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TOPOLOGICAL DYNAMICS FOR OPERATORS GENERATED BY GROUP ACTIONS
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ABSTRACT. In this note, we characterize topologically multiple recurrence for weighted translation oper-
ators and a sequence of operators, generated by group actions. Some sufficient conditions for sequences
of operators to be disjoint topologically transitive and disjoint topologically mixing are provided as well.
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1. INTRODUCTION

In [11, 12, 13], we investigated linear dynamics of weighted translations and a sequence of opera-
tors by group actions. These dynamical properties included topological transitivity and chaos for both
translations and a sequence of operators, and disjoint topological transitivity only for translations. In
this note, we will continue this study by tackling the notions of topologically multiple recurrence, and
disjoint topological transitivity of a sequence of operators.

Linear dynamics has been studied intensely during the past five decades. These two books [2, 16] are
the classic and important references in this direction. An operator 7" on a separable Banach space X is
called topologically multiply recurrent if for every positive integer /V and every nonempty open subset
U of X, thereissomen € Nsuchthat UNnT-"UNT2"UN---NnT- Ny # (). In particular, 7T is said
to be recurrent if U N T~ "U # () holds for some n € N. In addition, we call T' topologically transitive
on X if given two nonempty open sets U,V C X, there exists n € N such that 7"U NV # (). By
definitions, topological transitivity implies recurrence. However, this is not the case for topologically
multiple recurrence. Indeed, in [15], there exists a transitive weighted backward shift on /2 (Z), which
is not topologically multiply recurrent. That is why our aim in this note is to characterize topologically
multiple recurrence.

It should be noted that the notions mentioned above can be extended from a single operator 7" to the
case of a sequence of operators (T},),en-. A sequence of operators (1), ),cn is topologically transitive in
[16] if given two nonempty open sets U,V C X, there exists n € N such that T,,U NV # (). Likewise,
in [9], we initiated the study of recurrence of (7}, ),cn below.

Definition 1.1. A sequence of operators (7,),en on a Banach space X is called topologically multiply
recurrent if for every positive integer N and every nonempty open set U in X, there is some n € N
such that

UNT, ' UNT;'UN---NTyaU # 0.
If the condition U N T,;1U # () is satisfied, then (T},) e is recurrent.
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In 2007, Bernal-Gonzalez, Bés and Peris in [3] and [7] respectively introduced the study of disjoint
topological transitivity, which is one of the generalization of topological transitivity. Since then, disjoint
linear dynamics on various spaces was studied by many authors (see [5, 6, 18, 19, 20]). Here we recall

its definition for sequences of operators (77 )02 1, (T2.1)5% 1, - -, (TN ).
Definition 1.2. ([7, Definition 2.1]) Given N > 2, the sequences of operators (71,)72 1, (T2,n)02 1, - -
, (Tnm)o2 acting on a Banach space X are disjoint topologically transitive (in short, d-topologically
transitive) if given nonempty open sets U, Vi, - - -, Vy C X, there is some n € N such that

0#UNT (Vi) N Ty, (Vo) NN Ty (Vi)
If the above condition is satisfied from some n onwards, then (77 )22 1, (T20)02 1, - - -, (TN n )5 are

said to be disjoint topologically mixing.

Another goal of this note is to give the sufficient condition for sequences of operators to be disjoint
topologically transitive. We first recall our setting of actions of locally compact groups on measure
spaces.

Definition 1.3. Let GG be a locally compact group with the identity element e. Let X be a locally
compact Hausdorff space, and let i1 be a Borel nonnegative measure on X. Then a continuous function

GxX—X, (s,x)—~sx, (s€G,reX)

is called an action of G on the measure space (X, p) if
(i) foreachx € X, ex = x;
(ii) for each s,t € Gandz € X, s(tx) = (st)z;
(iii) for each s € G, the self-mapping x — sz on X is Borel measurable and measure-preserving,
that is, for each s € G and Borel subset £ C X, sFE := {sx : = € E} is also a Borel subset of
X and p(sE) = p(E).
If this is this case, we say G acts on (X, p).

We note that if X = G is a locally compact group with the the Haar measure y, then GG acts on
(G, p) itself naturally. Besides, let X = G/ H be the quotient space where G is a locally compact group
G and H is a closed subgroup of G satisfying the modular function Ay = A¢/|y. Then there exists a
Borel measure p on G/ H such that u(gF) = pu(FE) for each g € G and each Borel set E C G/H [14],
and G acts on (G/H, iu). More examples of group actions can be found in [11, 12, 13].

In what follows, we assume that G is a locally compact group and (X, 1) is a Borel measure space.
For each 1 < p < o0, the space LP(X, i) is the usual Lebesgue space on (X, i), where X is second
countable locally compact Hausdorff so that LP(X, 1) is separable [4, Proposition 2.3]. A bounded
continuous function w : X — (0, 00) is called a weight on X. Now let G act on (X, i), and a € G.
Then the weighted translation operator T}, ,, : LP(X, u) — LP(X, p) is defined by

Towf (@) = w(x)f(a" z)
where f € LP(X,p) and z € X. If w™! is bounded, then the inverse S, ,, of T} ,, can be given by

Sawf(x) = f(ax).

Moreover, one can define a sequence of bounded linear operators Cy, : LP(X, ) — LP(X, u) by

1
CTL = §(T<Zw + Sg,w)
for all n € Z. Here only the dynamics of (C},)nen is needed to be considered due to C,, = C_,, for
all n € Z. Morover, this sequence (C},)nez can be regarded as a cosine operator function by letting

Cy, := C(n). Indeed, a mapping C from the real line into the space of continuous operators on a Banach

w(ax)
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space X is called a cosine operator function if it satisfies C(0) = I, and 2C(¢)C(s) = C(t+s) +C(t —s)
forall s,t € R. Linear dynamical properties for cosine operator functions were investigated in [1, 8, 17].

Our aim in this paper is to characterize topologically multiple recurrence for a single operator 77, ,,
and a sequence of operators (C),)nen in Section 2, and give the sufficient condition for given N > 2
sequences of operators (C1n)neN, (C2,n)neN, - - s (CN.n)nen to be disjoint topologically transitive in
Section 3.

2. RECURRENCE

In this section, we will first provide the results of recurrence. In [11, 12, 13], we applied the aperi-
odicity of the group element a € G to obtain the arguments. Here we abide by the same assumption
ona € G. An element a € G is called aperiodic with respect to the given action if for any compact
subset K C X with p(K) > 0, there exists N € N such that K N ™K = () for all n > N. This
characterization of aperiodicity is originally inspired by the group case in [10]. Indeed, if X = G, then
the definition of aperiodicity in the action is identified with that of the group case. See [10, 11, 12, 13]
for more discussion on both cases of actions and groups.

Now, we are ready to state and prove the main results. To simplify the notations, we let

-1

©on( :ﬁ (a’z) and @p(x): Hw

.7:

Theorem 2.1. Let G act on (X, i) and let a € G be aperiodic. Let w be a weight on X such that w™!
bounded. Let 1 < p < 0o. Then the following conditions are equivalent.

(i) Tow is topologically multiply recurrent on LP (X, 11).
(ii) For each N € N and each compact subset K of X with u(K) > 0, there exist a sequence of Borel
sets (Ey) in K and a strictly increasing sequence (ny) C N such that klim w(Ey) = u(K) and
—00

for1 <I <N,

lim wfnk (x)dp(x) = lim @/fnk (x)dpu(x) =0

k— o0 E; k—so00 E;

Proof. (ii) = (i). Let U be a non-empty open subset of LP(X, x1). It is known that the space C.(X)
of all continuous functions on X with compact support is dense in LP(X, ). Hence one can find
f € C.(X)NU. Let K be the compact support of f, and let x i be the characteristic function of K.
Then there exist (F}) in K and (ny) satisfy condition (ii). Therefore, we have the following estimates.
First, foreachl =1,2,---, N,

T (sl = [ 1T (e @) Pdu(e)
= [ @ulae) w0 ) () Pdua)
= [ e ayu(a ) - w(an) o) v, ()P dula)
< I | ol @)dnt@) =0
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as k — oo. Likewise,

IS (fxmlly = /\Sl”’“ Ixe)(@)[Pdp(z)

1

/X |w(ax)w(a?x) - - - w(al™z)
1

/X lw(a=t=Dz)w(a=tm=2z) - - - w(z)]
1918 | @, (2)dua) 0

Ey
as k — oo, for 1 <[ < N. In addition,

1= frmlt = / (@) — F(@)xm, (@) Pdu(z)
[ @ @)
X

- / (@) Pdp(z)
K\Ej
| P Ey) = 0

| |f (@) xp, (") Pdu(x)

|f (@) xm, (z)[Pdu(x)

IN

IN

as k — oo. Now let
vk = fxm, + S (fxEe) + Sa(fxe,) + -+ SN (fXE,)-
Then
lor = fllp < Ifxee = Fllp + 1825 (Fxm)llp + 18228 (Fxellp + - - - + [Sawt (Fxe) Iy

and

T ok = fllp < NTEE (Pl + 1T D™ (Exeo e + - -+ 1T (Fxe)
Hfxe, — Fllo + 1S5, (Fxedlls + -+ 1SO™ (fxe) lp-
Therefore
li — fllp = lim || T, — fll, =0
dim o = fllp = lm [ T55 ok — fllp
for 1 <[ < N, which says
UNT,  UNT, 2"UN---NT, N"™U # 0.

(i) = (ii). Let xx € LP(X, u) be the characteristic function of a compact set K C X with p(K) > 0.
Since a is aperiodic, there is some M such that K Na*™ K = () forn > M. Lete € (0,1), and let
U={geLP(X,pn):|lg—xxklp < €%}. Given some N € N, there exists m > M such that

UNT,2UNT,2"UN- NI, 3™U #0
due to the fact T, , is topologically multiply recurrent. Hence there exists f € LP(X, ) such that
If = xxllp <€* and T30 f = xxllp < €
fori=1,2,...,N.Let A={x € K : |f(z) — 1| > ¢}. Then
|f(z)|>1—¢ (re K\ A) and  p(A) <€
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by
S T
- / (@) — xx (@)Pdu(z)
> /A £ (@) — 1P du(z)
>

Let By, = {x € K : [Ti% f(z) — 1| > €} for 1 <1 < N. Then
\Té"]u f@)]>1-¢ (x € K\ Bim) and w(Bym) < eP

by
e > T f —xkl?
- / T (@) — e (o) Pdp(a)
> [ - Pduta)
Bl,m

> 5p:u(Bl,m)'

Now set
E,=K\(AUB;nUBy;,U---UBnm).

Then

M(K \ Em) = M(A U Bl,m U Bg,m J---u BN,m)
< ,U/(A) =+ M(Bl,m) + ,U/(Blm) T +M(BN,m) < (N + 1)€p
On the other hand, by applying K Na™ K = (),
2p
€

V

awf XKHP

- / T F(2) — e (o) Pdpu()

> [ e ) e Ve ) - xicle)Pdu(o)
amE,,

= [ @ yu(a™ ) - wlan) ) = (@) Pdu(a)

= [ @ eyu(a™ ) - wlan) o) Pd(a)
Enm

- / (ot (@) (@) P ()
En

> (1—ep /E (@)d(z)

which implies

Similarly, one can obtain
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Indeed,
> | =Xl
- / |Sa (Lo f) (@) = xx (2)P|dp(z)
- /almEm |W(azn)w(a2g;)1...w(alm$)|p’(T(ﬁ% ) (@™ ) Pdp(x)
- /m |w(@_(lm_l)m)w(a—l(lm—Q)m)...w(x)‘pKTé?u )(@)|Pdp(x)
- [ i@
S ey
Combining all these, condition (i) follows. .

If N = 1 in Theorem 2.1, then one can obtain the characterization for 7}, ,, to be recurrent immedi-
ately.

Corollary 2.2. Let G act on (X, i) and let a € G be aperiodic. Let w be a weight on X such that w™?
is bounded. Let 1 < p < 0o. Then the following conditions are equivalent.
(i) T is recurrent on LP (X, 11).
(ii) For each compact subset K of X with pu(K) > 0, there exist a sequence of Borel sets (E},) in K
and a strictly increasing sequence (ny,) C N such that kli_1>noo w(Ey) = w(K) and

lim [ @b ()du(z) = lim [ @ (2)du(x) =0
k—o0 E; k—so00 E;

Example 2.3. Let H be a closed subgroup of a locally compact group G so that GG acts on the quotient
space G/ H with a Borel measure p. Let a € G be aperiodic, and let w be a weight on G/ H. Define the
weighted translation T, ,, : LP(G/H, n) — LP(G/H, j1) by

Towf(xH) := w(xH)f(a  zH) (f e LP(G/H,pn),x € G).

For xz € G, let
—1
n n—1 ‘
H (@’zH) and @,(zH):= H w(axzH)

Then T, ,, is recurrent if, and only if, for each compact subset K of G/H with p(K') > 0, there exist a
sequence of Borel sets (Fy) in K and a strictly increasing sequence (nj) C N such that klim w(Ey) =
—00

w(K) and
lim oh (rH)dp(xH) = lim o (v)du(rH) =0
k

k—ro0 Ej k— o0 E

Next, we give the sufficient condition for a sequence of operators (Cy,)nen, generated by Ty, ., and
Sa,w, to be topologically multiply recurrent without the assumption of aperiodicity of a € G.

Theorem 2.4. Let G act on (X, ;1) and leta € G. Let w be a weight on X such that w=! is bounded.

Let1 < p < o0, and let Ty, o, be a weighted translation operator on LP(X, j1) with its inverse Sg 1. Let
Cr = 5(T7, + Siy)- Then (ii) = (i).
(i) (Cp)nen, is topologically multiply recurrent on LP (X, p).
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(ii) For each N € N and each compact subset K of X with (K > 0, there exist a sequence of Borel
sets (Ey) in K and a strictly increasing sequence (ny,) C N such thatklim w(Ey) = p(K) and
—r00

forl < s <2N,

im [ o, @)dp() = lm [ @, (@)du(x) = 0.

k—so00 E;, k—o0 E;

Proof. Let U be a non-empty open subset of LP( X, 11). By the fact that the space C..(X) of all continuous
functions on X with compact support is dense in LP(X, i), we can find f € C.(X) NU. Let K be the
compact support of f, and let y i be the characteristic function of K. Then there exist (Ey) in K and
(ny) satisfy condition (ii). As in the proof of Theorem 2.1, for 1 < s < 2N,

klim 1To (fxe)llp = hm 1S (fxe)lp = hm If = fxellp =0.
Now let
o = fxg +To%(fxe) + Tow(fxe,) + -+ Tow* (fXE,)
+S% (Fxm) + SEE(fxE,) + -+ Saek (fXE,)-
Then
lve = fllp < | fxe, — f||p+Z||Tjnk fxe,) HpJFZHS‘m’“ Ixe)lly

Jj=1 j=1
andfor/=1,2,--- N,

H2Clnkvk - 2f”p < HzfXEk - QfHP

N+l
+Z 1725 (Fx,) Hp+z 1525 (Fxe )l
7=1
N+

+Z 15278 (F x|y + Z T2 (Fxe)lp-

Hence limy,_ o v = f and limy_ Clnkvk = fforeachl =1,2, -, N. Therefore

UNC,HU)NGCy, (U)N---nCy,, (U) #0.

3. DisjoINT TOPOLOGICAL TRANSITIVITY

Given some N > 2, in this section, we will give the sufficient condition for sequences of opera-
tors (C1.n)neNs (C2n)nens - - -, (CNn)nen, generated by Ty, vy s Tag e -« *> Lay,wy respectively, to be
disjoint topologically transitive. To simplify the notations, for each [,n € N, let

n
orn(T) = le(a{x) and @y, () : H wy(a, )
j=1

Theorem 3.1. Let G act on (X, ). Given some N > 2, let aj € G and let w; be a weight on X for
1 <I<N.Letl <p<oo,andletT):="1T,, ., beaweighted translation operator on LP(X, u) with its
inverse Sy == Sq, - Let Cppy = 3 (I + SP). Then (ii) = (i).

(1) (Cim)nens (Con)nen, - - - (CN.n)nen are disjoint topologically transitive on LP(X, p).

-1
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(ii) For each compact subset K of X with pu(K) > 0, there exist a sequence of Borel sets (E},) in K
and a strictly increasing sequence (ny) C N such thatklim w(Er) = p(K)
—00

and (for1 <[l < N)

lim [ ¢, (2)du(z) =0,
E,

k—o00

k—o00

lim Piny, (@)dp(z) =0
Ey

and (for1 <l,s <N,)

lim . Pl (055 2) - DL, (2)dpa(x) = 0,

k—00

lim [ @], (a;"x) &%, (v)du(r) =0,
E, '

k—oo

and (for1 <1l,s < N withl # s,)

im [ ¢l (a;™a) - @, ()du(x) =0,
k

k—o0 E

lim [ @f, (agtz) - L, (2)dp(x) = 0.
k

k—o00 E

Proof. For 1 < | < N, let U and V; be non-empty open subsets of LP(X, ut). By the fact that the
space C.(X) of continuous functions on X with compact support is dense in LP(X, 1), we can pick
feCu(X)NU and g € Co(X) NV for each . Let K be the union of the compact supports of f and
all g;. Then there exist F;, C K and a sequence (ny) satisfy condition (ii).

For 1 <[ < N, by using the condition limy__, p(Ey) = u(K), and applying the same arguments
as in the proof of Theorem 2.1, we have

klgglo I fxE, — fllp = Jm lgixe, — gill, = 0.
Besides, for 1 <[ < N,

1™ (gixe )y

- /X TP (gix ) () Pdps(z)
- /X fwn(ywn(a ) - wnlar ™) ooy ™ ) s, (0™ )| dps )

- /X fwn (@ 2wn(a ) - - - wnlaw)gi(x) e, () du()

A

< a2 - / o (@)du(z) = 0
Ey

as k —» co. Replacing g; by f in the above estimate, limy_,o |7} (fx£,)|[p = 0.
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Moreover, using the similar arguments to the iterates S;"* with the sequence ($;,,, ), for1 <1 < N,

157" (gix el

= /X 19" (gixe, ) (@)[Pdp()
1 Tk . a™ )P -
/X lwi(ayz)wy(afx) - - - wy(a)*z )|p’gl(al )XE, (0" x)[Pdp(x)

B 1 T z)|Pdu(x
/X |wl( —ng+1 )wl(al_nk+2x)"‘wl(fﬂ)|p‘gl( )XEk( )| ,u( )

A

< Jalz- /E B, (@)du(z) = 0
k

as k —» co. Similarly, one has limj_, [|.S;"* (fx5,)|[p = 0
In addition, for 1 < 5,1 < N,

T (T2 g, ) I2
= /X wi(@)wy(a; e - - wilay, "V [PIT gox g, (] ™ ) Pdp ()
- / wr(@)wi(a; ' a) - - wi(a, V)P
ws(a; "z )w,(ag tay ") - - wy(ag T Va )P - g, (ay e ) Pdp()
= /\wl Fakx)w(a l’“fla?kaz)--‘wl(ala?kx)]p-
[ws (a2 )ws(a e - - wi(asz)| - [gsxE, (@)|du(z)
_ /E By 142) - P, (@l (@2

< llgslZ. - /E A (@) - b (2)du(z) — 0
k
as k — o0, and

157" (Sg*gsxe )y

1
= S’nk R N pd
/x |wy(z)w(aiz) - - - wl(a;zkx”p’ $*9sxE, (a; " 2)[Pdu(z)
_ / 1
X \wl(ala:)wl(al?x) .. wl(a?kw)‘l’
1

. ko™ )P d
lws(asa)* z)ws(a2a) @) - - - ws(as*a* )| 195X (a5 ) du(z)
1

/Ek lwy(a, (L) _”’“a:)wl(al_(n"’_mas_"k:c) ~wy(as " x) P

! 95 (2) Pdp()

—(nk—1

|ws (zag (ng— 2))

~ws () [P

— | o) B, @)oo, () Pin(a)
X

))ws(xas

IN

g2, - / B (057) - B (2)dps(w) — 0
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as k — oo.
On the other hand, for 1 < 5,1 < N with [ # s,

T (52 g ) I
= [ @) ey IS g o ) Pula)

- jur(wywn(ap'z) - - wylay V)
X

lws(asa; ™" x)ws(aa, " x) - - ws(asta; )P

“|gsx, (agka; ™ x)Pdp(x)

\wy (@) ag ™ x)w(a* 1a Th) - wy(agay ™) |P
_ /E % |gs (@) Pdp(x)
k

" a)w (a5 ) - wg(a) P

- /‘plnk( s kx) - o (2)]gsx e, (7)[Pdu(r)

lws(as

< Ylgsln. - /E o (a5) - B (2)dp(x) — 0
k
as k — o0, and

1S, (T7* gsxe,) 1B

1
T ™) Pd
;o o P

- \ws(a;*z)ws(a; a)*z) - - ws(as( . l)a?’“xﬂp
a / lwi(az)wi(ajz) - - - wi(a)* )P
/ |ws(afra)ws (ags ) - - ws(asz)[P
lwi(a

"’“Ha?kx)wl(al M2 ) g (at ) [P

“|gsxm, (ag ™ a) x) Pdp(x)

9sx, (2)[Pdp(x)

= [ F @), @) Pduta)
E

k
< sl - /E B (@) - B (@)dp(z) — 0
k

as k — oo.
Combining all the estimates above, we are ready to achieve our goal. Indeed, for each k£ € N, let

ve = fxe, + T1*(9ixg,) + 1% (92xE,) + -+ TN (9vXE,)
+ ST (g1xE,) + S5 (92xE,) + - + SN (gNXE,)-
Then

N N
lor = Fllp < 1fxe = Fllp + DN (axe)llp + Y 157 (gixe)llp

and

12C1n,, 06 — 2a1lp

N N
< T ()l + D IT T8 (gsx) o + loxs, = allo+ D 1T S8 (gsxm)llp
s=1 s=1,s#l
N N
ISP Exe) e+ D IS T (gsxm) o + laxs, = aillp + D 157 S{ (g5x8) -
s=1,s#l s=1
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Hence limy, 0o v = f and limy_,oo Cp p, vi, = g for I = 1,2, - -, N. Therefore we obtain
0AUNC, (V)NCy, (Va)N---NCRL (V).

g

By strengthening the condition (ii) of Theorem 3.1, the characterization of disjoint topological mixing
for (C1 n)nen, (C2.n)nens - - -, (CN.n)nen is given below.

Corollary 3.2. Let G act on (X, u). Given some N > 2, let a; € G and let w; be a weight on X for
1 <I<N.Letl <p<oo,andletT):=1T,, ,, bea weighted translation operator on LP(X, p) with its
inverse Sy := Sq,uw,- Let Cp = 5 (I}" 4+ S). Then (ii) = (i).
(1) (Cim)nens (Comn)nen, - - - (CNn)nen are disjoint topologically mixing on LP(X, 11).
(ii) For each compact subset K of X with pi(K) > 0, there exists a sequence of Borel sets (E},) in K
such that lim p(E,) = p(K)
n—-ao0
and (for1 <[ < N)

lim [ o, (@)du(z) = 0,

n—oo

lim P p(@)du(z) =0

n—o0

and (for1 <l,s < N,)

lim [ @y, (a5z) - oL, (x)dp(x) =0,

n—0o0 E
n

lim [ &, (a5"x) - &, (x)dp(x) = 0,

n—oo E
n

and (for1 <l,s < N withl # s,)

n—oo

lim [ @] (agz) - oL, (w)dp(z) = 0.

n—o0 E
n

Example 3.3. Let X = G =R andlet a; = 2 and ay = 5. Let w; = wa := w be a weight on R. Then
15, and T5 ,, are given by

Towf(z) = w(@)f(-2+2) and Tauf(r) :=w(x)f(=5+ )
where f € LP(R) and = € R. Let

1 1
Cin= ) (T;w + Sg,w) and Gy = 2 (ngw * Sg’w)

)

where S5, and S, are the inverses of T3 ,, and T5 ,, respectively. Then (C1 p)nen, (Co,n)nen are
disjoint topologically mixing if given each compact subset K of R, there exists a sequence of Borel sets
(Ey) in K such that lim wu(E,) = u(K)

n—ao0
and (for 1 <[ < 2)

n11—>120 . cpf’n(:n)dx =0,
: ~p _
nll_}n;o Py (x)dr =0

and (for 1 <1[,5 < 2)
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lm [ (~am ) @ (@)dr =0,

and (for 1 <1l,s < 2with[ # s,)

lim [ of (—asn +x) - G, (2)de =0,

Jim . Grnlasn +z) - @f  (v)dx = 0.

4. CONCLUSION

In this paper, we mainly tackle the notions of topologically multiple recurrence, disjoint topologi-
cal transitivity, and disjoint topological mixing for weighted translation operators and a sequence of
operators, generated by group actions. All these results provide a class of examples including single op-
erators and sequences of operators, which possess these dynamical properties under some conditions.
This note generalizes and subsumes some previous work on this direction.
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