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ABSTRACT. In this paper, a new class of mapping that unifies various classes of mappings associated
with the class of asymptotically nonexpansive mappings is introduced. In addition, an iterative technique
for approximation of fixed points of this class of mappings is introduced and studied in the setting of
uniformly convex real Banach space. Moreover, Demiclosedness principle for the class of mapping under
study is proved; in addition, weak and strong convergence theorems are obtained. The theorems obtained
augment, generalize, improve and unify several results that are recently announced. The method of proof
used is of independent interest.
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1. INTRODUCTION

A lot of work cum research had been carried out (in recent past) on several classes of mappings that
are intimateely connected with the class of nonexpansive mappings and asymptotically nonexpansive
mappings (see, for example, Goebel and Kirk [12], Bruck et al. [4], Sahu [20], Alber et al. [1], Rhoades
and Temir [15], Chidume, Ofoedu and Zegeye [11], Mukhamedov and Saburov [14], Ofoedu and Madu
[16] and the references therein).

Motivated by the reseacrh of the authors mentioned above, it is our aim in this paper to study an
approximation method for approximate solution of nonlinear equations involving a new class of S-
generalized asymptoitcally nonexpansive mappings in the setting of uniformly convex real Banach
spaces. Demiclossedness principle for this class of mappings is obtained; weak and strong convergence
theorems are established under some mild conditions on iterative parameters. The results obtained
augment and unify several results in the literature.

This paper is organized as follows: in Section 2, preliminaries and a clear problem statement are pro-
vided; several definitions and explanation of concepts are presented. Demiclosedness Principle for the
new class of mapping introduced is proved. Several Lemmas that aided the establishment of the main
results obtained in this paper are presented. In Section 3, the main results of this research are presented,
and this section is broken into four subsections for sequential flow of the results obtained. Sections 4
shall take care of conclusion; followed by Declarations of conflict of interest and acknowledgments.
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2. PRELIMINARIES
In order to put things in the right perspective, we shall commence with the following definitions and

explanation of terms and concepts that shall be encountered in the sequel:

Let E be a real normed linear space, let T : D(T) C E — R(T) C E be a mapping, a point
x € D(T) is called a fixed point of 7" if and only if Tz = x. The set of all fixed points of a mapping T’
is denoted by F(T"). Thus, F(T') = {u € D(T) : Tu = u}
A mapping T : D(T) C E — R(T) C E'is called a contraction if and only if there exists a constant
k € ]0,1) such that for all z,y € D(T),

[Tz — Tyl < klle —yl|.
A mapping T : D(T) C E — R(T) C E is called nonexpansive if and only if for all z,y € D(T),
[Tz =Tyl < [l —yll

It is well known that every contraction is nonexpansive, but the converse is however not the case.
Amapping T : D(T) C E — R(T') C E is said to be Lipschitz if and only if there exists a constant
L > 0 such that for all z,y € D(T),

[Tz — Tyl < Lijz -y

It is easy to see that every nonexpansive mapping is Lipschitz with Lipschitz constant L = 1. Some
authors usually refer to Lipschitz mappings as L-Lipschitzian mappings (see, for example, Goebel and
Kirk [12], Chidume and Zegeye [11], Ofoedu [15].

A mapping T : D(T) C E — R(T) C F is said to be uniformly L-Lipschitzian if and only if
there exists a constant L > 0 such that for all z,y € D(T'),Vn > 1,
[Tz = T"y|| < Lz —y|.
A mapping T : D(T) C E — R(T') C E is said to be asymptotically nonexpansive [12] if there
exists a sequence {kp}p>1 C [0,00) with lim &, = 1 suchthatforallz,y € D(T),Vn >1
- n—oo
770~ T < Kl — ).

Every asymptotically nonexpansive mapping is uniformly L- Lipschitzian thus, L- Lipschitzian and
continuous. Every nonexpansive mapping is asymptotically nonexpansive.

The following example shows that the class of asymptotically nonexpansive mappings is larger than
that of nonexpansive mappings:

Examplez 1. (Goebel and Kirk, [12]). Let C denote the unit ball of the space Iy := {x = (z1, 22,23, ) :
o0
= (3 |2:]%)% and let
n=1
T:C — C’ be defined by T'(x1, x9,z3,--+) = (0,22, asxe,agxs, ) for all (v1,z2,73,---) € C,
(o]

z; € R, Z |z;|> < oo} endowed with the norm ,

1
where {a;};> 1 is a sequence of numbers in (0,1) and H ai = 5. Then, T is a Lipschitz mapping,
=2
asymptotically nonexpansive but is not nonexpansive.

A mapping T': D(T) C E — R(T) C E is called nearly Lipschitzian [20] if Vn € N, there exist
an, ky, € [0, 00) with li_>m ap = 0 such that Vo, y € D(T), Vn € N,
n—oo

17"z — Tyl < En(llz — yll + an)- (2.1)
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Now, define

[Tz — Ty

n(T"):=sup (——— :x,y e K,x#y (2.2)
(e=al+on )

Observe that for any sequence {ky, },>1 satistying (2.1), n(T") < k,, for all n € N and that

|77 — Ty < 9(T™) (& — yll + an) Yo,y € Kyn € N (23)
n(T™) is called the nearly Lipschitzian constant. A nearly Lipschitzian mapping 7 is called

(i) nearly contraction if n(7") < 1 foralln € N.
(ii) nearly nonexpansive if n(7") =1 foralln € N.
(ili) nearly asymptotically nonexpansive if n(7") > 1 foralln € Nand lim n(7") = 1.
n—oo
(iv) nearly uniform L-Lipschitzian if there exists L > 0 such that Vn € N, n(T™) < L.
(v) nearly uniform K-contraction if there exists k € [0, 00) such that Vn € N, n(T") < k.

Remark 2.1. If D(T') is a bounded domain of an asymptotically nonexpansive mapping 7', then T is
nearly nonexpansive. In fact, for all z,y € D(T") and n € N, we have that

Tz — Tl < (14 )| — o]
= & — yl| + unllz — vl
< |l =yl + diam(D(T) )

A mapping T : D(T) C E — R(T) C FE is said to be asymptotically nonexpansive in the
intermediate sense [4] if it is continuous and the following inequality holds:

limsup sup (| — Ty — | — y]) <0. (24)
n—oo  gyeD(T)

Remark 2.2. Observe that if we define
= x’yselgT)(llT”x =T = [lz = yl)), o0 := max{0, an}
then, o, — 0 as n — oo and (2.4) reduces to
[Tz = T"y|| < ||z = yll + on, Y2,y € D(T),n > 1,

which gives us nearly asymptotically nonexpansive mapping with constant sequence {ky, }n,>1 = {1}n>1.

Remark 2.3. If D(T') is a bounded domain of a nearly asymptotically nonexpansive mapping 7, then
T is asymptotically nonexpansive in the intermediate sense. To see this, let 7" be a nearly asymptotically
nonexpansive mapping with a bounded domain D(T"). Then,Vz,y € D(T),n € N

1772 — Ty < n(T")(|lx — yll + an),
which implies that Vn > 1,
sup ([[T"¢ = T"y|| = |z = yll) < (T") = Vdiam(K) + n(T")an,
zyeK
Hence,
limsup sup (||7"x — T"y|| — ||z — y||) <O.
n—oo z,yeK
Furthermore, we easily observe that every nearly nonexpansive mapping is nearly asymptotically non-
expansive with (7™) = 1 for all n € N.We observe from Remarks (2.1) and (2.3) that the classes
of nearly nonexpansive mappings and nearly asymptotically nonexpansive mappings are intermediate
classes between the class of asymptotically nonexpansive mappings and that of asymptotically nonex-
pansive in the intermediate sense mappings.
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A mappingT : D(T) C E — R(T') C Eiscalled total asymptotically nonexpansive [15] if and
only if there exists a sequences {fin }n>1, {tn}n>1 C [0, 00) with hm pn =0= hm L, and a strictly

increasing continuous function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that for allx y € D(T),n>1,
we have
17"z = T"y|| < ||z = yll + pnd(llz — yl)) + tn (2.5)

Ifin (2.5), ¢, = Oforalln > l,and ¢ : [0,00) — [0, 00) is the identity map, then the total asymptotically
nonexpansive mappings coincide with asymptotically nonexpansive mappings.

If i, = 0 and ¢, = O for alln > 1, we obtain from (2.5) the class of mappings that includes the class
of nonexpansive mappings, that is, we obtain the class of mappings satisfying

[Tz = Ty|| < ||z —y||
As observed by Chidume and Ofoedu [10], if ¢ is identity mapping, then (2.5) reduces to
T2 = T2 < (L+ pn) (|2 = yl) +tn (2.6)

Shahzad and Zegeye [24] called any mappings satisfying (2.6) generalized asymptotically nonexpansive
mapping.Thus, the class of generalized asymptotically nonexpansive mapping is a subclass of total
asymptotically nonexpansive mappings with ¢(t) = ¢t. IfV t € [0, 00), ¢(t) = 0, then (2.5) reduces to

[T — T || < |z = yl| + tn (2.7)

So that the class of total asymptotically nonexpansive mappings include the class of asymptotically
nonexpansive mappings in the intermediate sense.

Amapping T : D(T) C E — R(T) C FE is called total asymptotically weakly contractive [20]
if and only if there exists sequences {(in }rn>1, {tn}n>1 C [0, 00) with nh_}rrgo tn =0 = nh_}rgo tn and a
strictly increasing continuous functions ®, ¥ : [0, 00) — [0, 00) with ®(0) = 0 = ¥(0) such that for
allz,y € D(T),n > 1, we have

17"z —T"y|| < ||z = yll + pn®(llz — yll) — ([l = yll) + tn (2.8)

LetT :D(T)CE — R(T)CFEand ! :D(I) C E— R(I) C E be two mappings. The map T is
called I-nonexpansive [15] if and only if D(T) N D(I) # @ and Vz,y € D(T) N D(S),

[Tz =Tyl < 1z — Tyl|.

LetT : D(T) CE — R(T) CEand I : D(I) C E — R(I) C E be two mappings. The map T’
is called asymptotically I- nonexpansive [23] if and only if D(T') N D(I) # () and there exists a
sequence {1, }72 1 C [0, 00) with li_}m ptn, = O such thatforallz,y € D(T)ND(I),¥Yn > 1, we have,

[Tz = T™y|| < (14 pn) [ T2 = Iyl

LetT : D(T) CE — R(T) C Fand I : D(I) C E — R(I) C E be two mappings. The map
T is called total asymptotically I-nonexpansive [14] if and only if D(T) N D(S) # () and there

exists a sequences { (i }n>1, {tn}n>1 C [0,00) with hm ftn, = 0 = lim ¢, and a strictly increasing
n—o0

continuous function ¢ : [0,00) — [0, 00) with ¢(0 ) = 0 such that for all z,y € D(T),Vn > 1, we
have,

[T"2 = T"x|| < [ 1"z — I"y|| + pnd(|[ Iz — I"y)) + tn

We now define a new class of mapping studied in this paper.
Let T : D(T) CE —- R(T) C Eand S : D(S) C E — R(S) C E be two mappings. The
map T is called S—generalized asymptotically nonexpansive if and only if D(T) N D(S) # () and
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there exists real sequences { i, }pe and {\, },;—; in [0, +00) with lim g, = 0 = lim A, such that

Va,y € D(T)N D(S), Vn € N,
177 — Tl < lle = gl + pallS"2 — S7y]l + A (29)
Remark 2.1. If S = [, the identity map on D(7T") N D(S), then (2.9) reduces to
1Tz =Tyl < (1 + pn)llz =yl + An
which is the class of generalized asymptotically nonexpansive mappings studied by Zegeye and Shahzad
[24].

Definition 2.1. Two mappingsT,S : C' — C' are said to satisfy condition (B) if there is a nondecreasing
continuous function f : [0,+00) — [0,400) with f(0) =0, f(r) > 0, for all v € [0,+00) such
that 1 (|l — Tz| + ||z — Sz||) > f(d(z, F)) forallx € C, where d(z, F) = inf{|jz —p|| : p € F =
F(T)NnF(S)}.

Let C be a nonempty subset of a Banach space E. Let T' be an S—generalized asymptotically non-
expansive and S a generalized asymptotically nonexpansive self-mappings of C. Let {ay,}o2; and
{Bn}or;in [0,1]. Let 1 € C, then the sequence {z, }5-; is generated as follows:

Tnt1 = (I—ap)xn +anS"yy, n>1 (2.10)
The aim of this paper is to prove the weak and strong convergence of explicit iterative sequence {z, o> ;

defined by (2.10) to a fixed point S—generalized asymptotically nonexpansive mappings in Banach
space.

Definition 2.2. A mappingT : D(T) C E — R(T) C E is said to be demiclosed at u if for any se-
quence {x,, }5° 1 in D(T') such that {z, }2; converges weakly toxo € D(T') and {T'(x,,)}5° | converges
strongly to ug, then Txo = ug. Thus, ifug = 0, we say that T is demiclosed at 0.

Definition 2.3. LetT : D(T) C E — R(T) C E be a mapping. A sequence {x,,}°° | in D(T) is called
an approximate fixed point sequence of the operator T’ if and only if

lim ||z, — Tz,| = 0.
n—o0

Definition 2.4. A function f : D(f) C E — R(f) C E is said to be lower semicontinuous at xo € D(f)
if and only if for any sequence {x, }3° , in D(f) that converges to xo, we have that

f(zo) < liminf f(a,)

Definition 2.5. A function f is said to be weakly lower semicontinuous at ug € D(f) for any sequence
{un}22 in D(f) that converges weakly to ug, then

f(uo) < liminf f(uy)

Definition 2.6. Recall that a Banach space E is said to satisfy Opial’s condition [7] if, for each sequence
{zn}ol, in E, the condition x,, — x implies that either

liminf ||z, — x| < liminf ||z, —y|| V z,y € E withy # x
n—oo n—oo

or

limsup ||z, — z| < limsup ||z, —y||V 2,y € E withy # z

n—o0 n—o0
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Definition 2.7. A Banach space E is said to satisfy the Generalized Gossez—Lami Dozo property (GGLD-
property) if
limsup ||z, || < limsup lim sup ||z, — z]|
n—o0 m—00 n—o0

whenever {x,} is a weak null sequence which is not norm convergent.

Notation: If a sequence {z,}°°; converges weakly to z* in E, we write z,, — z* asn — oo. If
{2} | converges strongly to 29 € E, we write x,, — o as n — 00
In order to prove the main results of this paper, we need the following Lemmas:

Lemma 2.1. ([12]). Let {a,}, {b,} and {o,} be sequences of nonnegatlve real sequences satisfying

the following conditions: Yn > 1, ant1 < (14 op)an + by. If Zan < 400 and Zb < 400, then

n=1 n=1
lim a,, exists.
n—oo
Lemma 2.2. ([9]). Let C be a nonempty closed bounded convex subset of a uniformly convex Banach

space E and {«,, } a sequence in [0, 1 — 4], for some § € (0,1). Let {z,,} and {y,, } be two sequences in
C such that hIn 1 SUp |znll <k,
lim sup ||y || < k: and hmeup llozy, + (1 — @)yn|| = k holds for some k& > 0.

n—o0

Then lim ||z, — ynl| —0
n—oo

Lemma 2.3. Let C be a nonempty closed and convex subset of a reflexive real Banach space F with
Opial’s condition. Let 7' : C' — C be a generalized asymptotically nonexpansive mapping. Suppose
{zn}2%, is a sequence in C' such that x,, — z* for some z* € C andVm € Nz, —T"z, —
0 as n — oo, then T"x* — z*.

Proof. Since T'is generalized asymptotically nonexpansive mapping, then there exists sequences {11 } 72
and {l}32, with lim g = lim I, = OsuchthatV k € N,
- k—ro0 k—ro0
T 2 — TFa*|| < |lzn — 2| + prllen — 2| + Iy (2.11)

Since {x,, }2° | converges weakly to *, then {z,, }°2 ; is bounded; thus there exists My > 0 such that
VneN, ||z, —x*|| < M. So, we obtaln from (2.11) that

T 20 — T*2*|| < [lon — &*[| + Mo + I (2.12)
Since hm Wi = hrn Il =0,thenV e >0, k. € NsuchthatV k > k., upMy + i < €.

k—o00

So, we obtain from (2 12) that V k > k.,
| T*z, — TFz*|| < ||@ — 2*|| + € (2.13)
Now, consider the map f : E — R definedV = € E by f(x) = lim 1 Sup |zn, — x||. If we assume

for contradiction that {7"x*}5° ; is not weakly convergent to x*, then there exists a subsequence
{Tmz7 332, of {TMa" 52, such that 7" x* — y # 2* as j — oco. Since F satisfies Opial’s condition,
we obtaln that f(z*) < f( ).

Thus, there exists g9 > 0 such that 0 < g9 < 3(f(y) — f(z*)). For this £g > 0, we obtain from (2.13)
that there exists kg € N such that V k£ > kg,

| T z,, — TF2*|| < ||z, — 2% + 20 (2.19)
By weakly-lower semi-continuity of f, we obtain that f(y) < liminf f(T™z").
j—o0
Thus, there exists jo € N such that nj, > kg and f(y) < f(T™ox*) + €.
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But then

fly) < f(TM0x7) + e
= limsup ||z, — T™oz*|| + &

n—oo
< limsup([lzy — T™0@, || + |70z, — T"0x™(|) + &0
n—oo
< limsup ||z, — T™ox,|| 4+ limsup ||[T"0x,, — T™0z"|| + & (2.15)

Using the fact that lim ||z, — T™0x,|| = 0, we obtain from (2.15) and (2.14) that
n—oo

f()

< limsup ||[T™oz,, — T™oz*|| + &
n—oo
< limsup(||zn, — z*|| + €0) + €0
n—oo
< limsup ||z, — 2| + 220
n—oo

= f(x*)+ 2. (2.16)

But 0 < g9 < 3(f(y) — f(z*)). Thus, 259 < f(y) — f(z*). So, we obtain from (2.16) that

fly) < fl@") + 20
< fEN) + fly) = f27)
= f(y)v
a contradiction. Thus, the conclusion of Lemma (2.3) holds. This completes the proof. O

Lemma 2.4. Let E be a reflexive real Banach space with GGLD and Opial’s condition. Suppose that
C,T,{zy}72; and x* are as in Lemma 2.3, then T"z* — 2* as n — oo

Proof. Observe that from Lemma 2.3, T"x* — 2* as n — oco. Suppose for contradiction that 7"z* /4

x* as n — oo, thenap := liminf || T"2*—2*|| > 0;andby GGLD,0 < ap < limsup limsup || T"z*—
n—s n—oo k—oo

T2

Thus, there exists €1 > 0 such that

ap + &1 < limsup limsup || T"z* — Tkx*H (2.17)

n—o0 k—o0

Moreover, since 7' is generalized asymptotically nonexpansive mapping and {7"z*}>° , is bounded,
there exists M1 > 0 and Ny € NsuchthatVn € N, ||[T"2* — z*|| < M; and V m > Ny,

|T™z* — T™(T"x")|| < ||la* = T"x™|| + %1 (2.18)
From (2.17), we can choose m* > Ny and a strictly increasing sequence {k:j}jo-’;o in N such that
ap +e1 < || T™ 2% — Thig*|| = (| T™ 2% — T™ (T*~™ z*)||, so that using (2.18), we obtain that
Vi>0

ag+er < T ar — T (TR )|

N
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Thus,
: * kj—m* x €1
ap+e < limsup||z* —=T% ™ 2*|| + =
Jj—o0 2
. * n % €1
< limsup ||z* — T"z"|| + =
n—oo 2
+ 2
_= ao _—
2 )
a contradiction. Hence, T"z* — 2* as n — oo. O

Lemma 2.5. Suppose the condition of Lemma 2.4 hold and suppose that 3 ng € N such that 770 is
continuous at x*, then T'z* = z*.

Proof. Since 3 ng € N such that 7™ is continuous at z*, then T7"°"! is also continuous at z*. From
Lemma 2.4 we know that lim 7"z* = z*. Thus, lim 770 "z* = z* = lim 7™ ""2* This implies

n—oo n—oo n—oo
that
lim 7™ (T"z*) = «*
n—oo
and
lim T (T"2*) = o,
n—oo
so that by continuity of 7™ and 7™%!, we obtain that 770 ( lim T"z*) = z* = T™ ! ( lim T"z*).
n—oo n—oo
Thus, T x* = z* = T"0F1z* This implies that To* = x*. This completes the proof. 0

Lemma 2.6. (Demiclosedness Principles) Let E be a reflexive real Banach space with GGLD and
Opial’s condition. Let C' be a nonempty closed convex subset of E. Let T' : C' — C be a uniformly
continuous generalized asymptotically nonexpansive mapping, then / — 7" is demiclosed at 0, where
is the identity mapping on F.

Proof. Let {z,,}7° ; be a sequence in C such that z,, — x*(for some z* € C) and
| — Txy|| — 0 as n — oo. We show that * — T'x* = 0. Since T is uniformly continuous, it follows
from the fact that lim ||z, — T'z,| = O that for eachm €N, z,, — T"x,, = 0 as n — .

n—oo

But by Lemma 2.3, z,, — «* and x, — Tz, — 0 as n — oo implies that T"z* — z* as n — oo.
Thus, by Lemma 2.4, we obtain that 7"x* — z* as n — oo.

Hence, by Lemma 2.5, we obtain that z* = Tx* <«<— «* —Ta* =0.

So, I — T is demiclosed at 0. This completes the proof. g

Lemma 2.7. Let E be a reflexive real Banach space with GGLD and Opial’s condition. Let C be a
nonempty closed convex subset of E. Let T : C' — C be a uniformly continuous S—generalized
asymptotically nonexpansive mapping. Suppose that S is generalized asymptotically nonexpansive
mapping, then I — T is demiclosed at 0.

Proof. Since T is S-generalized asymptotically nonexpansive mapping, then there exists two real se-
quences {102, and {1, }>2, with li_>m fn = li_>m l, =0suchthatVz,yec C,VneN
n—oo n—oo

1T = Tyl < o =yl + ol — ™y + Lo (2.19)

o0

and since S is generalized asymptotically nonexpansive mapping, there exists two sequences {11, } 7 ,

and {I},}°° | with lim p;, = 0= lim [, suchthatVz,y € C, VneN
n—oo n—oo

15"z = S™y|| < llw = yll + pollz — yll + 1, (2.20)
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Using (2.20) in (2.20), we obtain that V z,y € C, Vn € N,

1T =Ty < o=yl + palllz =yl + ppllz =yl +1,) + I
= |l =yl + (n + pap) |2 = yll + el + 1
= |z =yl + anllz — yl| + On,
where o, = pi, + pnp, = 0 and 6, = pyll, + 1, — 0 as n — oo. Thus, T is uniformly continuous

generalized asymptotically nonexpansive mapping.
Thus, by Lemma 2.6, I — T is demiclosed at 0. This completes the proof. 0

Lemma 2.8. Let C' be a nonempty subset of a real normed linear space E. Let T,.S : C — C be two
continupus mappings, then F'(T') N F(.5) is closed.
Proof:

F=FT)NFS)={zreE:Tx=1z,5c =z}
If F' = (), then we are done since () is closed. If F' # (), then for any sequence {z,}*° , € F, T (z,) = =,

and S(x,) = z,. Thus,if x,, — z* as n — co. then, lim z,, = z*.
n—0o0

lim z, = lim T'(z,)
n—oo n—oo

and

lim z, = lim S(z,)

By continuity of 7" and S, we obtain that

lim x, = T( lim mn)

n—oo n—oo
and

lim z, = S( lim xn)

n—oo n—oo
So,

¥ =T(z%) = S(z%).
This implies that * € F. Hence, F/(T') N F(.S) is closed.

Lemma 2.9. Let E be a real normed linear space. Let S : D(S) C E — R(S) C E be a total asymp-
totically nonexpansive mapping with sequences {1, }52 1 .{tn }22 and gauge function ¢ : [0, 00) —
[0, 00). Suppose that there exists constants My > 0, M; > 0 such that V¢ > My, ¢(t) < Mit,then S
is a generalized asymptotically nonexpansive mapping.

Proof: Since S is total asymptotically nonexpansive with sequences {11, }°2 1 {tr }02; and ¢ : [0,00) —
[0,00),thenVx,y € D(S),Vn € N,

1"z — S"y|| < ||z =yl + (e = yll) + ta.

Since ¢ is continuous, then 3 My > 0 such that V¢ € [0, My], ¢(t) < My; and since Vit > My, p(t) <
M;t, thenVt € [0,00), ¢(t) < My + Myt. This implies that Vz,y € D(S),

o(llz —yll) < My + M|z —y||
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Thus,Vn € N,Va,y € D(S),

15"z — S"y|| < |z = yll + (2 = yll) + tn-
<z =yl + pn [Mz + Miflz = yl]] + tn
= ||z — yll + pu M|z — y[| + po M2 + tn
=1+ ppd) ||z =yl + pn M2 + tn
=1 +on)llz -yl +6n

where 0, = M1 — 0 and 6,, = p, Mo + 1, — 0 as n — oo. Thus, S is generalized asymptotically
nonexpansive mapping.

Lemma 2.10. Let £ be a real Banach space and C' be a nonempty subset of E. Let S : ' — C be
a totally asymptotically /— nonexpansive mapping with sequences {1, }72 1 {tn}2; with a gauge
function ¢ : [0,00) — [0,00) and I : C' — C be a total asymptotically nonexpansive mapping
with sequences {1 }°%, ,{¢}}5° , with a gauge function ¥ : [0,00) — [0, 00).Suppose that there
exists constants M; > 0,M; > 0, My > 0,M5 > 0, such that Vq > M, ®(q) < Mqgand
Vit > M, ¥(t) < Mt then S is a generalized asymptotically nonexpansive mapping.

Proof: Since [ is total asymptotically nonexpansive with sequences {1 }5° | ,{¢t5}7° ; and ¥ : [0, 00) —
[0,00), thenVz,y € C,¥Vn € N,

1"z — Iyl < ||z =yl + pp ¥ ([lz — yl) + o

Since V¥ is continuous, then 3 My > 0 such that V¢ € [0, Ms], U(t) < Mp; and since Vit > My, ¥(t) <
Mit, thenVt € [0,00), ¥(t) < My + Mjt. This implies that Va,y € C,

U(llz —yll) < Mo+ M|z -y
Thus,Vn e NVz,y € C,

11"z — Iyl < |lz—yll + ¥ (2 — yll) + o
< lz =yl + pp [Mo + My ||z — y||] + 4,
= |lz — yl| + pp M3 ||z — y|| + py, Mo + ¢,
= (1+ pp M3) ||z — yl| + p, Mo + ¢,
Mz = IMy|| < (14 g M) || — yl| + g Mo + o, (2.21)

Also, since S is total asymptotically I-nonexpansive mapping with sequences {z,}5°; {¢r}52; and
® :[0,00) = [0,00), thenVz,y € K,VneN,

18"z — S™y|| < [I"z = I"y[| + pn @ ("2 — I"y][) + tn-

Since ® is continuous, then I M > 0 such that V¢ € [0,M;], ®(q) < M{; and since Vq >
M, ®(q) < M{q, thenVq € [0,00), ®(q) < M + M q. This implies that Vz,y € C,

(|1 — I"yll) < M + M| — Iy
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Thus,Vn e NJVz,y € K,
1572 — Syl < 1" — Iyl + @ (172 — Iy])) + v
< 1" — Iy + i (M + M3 [T — I7]]) + 1.
< (1 M) — gl + Mo + 2 + i [My + M1+ i, M3) | — ]
+ pp Mo + 0] + tn.
— o — yll + [ M3 + MG (L4 M)l — gl 4+ 125, Mo + 2+ gty Mo
+ pinty, + pn Mg + tp.
= [14 i M3+ pn Mg (1 + i M3)]l — yl| + pi Mo + ¢, + pin iy, Mo
+ finty + pin My + .
= (1 +an)llz = yll + On
where o, = o M3+ M5 (14 M) — 0and 0, = o Mo+ 4 pon ol Mo+ pin t), + pin M 41y — 0

as n — oo. Thus, S is generalized asymptotically nonexpansive mapping.

Lemma 2.11. Let E be a real normed linear space. Let S : D(S) C E — R(S) C E be a to-
tal asymptotically weakly contractive mapping with sequences {1, }02 ;1 {tn}52, and gauge func-
tions ®,¥ : [0,00) — [0,00).Suppose that there exists constants My > 0,M; > 0 such that
Vit > My, ¥(t) < Mt,then S is a generalized asymptotically nonexpansive mapping.
Proof: Since S is total asymptotically weakly contractive mapping with sequences {1, }5° ; {tn}02
and ®, ¥ : [0,00) — [0,00),thenVz,y € K,Vn € N,

15"z = S"y|| < ||z — yll + @ (llz = yll) — ¥ (llz — yl|) + ta.
Since @ is continuous, then 3 My > 0 such that V¢ € [0, My], ®(t) < Mpy; and since V't > My, ®(t) <
M;t, thenVt € [0,00), ®(t) < My + M;t. This implies that Va,y € D(S),

®(|lz — yll) < My + M|z —y]

Thus,Vn € N,Vz,y € D(S),

15"z — Syl < [l =yl + pn®(llz = yll) = C([lz = yl) + tn-
<l =yl + pn [M2 + Millz —y[|] = O (llz = yl]) + tn
<z =yl + pn [Mz + Mi|lz = yl] + tn
= ||z —yll + paMil|z — yl| + po M2 + tn
= 1+ M)z =yl + padMz + tn
=1 +on)llz -yl + 6

where 0, = M1 — 0 and 6, = ppMs + ¢, — 0 asn — oo. Thus, S is generalized asymptotically
nonexpansive mapping. This completes the proof.

3. MAIN RESULTS
The main results of this paper are now presented as follows:
3.1. Necessary and sufficient convergence results.

Theorem 3.1. Let E be a uniformly convex real Banach space, C' be a nonempty closed convex subset of E,
T : C — C an S-generalized asymptotically nonexpansive mapping with sequences { jin o1, {An}neq C
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o0 oo
[0, +00) such that Z,un < 400, Z)\n < +o00. Suppose that S is generalized asymptotically nonexpan-

n=1 n=1

sive mapping with sequences {11, }5° 1 and {\/,}°° | such thatz,u’n < 400, Zx\’ < 400 and that F =
=1
F(T)NF(S) #0. Let {an, };2 1, {Bntozq € [0,1 — 0] for some ¢ € (0, 1) then iterative sequence

{zn}o2, generated by (2.10) converges strongly to some point in F' if and only thnlgloréf d(xn, F) = 0.
Proof. Letp € F = F(T) N F(S), then
[nti —pl = (1= an)zn + anS"yn — pl|
(1 = an)l|lzn = pll + o[ S"yn — pl|
(1= an)llzn = pll + o [llyn — pll + pllyn — pll + X
(1= an)llzn = pll + on [(1+ pn)lyn — pll + A7) (3.1)

IN N

(1 = Bn)xn + BT 0 — Pl
(L= Bu)llzn — pll + BullT"zn — pl|
(1 = Ba)llzn = pll + B U|xn = pll + pallS" 20 — p + )‘n]
(1= Bu)llzn —pll +
ﬁn[Hxn —pl| + pn(|zn — Pl + Mi@”xn —pll + )‘;1) + )‘n]

= (1 =Bp)llen —pll +

Bn [Hmn =l + pnl|lTn — pl|| + Mn%llfﬂn —pll + Hn)‘;m + )‘n]

= (L4 Bupn + Bapintiy)|[2n = pll + Bu(pin Ay, + An) (3.2)

Using (3.2) in (3.1) gives

1yn — Dl

IN NN

[2nt1 —pll < (1—an)llen —pll +
On [(1 + N;z){(l + Bn(ptn + Mn%))”ﬂ?n —pll+ Bn(/ﬁn)‘;z + )} + )‘;z]
= [1+oa, (N;z + B (pin + Nmu;z))] |z — pl| + an[ﬁn(ﬂn)\;z +An) + A;z]
= (1 +pn)llzn —pll +on (3.3)
where pp, 1= ap, (M;L + Bn(pin + Mnﬂn» y On i= an[ﬂn(ﬂn)\ + An) + A )

Since V n € N, ay, 3, € [6,1 — 4] for some § € (0,1) andz,un<oo Zl < 00, Zun

n=1 n=1 n=1
o o)
00, Z Il < oo, it then implies that Z pn < 00 and Z o, < o00. Since by (3.3) we have that
n=1 n=1 n=1
VneN,
[2n1 = pll < (1 + pa)llan = pll + on, (3.4)

then by Lemma 2.7, we obtain that lim ||z, — p|| exists. Vp € F. Moreover, it is easy to see from (3.4)
n—oo
that
d(zpt1, F) < (1 + pn)d(zy, — F) + op.
Thus, by Lemma 2.7, lim d(z,, F) exists.
n—oo
Now, suppose 3 p* € F such that z,, — p* as n — oo then ||z, — p*|| = 0 as n — oco. But

0 < d(an, F) = inf [lzn, — p|| < [Jon — p7|
pEF
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So, by sandwish theorem, li_>m d(zn, F)=0= lirginf d(xp, F).
On the other hand, if lini}inf d(zy, F') = 0, then 3 a subsequence {x,, };—; of {z,},—; such that
lim d(xy,,F) =0.But lim d(z,, F)} exists. Thus, lim d(zp,,F)=0 = lim d(z,, F) = 0.
k—o0 n—00 k—o0 n—00

Next, we show that the sequence {z,,}.°; is Cauchy. Observe that from (3.4) V p € F, ¥V n,m € N,

[Zntm — Pl < (L + pptm—D)l|Zntm—1 = pll + Fntm—1
< (1+ pntm-1) ((1 + prtm—2)||Tntm—2 — pHO'n-i-m—?)
+0n4+m—1
= (14 pntm-1)(1 + pntm—2)l|Tntm—2 — Pl
+(1 + pntm—1)Pntm—2 + Pntm—1
n+m—1 n+m—1 n+m—1
< I G4edllza—pl+ | D2 o] TI +0)
j=n i=n j=n
n+m—1 n+m—1 n+m—1
< exp| > pilllea—pl+| D oiexp| D s
j=n j=n j=n
nt+m—1 n+m—1
< Mlzn—pll+ | Y. oj]exp| D pj
i=n j=n
n+m—1 n+m—1
clngm =l < Mllzn —pll+ | Y o |exp| D p (3.5)
j=n j=n

oo o0
SinceZan < oo,andz,on < oo,thenVe >0, 3n. € NsuchthatV n > n,,

n=1 n=1

o0 o0 c
exp | D pi| D o< 3
j=n j=n

and since T}Ln;o d(zn, F) =0, 3n. € NsuchthatV n > n., d(z,, F) < m
Thus, V n > nl, ;2{7 d(zn,p) < m But by definition of ;ng? d(xy,p), we obtain that

Ve >0, dp: € F such that

e
. < i AN L 1)
;Ielgd(xrup) < d($n7pa) < ;ggd(xnap) + 3(M T+ 1)

Setting N. = max{n.,n.} € N, we obtain that Vn > N,

IS
n =d ny Pe inf d ny YV
< (3 + (3
3(M+1)  3(M+1)
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So,Vn > N., Vm > 1, we obtain using ( 3.5)that

|Znem — zull < |Tnem — pell + |20 — pe||

IN

o0 o0
M|z = pell + | D05 | exp | Do ps | + llen — el

Jj=n

00 00
= (M+D)|en—pel+ (D o5 | exp | D p;
j=n

j=n

N

(M+1)<3(MQE+1)>+§=5

SoVn > N, Vm €N,

|Zntm — Tnll < e.
Thus, the sequence {z,, },~; is a Cauchy sequence in C' and since F is complete and C'is closed subset
of E, 3 p* € C such that x,, = p* as n — oo. Since nh_}rrgo d(zp, F) = 0, then d(p*, F) = 0. Thus, by
Lemma(2.8) F is closed, thus p* € F' = F(T) N F(S). This completes the proof. O

Corollary 3.1. Let E be a real Banach Space, C be a nonempty closed convex subset of I}, T' be S-
generalized asymptotically nonexpansive self-mappings of C' with sequence {y,, }n>1 and {i}, }n>1 such

that Z pl, < oo and Z th, < 00. Suppose that S is a total asymptotically nonexpansive self mapping of

K wzth sequences {,un}n 1At} and gauge function ¢ : [0,00) — [0, 00). Suppose that there exists
constants My > 0, My > 0 such thatV't > My, ¢(t) < Mit, andthat F := F(T)NF(S) # (. Then, the
explicitly iterative sequence {x.,,} defined by (2.10) converges to some element of F' := F(T) N F(S5).

Proof. By Lemma 2.9; S is a generalized asymptotically nonexpansive mapping. By Theorem 3.1, the
result follows. O

Corollary 3.2. Let E be a real Banach Space, K be a nonempty closed convex subset of I/, T' be S-
generallzed asymptotlcally nonexpansive self-mappings of K with sequence {1, },>1 and {t},},>1 such

that Z wh, < oo and Z 1, < oo .Suppose that S is a totally asymptotically I- nonexpansive self

mappmgs of K with sequences {n 3oy {en}o2, with a gauge function ¢ : [0,00) — [0, 00) where I :
C — C be a total asymptotically nonexpansive mapping with sequences { (v} }°° 1 ,{¢3}°° | with a gauge
function U : [0,00) — [0, 00).Suppose that there exists constants My > 0,M{ > 0, My > 0,M5 > 0,
such thatVq > My, ®(q) < M{qandVt > My, U(t) < M5t and that F := F(T) N F(S) # 0.
Then, the explicitly iterative sequence {x,} defined by (2.10) converges to some element of F' := F(T') N
F(S).

Proof. By Lemma 2.10; S is a generalized asymptotically nonexpansive mapping. By Theorem 3.1, the
result follows. O

Corollary 3.3. Let E be a real Banach Space, K be a nonempty closed convex subset of I/, T' be S-
generalized asymptotically nonexpansive self-mappings of K with sequence { (i, }rn>1 and {ip }n>1 such

that Z tn < 00 and Z Ly, < 00. Suppose that S is a total asymptotically weakly contractive self

mappmgs of K with sequences {322, el }o2, and gauge functions @, : [0, 00) — [0, 00). Suppose
that there exists constants My > 0, My > 0 such thatVt > My, ¥(t) < M;t, and that F := F(T) N
F(S) # 0. Then, the explicitly iterative sequence {x,,} defined by (2.10) converges to some element of
F:=F(T)NF(S).



S—GENERALIZED ASYMPTOTICALLY NONEXPANSIVE MAPPINGS 61

Proof. By Lemma 2.11; S is a generalized asymptotically nonexpansive mapping. By Theorem 3.1, the
result follows. O

3.2. Approximate fixed point sequence.

Theorem 3.2. Let I/ be a uniformly convex real Banach space, C' be a nonempty closed subset of I,
T : C — C a uniformly continuous S-generalized asymptotically nonexpansive mapping with sequences

e} o0
{tntmet, {ln}peq € [0,+00) such thatz,un < 00, Zln < o00. Suppose that S : K — K isa

n=1 n=1
oo o
uniformly continuous generalized asymptotically nonexpansive mapping with Z < 0o, Z Il < oo
n=1 n=1
and that F = F(T)NF(S) # 0. Let {a, }o2 1, {Bn}iey € [6,1 = 6] for some § € (0,1). Suppose

that for any given x € K, the sequence {xy,}o—, is generated by (2.10) then {x,, },~ - is an approximate
fixed point sequence of T' and S; that is,

lim ||Tz, — z,| = lim ||Sz, — x,|| = 0.
n—00 n—00
Proof. By Theorem 3.1, forany p € F = F(T)NF(S), lim |z, —p|| exists. Let lim ||z, —p|| = d.
n—00 n—0o0

If d = 0, by uniform continuity of 7" and S, the proof is complete.
Now, suppose d > 0, then

lyn —pll = [[(1 = Bn)zn + BT zy — p)|

< (1= Bu)llan —pll + Bull T zn — p
< (1=Bu)llwn —pll + B (|on — pll + pnl|S" 20 — pl +1n)
< (1= Ba)llwn —pll +
Bullzn = pll + Bupin (|20 = pll + s llzn — pll +13,) + Buln
= (1= Bu)llen —pll + Bullzn — 1l
+Bnpinllzn = pll + Butinpipllzn — pll + Bapinly, + Buln
= Nlan = pll + Baptnllzn — pll + Buttntin |2 — pll + Bupenly,
+Bnln
This implies that
1y = oIl < [1+ Balptn + patin)]llzn = pll + Buptnly, + Buln (3.6)
Taking lim sup on both sides in (3.6), we have
limsup [y, —pll < d (3.7)
n—oo

Since S is generalized asymptotically nonexpansive self-mapping on C, we obtain that,

15"y = pll < Ny = pll + ppllyn — pll + 15,
= (L4 up)llyn —pll + 17
Taking lim sup and using (3.7) gives lim sup ||S"y,, — p|| < d.

n—oo n—oo
Moreover, since lim ||z, — p|| = d it follows that
n—oo

lim ||xp41 —pl| =d = limsup [|zp+1 — D]
n—00 n—oo

But, limsup ||z,,+1 — p|| = d means that
n—oo
limsup ||(1 — ap)xn + @nS™yn — p|| = limsup ||(1 — ay,) (2, — p) + @ (Syn — p)|| = d. 1t therefore

n—o0 n—oo
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follows from Lemma 2.2 that

lim ||S™y, — || = 0. (3.8)
n—od
Furthermore,
[Znt1 = 2nll = |lan(S"yn — 20l
< anl|S"yn — x| (3.9)

Thus using (3.8) in (3.9) we obtain that

lim ||zp=1 — z,| = 0. (3.10)

n—oo

Next,

|20 — S"ynll + 5™ yn — pll
Hl‘n - SnynH + Hyn _pH + %Hyn _pH + l% (3.11)
[0 — S™yull 4+ (L4 ) lyn — pIl +1,-

[zn = p

IA N

Using (3.11) and (3.7), we obtain that

d =liminf |z, —p|| < liminf |y, — p||
n—00 n—00

< limsup [y, —pl| < d.

n—o0

Thus, lim |y, —p| = d.
n—oo

Besides,
IT"xn —pll < Nl#n = pll + pnllS™ 20 — pll + In
< lzn = pll + palllzn = pll + g llzn — ol + 1) + b
= (14 pn(1+ H%))Hxn —pll+ /‘nl% +ln
This implies that
1Tz = pll < (14 pn(L+ pp)llzn = pll + pinl, + Lo (3.12)

So, we obtain from (3.12) that

limsup ||T"x, — p|| < d.

n—o0
Since,

limsup [| 3, (T" 25 = p) + (1 = Bn)(@n = p)|| = limsup [ly, —pl| = lim |y, —p| = d.

n—o0 n—oo

We obtain by Lemma (2.2) that

lim ||T"z, — x| = 0. (3.13)
n—oo
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In addition,

15" 20 —@nll = 15" 20 + 5 yn = S"yn — 0|
< 15" en = S ynll + 115"y — all
< en = ynll + ppllzn = ynll + 1+ 15"y — 20|

= (L4 p)llen = ynll + 15" yn — zall + 1,

1+ pp)llzn = [(1 = Bp)zn + BT @]l + 1" yn — zal + 1,
= (L4 p)lBn(T "z — 2n)ll + 15" yn — 2l + 1,

(L4 ) BullT" w0 = | + 15" yn — 2| + 1

NS T — | < (1 + N;@)ﬁn”Tnxn — || + [|S"yn — zul| + l;L (3.14)
Thus from (3.8) ,(3.13) and (3.14), we obtain that
lim ||S"z,, — x,|| = 0. (3.15)
n—oo
We now show that
lim || Tz, — x| = lim ||[Sz, — z,| = 0.
n—oo n—oo
But since
||S"_1:L“n —xy|| = ||S"_1:L‘n — S S e — g Ty — Zn|]

< Hsn—1$n - Sn_lﬁn—l” + ||Sn_1xn—1 — Tyt + [[Tn—1 — 20|
< (1 + ﬂn—l)”xn - xn—l” +lp1+ HSnilxn—l - xn—l” + ||xn—1 - xn”a

we obtain from (3.10) and (3.15) that

lim [|S" 2, — 2, =0 (3.16)
n—oo
Thus,
|z — Szp| < o — Syl + [|S" 20 — Sy

= |lan — S"z, || + 1S (S 2y,) — Szl (3.17)
Since S is uniformly continuous we obtain using (3.15) and (3.16) in (3.17) that
lim |z, — Sx,|| = 0. (3.18)
n—oo

Also,

||T"71xn — zp | ||T"71xn T Yy T ey — g + Ty — Zn ||

< T ey = T ||+ [T ape1 = oo || + [J2n-1 — 24
<l = @l + g [S™ T — S ||+ L

HIT" a1 = 2| + an-1 — 2 (3.19)
< len = 21| 4 pn—t ((1 + N%—l)”zn — Tp-1+ l;z—l)

—|—HT"71xn_1 — ZTp1|| + ||Tn-1 — 20| + "
= [T+ 1 (L4 )] 2n = 2o + 1T 2po1 — 2 |
HTn-1 + zul| + tn-1l,_1 + ln-1
Using (3.10) and (3.13) in (3.19) we have that
nIL%O (1T 2, — 2] = 0. (3.20)
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But,
lxn —Txyn|| = |lon — T xn + T "z, — Txy||

< llon =T an || 4+ | T" 20 — T

= an = T 2|l + | T(T"  2n) = Ty (3.21)
Again since 7' is uniformly continuous, then using (3.13) and (3.20) in (3.21) we obtain that lim |7z, —

n—oo
Zn|| = 0.
Hence, lim ||Tz, — z,|| = 0= lim || Sz, — x,||. This completes the proof. O
n—oo n—oo

3.3. Weak convergence results.

Theorem 3.3. Let I be a uniformly convex real Banach space, C' be a nonempty closed convex sub-
set of E, T : C — C be a uniformly continuous S-generalzzed asymptotlcally nonexpansive map-

ping with sequences {1n}o2 1, {ln}22, C [0,400) such thatZun < 00, Zl < 00. Suppose

n=1 n=1

that S is a uniformly continuous generalized asymptotically nonexpansive mapping with with sequences
oo o0
{pn 3o, {352, C [0, +00) such thatZu% < 00 Zl’ < oo and that F = F(T)N F(S) # 0.

n=1

Let {an}o21, {Bn}rzy C [6,1 —0] for some § € (0 1) Then the sequence {x,},-, generated by
(2.10) converges weakly to a common fixed point of T and S.

Proof. As in the proof of Theorem 3.1, it follows that p € F, lim ||x,, — p|| exists and so the sequence
noo

{zn};2, is bounded. Since F is uniformly convex, and thus reflexive, there exists a subsequence
{Tom)tnzy of {@n}nly such that {z,}nl; — p* asn — oo for some p* € E. From Theorem
3.2 we have that

lim ||z, — Tz,| = lim ||z, — Sz,| = 0.
n—oo n—oo

Thus, by Lemma 2.7, we know that p* € F' = F(T) N F(S). If F = F(T) N F(95) is a singleton,
then the proof is complete. If /' = F(T") N F(.S) is not a singleton, we claim that p* is unique. If not,
let ¢* € E, ¢* # p* be another weakly limit point of {z,,}>;, then there exists another subsequence
{2y tnzy of {xn}nzy such that{z, ) }72; — ¢" asn — oo for some ¢* € E. By Theorem (3.2) and
lemma (2.7) guarantees that ¢* € F(T), ¢* € F(S).Thus, ¢* € F. Since p* # ¢* and F satisfies
Opial condition, then

lim ||z, — p*| lim inf ||z, — p*||
n—oo n—oo

liminf ||z, () — p*||
n—o0

. . *
< liminf |[z5(m) — ¢"||

nh—>r§o Ha:o(n) - q*H

= nlgn;o wa(n) —q"

= liminf ||z, —¢"|

< hnrggf Hx'y(n) -Pp H

= lim |z, — D",

n—oo

This is a contradiction. Thus,¢* = p*. Hence, {z,,} converges weakly to an element of F' = F(T') N
F(S). This completes the proof. O
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Corollary 3.4. Let E be a uniformly convex real Banach Space, K be a nonempty closed convex subset

of E,T : C — C be uniformly continuous S- generalized asymptotically nonexpansive mapping with
(e8] o0

sequences {fin tn>1, {tn}tn>1 C [0,00) such that > p, < oo and ) 1, < co. Suppose that S is a

n=1 n=1
unlformly continuous total asymptotlcally nonexpansive mapping of C with sequences {u}, }5° 1 ,{¢},}5°

such thatz ph, < oo and Z t, < oo and gauge function ¢ : [0,00) — [0, 00). Suppose that there

exists constants My > 0, M1 > 0 such thatV't > My, p(t) < Mjt, and that F := F(T) N F(S) #
().Then, the sequence {x,,}5° | generated by (2.10) converges weakly to a common fixed point of T and S.

Proof. By Lemma 2.9; S is a generalized asymptotically nonexpansive mapping. Thus, by Theorem 3.3,
the result follows. U

Corollary 3.5. Let E be a uniformly convex real Banach Space, C' be a nonempty closed convex subset

of £, T : C — C be uniformly continuous S- generalized asymptotically nonexpansive mapping with
o0 o0

sequences {fin }n>1 , {tn}n>1 C [0,00) such that Y p, < oo and > i, < oo.Suppose that S is a

n=1 n=1
uniformly continuous total asymptotically I nonexpansive self mapping ofC' with sequences { ], }5°

A, }20 . a gauge function ¢ : [0, 00) — [0, 00) such that Z pl, < oo and Z t, < oo wherel : C —
n=1
C is a total asymptotically nonexpanswe self mapping wzth sequences {5300 {un oo, with a gauge

function ¥ : [0, 00) — [0, 00) such that Z iy, < 0o and Z Ly, < 0o.Suppose that there exists constants
n=1 n=1

My > 0,M] > 0, My > 0,M5 > 0, such thatV q > My, ®(q) < M{qgandVt > My, U(t) < Mt
and that F := F(T) N F(S) # 0, then, the sequence {x,, }°° , generated by (2.10) converges weakly to a
common fixed point of T' and S.

Proof. S is a generalized asymptotically nonexpansive mapping by Lemma 2.10 and by Theorem 3.3,
the result follows. O

Corollary 3.6. Let E be a uniformly convex real Banach Space, C' be a nonempty closed convex subset

of E,T : C — C be uniformly continuous S- generalized asymptotically nonexpansive mapping with
[e.°] o0

sequences {ftn}n>1 , {tn}n>1 C [0,00) such that ) p, < oo and ) v, < oo.Suppose that S is
n=1 n=1

a uniformly continuous total asymptotically weakly contractive mapping of C' with sequences { i, }°2 ;

o0 o0
A0, 122, and gauge functions @, : [0, 00) — [0, 00) such that Y p), < oo and > ¢, < 0o . Suppose
n=1

n=1
that there exists constants My > 0, My > 0 such thatVt > My, ¥(t) < M;it, and that F := F(T) N
F(S) # 0 .Then, the sequence {x,,}5° | generated by(2.10) converges weakly to a common fixed point of
T and S.

Proof. By Lemma 2.11; S is a generalized asymptotically nonexpansive mapping. Thus, by Theorem 3.3,
the result follows. U

3.4. Strong convergence results.

Theorem 3.4. Let E' be a uniformly convex Banach Space, C' be a nonempty closed convex subset of
E, T be a uniformly continuous S— generalzzed asymptotlcally nonexpansive self-mmapings of C' with

sequences i, , L, C [0,00) such that Z Ly < 00, Z lp, < 00. Suppose S is a uniformly continu-

n=1 n=1
ous generalized asymptotically nonexpansive mappings of C' with sequences ., I, C [0,00) such that
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oo oo
Z pr, < 0o, Z Il < 0o . Suppose that T andS satisfy condition (B)Jand F = F(T) N F(S) # (. Let

n=1 n=1
{an} and {B,} C [0,1 — 6] for some § € (0,1). Then the explicit iterative sequence {x,} defined by
(2.10) converges strongly to a common fixed point of T' and S.

Proof. Since T and S satisfy condition (B), we obtain that there exists a nondecreasing continuous
fuction f : [0, +00) — [0, +00) with f(0) = O such thatV n € N

1
i(Hxn —Txn| + ||xn — anH) > f(xn,F)) > 0.

Since by Theorem 3.2, li_>m |xn — Txy|| = 0 = li_}rn ||xn — S|, then we obtain by Sandwich
n—oo n—,oo
Theorem that lim f(d(zy,F)) = 0. Since f is continuous, we obtain that lim (d(zy, F') = 0. Thus,
n—00 n—00
by Theorem 3.1, this implies that {x,,} is convergent. This completes the proof. 0

Corollary 3.7. Let E be a uniformly convex real Banach Space, C be a nonempty closed convex subset
of E, T : C — C be S- generalized asymptotically nonexpansive self- mappings of C with sequences
[e.e] [e.e]

{uh 3n>1 5 {th}n>1 C [0,00) such that Y ul, < oo and > i), < co. Suppose that S is a uniformly

n=1 n=1
continous total asymptotically nonexpansive self mappings of C wzth sequences {pin 1001 {tn}22, and

gauge function ¢ : [0,00) — [0,00) such that Z iy, < 00 and Z tp, < 00..Suppose that there exists
n=1 n=1

constants My > 0, M7 > 0 such thatVt > My, ¢(t) < Mit. Suppose that F(T) N F(S) # 0 and

that T and S satisfy condition (B), then the explicit iterative sequence {x, }°° ; defined by 2.10 converges

strongly to a common fixed point of T and S.

Proof. By Lemma 2.9; S is a generalized asymptotically nonexpansive mapping, and by Theorem 3.4,
the result follows. g

Corollary 3.8. Let E be a uniformly convex real Banach Space, C be a nonempty closed convex subset
of E,T : C — C be uniformly continuous S- generalized asymptotically nonexpansive self- mappings

of C' with sequences {u),}n>1, {t),}n>1 C [0,00) such that Z wh, < oo and Z t, < 00. Suppose
that S is a uniformly continuous total asymptotical I — nonexpanszve self mappmgs ofC' wzth sequences

{pn}22q An}22, with a gauge function ¢ : [0,00) — [0, 00) such that Z fp < 00, Z by < 00.
n=1

and I : C — C be a total asymptotically nonexpanszve mapping with sequences {un} SIPTS ) Sou
with a gauge function U : [0,00) — [0, 00) such thatz Wy, < oo and Z 1y < o0o. Suppose that

there exists constants My > 0,M{ > 0, My > 0,M5 > O such that ¥ q > Ml, ®(q) < Mq,and
YVt > My, U(t) < Mjt. Suppose further that and F(T) N F(S) # 0 and that T and S satisfy condition

(B), then the explicit iterative sequence {xy}>> ; defined by 2.10 converges strongly to a common fixed
point of T and S.

Proof. By Lemma 2.10; S is a generalized asymptotically nonexpansive mapping and by Theorem 3.4,
the result follows. U

Corollary 3.9. Let E' be a uniformly convex real Banach Space, C be a nonempty closed convex subset of
E, T :C — C beauniformly- continous S- generalized asymptotically nonexpansive self- mappings of C'
o oo

with sequences {fin }n>1, {tn}n>1 C [0,00) such that Y pn, < 0o and y_ 1, < 0. Suppose that S is a
n=1 n=1

uniformly continuous total asymptotically weakly contractive self mappings of C' with sequences {j1,, }°2 ;
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A, 122, and gauge functions @, : [0,00) — [0, 00) such that Z pl, < oo and Z u, < 00.. Suppose
n=1

that there exists constants My > 0, M; > 0 such that V't > My, ¥(t) < M;t, Suppose further that

F(T)NF(S) # (and that T and S satisfy condition (B). Then,the explicit iterative sequence {x,}5°

defined by (2.10) converges strongly to a common fixed point of T' and S.

Proof. S is a generalized asymptotically nonexpansive mapping by Lemma 2.11 and by Theorem 3.4,
the result follows. U

4. CONCLUSION

It is of interest to note here that extension of the results obtained in this paper to finite families of
classes of S-generalized asymptotically nonexpansive mappings leads to no further generalization since
the method of proof displayed in this paper carries of to finite family of Mappings. Moreover, addition
of error terms to the iterative algorithm studied in this paper leads to no further generalization.
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