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ABSTRACT. In this paper, we introduce a new iterative algorithm for approximating a common element
of the set of solutions of an attractive point of further 2-generalized hybrid mapping, equilibrium problem
and a common zero of a finite family of monotone operators in hyperbolic spaces. We establish strong
convergence theorem under suitable assumptions, and also give numerical example to support our main
result. Our results generalize and improve many recent results in the literature.
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1. INTRODUCTION

The concept of attractive points was originally studiied in Hilbert space by Takahashi and Takeuchi
[31]. The introduction was motivated basically to get rid of the closedness and convexity hypotheses
imposed on the nonempty subset C' C H in a celebrated Bailon’s [4] nonlinear ergodic theorem.

Let C be a nonempty subset of a metric space X and let T : C' — X be a nonlinear mapping. We
denote the set of attractive point of 7" by A(T') and defined by

A(T)={ue X :d(Tv,u) < d(v,u),Yv € C}

Recall that a mapping T : C' — X is said to be («, 3)-generalized hybrid [20] if there exists o, § € R
such that

ad*(Tx, Ty) + (1 — a)d*(z, Ty) < Bd*(Tx,y) + (1 — B)d*(x,y),Vz,y € C.
Observe that mapping 7" reduces to a nonexpansive mapping if « = 1 and 8 = 0. i.e.,
d(Tz,Ty) < d(z,y), Vz,y € C.
If « = 3 and 8 = 3, then it is said to be hybrid [21, 30], i.e.,
3d*(Tx, Ty) < d*(z,y) + d*(Tx,y) + d*(Ty, x), Vz,y € C.
It is also said to be nonspreading [21, 22] if « = 2 and 8 = 1. i.e.,
2d*(Tx, Ty) < d*(Tx,y) + d*(Ty, x), Vz,y € C.
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Let’s recall that a mapping T is said to be normally generalized hybrid [34] if there exist «, 3,7,0 € R
such that

@ a+pB+y+d5>0
(b) a+ 3 >0o0ra+~y > 0,and

ad?(Tx, Ty) + Bd*(x, Ty) + vd*(Tx,y) + 6d*(x,y) <0, Y,y € C.

To generalize the class of normally generalized hybrid mapping, the class of normally 2-generalized
hybrid and further generalized hybrid were introduced. A mapping 7T is said to be

(i) normally 2-generalized hybrid [23] if there exist a1, ag, a3, 81, B2, B3 € R such that
@ Yo (ai+Bi) >0
(b) 37 ;> 0,and
(c) qu2 (TZ{L" Ty)+a2d2 (T:E7 Ty)+a3d2 (l’, Ty)"'ﬁldQ (T2$7 y)+/82d2 (TZL‘, y)+ﬂ3d2 (:Ua y) <
0,Vx,y e C.
(ii) further generalized hybrid [16] if there exists «, 3,7, d, € € R such that
@a+p+7+5>0,e>0.
(b) a+ 5 >0o0ra-+y>0and
(¢) ad®(Tx, Ty) + Bd(z, Ty) + vd*(Tx,y) + éd(z,y) + ed(z, Tx) < 0,Vz,y € C.
Convergence theorems for attractive points of the above mentioned generalized nonlinear mappings have
been studied in Hilbert spaces by various authors; see for example, [24, 16, 32, 34]. In 2008, Safeer
Hussain Khan [16] proposed a mann iterative scheme that converges weakly to a common attractive point
of two further generalized hybrid mappings in Hilbert spaces. Kondo and Takahashi [24] constructed a
Halpern’s type iterative scheme that converges strongly to an attractive point of normally 2-generalized
hybrid mappings,also in Hilbert spaces.

Let (X, d) be a metric space and z,y € X. Let d(x,y) = l. Anisometry ¢ : [0,]] — X satisfying
¢(0) = x and ¢(l) = y is called a geodesic path joining x to y. A geodesic segment between x and y
is the image of a geodesic path joining x to y, which is denoted by [x,y] when it is unique. A geodesic
space is a metric space (X, d) in which every two points of X are joined by a geodesic segment. A
metric space in which every two points of the space are joined by only one geodesic segment is referred
to as uniquely geodesic space. Let X be a uniquely geodesic space and (1 — ¢)zoplusty denote the
unique point z of the geodesic segment joining x to y for each x, yin X such that d(z, x) = td(z,y) and
d(z,y) = (1 —t)d(z,y). Set [z,y] :={(1 —t)x @ty : t € [0,1]}.Then a subset C' C X is said to be
convex if [z, y|subsetC for all z,y € C.

A geodesic space (X, d) is a CAT(0) space if and only if it satisfies the (CN) inequality,[7] i.e., If x,y,z
are points in X and q is the midpoint of the segment [y,z], then

1 1 1
d2(£l?, Q) < §d2(.§6, y) + §d2($, Z) - Zd2(y7 Z)‘
A complete CAT(0) space is known as Hadamard space. Examples include, Hilbert spaces, the Hilbert

ball, Euclidean space R”, R — trees [29]

A geodesic space (X, d) is called a hyperbolic space [1]. if for any z,y, z € X,

1 1 1 1 1
Z e = < = .
d(22@ 57 57 @ 2y) < 2d(a:7y)

Equivalently [1], a hyperbolic space is a geodesic space (X, d) that satisfies
dlaz® (1 —a)y,cw® (1 —a)z) < ad(z,w) + (1 — a)d(y, 2),

for all z,y,z,w € X, € (0,1). The class of hyperbolic spaces include the normed spaces, CAT(0)
spaces and some others.
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Let (X, d) be ametric space and {x,, } 2 ; be any bounded sequence in X . Forx € X, setr(x, {z,}) :=

lim supd(zy,, =), then
n —oo

e the asymptotic radius of the sequence {x,,} C X denoted by r({x, }) is defined by
r({ed) = inf (o}, 2).
e the asymptotic center of {z,} C X is a set

Afan}) = {z € X :r(z {wn}) = r({n})}
In a Complete CAT(0) space,it is known that A({x,}) consists of exactly one point. A sequence
{z,} € X is said to A-converge to z if every subsequence {xy, } of {x,} satisfies the condition that

A{zn,}) = {z}-
That is to say a sequence {x,,} C X A-converges to a point x € X if x is the unique asymptotic center

of {z, } for every subsequence {zy, } of {x,} and this is written as A — lim x,, = x.
n —oo

Berg and Nikolev [5] introduced the notion of quasilinearization in C' AT'(0) spaces. Let X be a
CAT(0) space and (a,b) € X x X. Then quasilinearizationisamap (,) : (X x X) x (X x X) - R
defined by

1 1 1 1
(ab, ed) = 5@ a,d) + 5d(b,) — Sd%(a, ) — 5d(b.d), Va,bc.d € X.

— — — — - —
It can easil)y be c&ecked that <£, (%) = d*(a,b), (ba, cd) = —(%, cd), (E, cd) = (@, cd) + @, cd)
and (%, cd) = {cd, £> Ya,b,c,d,e € X. We say that the spacce X satisfies Chauchy-Schwart inequal-
ity if

- =

(ab, cd) < d(a,b)d(c,d), Ya,b,c,d € X.
Kakavandi and Amini [3] introduced the concept of duality in a complete C' AT'(0) space X based on the
work of Berg and Nikolaev [5].

Consider the map H : R x X x X — C(X) defined by

H(t,a,b)(z) = tab,ad), t € R,a,b,z € X,
where C'(X, R) is a space of all continuous real-valued functions on X. Then the Cauchy-Schwarz in-
equality implies that the map H (¢, a,b) is a Lipschitz map with Lipschitz semi-norm L(H (¢, a,b)) =
td(a,b),Vt € Randa,b e X, where L(p) = sup{% cx, y € X,z # vy } is the semi-norm for
any function ¢ : X — R.

Defineamap M on R x X x X by
M((t,a,b),(s,c,d)) = L(H(t,a,b) — H(s,c,d)),Vt,s € R,a,b,c,d e X.
Clearly Disa pseudometric.

A relation ~ on Rx X x X defined by (¢, a,b) ~ (s,c,d)if M((t,a,b), (s, c,d)) = 0is an equivalence
relation, where the equivalence class of (¢, a, b) is given as

[tab] = {sed - t(ab, &) = s(cd, 7)), 2,y € X}.

We denote by X* := {[t%] : (t,a,b) € R x X x X} the set of all equivalence classes of (¢, a, b). This
together with the metric D on X* is called the dual space of (X, d).

The concept of attractive points of a nonlinear map 7" was first studied in the setting of C AT'(0) spaces
by Kunwai, Kaewkhao and Inthakon [25]. In 2015, Kaekhaon, Inthakon and Kunwai [14] proved the A-
convergence of a Mann-type scheme to a point in the set of attractive points of normally generalized
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hybrid mappings. Also,Cuntavepanit and Phuengrattana [10] studied the class of further generalized
hybrid mappings in Hadamard spaces. They established the demiclosed principle and proved the A-
convergence for attractive points.

Recently, Ali and Yusuf [2] introduced a further 2-generalized hybrid mapping, which includes nor-
mally 2-generalized hybrid and further generalized hybrid mappings as special cases in a complete
CAT(0) space. They constructed the below Halpern’s type iterative scheme for finding an element in
the set of attractive point of such mapping.

Yn = QnTn D ﬁnTxn S5 VnTan
Tp+1 = 0pu D (1 - 571)3/71
The new generalized nonlinear map is defined below as;

Let X be a complete CAT(0) space and let C be a nonempty subset of X. A mapping 1" : C' — C'is said
to be further 2-generalized hybrid if there exists a1, aa, as, 51, B2, B3, €1, €2 € R such that

(i) 32 (i + Bi) >0, €162 > 0.
(i) 2 ;>0
(iii) ard?*(T%z, Ty) + aad?(Tx, Ty) + azd®(x, Ty) + frd*(T%z,y) + B2d®(Tx,y) + Bad®(x,y) +
e1d*(z, T%x) + e2d?(x, Tx) < 0,Vz,y € C.

(1.1)

Remark 1.1. If a; = 1 = €3 = 0, then the mapping is reduced to further generalized hybrid mapping.
Also, the mapping is reduced to a normally 2-generalized hybrid mapping if €; = €3 = 0.

Let C be a nonempty closed convex subset of a hyperbolic space X and f : C' x C — R bea
bifunction. The equilibrium problem for a bifunction f is to find;

x* € C such that f(z*,z) > 0,Vz € C. (1.2)

The set of solutions of (1.2) is denoted by EP(f,C'). This problem was originally studied in [6] which
includes, as a special cases, many important Mathematical problems such as optimization problems, vari-
ational inequality problems, saddle point problems and other problems of interest in many applications.

Methods of solving Equilibrium problems and their generalizations have been a very important tool
for solving problems arising in the areas of linear or nonlinear programming, variational inequalities,
optimization problems, fixed point problems and so on. It has been widely applied to physics, structural
analysis, management sciences, e.t.c., see for example [3, 9, 13, 26, 27]. Various methods have been used
to study equilibrium problems, one of such methods is the proximal point algorithm which was used in
[17] to study the existence of solutions of equilibrium problems. Other methods include the extragradient
method which was introduced in [28] by Quoc et al. in the setting of Hilbert spaces. They studied the
following scheme;

(1.3)

2 € Argmin, o { [ (2a,2) + g4 |l2 = @l

Tn+l € ArgminzeC{f(Zm Z) + 2)1\n HZ - ‘T?’LH2}
and they established weak convergence of the sequence {z,} generated by (1.3) to a solution of some
equilibrium problem. In recent time, several authors have extended the notion of equilibrium to Hadamard
spaces.

Khatibzadeh and Mohebbi [18] studied both A—convergence and strong convergence of a sequence
generated by the Extragradient Method for pseudo-monotone equilibrium problems in a complete C'AT(0)
space.

Let X be a hyperbolic space with dual X* and let A : X — 2% be a multivalued operator with
domain D(A) := {z € X : Az # 0}, range R(A) := J,cx Az, A7 (2*) = {z € X : 2* € Az} and
graph gra(A) := {(z,2*) € X xX* : 2 € D(A),z* € Ax}. Also, let X be a Hadamard space with dual
X*. The multivalued operator A : X — 2% is said to be monotone if the inequality (z* —/*, ﬁ) >0
holds for every (x, z*), (y,y*) € gra(A). [19].
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A monotone operator A : X — 2% is maximal if there exists no monotone operator B : X —
2X" such that gra(B) properly contains gra(A) (thai is, for any (y,4*) € X x X*, the inequality
(x* —y*, yt) > 0 forall (z,z*) € gra(A) implies that y* € Ay).

The resolvent of a multivalued operator A : X — 2% of order A > 0 is the multivalued mapping
J{ X — 2% defined by J{{(z) = {z € X : [%27] € Az}. Monotone operator A is said to satisfy
range condition if for every A > 0, D(J{!) = X, where D(J{}) is the domain of .J5!.

Let A : X — 2X" be a monotone operator. A monotone inclusion problem is a problem of the form:

find € D(A) such that 0 € Ax. (1.4)

The solution set of equation (1.4) is denoted by A~1(0) [26].

One of the most important problems in monotone operator theory is approximating a zero of a mono-
tone operator. Martinet [26] introduced one of the most popular methods for approximating a zero of a
monotone operator in Hilbert spaces that is called the proximal point algorithm. Recently, Khatibzadeh
and Ranjbar [19] generalized monotone operators and their resolvents to Hadamard spaces by using the
duality theory.

Very recently, Moharami and Eskandani [27] proposed the following extragradient type algorithm for
finding a common element of the set of solutions of an equilibrium problem for a single bifunction f and
a common zero of a finite family of monotone operators Ay, As, - - - , Ax in Hadamard spaces;

An—
Wy = JQJZI’V o Jﬁéy_f o---0 Jé}jxn,
Yn = argmln{f(wn7 y) + ﬁdQ(wna y)}a
yeK Lo (1.5)
rn = argmin{ f (yn, y) + z3-d*(wn, y) },
yeK

Tnt1 = apw @& (1 — ay)ry,

where {a, }, {Bn} and {)\,,} are sequences satisfying some conditions. They proved strong convergence
theorem of the sequence {x, } generated by the above scheme.

In this article, motivated and inspired by the result of Moharami and Eskandani [27], and the result
of Ali and Yusuf [2], we propose an iterative algorithm for finding a common element of the set of so-
lutions of an attractive point problem of further 2-generalized hybrid mapping, equilibrium problem and
a common zero of a finite family of monotone operators in hyperbolic spaces. The strong convergence
theorem is established under suitable assumptions.We also give numerical example to support our main
result.

2. PRELIMINARIES
The following notions and results are very vital in our subsequent discussion.

Definition 2.1. ([18]) A function f : X — (—o0, +0o0] is called

1) convex if
f(l=o)xdoy) <(1—o)f(x)+of(y)Vz,y € X and o € [0, 1].
ii) strictly convex if
f(l=o)xdoy) <(l—o)f(x)+of(y)Ve,y e Xz #yand o € [0,1].
Remark 2.2. Observed that if f is strictly convex, then the minimizer of f is unique.

Definition 2.3. Let X be a hyperbolic space and g : D(g) € X — R be a function (D(g) denotes the
domain of g). Then g is said to be A—upper semicontinuous at some point xg € D(g) if

g9(z0) > limsup g(z,)
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for every sequence {x,} C D(g) satisfying the condition that A — lim x,, = z. We say that g is

n —oo
A—upper semicontinuous on D(g) if it is A—upper semicontinuous at every point in D(g).

Definition 2.4. Let X be a hyperbolic space and h : D(h) C X — R be a function (D(h) denotes the
domain of h). Then A is said to be A—lower semicontinuous at some point xg € D(h) if

h(zg) < limsup h(zy)
for every sequence {x,} C D(h) satisfying the condition that A — lim z,, = xo. We say that h is

n —oo
A—lower semicontinuous on D(h) if it is A—lower semicontinuous at every point in D(h).

Definition 2.5. [27] Let X be a hyperbolic space. A bifunction f : X x X — R is said to be monotone
and pseudo-monotone if for every z,y € X,

f(z,y) + f(y,x) < 0and f(x,y) > 0 implies f(y,z) < 0.

respectively.

In this paper, f is assumed to satisfy the following conditions;

Bi: f(z,.) : X — Ris convex and lower semicontinuous for all z € X.
By : f(.,y): X — Ris A—upper semicontinuous for all y € X.
Bs : f is Lipschitz-type continuous, that is there exist two positive constant ¢; and ¢y such that

f(x7y) + f(yvz) > f(SU,Z) - CldQ(xay) - CQdQ(yvz)v an%z € X.

By : f is pseudo-monotone.

Definition 2.6. [15] A hyperbolic space (X, d) is said to satisfy the S property if for any (z,y) € X x X,
there exists a point y, such that [z7] = [y24].

Definition 2.7. [15] A hyperbolic space (X, d) is said to satisfy (Q,) condition if for any x,y,p,q €
X,d(p,x) <d(x,q) and d(p,y) <d(y,q) imply d(p,m)<d(m,q), Ym € [x,y].

Definition 2.8. [33] Let [*° be the Banach space of bounded sequences with supremum norm and g :
[>° — R be a bounded and linear functional on [*°. Let u(f)(orp,(x,)) denotes the value of p at f =
(x1,x2,23,...) € [°°. A mean p, is a linear functional defined on [*° satisfying p,(€) = ||un|| = 1
where e = (1,1, 1,...). And a Banach limit on [*° is a mean p,, such that p,(x,+1) = pun(zy) .

Lemma 2.9. [11] Let (X, d) be a complete C AT (0) space, r,x,y,v € X andt € (0,1). Then,
iod(te ® (1 —t)y,v) <td(x,v)+ (1 —t)d(y,v),
ii. 2(tr @ (1 —1t)y,v) < td*(z,v) + (1 —t)d*(y,v),
iii. d(tx ® (1 —t)y,tr & (1 —t)zv < td(x,r) + (1 —t)d(y,v),
iv. d?(tz ® (1 —1t)y,v) < td?(x,v) + (1 —t)d?(y,v) — t(1 — t)d?(z, y).

Lemma 2.10. [15] Let X be a complete C AT (0) space that satisfies the S property. Let {x,} be a
sequence in X and x € X. Then {x,,} A converges to x iff lim sup(i*;%, ;ﬁ> =0Vye X.
n —oo

Let 21,29, ..., 2, be points in CAT(0) spaces. For A\i,Aa,..., A\, € (0,1) with >0 | A\ = 1, we
write

- A A A

where the definition of & is an ordered one in the sense that it depends on the order of points z1, xa, . . . , Tn.

The notation above was introduced by Dompongsa, Kaewkhao and Panyanak [12] in C' AT'(0) spaces.
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Lemma 2.11. [8] Let (X, d) be a complete CAT( ) space and x,y € X t; € (0,1). Then
(B otizs,y) < Zt > (zi,y) — titid? (zg, x5)

where i,j € {0,1,...,n}and Y " t; =1
Lemma 2.12. [1] Every bounded sequence in a complete C AT (0) space has a A-convergent subse-

quence.

Lemma 2.13. [14, 25] Let (X, d) be a C AT(0) space and K be a nonempty subset of X.Let T : K — K
be a mapping. Let {x,} be a bounded sequence in K such that liin d(xp, Tzy) = 0. Then
n oo

(i) The sequences {d(xn,y)} and {d(Txy,y)} are bounded for all y € C

(i) pnd(xn,y) = pnd(Txy,y) for any Banach limit pi, on [°°.
Lemma 2.14. [14] Let (X,d) be a complete C AT(0) space satisfying the Q, condition. Let C be a
nonempty subset of X and T' : C' — X be any map. Then A(T) is closed and convex.

Lemma 2.15. [11] Let C be a closed and convex subset of a complete C AT (0) space X, T : C — C

be a nonexpansive mapping and {x,} be a bounded sequence in C such that li_)m d(xp, Tzy) = 0 and
n oo

T, A-converges to x. Then x=Tx.
Lemma 2.16. [27] If a bifunction f satisfies conditions By, Bo and By, then EP(f,C) is closed and convex.

Lemma 2.17. [35] Let {b,} be a sequence of nonnegative real numbers, {c,} be a sequence of real
numbers in (0,1) with Y _>7 y av, = 00 and {t,,} be a sequence of real numbers. Suppose that

bn+1 < (1 — an)by, + anty, ¥Yn > 0.
If limsupt,, < 0, then, for every subsequence {by, } of {b,} satisfying hm 1nf (b

k—o0

holds that lim b, = 0.
n—oo

—by,) >0, it

Nk+1

Lemma 2.18. [2] Let (X, d) be a complete C AT (0) space which satisfies the (S) property and let C be
a nonempty subset of X. Let T : C' — C be a further 2-generalized hybrid mapping. Let {x,} be a

bounded sequence in K that A converges to x and d(x,, Txy,) — 0, d(z, T*x,) — 0 as n — oo. Then
z € A(T).
Theorem 2.19. [19] Let X be a CAT(0) space with dual X* and let A : X — 2X" be a multivalued
mapping. Then

(i) Forany X\ >0, R(J{}) C D(A), F(J,) = A~1(0).

(ii) If A is monotone, then J )‘\4 is a single-valued on its domain and

2
(I w, I{y) < (J{w iy, 7)), Va,y € D(J]),
in particular J{* is a nonexpansive mapping.
(iii) If A is monotone and 0 < \ < p, then d*(J{'z, JA ) < /’j%dQ(x, J;?m), which implies that
d(x, Jiz) < 2d(z, Jiz).
Remark 2.20. Tt is well known that if 7" is a nonexpansive mapping on a subset C' of a C AT'(0) space X,
then F'(T) is closed and convex. Thus, if A is monotone operator on a C AT'(0) space X, then by parts

(i) and (i7) of theorem 2.14, A=1(0) is closed and convex. Also by using part (iii) of the same theorem
forallu € F(J{) and z € D(J{}), we have

P (T, ) < d(u,z) — d?(u, J{x). 2.1

Remark 2.21. Observe that Lemmas 2.9, 2.10, 2.11, 2.12, 2.14, 2.18 and Theorem 2.19 holds true also
in the setting of hyperbolic spaces.
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3. MAIN RESULTS

In this section, we study the strong convergence of the following iterative scheme. Let u, 1 € X and

A AN A
Un:JKfVOJJ{fv—llo'”OJIxny
O On

wy, = argmin{ f (v, y) + 1 dQ(Unv Y}
yeC

zn = argmin{f(wn, y) + (v, y)}, 3.1)
ye

Yn = Qnzp D /BnTzn ¥ 'YnTzzny
Tp4+1 = onu B (1 - 5n)yn7

Where, 0 < a <\, << mm{2c1, 2C2} {an}, {Bn}, {7} C[a,b] C (0,1) with atp, + B, + 75 = 1,
9, €(0,1), hm(5 =0,>0° 6, = 00, {of} C (0, oo)andhmmfa >0,fori=1,2,...,N.
Lemma 3.1. If {v,}, {wy}, {zn} be sequences defined in algorithm (3.1) and z* € A(T)NEP(f,C)N
ML, A7 (0), then
() d%(zn,x*) < d?(vn, 2*) — (1 — 201)\ VA2 (U, wy) — (1 = 220 d% (Wi, 21).
(i) f(wn,zn) < ﬁ{d% ) d*(vn, 2) — d*(zp, %)}
(iii) (i - cl)dQ(vnvwn) ( CZ)d (wna Zn) - icp(vna Zn) < f(wna Zn)'

Proof. The proof is similar to the proof of Lemma 3.1 in [27]. O

Theorem 3.2. Let (X,d) be a hyperbolic space satisfying the S property and Q, condition, and C be a
nonempty, convex and closed subset of X. Let T' : C' — C' be a further 2-generalized hybrid mapping,
f : X x X — R be a bifunction satisfying condition By, By, B3 and By. Let A; : X — 2%,
i=1,2,...,N be N multi-valued monotone operators satisfying the range condition. If Q = A(T) N

EP(f,C)n ﬂf\il A;1(0) # 0. Then the sequence {x,,} generated by algorithm (3.1) converges strongly
to z* = Po(u).

Proof. From Lemma 2.14, Remark 2.20 and Lemma 2.16, it follows that Q@ = A(T) N EP(f,C) N
N, A;1(0) is closed and convex, and so z* = Pg(u) is well defined.

Let * = Pq(u) € €. From nonexpansivity of ij, we have

d(vp,z*) = d(JA]{,VoJAN 1o"-oq]’élllxn,av"‘)

d(JAszV 11O OJ1$na )

IN

d(J(‘:‘l1 T, x)
< d(zg, ) (3.2)

Using Lemma 3.1(i), we have

d(zp, x*) < d(vp,z") < d(zp, ") (3.3)
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Again, using Lemma 2.9 (i) and (3.3), we have

A(yn,z*) = d(anzn ® BnT 20 ® T2y, z¥)
< ond(2, &%) + Brd(Tzp, ) 4+ Y d(T? 2y, )
< and(zn, %) + Bnd(zn, %) + ynd(zpn, ")
= d(zp,x")
< d(xp,x"). (3.4)
Also using (3.4),
d(znt1,2%) = d(Spu® (1 —6n)yn,27)
< Gpd(u,z™) + (1 — 0p)d(yn, x )
< pd(u,z™) + (1 — 6y)d(zp, z*
< mazx{d(u,z*),d(x,, ")}
< maz{d(u,z*), max{d(u,z*),d(xp_1,2%)}}
= mazx{d(u,z"),d(xp—1,2%)}
< maz{d(u, z*), maz{d(u, x*),d(xp—2,2")} }
= max{d(u,z*, d(xp_2,2")}

)

< maz{d(u,z*),d(z1,2*)}

This implies that the sequence {d(x,, 2*)} is bounded and consequently {z, }, {T"x, }, {vn}, {2, } and
{yn} are bounded.

Now, from the scheme (3.1), (3.3) and Lemma 2.11, we have
dz(yn, x¥) = dz(anzn D BTz, ® 'ynTzzn, x")
< nd* (2, &%) + Bpd® (T2, ) 4+ 1nd*(T? 2, %) — anBnd®(2n, T2n)
< and®(2n, %) + Bnd*(2n, %) + Ynd? (20, °) — pfnd? (20, T2
= d*(2n, %) — anBnd? (20, Tzp)
< d(xn, %) — anBnd® (20, T2n).
Thus,
(Y, x*) < d*(xp, %) — @pBnd® (20, T2p). (3.5)
Similarly,
d? (Y, z*) < d*(xp, T*) — AnYnd®(2n, T?2,). (3.6)
On the other hand, using (3.5) and Lemma 2.9 (iv), we have
d*(xpyi1,2%) = d*(5u ® (1 = 0p)yn, z¥)
< Snd?(u, ) 4 (1 = 8,)d* (yn, %) — 0p(1 — 6,)d? (u, yn)
< Gpd®(u, ) 4 (1 = 6,)[d? (20, %) — @nBnd®(2n, Tzn)] — 0n(1 — 6,)d? (u, )

(1= 0n)d* (@, &%) + 6 [d® (u, %) — (1 = 6,)d*(u, yn) — agf”(l — 6n)
d*(2n, T2)).
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Now we show that d?(z,,, z*) — 0. To do this using Lemma 2.17, it is sufficient to show that:

1—
lim sup(d®(u, z*) — (1 — 6, )d*(u, Yn, ) — (1= Oy )y B d*(zn,,, T2n,)) <0,

k—o0 5nk
for every subsequence {d*(z,, ,z*)} of {d*(z,,z*)} that satisfies,

lim inf(d*(2py,,, 2%) — d*(Tn,,, 7)) > 0. (3.7)
— 00

Now, suppose {d?(zn,,z*)} is a subsequence of {d*(z,,z*)} that satisfies (3.7). Then we have,

0 < liminf(d(en,,,, ") = d*(wn,, "))

< likm inf (6, d?(u, %) + (1 = 6, )d? (Y, )
— 00
_5nk(]‘ - 6nk)d2(u’ ynk) - dz(xnk,x*))
< likminf(énde(u,x*) + (1 = 80,)d* (yny,, %) — A2 (2, %))
— 00
< hkminf[(snk(d2(u7$*) - d2(ynk7$*)) + d2(ynk7x*) - d2(xnkvx*)]
—00
< limsup(6n, d(u, %) — d*(yn,,, ©*)) + liminf(d*(yn, , ©*) — d*(zn,, %))
k—o0 k—o0
= liminf(d*(yn,,2*) — d*(vn,,2"))
k—o0
< limsup(d®(yn,,, v*) — d*(zp,,, v*))
k—o0
< 0.

In conclusion, klim (d?(yn,,, ©*) — d?(xp, , 2*)) = 0. Since {yy, } is bounded, then there exists a subse-
—00

quence {yn, } of {yy, } such that A — lim y,, = p € C, therefore we have
€ €—00 €

1—
lim Sup(dz(u7;p*) _ (1 _ 5nk)d2(u, ynk) . ( 5nk)ank5nk d2

k—o0 5nk

< lim sup(d®(u, &) = (1 = 8 )d* (4, Yy ) + @y By @ (2, Tzy.))

k—o0

(2nys Tny,))

= 611)120(d2(u, x*) - (1 - 5nk€)d2(u7 ynke) + Qny,, Bnke dQ(ane ’ Tznke))

Since d?(u, .) is A-lower semicontinuous, we have

lim sup (621, 2) — (1 — By )2t ) — om0 g2, )

k—o0 6nk
< lim sup(dg(u, ) — (1 — 5nk)d2(u,ynk) + ankﬁnkdz(znk,Tznk))
k—o0
= €li)ngo(dz(u, a*) = (1= 6, )d* (U, Yny, ) + Oy, Bry, A (2ny s T2ny,))
< d*(u,z*) — d*(u,p) (3.8)

Hence, it now remains to prove that

d(u, z*) < d(u, p).
Now, from the boundedness of {z, }, there exists a subsequence {z,, } of {z,} such that A — klg](r)lo Zn, =
p. Thus, from (3.5) and (3.6), we have that

O‘nkﬁnkd2(znkaTznk) < _(d2(ynkax*) - d2(xnk7x*))
and
ank’ynde(anTank) < *(dQ(ynk’fk) - dQ(xnk,l‘*))
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which implies that au,, 8, d? (20, T2n,) — 0

and A Vi, A2 (20, T2, ) — 0 as k — o0.

S0, ny s Brgs Yny, € @, ] C (0,1), any By d*(2ny,, T2ny,) — 0
and ankVnkd2(an,T2an) — 0 as k — oo imlies that

lim d(zp,, T2p,) = 0 and lim d(zp, , T%2,,) = 0

k—oo k—o0

Then by Lemma 2.18, we have that p € A(T).

1 A 2 A 1 N-1 N—-177N—-2
Let Ul = A, U2 = JRUL... . UN" = J35 UN 2,
n n n

U, =UN = Jillév UN=1, U% = x,,.Thus v, = U,,. Therefore, (3.3) gives
Uy, 2*) — d*(zp,2%) <0

Hence,

limsup(dQ(Un,x*) - dQ(xmx*)) <0

n—oo

Now, from (3.1) and (3.3)

A(yn,z*) = d(anzn ® BnTzn ® T2y, %)
< and(zn, %) + Bnd(Tzpn, ) + Ynd(T? 2y, =*)
< and(zn, %) + Bnd(zn, %) + ynd(2zpn, 2¥)
= d(zn,z")
< d(vp,z").

(3.1) and (3.11) gives,

d2(6nu @ (1 —=09,)yn, z¥)

d2($n+1, LL'*)

IN N IN

Therefore,

Ond?(w, ) 4+ (1 = 8,)d* (yn> %) — 6 (1 — 6,)d? (u, yp)
(5nd2(u,a:*) — 5nd2(yn,x*) — (1 — 5n)d2(yn, u) + d2(yn,x*)
Snd? (w, ) — 6, d? (Yn, 2¥) — 6p(1 = 6,)d> (Y, 1) + d*(vp, 2*).
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(3.9)

(3.10)

3.11)

d2($nk+1,$*) - dQ(I'nk,x*) S 57% (dQ(u7x*) - d2(ynk7:€*) - (1 - 6nk)d2(ynk7u))

+d* (v, o) — d*(2n,,, TF).

Since klim Opn, = 0, then by using (3.7) and (3.12), we have
—00

0 < liminf(d?(Up,,z*) — d*(zn,,, z%)).

k—00

Using (3.10) and (3.13) we get,

lim (d?(Uy,,2*) — d*(zp,,z*)) = 0.

k—o0

3.12)

(3.13)

(3.14)
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By applying (2.1), we obtain

&P (Uny,2®) < d*(UN1a*) = d*(UN T Uny)
< U Y) = U UNTY - P (UN T Uy)
2 N— 3 * 2 N-3 N—-2 2 N—-2 N—-1
S d (U ) d (U’I’Zk 7U7’Lk )_ d (Unk ’Unk )

—d*(UN 1, Uyy)

Py a*) = (U,
_dQ(UN UN 1)

ng?

T, ) — d* (U2

ng?

Un)— -
From (3.15) we have,
0 <d(UL  x*) < d*(xp,, x*) — d*(Uy,, z*).

nk7

Using (3.14), we have

2(771 _

klirglod (Upys Tny,) = 0.

Similarly, we have,
Jim d2(U5k,U1 ) = lim d2(U§;k,U2 )=...= lim d2(Unk,UN hy=o.
It follows from (3.16) and (3.17) that
lim d(U3 ) < Jim (d(U,,U5,) + Jim d(U, . 2a,)) = 0.

Hence,

klg)(r)lod(Unk, Tp,) =0.
Consequently, we have

kl;ngod(Unk,xnk) = hm d(Unk,a:nk) = klggod(Unk,xnk) =0.
Now,
klgrolod(JU1 Ty, Tny,) = hm d(Unk,mnk) =0.

Also, from nonexpansivity of Jéjk and (3.18), we have

A(J22 Ty, wn,) < d(JA22 xnk,JAQ U} )+d(JA2 UL )
nk

ng?

< d(zn,, U} )'i‘d(Unk,Can) — 0as k — oo.

Therefore, lim d(J 22 Ty Tny,) = 0.
k—o0

Again,

IN

d(JA;’ T, JA3 U2 )+ d(JA3 U2 )

ng?

d(Jﬁf’ Ty s Ty, )
ny

IN

d(xn,, UZ) + d(U

S n,) = 0ask — oo.

Hence hm d(J 3 xnk,xnk) = 0.

So contlnulng in thlS fashion, we obtain

hm d(J i xnk,xnk) = hm d(J 5 xnk,xnk) =. khm d(JG Ty Tny,)
—00 N
Hence,

d(J?zmnkafﬂnk) HOGS]{:‘)OO, VZ: 1,2,3,...,N.

=0.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Let {z,, }beasubsequence of {z,, } suchthat A— lim z,, = p. By Lemma 2.15, (3.19) and theorem
€ €—00 €

2.19 (i), we get p € A7(0). So, p € N, A7 1(0). Since lim inf(1 — 2¢;\,) > 0 for i=1,2, and using
n—0o0
Lemma 3.1 (i), we have

lim d@?(vn,,, Wy, ) = lim d?(wy,, 2p,) = lim d*(v,,, 2n, ) = 0. (3.20)
k—o0 k—o0 k—o0
Using Lemma 3.1(ii),(iii), and (3.20), we have
lim f(wp,, zn,) = 0. (3.21)
k—o0

Now assume that t = 7z, @ (1 — 1)y, where 0 < n < 1 and y € C, then by condition B; we have,

1 2 1 2
= < =
f(wnazn) + 2)\nd (Unazn) > f(wnat) + 2)\nd (Unat)

= f(wn,n2n ® (1 —n)y) + %dQ(vn,nzn © (1 —-n)y)
< Uf(wn, Zn) + (1 - U)f(wn,y)

o [0 (0, 2) + (1= )62 (0n, ) — 11 = 0)d(zn, ).

2\,
Therefore,
(=) = (1= f(wny) € 3o = (o)
= (L=n)d*(vn, 2n) — n(1 = n)d* (20, y)]-
So,

L (@ (o) — & (v 20) — 0 (2, 9).

fwn, 2n) — f(wn,y) < m

Now, if n — 17, we obtain

1
K[d2(vn7 Zn) + d2(2n, y) - d2(’l}n, y)] S f(wnay) - f(wna ZTL)~
Assume d(vy,, z,,) > 1. It can easily be seen that
-1
Kd(vny Zn)[d(ZTw y) + d(Un, y)] S f(wn7 y) - f(wn7 Zn)‘ (322)

Now replacing n with ng, in (3.22), taking limsup and using (3.20) and (3.21), since A — lgn W, = P,
€ o
then using By we have
0 < limsupf(wn,, ,y) < f(p,y), Yy € C.

e—0
Therefore p € EP(f,C). Hence p € Q = A(T) N EP(f,C)nNY, A7 (0).
Since x* = Pqu, we have
d(u,z*) < d(u,p).
Using (3.8), we get

lim Sup(d2(u,$*) - (1 - 6nk)d2(u7 ynk) - (1 - 6nk)ankﬂnk d2

k—o0 5nk

(xnka Txnk)) <0.

Thus, using Lemma 2.17, we get x,, — z*. This completes the proof. O

Since the identity map [ : C' — C defined by Ix = x is a further 2-generalized hybrid mapping
with g = 1,83 = —1, and a1 = ag = 1 = B3 = €1 = €3 = 0 in definition 1.7, then If we set T' = 1
in (3.1), it reduces to the result of Moharami and Eskandani [27].



82 M. H. HARBAU, S. B. MUHAMMAD, AND G. C. UGWUNNADI

Corollary 3.3. Let (X,d) be a hyperbolic space satisfying the S property and Q, condition. Let C be
a nonempty, convex and closed subset of X. Let f be a bifunction satisfying condition By, Bo, Bs and
By Let A; : X — 2X7 i =1,2,3... N be N multi-valued monotone operators that satisfy the range
condition. If @ = A(T) N EP(f,C) NN, A;1(0) # 0. Then the sequence {x,,} generated by

AN-1

AN Ay
UTL:JO-N OJN_1 O"‘OJO.IxﬂJ
n On n

wy, = argmin{ f(v,,y) + ﬁdQ(Um Y},

yeC.Y s (3.23)
2 = argném{f(wn,y) + 254" (vns y) 1

ye

(Znt1 = 0pu @ (1 — 0p)2n,

converges strongly to x* = Pq(u).

Corollary 3.4. Let (X,d) be a hyperbolic space satisfying the S property and Q, condition. Let C be a
nonempty, convex and closed subset of X and T’ : C' — C be a further generalized hybrid mapping.
Let f be a bifunction satisfying condition By, Bo, B3 and By. Let A; : X — 2% i =1,2,3...N
be N multi-valued monotone operators that satisfy the range condition. If Q@ = A(T) N EP(f,C) N
ﬂf\i LATY0) # 0. Then the sequence {x,,} generated by algorithm (3.1) converges strongly to z* =

Proof. Since a furthet 2-generalized hybrid mapping reduces to a further generalized hybrid mapping if
a1 = 1 = e = 0. It follows from theorem 3.4 that the sequence {x,, } converges strongly to z* = Pqu.
This completes the proof. g

Corollary 3.5. Let (X,d) be a hyperbolic space satisfying the S property and Q, condition. Let C be
a nonempty, convex and closed subset of X and T' : C — C be a normally 2-generalized hybrid
mapping. Let f be a bifunction satisfying condition By, By, BsandBy. Let A1, Ao, ..., Ay : X — 2%
be N multi-valued monotone operators that satisfy the range condition. If Q@ = A(T) N EP(f,C) N
ﬂf\i L A71(0) # 0. Then the sequence {x,,} generated by algorithm (3.1) converges strongly to x* =
Po(u).

Proof. Since if ¢, = €2 = 0, a further 2-generalized hybrid mapping is reduced to a normally 2-
generalized hybrid mapping, then from theorem 3.4, we see that {x,} converges strongly to z =
Pqu. O

4. NUMERICAL EXAMPLE

In this section, we provide a numerical example to validate our obtained results in a hyperbolic space.

Example 4.1. Let X = R with the usual metric and C' = [—7, 7]. Then R is a hyperbolic space satisfy-
ing the S property and the ()4 condition, and C'is a nonempty, closed and convex subset of X = R.

Now, we define f : RxR — Rby f(x,y) = y?>+6xy—T22. Itis very easy to see that 0 € EP(f,C)
and f satisfies conditions By and Bs. Also, f satisfies condition B3 with ¢; = ¢o = 3, and also satisfies
condition By.

Indeed, for Bs, letz,y,z € X =R,
flz,y) + fy,2) = 9>+ 6zy— T2 + 2% + 6yz — Ty?
22 + 6xy — T2% + 6yz — 61>
= f(z,2) — 62z + 62y + 6yz — 6y°
= fla,2) =3y —2)" = 3(z = y)* +3(2 — 2’
= fla,2) = 3d*(z,y) - 3d*(y, 2)
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For By, Letz,y € X = Rand f(z,y) > 0. We show f(y,z) = 22 + 6zy — Ty? < 0.
Now
2 2
Yy 4+ 6xy —7x° >0
—y? —6ay 4+ T2% <0
22 + 6y — Ty? < —6y% — 62 + 122y
22+ 6zy — Ty < —6(x — )2 <0
fly,z) <0.

Also, for N=2, i.e.; i=1,2, we define A; : R — R by A;(x) = 3x and As(x) = 5.
Aj and A, are monotone operators.
Indeed, for x,y € R,

(Ai(2) = A1 (y)) (@ —y) = Bz = 3y)(x —y) = 3(x —y)* 2 0

flz,y) >0

Fri il

and
(As(x) = Az(y))(x — y) = (52 = 5y)(x —y) = 5(z —y)* > 0
Now,
1
Jélll =y & ;(m—y) € Ay
n
& (r—y)cotAy
& T E O'leAly +y
s (T+olA)y=2
& y+ 30711y =z
o go_ %
Y= 11301
e, JOH () = bt
Similarly, Jff () = 15557
Thus,
Ao 7A A €
TEURE) = I
n
X
_ 1430}
1+ 502
x

(14 3c})(1+502)
Define also a map 7' : C' — C by Tz = 35.Then T is further 2-generalized hybrid mapping with
Qg = 3,63 = —2,041 = Q3 = Bl = 52 =€ =€ =0 and A(T) = {0} Indeed, letx,y eC = [—7, 7],
fOI‘OéQ = B,ﬁg = —2,0[1 = Q3 :,81 :,82 — €] — €9 = O,Wehave

@) Y (it B)=3-2=1>0
(i) 2, oy =3 >0,and
(i) a1d?(T%x, Ty) + aed?(Tx, Ty) + asd?(x, Ty) + f1d*(T?x,y) + Bod? (T, y) + B3d?(z,y) +
e1d?(z, T%x) + ead?(z, Tx) =
312 — 4 2z g2 <0
Again, for z = 0 € [-7,7], we have
|z —=Tx| =0~ 5| < |0 -2 =]z —z|and for z # 0 € [-7,7], we have
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|z —Tz|=|z—-%|=32—z| £ |z — x|
Therefore, O is the only attractive point of the map 7.

Thus our proposed algorithm (3.1) takes the following form;

( x

Un = {1300)(11502)°
_ (1-6Xn)
Wn = X, +1) U
Un =6 Apwn (41)

S ) W
Yn = On2n O BTz, © 'YnT2Zn7
Tn+l1 = onu B (1 - 5n)yn7

Set \,, = n%q, Op = % and ap, = B = Yn = %,Vn € N. It can be observed that all assumptions of
Theorem 3.2 are clearly satisfied. Let {x,, } be a sequence generated by algorithm (4.1).

Case 1: 71 =0.05; u=-8.5; 0} = 02=0.005;

Case 2: 71 =-0.05; u=4.0; 0} = 02=0.001.

Graphs of case |

-

values of x
i}

3 L L L L L L L L L
0w 0 1 4 50 6 0 80 0 Im

MNo. of iterations(n)

FIGURE 1. The graph of sequence {x, } generated by algorithm (4.1) versus number of
iterations (Case 1).

5. CONCLUSION

Our result improve the results of Quoc et al [28], Moharami and Eskandani [27] and Ali and Yusuf [2]

in the following sense
(i) From weak convergence in [28] to strong convergence and extending the result from equilibrium
problem to attractive point, zero and equilibrium problems.
(i) Approximate solutions of attractive point, zero and equilibrium problems against solution of

equilibrium and zero problems in [27]
(iii) Finds common element in the solution set of attractive point, equilibrium and zero problem

unlike in [2] where they find an attractive point of a further 2-generalized hybrid mapping only.
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Graphs of case |

[
w i
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o e

values of x
n
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™
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\

-
i) L e mEs e ———
0 0 20 30 40 50 6 /0 8 9 10
Mo, of iterations(r)

FIGURE 2. The graph of sequence {x,,} generated by algorithm (4.1) versus number of
iterations (Case 2).
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