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ABSTRACT. In this paper, we investigate the existence of solutions for a system of impulsive functional
integro-differential evolution equations with state-dependent delay on infinite intervals via resolvent op-
erators in the sense of Grimmer. Our analysis is based on fixed point theorem with measures of noncom-
pactness combined with a vector approach that uses matrices that converge to zero which was given in
generalized Banach space. Moreover, an illustrative example is considered to support our new results.
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1. INTRODUCTION

Impulsive events, which frequently occur in both nature and human activity, are the results of a
sudden change in a system’s state brought on by external disturbance. The phenomena of this type are
split into two groups depending on the duration of the change. One is that this alteration only lasts
for a brief period of time in comparison to the entire process, known as the instantaneous impulse.
And when the effects are continuous, which means they can begin at any fixed point and last for a set
amount of time. It is known as a non-instantaneous impulse. The theory of instantaneous impulsive
differential equations has undergone rapid development over the years and played a very important
role in modern applied mathematical models of real processes rising in phenomena studied in physics,
population dynamics, chemical technology, biotechnology and economics, there are current results for
impulsive evolution equations in [1, 4, 15] and its reference. But sometimes instantaneous impulses
cannot describe the dynamics of certain evolution processes. For example, when one considers the
hemodynamic equilibrium of a person, the introduction of the drugs in the bloodstream and the con-
sequent absorption for the body are a gradual and continuous process. also a widely used example of
noninstantaneous impulses is the introduction of insulin in the bloodstream which is abrupt change
and the consequent absorption which is a gradual process as it remains active for a finite interval of
time. Many researchers have investigated non-instantaneous impulses; for an example, see [2, 5, 9, 28].

On the other hand, due to their frequent appearance in applications as equation models, functional-
differential equations with delays have drawn a lot of interest in recent years. see for instance [1, 3, 8,
11, 16, 26] and the references therein.
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Recently, many authors have investigated the existence of a solution for a system of impulsive dif-
ferential equations using fixed point theorems (see, [7, 10, 12, 20, 23, 19, 24, 25]). The approach that uses
matrices that converge to zero is more general in terms of the conditions that are imposed (we will give

comments before the example).

Motivated by the above works, in this paper, we first discuss the existence of mild solutions for
the following abstract model of impulsive functional integro-differential system with state-dependent

delays:

i (ﬁ(t) B Al(t?ﬁpl(t 0t)> wPQ(tvwf ) 1(1) (ﬁ(t 2 Pl(t V) Wpa(t,oot) ))
+f0 Bl(t’ S) ( ( ) Al('S? 19p1(519 )a ( S, ))) dS "
+f1( ’ p1(t19t)a W (t,mm)s Hl( ( )) fortEQ

4 (w(t> - AQ(tﬂgm(t 19t)’wp2(t,Wt))) = 1%2( ) ( ( ) AQ(t779p1(t 9¢)s Wpa(t,m) ))

+f0 B2 t 8)( ( ) AQ(S ﬂpl(sﬁ ) W, pz(s,wg))) ds _
+fo (9, (1,0,) P o) H2(0(1), @ () 5 fort € Q,
I(tF) = O(ty) = Ap(O(ty), w(ty)), k=1,...,m,

w(tf) - w(ty) = Ae@(t7), @(t), k= 1,...,m,

(0(t),0(t)) = (®1(t), P2(t)); ift € R,
(1.1)

WhereQ:RJr,ﬁ:Q\ﬁk,ﬁk:{tl,...,tk,...},withozto <t < tg <L < T < fgg1 —
00, (k — 400).

Next, we discuss the existence of mild solutions for the following system of integro-differential equa-
tions with state-dependent delays and noninstantaneous impulsive:

% (ﬁ(t) - Al(t7’l9p1(t,’l9¢)7 wpg(t,wt))t) = Al(t) (ﬂ(t) - Al (t §p1(t 9¢)» wpz(t,wt)))
+ fo Bs(t, s) (19(5) — Ay (s, Vi (s,05)> wm(&ws))) ds
+f (t’ﬁpl(t,ﬂt)awpg(t,wt) H1(19( ),w(t))) s ift € Iy, k € Ny,

% (w(t) - AQ(t7 ﬂm(t,ﬁt)a wpz(t,wt))t) = AQ(t) (w(t) - A2 (t) 19p1(t ﬁt)awpg(t,wt)))

+ Jo Ba(t,s) (w(5) — A2 (8,0, (5,0,)s Fpo(s,))) 45

+f2 (t719p1(t,’l9t)7wp2(t,wt) HQ(’LQ( ) w(t))) ) ift € Ika ke N(],
V() =0 (9 (t;), @ (t;)); ift € Y, k€N,

() =Z5 (6,9 (t;) @ (t;)) ;s if t € Oy, k €N,

(9(t),0(t)) = (P1(t), P2(t)); ift € R,
(1.2)

where [ = [O,tl] Ay :(Sk,tlﬁ_ﬂ, Qp :(tk,sk], N = {1,2, .. } and Ng = N U {0} with 0 = s9 <
t1 <s1<ta<...<8m-1<tm < Sy, < tmy1 = +00, (k — +00).

In systems (1.1) and (1.2) and for i = 1,2, A;(t) : D(A4,(t)) C U — U, B;(t, s) are closed linear op-
erators on U, with dense domains D(A;(t)), which are independent of ¢, and D(A;(s)) C D(B;(t,s)),
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the operators H; are defined by
Hi(9, w)(t) = / hi(t, 5,9(s), (s))ds, a > 0.
0

The nonlinear terms f; : @ X § X § XU = U, A; : A x§Xx§ >0, O, 2 : Qe x O x U — U,
Ity [, :UxU =0, keN, & :R_— U, p; : Qx§— (—00,00) are a given functions.

This work is organized of as follows. In Section 2, we recall some preliminary results and definitions
which will be utilized throughout this manuscript In Section 3 and 4, we give the existence results of
mild solutions to the problems (1.1) and (1.2) respectively. An example is presented in Section 5 to
illustrate the application of our results.

2. PRELIMINARIES
Let BC(2,0) be the Banach space of all bounded and continuous functions ¥ mapping Q :=
[0, +00) into U, with
[9]]oc = sup [[9(£)]-
teQ

And L' ([0, +00), U) be the Banach space of measurable functions ¥ : [0, +-00) — U which are Bochner
integrable, with the norm

—+o0
9]l = /0 10(6)]1dt.

We introduce the space

PC(R,0) = {19 R =0 g- €8, 9)g, = Zk; k€N, 9| ; k € No, is continuous,
9 (s,j) , 0 (t,:) and ¥ (t,j) exists with 19(,9;) = Y(sy) and ¥(t, ) = ﬁ(tk)}.

Let ﬁo = [O,tl] ,Qk = (tkwtk—i-l] ,Qk = [tk,tk+1] for k € N, ﬁ(t+) = lim;_,;+ ﬁ(t) We define the
space of piecewise continuous functions:

PC(Q,0) = {19 ‘R 0U:V|g- €8, Vg, €C (ﬁk,U) such that ¥ (¢;; ) and ¥ (¢;) exist and
satisfy O (t;) =9 () , for k € N} .

2.1. Generalized Banach space.

Definition 2.1. Let X be a vector metric space on K = Ror C. Amap || - || : X — R} is called a
norm on X if it satisfies the following properties:

e ||J]| =0then?v = (0,...,0);

o NI = |Al||9] for ¥ € X, X\ € K;

o |9+ v|| < [|9] + ||v] for every ¥, v € X.

Remark 2.2. The pair (X, ||-|| x ) is called a generalized normed space. If the generalized metric generated
by ||+ ||x (i.e d(¥,v) = |9 —v||x) is complete then the space (X || - || x) is called a generalized Banach
space, where
19 = vllx
19 —vllx = :
[0 = vlln
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Let X x X = PC(92,0) x PC(Q2,0) be endowed with the vector norm || - || xxx defined by
vl xxx = (|lutllpe s |u2|l per) for v = (u1,ug). It is clear that (PC(2,0)x PC(Q,0), || - || xxx) is
a generalized Banach space.

In the case of generalized Banach spaces in the sense of Perov, the notations of convergent sequence,
Cauchy sequence, completeness, open and closed subset are similar to those for usual metric spaces.

Theorem 2.3 ([27]). Let M = (a; ;) and M = (bi ;) be two m x r matrices. Then, M > M (> M) if
aij > bij (> bij), foralll <i<m, 1< j<r. IfO is the null matrix and A > O (> 0), we say that
A is non-negative (positive) matrix. Finally, if B = b; ; is an arbitrary complex m x r matrix, then | B|
denotes the matrix with entries |b; ;|.

Definition 2.4. A square matrix M of real numbers is said to be convergent to zero if and only if,
M™ — 0asm — oo.

Theorem 2.5 ([27]). A square matrix M of real numbers is said to be convergent to zero if and only if its
spectral radius p(M) is strictly less than 1. In other words, this means that all the eigenvalues of M are in
the open unit disc i.e. |\| < 1, for every A € C with det (M — X\I) = 0, where I denote the unit matrix of
Mo (R).

Lemma 2.6 ([27]). Let M' € Myxm (Ry). Then, the following assertions are equivalent:

e M is convergent towards zero,
o M* —0ask — oo,
e The matrix (I — M) is nonsingular and

I-M)y'=T+M+M+...+ M +...
e The matrix (I — M) is nonsingular and (I — M)~! has nonnegative elements.
Theorem 2.7 ([27]). Let A and B be two m x m matrices with O < |B| < A. Then p(B) < p(A).

Lemma 2.8 ([6]). If A € Mpxm (Ry) is a matrix with p(A) < 1, then p(A + B) < 1 for every matrix
B € My, xm (Ry) whose elements are small enough.

Definition 2.9. Let Q € Mjy2(R) is said to be order preserving (or positive) if

D1 < Dbo, q1 < q0,

Q<ﬁ>z@<g>.
°=(5 %)

where o, 3,7,6 > 0 and det Q > 0. Then Q™! is order preserving.

imply

in the sense of components.

Lemma 2.10 ([22]). Let

Let the state space (§, || - ||s) is a seminormed linear space of functions mapping (—oo, 0] into R, and
verifying (see [14] for more details):
(A1) If9 € PC and Yy € §, then for every ¢ € (), the following hold:
(Z) 9 €8,
(#4) There exists > 0 such that |[0(¢)] < @ [|U4[]s,
(7i1) There exist two functions L(-) and M (-) : R4 — R, independent of ¢ with L continuous
and bounded and M locally bounded such that :

[0l < L(#) sup{[9(s)] : 0 < s <t} + M(t) [|Jolls -
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(As) For the function ¥ in (A1), ¥, is a § - valued continuous function on R \ .
(A3) The space § is complete. Denote L, = sup{L(t) : t € Q}, M, = sup{M(t) : t € Q},
N = max{L,, M.,}.

Now, let p € Ny and (6i ) ke be a sequence defined by

g _ [ tri—t  ifk=2p+1 teR,
T sp—t, ifk=2p, teR".

Then, for Iy = R~ \ {0y : k = 2p, p € N}, consider
PCy(R™,0) = {9 : R~ = U : ¥y, is continuous, J(6;, ), ¥(6; ) exist with 9(6; ) = (k) },

and the space

Cyp:={p € PCy(R™,0): lim ¢(7) existin U},

T——00
endowed with the norm
[¢lle = sup{|o(7)| : 7 < O}.
Andfor Iy =R~ \ {f € R~ : if t € ), then (§ +t) € (;}, we define the space

PCy(R™,0) = {0 : R~ - T : ¥z, is continuous, ¥(6) ), D(07) exist with 9(6;) = 9(6x) },

and the space

Cy:={¢d € PCy(R™,0): lim ¢(r) existin U}.

T——00

Then, the axioms (A;) — (As) are satisfied in the spaces Cp, Cy. So in all what follows, we consider
the phase space § = {Cy, if u € PC(R,U)}, and § = {Cy, if u € PC(R,U)}, and let

BPC(R,U) = {9 € PC(R,U) : 9 is bounded on R" with respect to the norm || - | gpc},

xX={de PAé'(R, U) : 9 is bounded on R with respect to the norm || - ||},

where

19ll5pc = sup {[[9(#)[|}, and [[J]|x = sup {[[J(#)]]} .
teR teR
We consider the following Cauchy problem

{ V' (t) = A@)O(t) + [ B(t,s)9(s)ds; fort >0,

9(0) = 9o € O. @1

The existence and properties of a resolvent operator has been discussed in [13]. We shall make the
following assumptions

(I) A(t) generates a uniformly continuous semigroup of evolution operators in U,

(II) Suppose Y is the Banach space formed from D(A(t)) with the graph norm. A(¢) and B(t, s)
are closed operators. It follows that A(¢) and B(t, s) are in the set of bounded operators from
YtoX, B(Y,0),for0 <t < ooand0 < s <t < oo, respectively. Further, A(t) and B(t, s)
are continuous on 0 < ¢t < oo and 0 < s < ¢ < o0, respectively, into B(Y, U).

Definition 2.11. A resolvent operator for (2.1) is a bounded operator valued function R(t, s) € B(U),
0 < s <t < o0, the space of bounded linear operators on U, having the following properties.
(i) R(t,s) is strongly continuous in s and ¢, R(s,s) = I, 0 < s < oo, and
|R(t,s)|| < MePt=9) for some constants M and f,
(i) R(t,s)Y CY, R(t,s) is strongly continuous in s and t on Y,
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(iti) For each x € D(A(t)), R(t,s)z is strongly continuously differentiable in ¢ and s and

%]f(t, s)x = A(t)R(t, s)x + /S B(t,r)R(r, s)xdr,
%—Ij(t, s)x = —R(t,s)A(s)x — /S R(t,r)B(r, s)xdr,

with %(t, s)x and %—f(t, s)z strongly continuous on 0 < s < ¢t < oco. Here, R(t, s) can be extracted
from the evolution operator of the generator A(t). For nonautonomous differential equations in a Ba-
nach space, the resolvent operator is analogous to an evolution operator. The definition of the resolvent
operator yields a number of results.

Theorem 2.12 ([12]). Let F' C X be a bounded closed convex subset and N : F — F be a generalized
B-condensing continuous mapping, where 3 is a nonsingular measure of noncompactress defined on the
subsets of X. Then the set

Fix(N) = {z € F : 2 = N(z)},

is nonempty.

3. MILD SOLUTIONS WITH INSTANTANEOUS IMPULSES

Firstly we define a generalized measure of noncompactness in the space X' x X'. Let us fix a nonempty
bounded subset S of the space X'. Foru € S,T > 0, € > 0, k1,ka € [T, T, such that |1 — k2| < €.
We denote w” (u, €) the modulus of continuity of the function u on the interval [T, T], namely,

wl(u,e) = sup{lle ™ u(k1) — e 2u(ka)| ; k1,52 € [T, T]},
wo(S) = limg_ oo limeosup,eg{w? (u,€)}.

If ¢ is fixed from R let us denote for the set S(t) = {u(t) € U; u € S}

d2(S(t)) = sup{||u(t) —u(s)|| ; u € S, t,s > T}, and D*(S) = lim supd®(S(t)).

T—oo

Consider x ppc+ defined on the family of subset of S = 51 x So C X X X by the formula

X1(51)> _ <wo(51) +DA(52)>
x1(S2) wo(S2) + D2(51) /)

As in [12, 21], the function xppc~ is a generalized measure of noncompactness on the space X' x X.

XBpc+(S1 X S2) = (

Definition 3.1. A function (9, w) € X x X is called a mild solution of problem (1.1) if it verifies
Ry (tv O)((I)l (0) - Al (07 (I>1’ @2)) + Al (ta ﬁpl(t,ﬂt)’ wpg(t,Wt))
+ fg Rl (ta S)fl (97 19/)1(5,193)’ wpg(s,ws)7 Hl (19(5)7 w(s))) dS,

+ Y gct et B1(t — t) Ap(O(t ), @ (t 7)), if t € €,

(I)l(t), ifte R_.
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And
Ry(t,0)(@2(0) — A2 (0, @1, @2)) + Aa(t, Dy, (1.00)> Fpa(t.c00))
+ Jo Ralt,5).f2 (0.9, (5.0.) @pa(s.00)s H2(9(s), w0(5))) ds,
w(t) = N
+ D 0wt <t B2t —ti) Ap(O(ty ™), w(ty ™)) if t € Q,
(DQ(t), ifteR_.
The hypotheses:

(H1) The functions f; : Q x § x § x U — U are Carathéodory functions and there exist functions
&, & € LY(Q,RT), and a continuous nondecreasing functions 1;,1; : Q — (0,+00) such
that

| £i(t, 01, 92, 03) — fi(t, 01, D9, U3)|| < E(t)i([[01 — Dhls + |92 — Da]ls)
+ &) Pi(|[05 — V3])),

for 191,/\191, J9 ,/\192 €3, U3 ,5; € U. And, for every p1, 02 > 0 we have
' (t—s) -
lim su/e“i T 0i&i(s) + 0:&(s)|ds =0,
i sup | [0igi(s) + 0i€i(s)]

and

t
f@'* = sup {/0 ||f2(870707HZ(O’0))’d8} < 00.

ted
(H2) The functions h; : Dy, x U x U — U are continuous and there exists a continuous functions
he, @ Dp, — (0,+00) such that, for each (¢, s) € Dy, and V3, U3, ¥4, ¥4 € U:

hi(t, 5,03, 04) — hi(t, 8,03, 00) || < he(t, 5)(|[93 — D3]] + |94 — Val)).

max {sup{hci(t,s)},sup{||h,~(t,S,O)H}} = max{hg,, hi} < oo.
Dy,

Dy,

(H3) The functions A; :  x § x § — U are continuous and for any bounded set B € §, the function
{t = Ai(t,xt,y1), (x,y) € B x B} is equicontinuous on each compact interval of [0; +00).
Also we assume that there exists continuous functions Ly, :  — R*, and a nondecreasing
continuous functions @; : RT™ — R, such that

1A (£, 91, 92) — Ai(t, 91, 92)|| < L, ()@i(||91 — D1ls + |92 — Dall5),
for all 91,91, ¥ , U2 € §, with
Ly, = igg{LAi(t)} < oo, Aj = [|Ai(t, wo, wo)l-
(H4) There exist Mp, > 1, u; > 0, such that
IR:(t, )|l sy < Mp,e 0.

(H5) The functions ch, U x U — U are continuous and there exist positive constants LQ?; , keN,
such that

|Qk(93,94) = Qi(V3, 90| < Ly (193 = V| + 94 — Ja]),

for all 93, U3, U4, U4 € U, k € N.
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And
> 1Q4(0,0)]| = @, < +o,
k>0
where
Q’“{ Ay ifi=2.

(Ho) Set R(p™) = {p(s,¢) : (s,p) € Q x B,p(s,¢) < 0}. We assume that p : @ x B — R is
continuous. Moreover we assume the following assumption and hypothesis:
e The function ¢ — ®; is continuous from R (p~ )into B and there exists a continuous and
bounded function L® : R (p~) — (0, 00) such that

D]l 5 < L‘D(t)HQ)HB, for everyt € R (,07) )

Remark 3.2. The condition (Hg ), is verified by continuous and bounded functions. See [18], for more
information.

Lemma 3.3 ([17]). Ify : R — O is a function such that yo = ®, then
lyslls < (M +L®) | ®]l5 + Lsup{ly(6)] ; 6 € [0, max{0,s}]}, s € R (p7) UL,
where L® = SUPseR (p-) L2(t).
Now, we define the matrix
Mo — <c1 cz) '
S5 S6
Where <1, 2, S5, G are constants, they will be specific later.

Theorem 3.4. If the conditions (H1) — (H5) and (Hg) are satisfied, and the matrix Mz converges to
zero. Then, the system (1.1) has at least one mild solution.

Proof. Consider the operator = : X x X — X x X given by:
2(0(t), w(t)) = (E1(9(1), w(1)), B2 (V(1), w (1)),

where
Ri(t> O)(q)l(o) - AZ(O7 Py, (I)Q)) + Ai(t¢ ﬁpl(t,ﬂt)v wpz(t,wt))

+f[) t S fl( 8, Vpy( 5195)’wpg(s,ws)vHi(ﬁ(s)aw(s))) ds
+20<tk<t i(t— 1) QL (I(te ™), w(tr 7)), ift € Q,

(I)i(t), ifte R_.

Clearly, the fixed points of the operator = are mild solutions of the problem (1.1), so we shall check that
operator = satisfies all conditions of Theorem 2.12.
Let By be defined by:
By ={(0,w) € X x X : ([0]x, [wlx) < (61,02)},

with 6; > ||®;||s. Then, the set By is bounded, closed and convex of X x X.
We have divided the proof into 3 steps:
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Step 1: =(By) C By.
For each (¥, w) € Bgpandt € R (p~) U €, it follows that

19elly < (Ma(t) + L) [|@1ls + La(?) sup ol

,8
<N+ (R + L) [0yl =N,
and
[l < Naba + (Rg + L2) || Da]|5 = N5.

And, we get B
1Hi(0, @) (s)|| < alhe,01 + e, 02 + hi) = H.

Also, we have

[Ai (D, (1:90)s P pat,emn)) — Ni(t,0,0)]| < La, () Di(ll19p, (.00 s + 11700 (2,000 I5)-

And

1Q% (w, )| < mi(lullx) + mi(v]lx) + Q40 0)]].
Ift € , then we have
1Z:(9, @) (O] < Mg, (12:(0)l + (L3, 2 @1lls + [ @2ll5) + A:™))

t ~ ~
+ Mk, /0 &i(s)i(RY) + &i(s)i(H] )dsd + M, fi + (L}, @R} +X3) + A])

+ Mg, > (mi(19]x) + Wi (lwllx) + Mg, [Q}(0,0)].
k>0

37

SM&(IIQ(O)HH(foi@(llq)l§+||‘1>2|§)+Ai*)+||£i||L1wi( 0+ NGl da(H. )+f>

k>0 k>0

We define

k>0

G1 = Mg, (§1||L1N1 + HngLlath + ZL* i) + R LY,

Gy = MR1 (aHLlah:l -+ ZL* i) + N2L7\1'

k>0

= (R + L%) |1 ]gll&allzr + (abf + f) Il L
a=Li, (Re+ L") [[@1]ls + (Re + £22) [|[@2]]5)) + AT

k>0

= Mg,
k>0

= Mg, (§2||L1ah +ZL*2) + R LR,

1621208 + €| 1 0, +ZL*2) + R LR,

v = (Rg + L2) | ®2]lg]|&l 12 + (ah + f3)]1E2ll 11
s = (N1 + L) | @1]l5 + (Ro + L£P2) [|®a]|5) Li, + A

(i) =) = (1)

Then, we obtain
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where
Py = Mg, (|21(0)]ls + (L1, 2(191]ls + |®2]ls) + A1) +<3) + <,
Py = Mg, ([|22(0)]ls + (L1, 2([|®1]ls + |P2]l5) + A2*) + ¢7) + ss.

Since Mz converges to zero. From Lemma 2.6, (I — Mz) is invertible and its inverse (I — Mz)~ ' has nonnega-

o ()< ()

1Z:i(F, @) @) = |2: ()]l
< D45

tive elements. Hence,

If t € R™, then we get

Therefore,
200, @)l xxx < 0.
Thus, E(By) C By and Z(By) is bounded.

Step 2: = is continuous.
Let (U, @m),,cn be a sequence such that (9, @) — (V*, ") in By. At the first, we study the convergence

of the sequences (192%5 ﬁm)) . s € Q. If s € Q, such that p (s,95) > 0, then we have
s me
Hﬁﬁs,ﬂm ~ oo, = Hﬁﬁs,ﬁm = Dot | ‘ Fotsom) = Upts.on) |
< LW =0+ [[95000m) = P

m

which proves that 9, ..,
p(s,9s) <0, we get

— 5.9, in§ asm — oo, for every s € 2 such that p (s, Js) > 0. Similarly, if

| :
which also shows that 19;’23 gm) = 19:(8 9.) in §, as m — oo, for every s € 2 such that p (s,9;) < 0. Then, for
t € Iy, we have '

=0,

192(5,19;") - 19;(3,195) § = ”‘bzs,19;") - (pp(sﬁ:)

[(E; (9™, @™))(t) — (E: (9", @) (@)
< A 95 omy ) = il (T, 1,00))s (T ,07) )

t
My [y Ty HO™ 7))
- fl(s’ 19:1(5,19*:)’ w;2(s,w;)’ Hl(ﬁ*7 W*)(S)) ||d$

+ Mp, Y [Q4(9a(t), (1) — Qi(9" (1), w" (1))]-
k>0
From (H1)-(H3), we obtain
hi(t,s, (9™, @™) (s)) = hi(t,s, (0", @")(s)), as m — +o0.
And
[hi(t, 5, (0™, ™) (s)) = hi(t, s, (07, @) (s))I] < he,(

By the Lebesgue dominated convergence theorem, we have

0" = + [l — @)

/0 hi(t,s, (9™, @w™) (s))ds —— hi(t, s, (V*, @) (s))ds.

m—+oo 0

Then, we get

fi(s, 19;?(3,19?)7 w,r;;(s,w;n), H;(9™,@"™)(s)) m fi(s, 19;1(3719;)7 W;Q(&w;), H; (0%, @")(s)).
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Also, the continuity of Q}C gives
QW (), @m () = QLI (-), @*(-)) as m — +o0.
The same way about A;, we obtain
[(Ei(™, @™)(t) — (Zi(0", @) (@) — 0, as m — +oo0.

Ift € R™, we get

Thus, = is continuous.
Step 3: The set Z(By) is equicontinuous.
ForII C By, T > 0, (¥,w) € Il and k1, 2 € [0, T], we have
1Z: (9, @) (k1) — Es(9, @) (s2) |
< [[Ri(51,0) = Ri(ri2, 0)|| (@1 (0)5 + (LA, B[ ®1ls + [ @2lls) + A:™))

F A1y (51,00, ) Ppa(ir,my)) — NilB2, 0 gy (152,0,0)s Do (r52,0)

+/ 1R: (1, )1 fi (5,91 (.00 T (5,00 Hi(D(s), @ (5))) [1ds

1

+ / ||Ri(’€17 8) - Ri(HQa S)H”fl (8719p1(s,195)7wp2(s,w5)7 Hl(ﬂ(s)aw(s))) ||d5

0
+ Z | Ri(k1 — tr) — Ri(k2 — t) [[|Qu (I(tr ™), @ (tr "))l

0<trp<r1i

+Mr, Y QRO ), @ ()]

r1<tp <Ko

< [Ri(k1,0) = Ri(r2, 0)[| (|21 (0)ls + (LA, B(I[@1lls + [|D2]l5) + Ai7))

F 1A (1, Doy (51,0, ) Ppa () — D82, Dy (k2,015 Ppa ()l

K2

v [ E(s) + Bi(HDE (s)ds + /

K1 K1

K

Hfi(S’ Ov O7H’L'(Oa 0))||d$

+ /m 1Ri(k1, ) = Ri(Ra, 5)| (0s(RF)&i(s) + i(H7 )&i(s)) ds

1

+ / [ Ri(k1, 5) — Ri(ka, )[[[| fi(s, 0,0, Hi(0,0))]|ds

+ |Ri(k1 — tr) — Ri(k2 — t) [[|Qu(I(tr ™), @ (tr "))l

0<trp<r1i

Mr Y QLW ), @ ().

r1<tp <Ko
By the strong continuity of R;(-) and (H3), we get
IZ: (9, @) (k1) — Ei (9, @) (k2)]| = 0, as K1 — Ka.
And for t € R™, we obtain

12:(0, @) (k1) — Ei(d, @) (k)| = |Pi(k1) — Pi(k2)|| = 0, as k1 — ka.
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Hence, the set =Z(II) is equicontinuous, then wy (E(IT)) = 0.
On the other hand, for 9,9, @, @ € [T and t € 2, we have

I(Ei0, =)(¢) — &9, 2) ()]
< ”Ai (t’ ﬂp(tﬂ%)v wp(t,wt)) - Ai (t, ﬂp(t,@)’ %p(tﬂ%t)) ”
t
+ / 1Ri(ts ) [1Fi (52 P,y ooy Hil, ) (5))
— i (500 5.y Botez Hi(D,2)(s) ) 1ds

+ Mg, > Lo (19 —9)lx + llw — &|lx)
k>0

< L3, (195000 = D el + @0 = Bptazol)
t
+ Mp, / =9 (4, (RD)E (5) + s (HT)Ei(s))
0

+ Mp, 3" Loy (I19 = 9l + Il — &]l).
k>0

When ¢ tends to +o00, we get
DA(Z,(T))) < | Li, + Mg, > Loy <DA(H1) + DA(H2)>.
k>0

If t € R™, we have

Thus,

such that,

e — Ly, + Mg, 350 Loy Ly, + Mg, Y50 Lor
Li, + Mg, 3 >0 Loz Ly, + Mpy 3 ps0 Lo2

We have \ME| < Mz, then from Theorem 2.7, the spectral radius p(ME) € (0,1). Therefore, M= converge to
zero. Thus, = is generalized x ppc~-condensing operator. Applying now Theorem 2.12, we conclude that = has
at least one fixed point, which is a mild solution of problem (1.1). O

4. MiLD SOLUTIONS WITH NONINSTANTANEOUS IMPULSES

Definition 4.1. A function (¢, w) € BPC(R,U) x BPC(R,U) =) x Y is called a mild solution of
problem (1.2) if it satisfies
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Ry (tv 0)((1)1(0) - Ay (Oa @, (I>2)) + Ay (tv ﬂpl(t,ﬁt% wpg(t,wt))

+ Jy it 8) 1 (0,9 01 (5000 Tpo(s.me)s H1(D(8),w0(5))) ds, if t € Io,
R (1, sk) (@k (sk’ v (tE) » W (ti)) — A (g, ﬁpl(sk,ﬁsk)’ wﬂ2(5k,wsk)))
ﬂ(t) = + fstk Ry (t’ S)fl (97 ﬁpl(s,ﬁs)y Wpa(s,ms)) H,y (19(5)’ w(s))) ds
+A1(t719p1(t,19t)7wpg(t,wt))’ iftely, keN,

Ok (6,9 (t;) @ (t,)) ift € U, k €N,

®(t), ift € R_,

and
( RQ(t> O)(Q)Q(O) - A2(07 P, (1)2)) + AQ(ta ﬁpl(t,ﬂt)v wpz(t,wt))

+ f(f Rg(t, S)fQ (9,19/,1(57195), Wpa(s,m5s)> HQ(ﬁ(S),w(S))) ds, ift € Io,

Rat,si) (B (3100 () () = Aok Dy Patonmay)
w(t) = + fstk RQ(tv S)f? (91 19;)1(5,195)773;)2(571715)7 HQ(ﬁ(S)> YD(S))) ds

+A2(t7ﬁpl(t719t)7w,02(t7wt))’ ift € Ik, k c N,

Ek (6,9 (t,) @ (t,)) ift € Q, k €N,

| ®o(t), ift € R_.

We introduce the following assumption to establish our results:

(H6) The functions Z},, Q; x U x U — U are continuous and there exist functions LZIZ'c Q-
(0, +00), k € N, such that

123.(0, 93, 94) = Z}.(0, 03, 0a) || < Lz (0) (1|93 — Vs + [[9a — Da),

for all U3, U3, U4, Vs € U, k € N. And, let

<I/£1§1\}1(21€15 {LZ;i(e)’ ke N} ,Z,i(0,0)) = ( *Zi’Z@ < 400,

where

; O, ifi=1
[ —
Zk‘{zk ifi=2.

o1 09
My, = ,
<U5 ‘76)

where 01, 09, 05, 0¢ are constants to be specific later.

Now, we define the matrix

Theorem 4.2. Ifthe conditions (H1)—(H4), (H6) and (Hg) are satisfied, and the matrix M, converges
to zero with max;—1 2 {MRi (L}Z + LR_Ni) } < 1, then the system (1.2) has at least one mild solution.
k 1
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Proof. Firstly consider the generalized measure of noncompactness x ppc defined on the family of

subset of S = S x Sy C BPC(R,U) x BPC(£2,U) by the formula

X1(51)> _ <w0(51) +DA(52)>
x1(52) wo(S2) + DA(S1) /)

Now, transform the problem (1.2) into a fixed point problem, consider the operator
T : BPC(2,0) x BPC(Q,0) — BPC(Q,0) x BPC(2,U) define by:

T(ﬁ(t), w<t)) = (Tl(ﬂ(t)7 w(t»v T2<79(t)7 w(t)))v

xBprc(S1 x S2) = (

where

[ Ri(t,0)(2:(0) — Ai(0, 1, P2)) + Ai(t, D, (1,9,)s T po(t,er))
Jrfo ((t,5)fi (5,0 1 (5.00)> T pa(s,0)s Hi(9(5), @ (s))) ds, if t € I,
Rz(tu Sk) (Z]i (ska v (t};) , W (t];)) - Ai(3k7 19P1(5k,195k)’ wPQ(skvwsk)))
Tz(ﬁ(t),w(t)) = —i—fstk Rz )fz ( S, p1 ) sz(s,ws)aHi(ﬁ(3)7w(5))) ds
+Ai(t719p1(t,19t)7wpg(t,wt))a iftel, keN,

Zi (6,9 () @ (t;)) ift € Q, k €N,

(I)i(t), ifteR_,

and

, U, ifi=1
ZZ = -~
k { U, ifi=2.

Clearly, the fixed points of the operator T are mild solutions of the problem (1.2), so we shall check
that operator T satisfies all conditions of Theorem 2.12.
Let B; be defined by:

Bs ={(0,w) € Y x YV : (I9lly; [=lly) < (61,02)},

with §; > ||®;||s. The set B is bounded, closed and convex of ) x ).
We have divided the proof into 4 steps:

Step 1: Y (Bs) C Bs.
For each (¥, w) € Bsandt € R (p~) U, it follows that

[9¢llg < Rady + (Ry + LP) [ @1]]5 = N},
[ty < Rado + (R + L22) || 2|5 = N5,
and
|Hi(9,@)(s)|| < a(hl o1+ hds + h) = Hf.

Then, we have the following cases:
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e Casel: t € Iy. We have
173 (9, @) ()| < M, ([|:(0) [l + (L3, 21 @1lls + [[P2lls) + Ai™))

t o~ o~
My, /O E(s (N0 + & () Tu(H)ds
+ Mg, ff + (LR, @R} + X5) + A])
< Mp, (||<1>z~<o>||§ (LB s + @2 + A7)
Nl i (N2 + 11 B E) + f)

+ (L3, PN} +R5) + AJ) .

We define

o1 = Mp, (&)X + [|€x || rahf,) + R L,

02 = Mg, (||& || rahy,) +RaL3,

o3 = (Ry + L) [ @1][gl|€1 ]l 1 + (ahf + fIIE ] 11,

o4 = ((Ry 4+ L) [[®1]ls + (R + £52) [|D2ls) LA, + AT

o5 = Mp,(||&| 1ahy,) + R L},

06 = Mp, (||&2]l 1 R2 + ||€2]| L1ahy,) + Ro Lk,

o7 = (Ro + L22) | ®@allgl|€2ll 1 + (ahd + f3)]|E] L1,

s = (N1 + L) [ @1]ls + (R2 + L£%2) || P2l L4, + A3
Therefore,

(Hff‘lly> SMa1<||19||y> N <W1>’
=y |y Wa

where

Wi = Mg, ([|®1(0)lls + (L3, 8([P1lls + [[@2ll5) + Ar") + o3) + 04,
Wa = Mp, ([[®2(0)lls + (L3, 2(1|P1lls + [[@2ll5) + A2") + 07) + 0s.
e Case?2 : t € I. We have
1Zi(u()] < L p(01+69) + 2
Then,

ITi(0, @) ()] < Mg, (l}iw(& +62) + 2" + L3, G(NT + N5) + AF + |Gl 11 9hi (RF)

+ (1€l i (H) +f¢*> + L3, (BRT +R3)) + A = AY.

) W
<H ||y> S]\4&2<Ht9||y> N <N1>’
||y |y W

W) = Mg, (Z,‘j’1 + AT+ 0—3) + o4,

Then, we obtain
where

Wy = Mpg, (Z,S’Q + A+ a7> + o,

43



44 A.BENSALEM, A. SALIM, M. BENCHOHRA, C. TUNC

and o (MRl(L*Zé + LE R) + oy MRI(L}% + L No) + UQ) |
Mp, (L + L, R1) + 05 Mp,y (L7 + L, Ro) + 06
We have
o (TR Mt )
Rz(ng + L3, %) MR2(LZI% + L}, R2)
Since

g { M (1 + AN} <1

the from Lemma 2.8, we deduce that M,,, converges to zero.
o Cased : t €. We get

ITi(@, @) < Lo +62) + 2, = Ay,
9 9 ZO,l
<|| Hy) SM%(H ||y>+< ’82>,
Iy [y Zy
Ma _ L*Zli L*Zé '

We have |M,,| < M,,, then p(M,,) € (0, 1). Therefore, M,, converge to zero.
e Case4 : t € R™. We have

Then, we obtain

where

[T, @)@ = @) < [|Psls-
Thus,
) —~ (|9 —~
(1) < m(I) -+,
=lly =y
such that
My, ift € Iy,
Ay ={ Mg,; ift €I, ke N,
My ift € Qp, k € N{*,
and .
(wh)s if t € I,
B — (%); ift € Iy, k € N™,
zZyh . m
(ZS’Q); lft S Qk, k € Nl .
Since for j = 1,2,3, M,, converges to zero, from Lemma 2.6 (I - M, j) are invertible and their

inverses (I — ]\Iaj)*1 has nonnegative elements. Hence,
-1~ 5
(1-a) E<(5).
2

T, @)llyxy < 6.

Therefore,
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Thus, Y (Bs) C Bs and Y(Bs) is bounded.

Step 2: T is continuous.
Let (U, @i ),y be a sequence such that (¥, @,,) — (¥*, @*) in Bs.

Similarly to Step 2 in the proof of Theorem 3.4, the sequences (19;728 19m)) N converge to 19;;(5 9:) in
s me Vs
8, as m — oo for every s € (). Then, for t € [y, we have

10T: (07, ™) (1) — (19", =) @)
< A I s ™ mgny) = Al (9 50 (i)
T Mp, / (5,9 gy B sy Ha (O, ™) (5))
(3,9 (e T (osmys Hi (0, )(8)) .
From (H1) — (H3), we obtain
Bilt, s, (97, ™) (5)) — hit, 5, (9, ") (5)), as m — +o0,
and
IRt s, (87,7 (5)) = halt, s, (0", ) ()| < b (197 = 91y + =™ — =*[).

By the Lebesgue dominated convergence theorem, we have

/th-(t,s, (W™, ™) ())ds —— | hi(t, s, (9%, %) (5))ds.

m——+00 0

Then, we get

f (8,’§p1(5 ﬁ;n),w;’;(&w?),Hi(ﬁm’wm)( )) _ fl( S, pl(S 19;),@22(571”;)7Hi(ﬁ*,w*)(s)).

m—r+00

The same way about A;, we get
(3 (0™, ™)) (t) — (Ti(9*,@™))(t)|| = 0, as m — +o0.
Now, for ¢t € Ij, we have
10T (0™, ™)) () — (Ta(9", =) (D)l
< Mg, HZk(Sk,ﬁ”"( R @ ( ;2)) Zi (51,0 (1) =" (1))
+ Mg, ||Ai(sk, ¥ ( ) < . >)

))7(wp2(5k o )))H

P1 <Sk719§k s,
+ A (8 95% (omys P temm)) — Dl (05 1,09))5 (T o))

M [ g )5
f(S ﬁpl(sﬂ*) pz(s,w;‘)7Hi(ﬁ*7w*)(8))||d8'

— A (Sk’ (29

Similarly, by the continuity of h;, fi, A; and Z, we get
I(Cs (0™, @™))(t) = (Ti(9*, @) ()] = 0, as m — +o0.
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Ift € O, we get

1T (9™, ™)) (#) = (Ta(9™, ")) (D)]]
< | Zk (b, 9™ (8 ), ™ (1)) = Zi(tw, 07 (1), =™ ()]

The continuity of Z} .. gives
(s (0™, @™))(t) — (Ta(07, @) ()| = 0, as m — +oo.
And for t € R™, we have
(s (™, @) (t) = (L:i(9", @) @) = 0.
Thus, Y is continuous.

Step 3: The set Y(Bj) is equicontinuous.
For Il C Bs, T > 0, kg € Nwith T' > tj,, then for (¥, w) € Il and k1, k2 € Iy, we have

174(0, @) (k1) = Ti(V, @) (k2) |
< [|Ri(k1,0) — Ri(r2,0)l| (121(0) [l + (L, 2(I21ls + | @2llg) + A:"))

1A (1,9 py (k1 90, ) P,y ) — DilB2, Uy (13.01)» P pa (52,0,

K2
IRk, )i (891 5,900 Fpatsmn) Hi(0(s), @ (s))) [l ds

K1

+/K2 [Ri(k1,8) = Rilkia, $)11.fi (8,01 (5,04) @pa(s,me) Hi(V(s),@(s))) | ds
0

< [[Ri(k1,0) = Ri(kz, 0)[| (121(0)lls + (LA, 2(IIP1ll5 + [|P2ls) + Ai*))

+ ”Ai(’{lv "9;21(51,19,”)? wpg(m,w,ﬂ)) - Ai("@a 19/)1(142,19&2) ) pr(Hz,w,Q)) ||
K2 =R . K2
+ [ hiRF)&(s) + vi(H)&(s)ds +/ | £i(s,0,0, H;(0,0)) | ds
K1 K1

+/@ 1Ri(r1, ) = Rilra, )| (i (R5)&(s) + i (H)&(s))ds

1

K2
+/ [Ri(k1,8) = Ri(r2, s)[[| fi(s, 0,0, Hi(0,0))||ds.

1

By the strong continuity of R;(-) and assumption (H3), we get

|T; (0, @) (k1) — Ti(P, @) (k2)|| — 0, as K1 — Ka.
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Now, if k1, ko € I}, we have

174(0, @) (k1) = Ti(V, @) (r2) |

< [[Ri(k1,0) — Ri(rz, )II( (81 + 82) + 2" + L3, BN +R3) + A

+mmwx>+mmw&#+ﬁ)

+ HAZ'(’{la ’lgm (k1,951 )" pg(/ﬂ,w,@l)) Al ’{27 ﬁpl(ng,ﬂ@)’wpg(ﬁg,w@))n

K2

+ [ GiN)&(s) + i H)Eals)ds

K1

K2
+/\m@aammmw@

1

b [ R1,9) = il )R 65(5) + TG ds

1

K2
+/\WMm$=&WAWM@Q&E®®Wﬁ

1
Similarly, we get

T (0, @) (k1) — Ti(F, @) (ka)|| = 0, as kK1 — Ka.

If K1, k2 € Q, from (H3), the set { Z} (¢, 9(t}, ), w(t,;))};:ol is equicontinuous, then we get

IT3(0, @) (k1) = Ti(9, @) (k)| = [ Zi(k1, O(ty), w(ty)) — Zjy (2, 9(t;), @ (t) |
— 0, as K1 — ka.

Hence, the set Y (II) is equicontinuous, then wy (Y (II)) = 0.
On the other hand, for 9,9, @, @ € Il and t € I, we have

~ ~

[CCA(0, @) (1) = (L@ 2NN < 1AL D000 Fpiem) — Ailt D,y 5. B
/nRtsmn Doy, Hi0,)(5))
— fi ( 0 p(s:9) Dotz H z'(@, w)(s)) l|ds

<L}, (H'ﬁp(t oy — U ot + 1@t — @p(t,at)H)

+m%ewsw>mwwmmm

When ¢ tend to 400, we get

DACHUDKQ)S(LK)<DAUh@D-%DAﬁh@D)-

47
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Now, for t € Ij,, we have
10T (6, %)) (1) — (Xa(@,8) ()]
< My emtslt=) <||z,i<sk,z9<t;:>,w<t,;>> — Zi(sn 9(t0), B
# L8000~ Dyt |+ o) = Bt )
t
M, [ G () + U HDE(S)).

Sk

When ¢ tends to +o00, we get
DA (Y, (I) < (L3) (DA<H1> n DA<H2>).

For t € (), we obtain

1739, )(t) = (D, @) (1)

IN

125t (t; ), w(ty)) — Zin((tr, O(ty ), & ()|
< Ly (19(8) = 0@ + Il (t) — @ ()I).

AN

Then,

Ift € R™, we have

Thus,
xsro(TT) < A x1 (1)
“ x1 (I2) )’
such that
Ly L3
< M ;’k\l);iftelk,keNgn,
_ LA2 LA2
A=
L* L*
Lfi Lfi Cift € Qp, k € NI
zz Tz

We have |A| < M,,, then p(A) € (0,1). Therefore, A converges to zero. Thus Y is generalized g pc:-
condensing operator. Applying now Theorem 2.12, we conclude that T has at least one fixed point,
which is a mild solution of problem (1.2). O

Remark 4.3. We can use the technique of fixed points theorems in classical Banach space with Banach,
Schauder or Darbo theorems. But in this case we need to assume some conditions witch are strong
compared to what we assumed, for example in Proof of Theorem 3.4 if we work in classical Banach
space and if we want to prove that = is a contraction (Banach fixed point theorem) we need to assume
that ¢; + g2 + 65 + 66 < 1, or when we want to prove that Z(By) C By (Schauder or Darbo fixed point
theorems). However in our analysis we used the approach matrices that converge to zero and we just
needed to assume that matrix M= converge to zero, even in the worst case, we only need to assume
that max(s1, s2,$5,56) < 1, and that always stays more general.
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5. AN EXAMPLE
Consider the following class of partial integro-differential system:
2 (Cl(ta T) — 5(?5,8,@,(2763)) = 57@)% (Cl(t, r) — 15(@&(1;@@3))
= [ Tt 5)er(s) & (Gulsi2) = Dis.1, Gy Gaven) ) ds
(e DD+ 0062 (441) 1 cos(s)e st
T i@ sn(l) —cos(1) ( 0 5 (Ci(s, ) + C2(37$))d3>

+ cos?(t+1) f_t e—D1(t,m,e1,69)—Da(t,7,e1,62)
99— (1—m(p1+1))t ((t47)2+1)?

dr, ift €I and z € (0,1),

% (Glt.2) = Dit,5,¢1.Cou20) ) = er() 2 (Galtix) = Dt s,G1. Go.56))
— fto Pg(t, 8)57(8)% (CQ(pr) - 5(57 L, C1, CQ;EG)) ds + 67(75)42(757 l‘)

(D)3 —m (g +1)t fl es—(t+1)3
0

(1+coth2(tg)(e‘“' 1) 111 (|C1(t,x)|+\C2(t,x)\)ds

—t sinh®(t) cos(t+7) (D1 (¢,7,e1,62)+Da2(t,7,61,€2))
f lller(u2+1)t(1+2SinhQ(t)) dT,t G I, X E (07 1),

(5.1)

C (ta 0) = Cl( ) CQ(t 0) €2(t7 1) = 07 fort € -[7
G(t,x) = 77+ ——sin (¢ (2k™, ), ift € Y, z € (0,1),
Gt ,x) = 3 cos (CQ (Qk: )) , ift € Qp, € (0,1),
G(t,z) = ®1(t,z), ift e R_ and = € (0,1),

L Go(t, o) = ®y(t, ), ift €e R_ and x € (0,1),

where [ = R, I, = (2k — 1,2k], Q) = (2k,2k +1]; k€N,¢: R - RandT; : R" x RT — Rare
continuous, €1, €2 €4, €5, €7 : (0,4+00) = (0,+00), €3, €6 : 2 x Q@ — (0,400), ffoo e3(t, s)ds =

Mg, fioo e6(t, s)ds = meg,, with me,, me, € (0, %)
and

Dit, 5,21, 2) = G (s — ei(t)e </07r oMGi(t, r)|2dr> x) |

D(t,¢1,Ga,€3) = /t e3(t,s)(Di(t,s,€1,62) + Da(t, 5,64, ¢5))

N ()2 +1) ds.

Let
1
H = L*(0,1) = {pl :(0,1) — R: / |1 () |2de < oo},
0

be the Hilbert space with the scalar product (1, p2) = fol ©1(x)p2(x)dr, and the phase space § be
BUC (R™,H), the space of bounded uniformly continuous functions endowed with the following
norm: [[9||s = sup_.o.r<o [|¥(7)]/12,% € §. It is well known that § satisfies the axioms (A1) and
(Ag) with K = 1 and L(t) = M(t) = 1, (see [18]), and put Y = BPC(R, X).

We define the operator A; as follows:

D(4;) = {p1 € L*(0,1) / p1, p1” € L*(0,1), p1(0) = p1(1) =0},
and

2 X
(Ail)on)(@) = £r(t) D

It is well known that A;(t) generates (S(¢, s))o<s<¢, which are compact with ||.S;(¢, s)|| < e—ei(t=9),

6_522(’5_5) 2(t

and for some b; > E%, we assume that [|[I';(¢, s)[| < “——, and [[(Z, s)[| < 6_522 ~ It follows
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from [13], that || R;(t, s)|| < e, where 35, = 1 — b; "
Let B;(t,s) : H — H be such that:

Bi(t,s)z =T(t,8)Aiz, for0<s<t, z€ D(A).
More appropriate conditions on operators B;, (H4) hold with Mp, = 1 and p; = 1 — b;l.
We put ((t)(x) = ((t, ), for t € RT, and we define

fl(t7$17$27 Hl((blu ¢2))
e(—w(u1+1)+1)t+1 COSZ(t + 1) 1 COS(S)e_S_t
= 99(1 + 2)2(2 + sin(1) — cos(1)) </0 gg (A1) F ¢2<3>>d8>
COSQ(t + 1) —t e*D1(tmsl,sz)sz(t,T,gl,gg)
99¢—(=m(u1+1))+1)t / ((t+7)2 + 1)

dr,

fo(t, @1, ba, Ha(¢1, ¢2))
e(t+1)2—m(u2+1)t 1 gs—(t+1)?
"~ (1 + coth®())(em — 1) / 7 (101 + leat)l)ds
N /_t sinh?(t) cos(t + 7) (D1 (t, T,€1,€2) + Da(t, 7,61, €2))
—o0 1112+ D! (1 4 2sinh?(t))

dr,

Ay (ta ¢p1 (t,t)» (ZPQ(L(Z::)) = ﬁ(ta (1, C2, E3)7 Ay (ta ¢p1 (t,t)» (ZpQ (t,at))
= ﬁ(ta (1, G2, 56)7

1 —s t
Hy(é1,é2) = /0 cos( 61(5) + do(s))ds. Ha(dr, b2)

1 gs—( t+1)3
/0 (I61(5)] + 62(5)])ds

and

@k(t, (Z)l(t)) sin (¢1 (2/€ )) , Ek(t, (l)g(t))

1
~ 113+ 1In(t +e)

77+ et
cos (ngQ (2/()) .

Using these definitions we can represent the system (5.1) in the abstract form (1.2).
For t € I, we have

’fl(ta Mty Vt,s Hl(%(t)ﬂ V(t))> - fl(t7 ;ftv Zt? Hl(;{(t)7 ﬁ(t)))‘
< cos?(t + 1)e- (it

< 99(1 + 22)2 (N2 = lls + [lv = Plls 4 [2¢(t) = ()| + || (t) = v (D)) ,

and

| fa(t, 5e0, v, Ha(5(t), v(1))) — fa(t, 54, v, Ha(52(1), U(2)))]
e~ (pa+1)t

< Tt eomrqay %~ Fe Iy = s+ lett) = 32(0)] + oe) = 7))
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So, for i = 1,2, 9;(t) = ¢i(t) = t, are continuous nondecreasing functions from (0, +00) to (0, +00).
And, we have

oo e S
gl(t) = gl(t) = 99(1 + tQ) el (Q7R )> tlg-noo ilelg/o € gl(S)dS =0,
and
Crerl LYORT), i Loty ($)ds — 0
€ , , s =0.
&0 = &) = {1 oy © LR lim su / e ey (s)ds

Now, about h;, A;, ©f and =, we have

[h1 (2, s, (521, 222) (1)) = M (L, 5, (51, 322) (1)) ]| < m (z1(t) = o2 + [[51(8) = 322(D)]]) ,

es—(t+1)?
1ha(2, 5, (321, 52)(2)) = ha(t, s, (51, 322) ()| < =77 (o) = 32l + [ (t) = 52()]) ,

12k (t, (3e1,220) (1)) — B(t, (522, 522) (1)) || <

(1(8) = s2(®)]| + [I1 (1) = (D))
113+ In(t +e) ’

)
1)

A1 (b0, ) = Mt 5, )| < o [ altss)ds(l22 — s + v — ),
t

A2 (t, 52, ve) — Aa(t, 32, 1) | <@ 6(t, s)ds(||>e — s + |lv — V),

10k (L, (321, 521) (1)) — Ok(t, (322, 522) (1)) ]| < 77+ i (221 (t) =) + [3(t) = 2(H)]]),
- 1 - 1 1 1
hq = hcl = %7 he c2 = he c2 111 (L@k,L ) <78’ 114> 5

1€l = 1]l ~4,9.107%, |6l = [|€all 1 ~ 2,7.107%
Also, we have

o1~ 4,9%x 107 + me,, 09 ~0,049.107% + m,, 05 ~2,7.107 + m.y, 06 ~0,024.107% + my,.
Then,

0.09569  0.0952
<
M ( 0.0952 0.09547)

We have for all p > 449

0.09569  0.0952\" 0
0.0952 0.09547) ~

and

) 1 1
m?x{MR (L3 + LiNi) } = max <78 + Moy 717 + maﬁ) ~0.10802 < 1.

Thus, M,;; j = 1,2, 3, converges to zero. Therefore, all conditions of Theorems 4.2 are verified. Then,
the problem (5.1) has at least one mild solution.

Now, concerning the applicability of the case when we have instantaneous impulsive, we can use the
same previous example, but change the following equations:

G(t,x) = 77+e, sin (Cl (2k a:)) , ift € Qp, € (0,1),
Go(t,x) = 1z cos (G (267)), ift € Q, z € (0,1), (5.2)
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with -
AC (g, ) = oty @) fort, =25 k€N, and z € (0,1).
1t 2) 704/1+(¢ (8, @) [+ (G2t )] F (0,1) (53)
Al (tg, z) = Bréa(ty @) ,fort, =2 k€N, and x € (0,1),

110/ 141G (1 @) [ +[¢a (8, )]

where a, = 77, B, = 117k, Q= I\{2"}en and the first two equations they will be defined in Q.
Now, we put

A t, - — ape1(ty)
k(P1(ty, ), d2(t),)) 70/ 111 ¢ I+ (6]
Ag(z(ty),lty)) = Broa(ty)

110/ 161 (1) [ +ba (8]
Using these definitions we can represent the system (5.1) in the abstract form (1.1).
On the other hand, we get

SN o L
Ak (321, 222) — Ng (321, 322) || < %(H%l — sl + |70 — 32])),
~ ~ N~ B PN

Ak (301, 222) — Ng (321, 222) || < m(H%l — sl + |70 — 3|),

Also, we have

— Qp —4 Qg
~ 4,9x107* = , & ~0,049.10 = )
G X +kz>070+m63 S +kz>070+m63

_ Bk _ B
& ~ 2,7.10 4+Zm+mf6’ g6 =~ 0,024.10 4+Zl—10+m56
k>0 k>0

Then, we get
0< M=<

0.11235 0.11186
0.10546 0.10519)

And, we have for all p > 488

0.10546 0.10519

Thus, p(Mz=) < 1, then the matrix Mz converges to zero. Therefore, all conditions of Theorems 3.4 are
verified. Then, the problem (5.1) has at least one mild solution.

(0.11235 0.11186)p 0
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