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ABSTRACT. This paper aims to approximate the solution of the split common null point problem (S, CNPP)
using the graph convergence of monotone mappings. We apply the equivalence between graph conver-
gence of monotone mappings and convergence of the associated resolvent operators to prove that the
sequence generated by the proposed algorithm converges to the solution of S,CNPP. Both weak and
strong convergence of the sequence produced by the proposed method are discussed. We validate the
main result with the help of numerical examples in finite and infinite dimensional Hilbert spaces.
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1. INTRODUCTION
Throughout this paper, we use the following notation and symbols:

VIP; : Variational inequality problems;
SpVIP :  Split variational inequality problem;
Sp,CNPP : Split common null point problem;

SpMVIP @ Split monotone variational inclusion problem;
N :  Setof natural numbers;

H,H; and Hy : Real Hilbert spaces;

(yand| -|| : Inner product and norm induced by inner product in H,
(vhrand| |1 :  Inner product and norm induced by inner product in Hy;
(v)eand | -|l2 : Inner product and norm induced by inner product in Hy;

— :  Strong convergence;
— :  Weak convergence.

Variational inequality problems (VIPs), introduced by Guido Stampacchia, provide a unified frame-
work for modeling optimization, equilibrium, and complementarity problems; see, for example, [9, 16,
22] and references therein. Owing to their broad applicability in economics, engineering, mechanics,
transportation, image processing, and network analysis, VIPs have become a central topic in nonlinear
analysis and optimization. Over the years, numerous iterative methods have been developed to solve
VIPs under various assumptions on the underlying operators, leading to significant advances in both
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theory and computation. Consequently, variational inequality problems continue to attract consider-
able research attention, with many recent studies focusing on new algorithms, convergence analysis,
and practical applications; see, for example, [13, 19, 20, 21, 27] and references therein.

In the magnificent work, Censor et al. [14] brought into existence a new type of variational inequality
problem named split variational inequality problem (S, VIP):

Find z* € Cy such that (p1(z*),x — ") >0, forallx € Cy,
and such that y* = Az* € Cy solves (p2(y*),y — y*) > 0, for all y € Cs,
where C; and C; are closed, convex subsets of Hilbert spaces H; and Hoy, respectively; A : H; — Hy
is a bounded linear operator; ¢; : H; — H; and ¢y : Hy — Hy are two mappings.
Moudafi [26] extended the split variational inequality problem to split monotone variational inclu-
sion problem (S,MVIP):
Find 2* € H; such that 0 € ¢ (2*) + M ("),
and such that y* = Az* € Hy solves 0 € pa2(y*) + N(y*),
where M : H; — 2%t and N : Hy — 2M2 are multivalued mappings on H; and H respectively;
A : H; — Hy is a bounded linear operator; ¢ : H; — Hj and @2 : Ho — Hy are two single-valued
mappings.
Moudafi [26] proposed an iterative algorithm to find the solution of S,MVIP. Let i > 0, select an
arbitrary starting point ¢ € H;. Compute
Tpy1 = Ulzn +vAY(V — 1) Axy)], (1.1)
where v € (0,1/L) with L being spectral radius of operator A*A, A* is the adjoint operator of A,
U= Rﬂ/l(l — ppr)and V = Rfy([ — [p2).
If o1 = 2 = 0, then we have the following split common null point problem (S,CNPP) for set-
valued maximal monotone mappings, introduced and studied by Byrne et al. [12]:

Find z* € H; such that 0 € M (z*),
and such that y* = Az* € Hy solves 0 € N(y*).

They proposed the following iterative algorithm to find the solution of S,CNPP. Let 1 > 0, select
starting point g € H;. Compute

Tpy1 = Rﬁ/l [z + A (I — Rﬁ)Aazn], (1.2)

L = ||A*A||,and v € (0,2/L). Byrne implemented the Krasnosel’skii-Mann theorem to prove that the
sequence generated by (1.2) converges weakly to the solution of S,CNPP.

Theorem 1.1. [12] Let H; and Hy be two real Hilbert spaces. Given two set-valued maximal monotone
mappings M : Hy — 21 and N : Hy — 282 and a bounded linear operator A : H; — Hy, any sequence
{zn}72 o generated by Algorithm (1.2) converges weakly to the solution of S,CNPP provided the solution
exists andy € (0,2/L), where L = || AA¥|.

In the previous years, numerous iterative methods have been developed to solve split problems, for
example, viscosity-type methods [4, 7], Halpern-type method [5, 1], self-adaptive methods [15, 17],
extragradient method [18], dynamic techniques [2] and references therein.

The graph convergence of monotone mappings, given by Attouch [8], have also been used to find
the solution of variational inclusion problems. Huang [23] introduced and applied the concept of graph
convergence of H (-, -)-accretive operator to find the solution of variational inclusion problem. Ahmad
et al. [3] applied graph convergence of H (-, -)-Co-accretive mapping to approximate the solution of
system of generalized variational inclusions problems in Banach spaces.
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Motivated by the works of Censor et al. [14], Moudafi [26], Byrne et al. [12], Li and Huang [23] and
Ahmad et al. [3] in this paper, we are concerned with the study of S,CNPP for strongly monotone
mappings. We prove the strong convergence of the sequence generated by the proposed algorithm
applying the graph convergence of maximal monotone and associated resolvent operator convergence
in the framework of real Hilbert spaces.

This paper is organized as follows. In Section 2, preliminaries and important definitions are provided.
Section 3 describes our iterative method and the main results of the paper including some useful lem-
mas. To support the theoretical findings, some numerical examples are provided in finite and infinite
dimensional spaces in Section 4. Finally, a brief conclusion of the work is discussed in the last section.

2. PRELIMINARIES

In this section some useful definitions and results will be discussed, which will be applied later to
achieve our goal.
Definition 2.1. Let M : H — H be a single valued mapping, then
(i) M is said to be monotone if
(M(z) — M(y),x —y) >0, Vo,y € HL.
(if) M is said to be strongly monotone, if there exists a constant 7 > 0 such that
<M($) - M(y)vx - y> Z THJ; - ?/H27 vx??/ € H.
(if) M is said to be T-inverse strongly monotone, if there exists a constant 7 > 0 such that
(M(z) — M(y),z — y) = 7| M(z) — M)|1%, ¥ 2,y € H.
Definition 2.2. Let M : H — 2" be a set-valued mapping, then
(i) the graph of M is defined as
Graph(M) ={(z,y) e HxH:y € M(z)};
(ii) the range of M is defined as
Range(M)={y € H: 3z € H: (x,y) € Graph(M)};
(iii) the inverse of M is defined as
M~ ={(y.x) : y € M(2)}.

Definition 2.3. A set-valued mapping M is said to be monotone if (u — v,z — y) > 0, for all u €
M(x),v € M(y). Amonotone mapping M is called a maximal monotone if for z,y € Handu € M (z)
such that

(u—wv,M(x) — M(y)) > 0,Y(y,v) € Graph(M)
implies that (z,u) € Graph(M). In other words, we can say M is said to be maximal monotone if
there exists no other monotone mapping whose graph properly contains the graph of M.

Definition 2.4. Let M : H — 2 be a set-valued monotone mapping on Hilbert space H, then the
resolvent of M is defined by
M —
Ry (x) = [I + pM] ™ (x),
where [ is the identity mapping on H and y > 0. A resolvent operator of maximal monotone operator
is single valued and firmly nonexpansive.

Definition 2.5. A mapping F' : H — H is said to be averaged if and only if it can be written as the
average of the identity mapping and a nonexpansive mapping, namely F' = (1 — o) + .S, where
a € (0,1) and S : H — H is nonexpansive.
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Proposition 2.6. [11, 10]

(i) IfF = (1—a)S+aT, where S : H — H is averaged, T : H — H is nonexpansive and o € (0, 1),
then F' is averaged.
(ii) If the mappings {gpi}ij\il are averaged and have a nonempty common fixed point, then

iii) If F' is T-inverse strongly monotone mapping, then fory > 0,~vF is Z-inverse strongly monotone.
gLy pping. Y Y ~ gLy

(iv) F is averaged if and only if, its complement I — F' is T-inverse strongly monotone for some T > 3.

Definition 2.7. [24] Let M,,, M : H — 2" be maximal monotone mappings for n € N. The sequence

of monotone operator { M,, } is said to be graph convergence to M, denoted by M, 9 M , if for every
(u,v) € graph(M) there exists a sequence (un,v,) € graph(M,) such that u,, — u, v, — v as
n — oo.

Lemma 2.8. [8] Let M,,, M : H — 2% be maximal monotone mappings forn € N. Then M, 9y M if
and only ifRfY” (u) — Rﬁ/f(u) for everyu € H and p > 0.

Remark 2.9. [28] If N~1(0) # 0, then (u — RYu, R}, u — p) > 0, for each u € Hy, each p € N~1(0)
and p > 0.

Lemma 2.10. [29] Let {a,}, {b,} be two nonnegative sequences of real numbers satisfying

ant1 < kan + by,
such that0 < k < 1, b, = 0 asn — oo. Thenlim,,_, a, = 0.
Theorem 2.11. (Kasnosel’skii-Mann Theorem [25]) Let F' : H — H be an averaged and Fix(F) # 0.
Then for any arbitrary point zo € H, the sequence { F""(zo)} converges weakly to a fixed point of F.

3. MAIN RESULTS

Suppose that (S, CNPP) is consistent and the solution set is denoted by
Q={2"cH; :0e M(z*)and 0 € N(Az")}.
Remark 3.1. Let M be a maximal monotone mapping then for any p; > 0, it is easy to see that
0€e M(u) = uce Fix(R%) S u= R%(u)

Based on Algorithm (1.2), introduced by Byrne [12], we suggest the following iterative algorithm.

Algorithm 3.2. Let iy > 0,42 >0
Step 0 Choose an arbitrary ug € Hy and let n = 0.
Step 1 Given u,, € Hy, compute up 1 € Hj as

Upp1 = R%" [up, —yA*(I — Rﬁ;”)Aun], (3.1)
Step 2 updaten = n + 1 and go to Step 1.
wherey € (0, %) with L being the spectral radius of operator A* A.

Now, we derive the following result for strongly maximal monotone mappings to obtain the Lipschitz
estimate.
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Lemma 3.3. Let M be a strongly monotone mapping with constant r. Then ley associated with M is

leﬁ-Lipschitz continuous, that is
1
||R/]y(u) - Rﬁ/l(v)H < . +MT||U—U||, Vu,v € Hand p > 0.
Proof. Let u,v € H, then
RYu=(I+pM)"'u and Ry'v=(I+pM) 'v), (3.2)

using, (3.2), we obtain

1 1

;(u — R%u) € M(Ryu) and ;(v - Rfyv) € M(Rfyv).
Since M is r-strongly monotone, we have

1 1

(; (u— Rfyu) > (v— Rﬁ/‘[v) ,Rﬂ/lu - Rﬂ/lw > 7‘||Rﬁ/‘[u - Rﬁ/‘lvﬂ2
(u— v, (Rﬂju — R%v)) — <Rﬁ/lu — Rﬁ/lv,Rﬂdu — Rﬁ%) > ,urHRqu — Rﬁ/lv\|2
Since (z, ) = ||z||? and |(z,y)| < , we conclude that
IR~ Yol < = o,

that is, RM is § + -Lipschitz continuous. O

Lemma 3.4. Let M,, M : H — 2% are r-strongly maximal monotone mappings forn € N. Then
M, % M if and only lfRﬁ/[” (u) — Rfy(u) for everyu € H and p > 0.

Proof. Let M, 9, M, we have to show that Rﬂ/[" (u) — Rl]y(u) for every v € H and p > 0.
Let x € H such that z, = Ri\f[" (z)and z = Rﬁ/l (z). Then, we obtain

(2, /i(x =) € Graph(M,) and (=, ;(x _2)) € Graph(M),

then there exist ( 2, Y )Graph(M,,) such that z, — z,y,, — %L(a: —z).
Since y,, € M,(z,), we have

wy, € pMn(z,)
Zn iy, € [+ pMn](z,)
RM"(zn—i—,uyn) = z,. (3.3)
Since R/]y" is § +w" -Lipschitz continuous, we get
lzn =2l < llzn = 20l + 12, — 2]l
< R (@) = RY™ (2, + pyn) | + N1z, — 2|
= w w n n n
]. / ’ /

< ol Gat )l Nl =

< o= G ) — 2+ 2l + Dz

= 7 + €T zZ ,uyn z z Z z

< I (@ = 2) =)l + 1z — =l + 12— 2 = 0, n— o,

1—i—m"
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that is Rfy" (x) — Ry(x) for every x € H and px > 0. Conversely, let us assume that Rﬁ/[" (x) —

Rﬁ/[(u) forevery x € Hand it > 0. Then we have to show that M), 9, M. For any (z,y) € Graph(M),
we have

z+py € [+ pM](x)
and so x = Rfy(m + py) and x, = Rﬂ/fn (x + py). Then we have i(m — Ty + py) € My (zy,) and let

Yn = %(w — xy, + py). It follows from

1
lgn =yl =l (@ =2+ py) =yl
1
< —|lz—xu|| >0, n— oo,
,u
that is, M, 9, M. This completes the proof. g
Lemma 3.5. v € Hy solves S,CNPP if and only if
u= R} [u—~vA*(I — R}),)Au]. (3.4)
Proof. Let u solves S,CNPP then R% u = uand Rﬁg Au = Au, this implies that
R% [u—~A*(I — Rﬁg)Au] = R% [u—vA*(Au — RIJLAU)]
M *
= R, u—vyA"(Au — Au)|
M
= R#l [u]
= u. (3.5)

Conversely, let u = R% [u—'yA*(I—Rﬁg)Au], this implies that u = (I+u; M)~! [u—fyA*(I—Rﬁg)Au]
or i[(u — YA (I — R%)Au) —u] € M(u).
Let p € Q # (), that is, 0 € M(p), 0 € N(Ap), using the monotonicity of M, we have

1

(E[(u — yA*(I — R%)Au) —ul, u—p)y; > 0,
gl *
E<_A (I - R},)Au, u—p)1 > 0,
* N
(A"(I = R,,)Au, u—p)1 < 0,
N
(I = Ry,)Au, Au— Ap)s < 0,
(Au— R} Au, Au—Ap); < 0 (3.6)
On the other hand for p € 2 and v € Hj, using Remark 2.9, we have
(Au— R}, Au, R}, Au— Ap)s > 0. (3.7)
Adding (3.6) and (3.7), we obtain
0> (Au — R}, Au, Au— R)} Au); = || Au— R, Au|3 > 0, (3.8)

which implies that ||Au — RfiAuH = 0, that is RﬁgAu = Au, that is Au solves 0 € N(Au). Put
Rfyz Au = Aw in (3.5), we have R%u = u, u solves 0 € M (u). This completes the proof. O

Theorem 3.6. Let Hy, Ho be Hilbert spaces; M, M,, : H; — 2H1 pe set-valued ri-strongly maximal
monotone mappings and N, N,, : Hy — 292 are set-valued ro-strongly maximal monotone mappings
such that M, g> M and N, £> N. Let A : Hy — Hy be a bounded linear operator. Then the sequence
{zn} generated by Algorithm 3.2 converges strongly to a solution of S,CNPP.
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Proof. Define F': H; — H; by
F(u) = R%" [u —~yA*(I — Rﬁ;")Au]. (3.9)

We know that R%" is averaged being firmly nonexpansive. Therefore by Proposition 2.6, I — R%" is
inverse strongly monotone for some o > % Hence vA*(I — Ri);) is %—inverse strongly monotone

with0 < v < % and its complement [ — yA* (I — Rﬁg) is averaged and hence nonexpansive, for more
details see [26]. Thus, from Lemma 3.3, we have for all u, v € Hj, we have

IF(w) = F(o)ll = | Ry [u— yA*(I = Rj) Au] — Ryl [v — yA*(I — Rpr) Avl|ly

1 . \
= I —yA*(I = R AJu — [I — yA*(I — R)™) Ay
1
T = . 3.10
o 1+7"1/«51||u le ( )

Since 71 > 0, 11 > 0then 0 < ﬁ < 1, therefore F' = Rﬁ/{" [I —~vyA*(I — Rﬁ;")A] is a contraction
and has unique fixed point in H;. Let u be a fixed point of F' . Now, we prove that sequence {u, }
generated by Algorithm 3.2 converges strongly to u. From Lemma 3.5, we have

[unt1 — ulls = [ Ryt [un — YA*(I = R Aup — R [u — vA*(I = Ry,) Ad] |y
= || Ry up — yA*(I — RI}r) Aup) — Ry u — yA*(I — Ry),) Aul
+ R [u — yA*(I — RY)Au] — RM[u — vA*(I — RY,) Au]||,

< ||Rpi[un — ¥ A (I = R Aug] — R u = vA* (I = R} ullh

+ HR%” [u—~yA*(I — Rﬁ;)Au] — R%[u — yA*(I — Rﬁg)Au]Hl.

1
14+rip1

Since R%" is -Lipschitz continuous, we have

_ < - -
[t g1 — ull1 < T
+ IRV u— yA (I = R)})Au] — R [u — yA*(I — R)},) Aul|)1
B 1
14
[ = (1 = B Au — [T — yA*(I - R}, Ad]] )

+ || R [u = yA* (I = Rjj)u] — Rjj[I —vA*(I = R}},)| Aullx

I —~A* (I = Rpy) Alun — [T = yA*(I = R}J,) Alullx

(N0 =7 A (1 = Y)Y Auy = [T = 7A*(1 = Ry )1 Au

< - _ *(1 _ pNp _ o *(7 _ PNy
< 1 (I =247 = B A — [ =A% = RI7) AJuly

[ =y AS = R Au — [ — AT — Rfl)]AUH)
+ HR%" [u—~yA*(I — Ri\;)u] — R%[u —yA* (I — Rﬁ;)Au]Hl.
Lemma 2.8 states that M, 9, M ifand only if R%” (u) — R%(u) for every u € Hj and p1 > 0. Since

[I —~A*(I — Rﬁg)A] : Hy — H; implies that [[ — yA*(] — Rﬁg)Au] € H;, Vu € Hy and pp > 0
then using Lemma 2.8, we conclude that

IR (I — yA*(I = R)})Au] — R [I — yA*(I — R},)Au]ly — 0, n — oc. (3.11)
If Rﬁ;" (u) — Rﬁg (u) for every u € Hy. Since Au € Hy, for all u € Hj, we have that

IRY (Au) — RY (Au)||z — 0, asn — oo,
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or

H(I — RZ”)(AU) — (I — Rﬁ;)(Au)Hg —0asn — oo.

Since A is a bounded linear operator then so is A*. Thus, we have

I —~A"(I — Rﬁg")Au] — [ —~A*(I - Rﬁg)Au]Hg —0asn— oo.

Since [I — yA*(I — Rly )] is nonexpansive being averaged. Thus we have

1

14+7rim
where by, = [|[[I —vA*(I = R} Au—[I —yA*(I - R}))]Aul| and ¢,, = || R}I" [u—~vA*(I — Rl Ju] —

R%[u —yA*(I — Rﬁg)u] ||. Let dy, = by, + ¢y, since b, — 0, ¢;, — 0, which implies d,, — 0 asn — oo,

we have

[tnt1 —uli < [un = ully +bn + cn (3.12)

[t [un = ull1 + dn,

—ully <
14+rim
using Lemma 2.10, we conclude that ||u, 1 — u|| — 0. This completes the proof. O

Theorem 3.7. Let Hy, Ho be Hilbert spaces; M, M,, : H; — 2H1 pe set-valued r1-strongly maximal
monotone mappings and N, N,, : Hy — 252 are set-valued ro-strongly maximal monotone mappings

such that M, g> M and N,, g> N. Let A : Hy — Hy be a bounded linear operator. Then the sequence
{zn} generated by Algorithm 3.2 weakly converges to a solution of S, CNPP.

Proof. Itisknown to us that the operator I —yA*(1 —Rﬁ;’”) isaveraged. Since the resolvent of monotone
mappings are averaged, then by Lemma 2.6, the composition R%" [[ —yA*(I — Rﬁ;’")A] is averaged.
Hence by Theorem 2.11, the sequence obtained by Algorithm 3.2 weakly converges to a fixed point of
R%" [I—~vA*(I— Rﬁg” )A]. From Lemma 3.5, we conclude that fixed point of R%" [[—~vA*(I— R{X; )A]
is the solution of S,CNPP.

O

4. NUMERICAL EXAMPLE

Example 4.1. (Finite dimension) Let H; = Hy = R2 endowed with the inner product (u,v) = ujv; +
ugve V u = (u1,uz),v = (v1,v2) € R? and corresponding norm ||ul| = \/u? + u3, V (uy,u2) € R2.
We define the monotone operators M and M,, as follows:

Uy Uug 1
M(u1, ug) = (u1, =), Mp(u1, ug) = (u1, = + =)
2 2 n
It can be easily seen that the mappings M and M, are %—strongly monotone. The resolvents of operators
M and M,, with parameter j1; are given below:

(51 QUQ
RM =
o (11 u2) <1+u1’ 2+u1>

and

(51 U2 211
RM'n = [} - ’
i1 (w1, u2) (1 +pr 2+ (24 M1)n2>

The mappings N and N,, are defined as :

1
N(u1, u2) = (u1, 2uz) and Ny (u1, ug) = (u1 + - 2ug),
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which are 2-strongly monotone. The resolvents of operators N and N,, with parameter (9 are given
below:

(/5] u9
RY =
(01, u2) <1+u2’ 1+2u2>

and
u1l M2 u2
RN (yy, — , .
(11, 12) = <1+M2 (1+ p2)n 1+2M2>
Let the bounded linear operator A is defined by A(u1,u2) = (%, ). Then for A*A = 7I,L =

1y=3€(04), =3 = % We plot the ||u,, — ul| for three different initial values:

Case (A1) : ug = (11,21)7,

Case (A2) : ug = (1,—-10)7,

Case (A3) : ug = (—0.5,2.5)7".

It is noted that the sequence {u,} converges to the solution {0} without any hurdle as shown in Fig-
ure 1.

2.5 I I
= (11, 21)”
2+ :(1 -10)"
= = (=05, 2.5)"
S 15F
|
<1 ]
=
05 1
O L | | |
0 10 20 30 40 50 60

[teration n

FIGURE 1. Convergence of {u,} for three initial values in R?

Example 4.2. (Infinite dimension) Let H; = Hy = L?([0, 1]) endowed with the inner product

/f tdt, Vf.ge L2(0,1]),

1= ([ wora) "

We define the operators M and M,, by

and the corresponding norm

where
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The resolvents of M and M,, with parameter y; > 0 are given by

M __ SO e _ O —m/n?
Rul (f)(t) - 1 —|—u1a(t)’ Rul (f)(t) - 1 +M1a(t) .
The operators N and N, are defined by N (f)(t) = b(t)f(t), Nn(f)(t) =b(t)f(t) + L, where
1, telo, gl
ot) = {2, te (3,1,
The resolvents of N and N,, with parameter py > 0 are

0.5 .
uy = —3sin(nt)
0.4} ug = 2¢
= up = e %
<
S 03 :
|
L o2t |
=
0.1 -
O R — L 1 1
0 10 20 30 40 50 60

[terationn n

FIGURE 2. Convergence of {u,,} for three initial values in L2[0, 1]

f(t) — p2/n

@) .
RN (£)(t) RY i

14 pgb(t)” T2
Let A : L%([0,1]) — L?([0, 1]) be defined by

AN = 57(0).

Then A* = A and A*A = %I, so the spectral radius is L = %. Hence, we choose v = i € (0,4),
w1 = 0.5 and po = 0.25. The convergence of {u,, } is illustrated in Figure 2 using the following three
initial values.

Case (B1) : ug = —3sin(nt),

Case (B2) : ug = 2t,

Case (B3) : ug = exp(—2t).

(@) =

Example 4.3. (Finite dimension) Let H; = Hs = R equipped with the inner product (u,v) = u’v

5
and the norm is ||u||> = >_ |uy,|? for all u,v € R®. Consider the bounded linear operator
n=1

1

Il
co oo~
coownwo
oo~ oo
ocwo oo
N OO oo
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we can easily calculate that the spectral radius is L = 9. We choose v = %, H1 = % and pg = i. Define
the monotone operators M, N : R — R by

M (u) = Du, N(v) = Ew,

where
2 0 0 00 300 00
03 000 02000
D=]0 0 4 0 0], E=]10 0 5 0 0
00 0 5 0 0 00 40
000 O0®6 0 00 0 3

For each n > 0, define

M, (u) = <D + n}r21> u,  Nn(v) = <E + 2(n1+2)1> .

We have M, 9 M ,and N, 9 N.The corresponding resolvent operators are

1 -1 1 -1
M N,
H ( M( +n+2 >> o and Ry ( M( 2(n +2) ))

Since both D and E are symmetric positive definite matrices, the operators M and N are strongly
monotone; Hence, the split common null point problem admits the unique solution u* = (0,0, 0,0,0)%".
Algorithm 3.2 is implemented with the parameters specified above and the following three initial val-
ues:

Case (C1) : up = (5,4,3,2,1)7T,

Case (C3) : up = (—3,2, 1,4, -2)7,

Case (C3) : up = (10, —8,6, —4,2)T.

The convergence behavior of Algorithm 3.2 is illustrated by plotting the sequence {||up+1 — un|}
against the iteration number for the above three initial values in Figure 3. In all cases, the gener-
ated sequence converges to the unique solution u* = (0,0,0, 0,0, )T, demonstrating the convergence
and stability of the proposed algorithm.

7 T T T
ug = (5,4,3,2,1)7

Uy = (_3727 _1747_2)T N
ug = (10, —8,6,—4,2)T

Hun+1 - unH

10 15 20
Iteration n

FIGURE 3. Convergence of {u,,} for three initial values in R®
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5. CONCLUSION

In this paper, we deal with the split common null point problem for set-valued strongly maximal
monotone mappings. We proposed an iterative algorithm and proved the convergence of the algorithm
using the concept of graph convergence of the associated resolvent operators. We proved that the
sequence generated by the proposed algorithm converges strongly to the solution of S,CNPP. Theo-
retical ideas have been elaborated with the help of numerical examples in finite and infinite dimensional
Hilbert spaces demonstrating the effectiveness of the proposed algorithm.

We note that the idea of graph convergence for approximating solutions of the S,CNPP deserves
further investigation in the context of generalized monotone mappings to solve split S,CNPP and
SpMVIP in the setting of Hilbert and Banach spaces.
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