t−k ))∥

+ L∗
Λi
(∥ϑρ(sk,ϑsk

) − ˆ︁ϑρ(sk,ˆ︁ϑsk
)
∥+ ∥ϖρ(sk,ϖsk

) − ˆ︁ϖρ(sk,ˆ︁ϖsk
)∥)
)︃

+MRi

∫︂ t

sk

e−µi(t−s) (ψi(ℵ∗
i )ξi(s) + ψi(H

∗
i )ξi(s)) .

When t tends to +∞, we get

D∆(Υi(Π))) ≤
(︁
L∗
Λi

)︁(︃
D∆(Π1) +D∆(Π2)

)︃
.

For t ∈ Ωk, we obtain

∥Υi(ϑ,ϖ)(t)−Υi(ˆ︁ϑ, ˆ︁ϖ)(t)∥ ≤ ∥Zk(tk, ϑ(t
−
k ), ϖ(t−k ))− Zk((tk, ˆ︁ϑ(t−k )), ˆ︁ϖ(t−k ))∥

≤ L∗
Zi
k
(∥ϑ(t)− ˆ︁ϑ(t)∥+ ∥ϖ(t)− ˆ︁ϖ(t)∥).

Then,

D∆(Υi(Π))(t)) ≤ L∗
Zi
k

(︃
D∆(Π1(t)) +D∆(Π2(t))

)︃
.

If t ∈ R−, we have
∥Υi(ϑ,ϖ)(t)−Υi(ˆ︁ϑ, ˆ︁ϖ)(t)∥ = 0.

Thus,

χBPC(ΥΠ) ≤ ˜︁A(︃χ1 (Π1)

χ1 (Π2)

)︃
,

such that

˜︁A =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︃
L∗
Λ1

L∗
Λ1

L∗
Λ2

L∗
Λ2

)︃
; if t ∈ Ik, k ∈ Nm

0 ,

(︄
L∗
Z1
k

L∗
Z1
k

L∗
Z2
k

L∗
Z2
k

)︄
; if t ∈ Ωk, k ∈ Nm

1 .

We have | ˜︁A| < Mα1 , then ρ( ˜︁A) ∈ (0, 1). Therefore, ˜︁A converges to zero. Thus Υ is generalized χBPC-
condensing operator. Applying now Theorem 2.12, we conclude that Υ has at least one fixed point,
which is a mild solution of problem (1.2). □

Remark 4.3. We can use the technique of fixed points theorems in classical Banach space with Banach,
Schauder or Darbo theorems. But in this case we need to assume some conditions witch are strong
compared to what we assumed, for example in Proof of Theorem 3.4 if we work in classical Banach
space and if we want to prove that Ξ is a contraction (Banach fixed point theorem) we need to assume
that ς1+ ς2+ ς5+ ς6 < 1 , or when we want to prove that Ξ(Bθ) ⊂ Bθ (Schauder or Darbo fixed point
theorems). However in our analysis we used the approach matrices that converge to zero and we just
needed to assume that matrix MΞ converge to zero, even in the worst case, we only need to assume
that max(ς1, ς2, ς5, ς6) < 1, and that always stays more general.
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5. An Example

Consider the following class of partial integro-differential system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂
∂t

(︂
ζ1(t, x)− ˜︁D(t, s, ζ1, ζ2, ε3)

)︂
= ε7(t)

∂2

∂2x

(︂
ζ1(t, x)− ˜︁D(t, s, ζ1, ζ2, ε3)

)︂
−
∫︁ 0
t Γ1(t, s)ε7(s)

∂2

∂2x

(︂
ζ1(s, x)− ˜︁D(s, ι, ζ1, ζ2, ε3)

)︂
ds

+ e(−π(µ1+1)+1)t+1 cos2(t+1)
(1+t2)2(2+sin(1)−cos(1))

(︃∫︁ 1
0

cos(s)e−s−t

99 (ζ1(s, x) + ζ2(s, x))ds

)︃
+ cos2(t+1)

99e−(1−π(µ1+1))t

∫︁ −t
−∞

e−D1(t,τ,ε1,ε2)−D2(t,τ,ε1,ε2)

((t+τ)2+1)2
dτ, if t ∈ I and x ∈ (0, 1),

∂
∂t

(︂
ζ2(t, x)− ˜︁D(t, s, ζ1, ζ2, ε6)

)︂
= ε7(t)

∂2

∂2x

(︂
ζ2(t, x)− ˜︁D(t, s, ζ1, ζ2, ε6)

)︂
−
∫︁ 0
t Γ2(t, s)ε7(s)

∂2

∂2x

(︂
ζ2(s, x)− ˜︁D(s, ι, ζ1, ζ2, ε6)

)︂
ds+ ε7(t)ζ2(t, x)

+ e(t+1)3−π(µ2+1)t

(1+coth2(t))(eπ−1)

∫︁ 1
0

es−(t+1)3

111

(︁
|ζ1(t, x)|+ |ζ2(t, x)|

)︁
ds

+
∫︁ −t
−∞

sinh2(t) cos(t+τ)(D1(t,τ,ε1,ε2)+D2(t,τ,ε1,ε2))

111eπ(µ2+1)t(1+2 sinh2(t))
dτ, t ∈ I, x ∈ (0, 1),

ζ1(t, 0) = ζ1(t, 1) = ζ2(t, 0) = ζ2(t, 1) = 0, for t ∈ I,
ζ1(t, x) =

1
77+et sin

(︁
ζ1
(︁
2k−, x

)︁)︁
, if t ∈ Ωk, x ∈ (0, 1),

ζ2(t, x) =
1

113 cos
(︁
ζ2
(︁
2k−

)︁)︁
, if t ∈ Ωk, x ∈ (0, 1),

ζ1(t, x) = Φ1(t, x), if t ∈ R− and x ∈ (0, 1),

ζ2(t, x) = Φ2(t, x), if t ∈ R− and x ∈ (0, 1),

(5.1)

where I = R+, Ik = (2k − 1, 2k] , Ωk = (2k, 2k + 1] ; k ∈ N, q : R → R and Γi : R+ ×R+ ↦→ R are
continuous, ε1, ε2 ε4, ε5, ε7 : (0,+∞) → (0,+∞), ε3, ε6 : Ω × Ω → (0,+∞),

∫︁ t
−∞ ε3(t, s)ds =

mε3 ,
∫︁ t
−∞ ε6(t, s)ds = mε6 , with mε3 ,mε6 ∈

(︁
0, π

33

)︁
,

and
Di(t, s, ε1, ε2) = ζi

(︃
s− ε1(t)ε2

(︃∫︂ π

0
q(r)|ζi(t, r)|2dr

)︃
, x

)︃
.

˜︁D(t, ζ1, ζ2, ε3) =

∫︂ t

−∞

ε3(t, s)
(︁
D1(t, s, ε1, ε2) +D2(t, s, ε4, ε5)

)︁
((t+ s)2 + 1)

ds.

Let
H := L2(0, 1) =

{︃
℘1 : (0, 1) −→ R :

∫︂ 1

0
|℘1(x)|2dx <∞

}︃
,

be the Hilbert space with the scalar product ⟨℘1, ℘2⟩ =
∫︁ 1
0 ℘1(x)℘2(x)dx, and the phase space § be

BUC (R−,H), the space of bounded uniformly continuous functions endowed with the following
norm: ∥ψ∥§ = sup−∞<τ≤0 ∥ψ(τ)∥L2 , ψ ∈ §. It is well known that § satisfies the axioms (A1) and
(A2) with K = 1 and L(t) =M(t) = 1, (see [18]), and put Y = BPC(R, X).
We define the operator Ai as follows:

D(Ai) =
{︁
℘1 ∈ L2(0, 1) / ℘1, ℘1

′′ ∈ L2(0, 1) , ℘1(0) = ℘1(1) = 0
}︁
,

and
(Ai(t)℘1)(x) = ε7(t)

∂2℘1(x)

∂x2
.

It is well known that Ai(t) generates (S(t, s))0≤s≤t, which are compact with ∥Si(t, s)∥ ≤ e−ε2i (t−s),
and for some bi > 1

ε2i
, we assume that ∥Γi(t, s)∥ ≤ e−ε2i (t−s)

bi
, and ∥Γ′

i(t, s)∥ ≤ e−ε2i (t−s)

b2i
. It follows
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from [13], that ∥Ri(t, s)∥ ≤ e−κit, where κi = 1− b−1
i .

Let Bi(t, s) : H ↦→ H be such that:

Bi(t, s)z = Γi(t, s)Aiz, for 0 ≤ s ≤ t, z ∈ D(Ai).

More appropriate conditions on operators Bi, (H4) hold with MRi = 1 and µi = 1− b−1
i .

We put ζ(t)(x) = ζ(t, x), for t ∈ R+, and we define

f1(t, ϕ1, ϕ2, H1(ϕ1, ϕ2))

=
e(−π(µ1+1)+1)t+1 cos2(t+ 1)

99(1 + t2)2(2 + sin(1)− cos(1))

(︃∫︂ 1

0

cos(s)e−s−t

99
(ϕ1(s) + ϕ2(s))ds

)︃
+

cos2(t+ 1)

99e−(−π(µ1+1))+1)t

∫︂ −t

−∞

e−D1(t,τ,ε1,ε2)−D2(t,τ,ε1,ε2)

((t+ τ)2 + 1)2
dτ,

f2(t, ϕ1, ϕ2, H2(ϕ1, ϕ2))

=
e(t+1)3−π(µ2+1)t

(1 + coth2(t))(eπ − 1)

∫︂ 1

0

es−(t+1)3

111

(︁
|ϕ1(t)|+ |ϕ2(t)|

)︁
ds

+

∫︂ −t

−∞

sinh2(t) cos(t+ τ)(D1(t, τ, ε1, ε2) +D2(t, τ, ε1, ε2))

111eπ(µ2+1)t(1 + 2 sinh2(t))
dτ,

Λ1(t, ϕρ1(t,ϕt),
ˆ︁ϕ
ρ2(t,ˆ︁ϕt)

) = ˜︁D(t, ζ1, ζ2, ε3), Λ2(t, ϕρ1(t,ϕt),
ˆ︁ϕ
ρ2(t,ˆ︁ϕt)

)

= ˜︁D(t, ζ1, ζ2, ε6),

H1(ϕ1, ϕ2) =

∫︂ 1

0

cos(s)e−s−t

99
(ϕ1(s) + ϕ2(s))ds. H2(ϕ1, ϕ2)

=

∫︂ 1

0

es−(t+1)3

111
(|ϕ1(s)|+ |ϕ2(s)|)ds,

and

Θk(t, ϕ1(t)) =
1

77 + et
sin
(︁
ϕ1
(︁
2k−

)︁)︁
, Ξk(t, ϕ2(t))

=
1

113 + ln(t+ e)
cos
(︁
ϕ2
(︁
2k−

)︁)︁
.

Using these definitions we can represent the system (5.1) in the abstract form (1.2).
For t ∈ I , we have

|f1(t,κt, νt, H1(κ(t), ν(t)))− f1(t, ˜︁κt, ˜︁νt, H1(˜︁κ(t), ˜︁ν(t)))|
≤ cos2(t+ 1)e−π(µ1+1)t

99(1 + t2)2
(∥κ − ˜︁κ∥§ + ∥ν − ˜︁ν∥§ + ∥κ(t)− ˜︁κ(t)∥+ ∥ν(t)− ˜︁ν(t)∥) ,

and

|f2(t,κt, νt, H2(κ(t), ν(t)))− f2(t, ˜︁κt, ˜︁νt, H2(˜︁κ(t), ˜︁ν(t)))|
≤ e−π(µ2+1)t

111(1 + coth2(t))
(∥κ − ˜︁κ∥§ + ∥ν − ˜︁ν∥§ + ∥κ(t)− ˜︁κ(t)∥+ ∥ν(t)− ˜︁ν(t)∥) .
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So, for i = 1, 2, ψi(t) = ϕi(t) = t, are continuous nondecreasing functions from (0,+∞) to (0,+∞).
And, we have

ξ1(t) = ˆ︁ξ1(t) = cos2(t+ 1)e−π(µ1+1)t

99(1 + t2)2
∈ L1(Ω,R+), lim

t→+∞
sup
t∈Ω

∫︂ t

0
e−µ1(t−s)ξ1(s)ds = 0,

and

ξ2(t) = ˆ︁ξ2(t) = e−π(µ2+1)t

111(1 + coth2(t))
∈ L1(Ω,R+), lim

t→+∞
sup
t∈Ω

∫︂ t

0
e−µ2(t−s)ξ2(s)ds = 0.

Now, about hi,Λi,Θk and Ξk, we have

∥h1(t, s, (κ1,κ2)(t))− h1(t, s, (ˆ︁κ1, ˆ︁κ2)(t))∥ ≤ | cos(s)|
99es+t

(∥κ1(t)− κ2(t)∥+ ∥ˆ︁κ1(t)− ˆ︁κ2(t)∥) ,

∥h2(t, s, (κ1,κ2)(t))− h2(t, s, (ˆ︁κ1, ˆ︁κ2)(t))∥ ≤ es−(t+1)3

111
(∥κ1(t)− κ2(t)∥+ ∥ˆ︁κ1(t)− ˆ︁κ2(t)∥) ,

∥Ξk(t, (κ1, ˆ︁κ1)(t))− Ξk(t, (κ2, ˆ︁κ2)(t))∥ ≤ (∥κ1(t)− κ2(t)∥+ ∥ˆ︁κ1(t)− ˆ︁κ2(t)∥)
113 + ln(t+ e)

,

∥Λ1(t,κt, νt)− Λ1(t, ˜︁κt, ˜︁νt)∥ ≤ 1

t2 + 1

∫︂ t

−∞
ε3(t, s)ds(∥κ − ˜︁κ∥§ + ∥ν − ˜︁ν∥§),

∥Λ2(t,κt, νt)− Λ2(t, ˜︁κt, ˜︁νt)∥ ≤ 1

t2 + 1

∫︂ t

−∞
ε6(t, s)ds(∥κ − ˜︁κ∥§ + ∥ν − ˜︁ν∥§),

∥Θk(t, (κ1, ˆ︁κ1)(t))−Θk(t, (κ2, ˆ︁κ2)(t))∥ ≤ 1

77 + et
(∥κ1(t)− κ2(t)∥+ ∥ˆ︁κ1(t)− ˆ︁κ2(t)∥),

hc1 = h̄c1 =
1

99
, hc2 = h̄c2 =

1

111
, (L∗

Θk
, L∗

Ξk
) =

(︃
1

78
,

1

114

)︃
,

∥ξ1∥L1 = ∥ˆ︁ξ1∥L1 ≃ 4, 9.10−4, ∥ξ2∥L1 = ∥ˆ︁ξ2∥L1 ≃ 2, 7.10−4.

Also, we have

σ1 ≃ 4, 9× 10−4 +mε3 , σ2 ≃ 0, 049.10−4 +mε3 , σ5 ≃ 2, 7.10−4 +mε6 , σ6 ≃ 0, 024.10−4 +mε6 .

Then,

Mα1 ≤
(︃
0.09569 0.0952
0.0952 0.09547

)︃
.

We have for all p ≥ 449 (︃
0.09569 0.0952
0.0952 0.09547

)︃p

= 0,

and
max
i=1,2

{︂
MRi

(︂
L∗
Zi
k
+ L∗

Λi
ℵi

)︂}︂
= max

(︃
1

78
+mε3 ,

1

114
+mε6

)︃
≃ 0.10802 < 1.

Thus, Mαj ; j = 1, 2, 3, converges to zero. Therefore, all conditions of Theorems 4.2 are verified. Then,
the problem (5.1) has at least one mild solution.

Now, concerning the applicability of the case when we have instantaneous impulsive, we can use the
same previous example, but change the following equations:{︄

ζ1(t, x) =
1

77+et sin
(︁
ζ1
(︁
2k−, x

)︁)︁
, if t ∈ Ωk, x ∈ (0, 1),

ζ2(t, x) =
1

113 cos
(︁
ζ2
(︁
2k−

)︁)︁
, if t ∈ Ωk, x ∈ (0, 1), (5.2)
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with ⎧⎪⎪⎨⎪⎪⎩
∆ζ1(tk, x) =

αkζ1(t
−
k ,x)

70
√︂

1+|ζ1(t−k ,x)|+|ζ2(t−k ,x)|
, for tk = 2k, k ∈ N, and x ∈ (0, 1).

∆ζ2(tk, x) =
βkζ2(t

−
k ,x)

110
√︂

1+|ζ1(t−k ,x)|+|ζ2(t−k ,x)|
, for tk = 2k, k ∈ N, and x ∈ (0, 1),

(5.3)

where αk = 7−k, βk = 11−k, ˜︁Ω = I\{2k}k∈N and the first two equations they will be defined in ˜︁Ω.
Now, we put

∆k(ϕ1(t
−
k ), ϕ2(t

−
k )) =

αkϕ1(t
−
k )

70
√︂

1+|ϕ1(t
−
k )|+|ϕ2(t

−
k )|
,

˜︁∆k(x(t
−
k ), φ(t

−
k )) =

βkϕ2(t
−
k )

110
√︂

1+|ϕ1(t
−
k )|+|ϕ2(t

−
k )|
.

Using these definitions we can represent the system (5.1) in the abstract form (1.1).
On the other hand, we get

∥∆k(κ1,κ2)− ℵk(ˆ︁κ1, ˆ︁κ2)∥ ≤ αk

70
(∥κ1 − κ2∥+ ∥ˆ︁κ1 − ˆ︁κ2∥) ,

∥˜︁∆k(κ1,κ2)− ˜︁ℵk(ˆ︁κ1, ˆ︁κ2)∥ ≤ βk
110

(∥κ1 − κ2∥+ ∥ˆ︁κ1 − ˆ︁κ2∥) ,

Also, we have

ς1 ≃ 4, 9× 10−4 +
∑︂
k≥0

αk

70
+mε3 , ς2 ≃ 0, 049.10−4 +

∑︂
k≥0

αk

70
+mε3 .

ς5 ≃ 2, 7.10−4 +
∑︂
k≥0

βk
110

+mε6 , ς6 ≃ 0, 024.10−4 +
∑︂
k≥0

βk
110

+mε6 .

Then, we get

0 < MΞ ≤
(︃
0.11235 0.11186
0.10546 0.10519

)︃
.

And, we have for all p ≥ 488 (︃
0.11235 0.11186
0.10546 0.10519

)︃p

= 0.

Thus, ρ(MΞ) < 1, then the matrix MΞ converges to zero. Therefore, all conditions of Theorems 3.4 are
verified. Then, the problem (5.1) has at least one mild solution.
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Babeş-Bolyai Mathematica, 56(3):113–125, 2011.
[21] L. Olszowy. Existence of mild solutions for semilinear differential equations with nonlocal and impulsive conditions.

Central European Journal of Mathematics, 12(4):623–635, 2014.
[22] R. Precup. The role of matrices that are convergent to zero in the study of semilinear operator systems. Mathematical

and Computer Modelling, 49(3-4):703–708, 2009.
[23] R. Precup and A. Viorel. Existence results for systems of nonlinear evolution equations. International Journal of Pure and

Applied Mathematics, 47(2):199–206, 2008.
[24] A. Salim, M. Benchohra, and J. E. Lazreg. Nonlocal k-generalized ψ-Hilfer impulsive initial value problem with retarded

and advanced arguments. Applied Analysis and Optimization, 6(1):21–47, 2022.
[25] A. Salim, M. Benchohra, J. E. Lazreg, and E. Karapınar. On k-generalized ψ-hilfer impulsive boundary value problem

with retarded and advanced argument. Journal of Mathematical Extension, 15:1–39, 2021.
[26] A. Salim, M. Boumaaza, and M. Benchohra. Random solutions for mixed fractional differential equations with retarded

and advanced arguments. Journal of Nonlinear and Convex Analysis, 23(7):1361–1375, 2022.
[27] R. S. Varga. Matrix Iterative Analysis, volume 27 of Springer Series in Computational Mathematics. Springer-Verlag, Berlin,

expanded edition, 2000.
[28] D. Yang and J. Wang. Integral boundary value problems for nonlinear non-instantaneous impulsive differential equations.

Journal of Applied Mathematics and Computing, 55(1):59–78, 2017.


	1. Introduction
	2. Preliminaries
	2.1. Generalized Banach space

	3.  Mild Solutions with Instantaneous Impulses
	4.  Mild Solutions with Noninstantaneous Impulses
	5. An Example
	Statements and Declarations
	References

