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ABSTRACT. A forward-reflected-backward splitting method of Malitsky-Tam with two-step inertial ex-
trapolation and self-adaptive step sizes is proposed to solve variational inequalities in quasi-monotone
setting. Our method features one projection onto the feasible set and one functional evaluation at each
iteration. A two-step inertial extrapolation is added to further improve on the convergence speed of the
proposed method and self-adaptive step sizes are used in order to reduce computational complexity of
our method. Weak convergence analysis are obtained under some easy to verify conditions on the iter-
ative parameters in Hilbert spaces. Preliminary numerical tests are performed to support the theoretical
analysis and show the superiority of our method over recent related methods in the literature.
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1. INTRODUCTION

Throughout this paper, we assume that H is a real Hilbert space with inner product (., .) and induced

norm ||.||. Suppose C' is a nonempty, closed and convex subset of H. Given a continuous operator
A : H — H, the Variational Inequality Problem ((VIP) for short) is defined as:
Find 2* € C such that (Az*,z — ) > 0Vz € C. (1.1)

It has been shown in [1,2,11,13,17, 18, 28,37], for example, that problems arising from economics, en-
gineering mechanics, mathematical programming, transportation, and other applied sciences, can be
converted to VIP (1.1). Let S represent the set of solutions to VIP (1.1).

Several projection-type iterative methods have been proposed to solve VIP (1.1) in the literature.
One of the popular methods is the extragradient method [19]: z; € C, 7, € (0, %) and L > 0,

Yn = PC(mn - ’YnAmn)
Tn+1 = Pc((En - ’VnAyn)vn > 1,

(1.2)

where A is (pseudo)-monotone and Lipschitz continuous in Hilbert spaces. Several versions of (1.2)
have been studied in the literature (see, e.g., [3, 14, 29,43,47]). The extragradient method (1.2) is com-
putationally expensive especially in cases where Po does not have a closed-form solution and A has
complex evaluation (like in problems arising from optimal control theory).
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The iterative method: z1,y; € C and v, € (0, i],

{wn+1 = Po(zn — Ayn) (1.3)

Yn+1 = PC'(wn-i-l - ’YnAyn)ﬂl > 17
was proposed by Popov [33] and weak convergence results were obtained when A is (pseudo)-monotone
and Lipschitz continuous in Hilbert spaces (see, e.g., [12, 27]). The method (1.3) is computationally

cheaper than the extragradient method (1.2) because (1.3) requires one (rather than two) functional
evaluation of A at each iteration. However, (1.3) involves two P¢ per iteration.

The subgradient extragradient method [4]: 21 € H, 7, € (0, 1) and L > 0,

Yn = PC(zn - 'YnAfEn)
Tp:={w € H : (tn — YnAZp — Y, w — yn) < 0}, (1.4
Tn4+1 = PTn(xn - '}/nAyn)an > 1,

was proposed by Censor et al. [4], which features two functional evaluation of A, one projection onto C'
and one projection onto half-space at each iteration. Weak convergence results of (1.4) were obtained
when A is (pseudo)-monotone and Lipchitz continuous (see, e.g., [5, 6, 20,36, 50]).

The forward-backward-forward method [45] is given as: 1 € H, v, € (0, +) and L > 0,

{yn = PC(xn - ’YnAxn) (1.5)

Tnt+1 = Yn +Vn (Axn - Ayn) ,n > 1.

The method converges weakly and it has only one projection P and but two functional evaluations of
A at each iteration.

Inertial versions of the above-mentioned methods (1.2)-(1.5) with one-step inertial extrapolation w,, =
Ty + 0(xn — xp—1),0 € [0,1) have also been investigated in the literature and convergence results
were obtained under the assumption that A is (pseudo)-monotone and Lipschitz continuous (see, for
example, [7,10,35,40-42,44)).

Related works. In [24], Malitsky introduced the projected reflected gradient method: =,y € H,
€ (0,2 L) and L > 0,

(1.6)

{ Tn+l = PC(xn - ’YnAyn)
Yntl = 2Tpt1 — Ty, 1 2> 1,

and gave weak convergence results for solving VIP (1.1) in real Hilbert spaces with A being monotone
and Lipschitz continuous. It can be seen that method (1.6) involves only one P and one functional
evaluation of A at each iteration unlike the methods (1.2)-(1.5). Numerical tests in [24] showed that
method (1.6) is more efficient and outperforms methods (1.2)-(1.5). Several modifications of the pro-
jected reflected gradient method (1.6) with the extrapolation w,, = =, + 0(x,, — 5,—1),0 > 0 have
been studied in [23,26,39,51] when A is monotone and Lipschitz continuous.

In [26], a forward-reflected-backward splitting method was studied. We give the VIP setting as (see [26,
Algorithm 3.1]): 29,71 € H, 70,71 > 0,6 € (0,1),0 € (0,1) and p € {1,071};

Tn4+1 = PC(l'n - 'YnAxn - ’Ynfl(-A-Tn - Axnfl))a n>1, (1-7)
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where v, = pyn_10" with i being the smallest nonnegative integer satisfying

1)
Yal|[ATpy1 — Azyl| < §||xn+1 — Ty |-

Weak convergence of (1.7) and its one-step inertial extrapolation w,, = x,, + 6(z,, — x,,—1),60 € [0,1)
with constant step sizes (see [26, Section 4]) was obtained in [26] when A is monotone and Lipschitz
continuous, and it is noticed that (1.7) requires only one Pc and one functional evaluation of A per
iteration.

At this point, we want to point out that very few projection-type methods for solving VIP (1.1) when
A is quasi-monotone (which is weaker than the pseudo-monotonicity or monotonicity assumption)
are available in the literature. This is partly due to the fact that the arguments for the convergence
analysis of these projection-type methods when A is monotone or pseudo-monotone cannot be carried
over when A is quasi-monotone. For example, if A is quasi-monotone in VIP (1.1), then weak or Minty
formulation of VIP (1.1) is not equivalent to VIP (1.1).

Recently, Liu and Yang [22] proved that the forward-backward-forward method (1.5) converges
weakly to a solution of VIP (1.1) when A is quasi-monotone, Lipschitz continuous and sequentially
weakly continuous in an infinite dimensional Hilbert space. They also pointed out that their weak
convergence result holds for the extragradient method (1.2) (see also [34]) and the subgradient extra-
gradient method (1.4) with the inherent drawbacks of these methods enumerated above in (1.2)-(1.5).

Quite recently, Wang et al. [48] obtained weak convergence results of a projection and contraction
method with one-step inertial extrapolation w,, = x,, + 6(z,, — x,,—1), 0 € [0, 1) and Barzilai-Borwein
step size strategy to solve VIP (1.1) when A is quasi-monotone and Lipschitz continuous in Hilbert
spaces. However, the proposed method in [48] involves computations of two projections onto the fea-
sible set C' and two evaluations of A.

It was shown in [32, Section 4] by example that one-step inertial extrapolation w,, = x,, + 0(z,, —
ZTn—1),0 € [0,1) may fail to provide acceleration. It was remarked in [21, Chapter 4] that the use
of inertia of more than two points z,, x,—1 could provide acceleration. For example, the following
two-step inertial extrapolation

Yn = Tp + 9(1,‘” - Jf'n—l) + 5(xn—1 - xn—?) (1-8)

with § > 0 and § < 0 can provide acceleration. The failure of one-step inertial acceleration of ADMM
was also discussed in [31, Section 3] and adaptive acceleration for ADMM was proposed instead.
Polyak [30] also discussed that the multi-step inertial methods can boost the speed of optimization
methods even though neither the convergence nor the rate result of such multi-step inertial methods
was established in [30]. Some results on multi-step inertial methods have recently been studied in [8,9].

Our contributions. Motivated by [26], our aim in this paper is to propose a forward-reflected-backward
splitting method with one evaluation of A, one computation of Pr, two-step inertial extrapolation and
self-adaptive step sizes to solve VIP (1.1) when A is quasi-monotone. Our proposed method has the
following features:

our method involves one projection onto feasible set C' per iteration;
one evaluation of A is only needed at each iteration;

two-step inertial extrapolation is incorporated in our proposed method to speed up the itera-
tions;

self-adaptive step sizes are adopted in our proposed method.
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In comparisons with the methods proposed in [22,38,48,49,53], our contributions in this paper are:

e we propose a two-step inertial forward-reflected-backward splitting method to solve VIP (1.1)
and we give weak convergence results when A is quasi-monotone and Lipschitz continuous
in real Hilbert spaces. Our proposed method is simple and does not require neither further
evaluations of A nor further projections as compared with the methods in [22,48]. Also, our
method does not involve the projection onto intersection of the feasible set C' and n + 1 half
spaces as done in [38,49,53];

e our proposed method is applicable in situations where A is pseudo-monotone and Lipchitz con-
tinuous. Therefore, our method overcomes the deficiency in the one-step inertial extragradient
method studied in [40], subgradient extragradient method in [6,52] and one-step inertial sub-
gradient extragradient method in [7, 10, 36, 44, 50] for both monotone and pseudo-monotone
cases of VIP (1.1);

e we give numerical computations of our proposed method and compare with the methods in
[22, 25, 26,46, 48]. Our preliminary computational results show that our proposed method is
efficient and converges faster (in terms of CPU time and number of iterations) than the methods
in [22,25,26,46,48].

Outline. The paper is arranged as follows: In Section 2, we give some basic definitions and results
needed in our analysis while in Section 3, we introduce our proposed method. Weak convergence
analysis of our method is presented in Section 4 and numerical tests are performed in Section 5. Finally,
we give concluding remarks in Section 6.

2. PRELIMINARIES
An operator A : H — H is
(i) Lipschitz continuous with constant L, if there exists L > 0 such that
Az — Ay|| < Ll|lz — y|| Va,y € H,
(i) monotone, if
<Ax — Ay, x —y> >0Vz,y € H,
(iii) pseudo-monotone, if
(Ay,z —y) >0 = (Az,z —y) > 0Vaz,y € H,
(iv) quasi-monotone, if
(Ay,z —y) >0 = (Az,z —y) > 0Vz,y € H,

(v) sequentially weakly-strongly continuous, if for every sequence {x,} that converges weakly to a
point z, the sequence { Az, } converges strongly to Az,

(vi) sequentially weakly continuous, if for every sequence {x,,} that converges weakly to a point z,
the sequence { Az, } converges weakly to Azx.

Clearly, (i7) = (i14) == (iv) but the converses may fail.
Let Sp be the solution set of the following Minty formulation of VIP (1.1):

Find z* € C such that (Az,z — 2") > 0Vz € C. (2.1)

Then, Sp is a closed and convex subset of C, and since C' is convex and A is continuous, we have that

Sp C S.

Sp is nonempty when the following situations arise.

Lemma 2.1. (see [53]) Suppose either
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(i) A is pseudo-monotone on C' and S # (),
(ii) A is the gradient of G, where G is a differential quasi-convex function on an open set O C and
attains its global minimum on C,
(iii) A is quasi-monotone on C, A # 0 on C and C' is bounded,
(iv) A is quasi-monotone on C, A # 0 on C' and there exists a positive number r such that, for every
x € C with ||z|| > r, there exists y € C such that ||y|| < r and (Az,y — x) <0,
(v) A is quasi-monotone on C, int C' is nonempty and there exists z € S such that Az # 0.

Then, Sp is nonempty.

The metric projection, denoted by Pc, is a mapping defined on H onto C' which assigns to each
v € H, the unique point in C, denoted by Pcv such that

lv = Povl = inf{[jv —y[| : y € C}.
It is well known that P is characterized by the inequality
(v— Pov,y — Pow) <0, Yy e C. (2.2)
Lemma 2.2. The following identities hold for all u,v € H:
2(u,v) = [[ull® + [Jo]|* = flu = ol* = [lu+v]|* = [[ul® — [Jo]%.

Lemma 2.3. Letx,y,z € H and a,b € R. Then

10 +a)z—(a=by—bzl* = A+a)al® —(a=)yll* = bllzl* + (1 +a)(a — )]l — y|*
+b(1 + a)llz — 2[|* = b(a — b)[ly — =[|*.

Proof.

(14 a)z — (a—by —bz||> = (1+a)z—(a—0b)y—bz,(14+a)x—(a—by—bz)

= (1+a)’|lz)? = 2(1 + a)(a — b)(z,y) — 2b(1 + a)(z, 2)
+2b(a — b)(y, ) + (a = b)*|ly||* + b* 2|

= (1+a)’[lz)? = (1 +a)(a = b)(|||* + lyl|* = [l — y[*)
—b(1 + a)([|* + [|2]1* = [l = z[|*)
+(a =) (lyl? + 1I21* = lly — 201) + (a = 0)?||y[|* + b°| 2|

= (1+a)||z|® = (a=b)|yl* - bl|z[
+(1+a)(a=b)|z —yl* +b(1 + a)|lx — z[|* = b(a = b) ||y — =]

O

3. PROPOSED METHOD

We introduce our proposed method to solve VIP (1.1) below and give some discussions about our
method.
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Algorithm 1 2-Step Inertial Projection Method with Adaptive Step Size

1: Choose the parameters vo,71 > 0, 1 € ((5, 1_—225) with ¢ € (0, %) B <0,and 0 € [0, 1). Choose

a nonnegative real sequence {a, } such that 22021 ap < 0o. Choose z_1,x0,z1 € H as starting
points. Set n := 1.

2: Compute
{ Wy = Ty + 0(xy — p—1) + B(Tpn—1 — Tn—2), (3.1)
Tny1 = Po (wn - (<7n + 7n—1)Axn - ’Yn—le”—l)) ) .
where
o d sz =zl -
ey = 4 im { [Azn—Azana ] Vo 7+ “n} Ay 7 Az, (3.2)
Tn + an, otherwise.

3: Setn <~ n+ 1, and go to 2.

We assume that the following conditions are satisfied in order to obtain weak convergence of our
proposed Algorithm 1.

Assumption 3.1. Suppose the following conditions are fulfilled:
(@) Sp # 0,
(b) A is Lipschitz continuous on C' with constant L > 0,
(c) A satisfies the following condition: whenever {z,} C C and z, — v*, one has ||Av*| <
liminf || Az,
n—oo

5

(d) A is quasi-monotone on H.

We further assume the following conditions on the inertial parameters  and 3, and iterative parameters
0 and p in Algorithm 1.

Assumption 3.2. Assume that 6 and (3 satisfy the following conditions

. _ 1 _g46—
(a) 0§9<m1n{1?“,23—6,#},
(b) 3 <0.

Remark 3.3. Observe that if u < 17725, then 0 < % + 6 — p. We also note that if < 0, then by
Assumption 3.2 (a), we obtain

. 260 —360 1

ﬁ<m1n{m,§ —/.,6}

Remark 3.4.

(i) Clearly, Algorithm 1 requires only one metric projection onto the feasible set C' and one eval-
uation of A per iteration.

(ii) Assumption 3.1(c) is strictly weaker than the sequentially weakly continuous assumption in
[22] and other recent papers for solving pseudo-monotone VIPs. An example of an operator
satisfying Assumption 3.1(c) but not sequentially weakly continuous is Av = v|v|]| Vv € C
(see [43]).

(iii) No Lipschitz constant of A is needed as input parameter in our proposed Algorithm 1 and
Algorithm 1 does not adopt the line search procedure but rather self-adaptive step sizes. Observe
from (3.2) that nh—>Holo Yn =7, where v € [min{ %, v}, 71 + a], witha = >~ | a, (see [22]).

(iv) When # = 0 = 8 and a,, = 0 in Algorithm 1, our proposed method reduces to the method
studied in [46, Algorithm 3.1]. Also, Algorithm 1 becomes [16, Algorithm 3.2] when § = 0 = 3.
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The sequence {ay, } introduced in (3.2) allows the step sizes to increase from iteration to iteration
and hence, reduces the dependence of Algorithm 1 on the initial step size ;. Note also that since

lim a,, = 0, the step sizes maybe non-increasing for large n. Hence, {ay} is added in (3.2) to
n—oo

improve on the self-adaptive step sizes used in [46, Algorithm 3.1] (which are non-increasing).

4. CONVERGENCE RESULTS
In this section, we give our convergence results below.

Lemma 4.1. Suppose Assumptions 3.1 (a) and (b) are satisfied and Assumptions 3.2 are fulfilled. Then the
sequence {x,, } generated by Algorithm 1 is bounded.

Proof. Pick z € Sp. Then z € S C C. Using (2.2) and Lemma 2.2, we obtain
0 < 2xpi1 —wn+ (Y + Yn-1) A%y — Yn-14%Tp_1,2 — Tnt1)
= 2(Tpt1 — Wny 2 — Tng1) + 2 (ATpn, 2 — Tpg1)
+ 2vp—1{Axy — ATp_1,2 — Tpt1)
= [lwy — ZHQ — w41 — wnH2 — |41 — ZH2 + 29 (A%p, 2 — Tn41) (4.1)
+ 2vp—1{Axy — ATp_1,2 — Tpt1)-

Since z,,41 € C and z € Sp, we get from (2.1) that (Az,, 11, zp41 —2) > 0, ¥n > 1. This implies that
(Axp, z — xp1) < (Azy — Axpy1,2 — Tpy1), Vn > 1. Then (4.1) becomes

nst — 2l < lln — 212 = [n41 — w2 + 290 A — Ans1, 2 — Zn)
+ 2vp—1{Axy — Axp_1,2 — xp) + 2yp—1(Axy, — AZp—_1, Ty — Tpy1). (4.2)
By (3.2), we get

27n—1<A$n — Axp_q, 2, — mn+1> < 2’}’71—1”14«7371 - Axn—l” Hxn - xn-‘,—l”

-1

<212 — i |an — 2na |
n
—1

< P (fon = |+ ones —wal?). @3)
n

Similarly, we obtain
290 (A1 = A,z = wnir) 2 = p(zner = w2+ s = 2)2). @4)

n-+

Tn

w< %—(5Vn > ng. Furthermore, —VZL/L > —%—1—5 > —%Vn > ng.

By Remark 3.4(iii) and the condition p € (5, I_TQ‘S>, we have that lim =1y = u < % — 0. Hence,
n—oo
In—1

n

there exists ng > 1 such that
Consequently, (4.3) and (4.4) become

1
2Vn—1(Azy — Axp_ 1,2y — Tpg1) < (2 - 5) (Hxn - xn—l”Z + | Tne1 — xn||2>7 (4.5)

Vn > ng and
1
29 (Axy 1 — Azp, 2 — Tpg) > D) (Hxn+1 - xn||2 + | Znt1 — Z||2)> (4.6)

Vn > ng, respectively.
Using (4.5) in (4.2), we have Vn > ny,

||«Tn+1 - Z||2 < ”wn - ZH2 - Hxn-‘rl - wnH2 + 27n<Axn - Awn-{-ly Z = xn+1>

1
+27n—1<Amn - A«’I»'n—l, Z = xn) + (5 — 5) H-’If'n - xn—lHQ
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1
+(5 = 8) lowss —2all®

Observe that
wp—2 = Tpn+0(xy—xp_1)+ B(Xp_1 —xTp_2)—2
= (14+0)(xp—2)—(0—0)(p—1—2) — B(xn-2—2).
Therefore, by Lemma 2.3, we obtain
lwn =21 = ||(1+0)(zn — 2) = (0 = B)(@n—1 — 2) = B(zn—2 — 2)|°
= (1+0)|[zn — 2|7 = (0 = B)[lea-1 — 2[* = Bllzn—2 — 2|?
+(1+0)(0 = B)llxn — zn a1l + B+ 0)||2n — n 2
—B(0 = B)|xn—1 — zp—s|*.
Furthermore,
|Zn+1 — wn”2 = |Tn+1 — (@n + 0(zn — Tn-1) + B(Tn-1 — xn72))”2
|Znt1 —2n — O0(zn — 1) — B(T0-1 — xn72)|‘2
= |zni1 — zall* — 20(zni1 — Tny T — Tno1)
—26(Tpi1 — Ty Tn_1 — Tn_2) + 02|z — Tp_1]?

+259<xn — Tn—1,Tpn—1 — «Tn—2> + 52”%»“_1 - xn—QHQ

> [|eny1 — fcn”z —20||zn11 — zp|l[|2n — Tna|
=2B||zn+1 — || |zn-1 — 2| + 92”xn - xn71||2
=20\ xn—1 — znlll|Tn-1 — Tp—2ll + 52||93n71 - xn72||2
> zn+r — $n”2 = Of|zng1 — fvn”z — 0|zn — xn—1H2

—Bllznt1 — an2 — Bllzn-1— xn—2”2 + 92||33n - xn—IHZ

—,39”.%'71_1 - anQ - ,39”.%'71_1 - xn—2H2 + ,32H;L'n_1 - xn—2H2

= 1-8-0)zn+1 — anQ + (92 — 0 — B0)||xn — wn—IHQ
+(B% = B = ) [wn—1 — Ta—s|®.
Using (4.8) and (4.9) in (4.7), we obtain for all n > ny,
lznsr =2l < (L4 0)llzn — 21> = (0 = B)llwn—1 — 2I* = Bllzn—2 — 2|
+(1+0)(0 = B)llen — zn | + B+ 0)|2n — zn o
—B(0 = B)llzn—1 — zp—al” = (1 = B = ) [lznt1 — zn?

(02 = 0 = BO)||n — s |? — (B2 — B — BO)||wnot — s

1
+2vn—1(Axy — Axp_1,2 — ) + (5 - 5) [E——

1
+(5 = ) I@ns1 = Tall? + 290 {ATn = ATni1, 2 = at).

Then, we have from (4.10) (noting that 23(1 + #) < 0) that for all n > ny,
21 = 21* < (14 0)[lzn — 2| = (0 = B)wn—1 — 2[* = Bllwn—2 — 2|?
F(1+0)(O = B)l|lzn — zaal” = B0 = B)|2n—1 — 22|
_B 0)||zn+1 _an2 (92_9_5‘9)H$n _$n—1”2
— B = BO)|zn-1— 20— 2” + 2vp—1{Axy — Axp_1,2 — xp)

~(
(5
(5 = ) llan =zl + (5 = 6) lensa — wal?

(4.7)

(4.8)

(4.9)

(4.10)
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2y (A, — Axpy1,2 — Tpyt)
= (14 8)|n — 2% — (0 — B)llzn-1 — 2> — Bllan—z — 2|
+[(1+0)(60 - 8) — (62— 0 — 80) ||z — wua? = (1= 8= O)l|zns1 —

~ (80 8)+ (8 = 6= 50| I — 2l + (5 = 8) e — 2P

+29n—1{Axy, — Axp_1,2 — 1) + (% - 5) [
2y (Axy — ATpy1,2 — Tpt1). (4.11)
Therefore, we obtain from (4.11) that
i1 — 212 = Bllzn — 22 = Bllzn—s — 22 + (1 — B — )| zns1 — ol

+2’Yn<Axn+1 - Axny <z = xn+1>

<l = 2l = Ollzn—1 — 211 = Bllen—2 — 21> + (1 = = O)|2n — 2o |
+(30 — 1) ||z, — wn—le + Bllwn—1 — xn—2”2
1
+27n71<A$n - Aivnfla = xn> + (5 — 5) Hl‘n - $n71||2
1 2
—l—(§ — 5) |Tnt1 — znl|7, VR > ng.
Thus, Vn > ny,

1
@1 = 22 = Ollzn — 212 = Bllwa— — 22 + (5 = 8= 0+06) wnt1 — zall
2y (Azpt1 — ATy, 2 — Tpy1)

1
I = 212 = Ollen—1 = 22 = Bllwn—2 — 212 + (5 = 8= 0+ ) llon — 20

+(1 = 20)[|an — zpal” + (30 — D|an — zpal® + Bllen-1 — zno|?
+27n71<A1'n — Az, 1,2 — xn) (4.12)

IN

For each n > 0, define
1
Do i= lfon — 2l = 871 — 2l = Bllzs — 2P + (5 = 6= 0+ 6) o — w1
+2'7n—1<Axn —Arp_1,2 — xn>

We next show that I';, > 0. Now,

Ln = |lzn —2l* = Olany — 2[|* = Bllon—z — 2|
1
+(5-B=0+06) w0 — 20
+2’Yn—1<Axn — Axy_1,2 — xn>

> lan = 2|* = Ollon—r — 2|* = Bllon—s — 2|
1
+(5-8=0+06) w0 — 201
2y 1| Az — Azl — 2]
> lan = 2|* = Ollon—r — 2|° = Bllon—s — 2|

(5= 80+ llan —
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—1
—2 2 g — Iz — ]
n
> lan — 22 Ollza-t — 2[1% — Bllzn—z — 2II?
1
+(5 = B=0+06) w0 = 2noll?
-1
~ 2 o — a2 4 = 2]
n
-1
= (1= ) — I
Tn
1 _
+(5 — = 0+6— ), — 2
Tn
~Ollzn1 — 2|2 — Bllens — 2|
Using Lemma 2.2, we obtain
leno1 =22 = (@no1 — 2a) + (20 — 2)|)?

= lon = 2n-1l® + llzn = 21° + 2201 — 20, 20 —

< 2z, — xn—lHQ + 2|z — zHQ-

If we combine (4.13) and (4.14), we get

— 1 —
r, > (1_7"771“)“%—2\\% (5-6-0+0- ”ﬁyil“)uxn—xn_lyy?

n n
~20|lzn — zn1|* = 20|z — 2l|* = Bllwn—2 — 2|

—1
= (1= 20) e — 2l — Bl P

n

n

1 5 _ On—tih N 2
+(2 B0+ 20>||$n Zn_i?.

Observe that

1 n— 1
lim (5 8-0+5- 1= —9p) = —B-0+5—p—20>
1 15
by the condition that 8 < % and

lim (1—M—29):1—M—2e>o,

n—o0 "}/,n

by the condition that 6 < 1_7“ Therefore, there exists n; € N, n; > ng such that

1
2 Tn Tn

Hence, by (4.16) and 3 < 0, we obtain from (4.15) that I';, > 0,Vn > ny > ny.
Also by (4.12), we get

opt € Dot |[(1-20) + (30 = )| o — @0

+B|zn-—1 — xn,2|]2
= [y — (20 —30)||zn — 33n71H2 + Bllen-1 — xn72||2~

2)

0,

Bof+o— Tl _9g 5 0.1 -2 995 0 v > .

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Since 0 < %5, we have 26 — 30 > 0 and by 8 < 0, we obtain from (4.17) that lim T, exists. Conse-
n—oo
quently,

Tim — [ = (28— 30) [ — @01 I + Bllzn-1 — zaa|?] =0, (4.18)
Hence,
0 < (20—30)|zn — zn_1]?

< =[5 30)llen — znal? + Bllwn-1 — zasll?]. (4.19)

We obtain from (4.19) that

lim (26 — 30)||x — 2n_1]]* = 0.
n—oo
Hence, we have
lim ||zp41 — zp]| = 0. (4.20)
n—oo
Also,
Hmn—‘rl - wn” = H'rn—‘rl — Tp — 0((1,’” - frn—l) - /B(CCn—l - wn—Q)H
< zner = nll + 0llen — znall + [Blllzn-1 — 2n—2f = 0 (4.21)
as n — oo. Since lim T, exists and lim ||x,, — 2,,—1|| = 0, we obtain from (4.15) that the sequence
n—oo n—oo
{zy} is bounded. O

Using the ideas in [22], we have the following lemma.

Lemma 4.2. Let {z,,} be generated by Algorithm 1 such that Assumption 3.1(a)-(d) and Assumptions
3.2 (a)-(b) are satisfied. If v* is one of the weak cluster points of {z,,}, then we have at least one of the
following: v* € Sp or Av* = 0.

Proof. By Lemma 4.1, {z,,} is bounded. Hence, let v* be a weak cluster point of {x,}. Then, we can
choose a subsequence of {z,,}, denoted by {zy, } such that z,,, — v* € C.

We consider the following two possible cases.

Case I: Suppose that lim sup || Az, || = 0. Then, kli)rrolo |Azy, || = likrgioréf ||Azy, || = 0. Thus, we obtain

— 00

from Assumption 3.1(c) that
0 < ||Av*|| < liminf ||Azy,, || = 0. (4.22)
k—ro0

This means that Av* = 0.
Case II: Suppose that limsup ||Azy, || > 0. Then without loss of generality, we can choose a subse-

k—o00
quence of {Axy, } still denoted by {Ax,, } such that klim |Azy, || = My > 0. Now, using (2.2), we

— 00
obtain for all y € C| that
0 < (@1 — Ty + (Vg + Y1) A%y + V-1 A%0,-1) Y — Tngt1)

= <$nk+1 —Tng,Y — xnk+1> + Vng <A$nk7y - xnk>

+ Yo (AT, Ty — Tngt1) + Ynp—1(AZn, — ATpn,—1,Y — Tnyt1)- (4.23)
Since A is Lipschitz continuous on C, we have from (4.20) that nh—%lo |Az,, — Azp—_1]| = 0. Now, using
this and (4.20) in (4.23), we get

0< likn_1>iol.}f<Axnk,y — Zp,,) < Iikm_)sip<Axnk,y — Zp,,) < 00, Vy € C. (4.24)

Based on (4.24), we consider the following two cases under Case II:
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Case 1: Suppose that limsup(Axz,,,y — x,,) > 0 Vy € C. Then we can choose a subsequence of
k—o0
{zp, } denoted by {xnkj} such that lim <A$nkj Y — l’nkj> > 0. Thus, there exists jo > 1 such that
j—o0

<Axnkj Y — xnkj> > 0Vj > jo, which by the quasi-monotonicity of A on C, implies that (Ay,y —
a:nk]_> > 0Vy € C,j > jo. Hence, letting j — oo, we get that (Ay,y — v*) > 0 Vy € C. Therefore,
v* € Sp.

Case 2: Suppose that lim sup(Axz,, ,y — x,,) = 0 Vy € C. Then, by (4.24), we get

k—o00
k—o0
from which we get that
1
(Azp, Yy — xn,) + |(Azy,,y — xnk>|+ P >0Vy e C. (4.26)

Also, since lim |Azy, || = My > 0, we can find ky > 1 such that ||Azy, | > % Vk > ko. Hence, we

can set by, = ”f;" B Vk > ko. Thus, (Azp,, by, ) = 1 Vk > ko. Therefore, by (4.26), we get

<Axnk,y+bnk [|(A1:nk,y — T, )| + k:—ll—l —xnk}> > 0,

and using the quasi-monotonicity of A on H, we obtain

(A + b [[{ Ay = ) |+ 5] ) b [ Ay = nd + ] = 2 ) 2 0

This implies that
1
Ay, + b [[(A = 20,) |+ 17 | = 7o)

1 1
> <Ay7A(y+ bnk [|<Axnk7y - xnk)’ + m])7y + bnk U<A$nk’y - xnk>‘ + m] - xnk>

AV

1 1
1Ay = Aly + b [y = 20|+ g DI+ e[| (A y = 2 + 5] =

Y

1
Iy + b [| Ay = 201+ 2] =

— Ll [|{ A2y = ) +

—2L 1

for some My > 0, where the existence of M is from the boundedness of {y + by, [| (Azp, ,y—xn, )|+

k%rl] — &p, }. Now, observe that (4.25) implies that klim <|(Aacnk,y — T, )| + Th) = 0. Thus, as
—00

k — oo in (4.27), we get that (Ay,y — v*) > 0, Vy € C. Therefore, v* € Sp. O

We now give our weak convergence theorem below.

Theorem 4.3. Suppose Assumptions 3.1(a)-(d), Assumptions 3.2 (a)-(b) are fulfilled and Az # 0,Vx € C.
Then, {x,,} generated by Algorithm 1 converges weakly to an element of Sp C S.

Proof. Suppose wy,(zy,) is the set of weak cluster points of {x,, }. We show that
wy, () C Sp.

Take v* € wy,(xy,). Then, there exists a subsequence {x,, } C {z,} such that z,, — v*,k — oc.
Since C' is weakly closed, we have that v* € C. Since Ax # 0,Vx € C, we have Av* # 0. By Lemma
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4.2, we get v* € Sp. Therefore, w, (z,) C Sp.

Since lim I', exists and lim ||, 41 — || = 0, we have that
n—oo n—oo
lim [len = 211 = Ollzn-1 = 2112 = Blea—s — 2| (4.28)
n—oo

exists for all z € Sp.

We now show that z,, — x* € Sp. Let us assume that there exist {z,,, } C {z,} and {x,;} C {2}
such that x,,, — v*,k — oo and x,,; — 2, j — 00. We show that v* = z*.

Observe that

2z, 2 = v") = |lon — 0 = [lzn — 2P = [J0** + 2", (4.29)
20z, 1,2 —v*) = —O|zn_1 —0*|> +0||zp_y — zF|?
+0||v*[|* — 0| 2*||? (4.30)
and
X—Brn 2" —v7) = —Bllans — "I + Blln_s — 2"
+Blv*[I* — Bll=* 1%, (431)

Addition of (4.29), (4.30) and (4.31) gives
2an — 0201 = Bra2,a’ —v7) = (llzn—0*2 = Olleas = 0*|? = Bllzn—s —v*|?)
~(llzn = 2|2 = 01y = 2|12 = Bllwn-z — 2 |1?)
+(1 =0 = B)(lz"]* = [lv*]%).
According to (4.28), we have

lim |0 = 22 = 81 — o2 = Blan-z — 2]
n—oo
exists and
lim | = 0|2 = 0l2n-1 = v*|2 = Bllzn-s - v*|]’
n—oo

exists. This implies that
lim (z, — 0x,—1 — Brp_9, 2" — ")

n—oo
exists. Now,
(V" —0v" = pu, " —v*) = lim (xn, — 0z, -1 — frp,—2, 2" — V")
k—o0
= lim (x, — Ozp_1 — Pap_2, 2" — V")
n—oo
= lim (zy; — Ozy; -1 — Ban;—2,7" —v%)
j—00
= (a* —0x" — Bz*,x" —v"),
and this yields

(1 =6 —B)]a* —v*|* = 0.
Since f < 0 < 1 — 6, we obtain that 2* = v*. Hence, {z,,} converges weakly to a point in Sp. This

completes the proof.
O
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5. NUMERICAL EXPERIMENTS

In this section, using the following test examples, we compare Algorithm 1 with other known methods
in the literature ( [46, Algorithm 3.1], [22, Algorithms 3.1, 3.2 and 3.3], [25, Algorithm 1], [26, Algorithm
3.1] and [48, Algorithm 3.1]). We also consider our method with the cases when § = 0 = /3 (in this
case, Algorithm 1 reduces to [16, Algorithm 3.2]) and 5 = 0 (in this case, Algorithm 1 reduces to [15,
Algorithm 1]) to show the advantage gained with the introduction of the two-step inertial extrapolation
Wy, = Ty + 0(xy — Tp—1) + B(Xp—1 — Tp—2) in Algorithm 1.

Example 5.1. This example was also considered in [22]. Let C' = [—1, 1] and
w—1, wv>1,
Av =1 2 vel-1,1],

—2v—-1, wv< -1
Here A is quasi-monotone and Lipschitz continuous with Sp = {—1} and S = {—1,0}.

Example 5.2. [22] Let C = [0,1]™ and Av = (hyv, hav, - - - , hpv),
where hjv = v7 | + v + Vi 10 + Vv — 201 HAviF o — 1, i =1,2,-- ,m,
Vo = Um41 = 0. Then A is quasi-monotone.

The next example shows that our Algorithm 1 still works for the VIP (1.1) when A is not quasi-
monotone.

Example 5.3. [22]LetC = {v € R? : v? +v2 < 1, 0 < v1} and A(v1,v2) = (—v1€2,v2). It can be
shown that A is not quasi-monotone with (1,0) € Sp and S = {(1,0),(0,0)}.

We consider the next example in infinite dimensional Hilbert space.

Example 5.4. Let H = {v = (v1,v2,...,0;,...) : Yooy [vi|> < +o0}. Let a, B € R be such that
g >a > g > 0. Take Cy = {v € H : |jv]| < a} and Ag(v) = (B — ||v||)v. Then A is pseudo-
monotone and Lipschitz continuous (but not monotone), and hence quasi-monotone. Furthermore, we have

that Sp = {0} = S.

We test the above examples by performing the following experiments.

Experiment 1:

In this experiment, we compare Algorithm 1 with other methods that involve only one evaluation of A
per iteration (that is, Algorithm 3.1 in [46], Algorithm 1 in [25] and Algorithm 3.1 in [26]), in order to
validate the benefits of incorporating the two-step inertial extrapolation.

During the computation for this experiment, we make use of the following:

e Algorithm 1: Take a,, = ﬁ and 6 = 0.24. Then we can choose t = 0.25 and 0 €
{0,0.05,0.1,0.15}. We also take § = {—1,0},70 = 0.5 and y; = 1.
e Algorithm 3.1 in [46]: Take pt = 0.25, A\ = 0.5 and A\; = 1.
e Algorithm 1 in [25]: Take ¢ = 1.5, \g = 0.5 and A\ = 15. According to the author in [25], X is
given only to ensure the boundedness of the step size. Thus, it makes sense to choose it quite
large (see [25, page 389]).
e Algorithm 3.1 in [26]: Take § = 0.5,0 = 0.5, p = %, A =0.5and A = 1.
We then take TOL,, := max {H:L‘n+1 —xnl]?, |0 — p_1 H2} with stopping criterion TOL,, < ¢ for all
the algorithms in this experiment, where ¢ is the predetermined error. In particular, we take ¢ = 10712,
Note that TOL,, = 0 implies that x,, is a solution of Problem (1.1). We also choose x_1, zo and z; as
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follows: x_; = —0.1, 9 = 0.1, z; = 0.2 for Example 5.1; m = 50 while x_;, x¢ and x; are ran-
domly chosen for Example 5.2; x_; = (—0.4, —0.4), 29 = (0.2,0.1), 21 = (0.8,0.5) for Example 5.3;

— _ 11 _ (4 16 64
r_1 =g = (1, 55 40" ), r1 = (g, 9571250 ) for Example 5.4.

Experiment 2:

In this experiment, we compare Algorithm 1 with methods that involve more than one evaluation of A
per iteration, in particular, those methods in the literature that were used for solving VIP with quasi-
monotone operator. That is, Algorithm 3.1, Algorithm 3.2 and Algorithm 3.3 in [22] (modified Tseng’s
method, extragradient method and subgradient extragradient method, respectively), and Algorithm 3.1
in [48].

e Algorithm 1: TOL,, := ||z, — Zpa1|| + |20 — Tn_1|, 6 = 0.24, p = wv
0 =099 (min (%, 152, 032821 ) g, = Loy 8= 2,90 =05 andyy = 1.

e Algorithms 3.1, 3.2 and 3.3 in [22]: TOL, := ||y, — z||/min{y,, 1}, p = 0.5, a,, = W
and v; = 1.

e Algorithm 3.1in [48]: TOL, := ||z, — Po(an — Azy) |, = 0.6, v = 1.99, A1 = 1, €, = 1050
and § = 10,

n

Unlike in Experiment 1, we use different TOL,, for different methods for the comparison in this ex-
periment because these methods have different stopping criteria. However, the choices we have made
here have also been used by the authors of these methods (see [22, Section 4] and [48, Section 5]).
Furthermore, we choose x_1, xg and x; as follows:

e Example 5.1: Case 1: z_1 = —0.1, zg = 0.1, z; = 0.2; Case 2: z_; = —0.2, zp = 0.2,
r1 = 0.6; Case 3: x_1 = 0.1, zg = —0.1, z;y = 0.7 and Case 4: x_1 = —0.9, zg = 0.9,
z1 = 0.1.

e Example 5.2: m € {50,100, 150,200} while z_1, ¢ and x; are randomly chosen.

e For Example 5.3: Case 1: z_; = (0.11,—-0.8), zyp = (0.2,0.1), z; = (0.8,0.5); Case 2:
x_1 = (—0.11,-0.8), o0 = (0.1,0.2), 1 = (0.1,—0.2); Case 3: z_; = (—0.1,-0.2), zp =
(0.5,—0.5), z1 = (0.3,0.6) and Case 4: x_; = (0.1,—-0.2), o = (0.3,—0.6), z1 = (0.5, —0.5).

. Elxalmgle 5.4: Case 1: x1 = 2(%11%,82&,---), T = x9 = 4(%1,6%,6%,~--); Case 2: 71 =
(5,117157"'), Tl =@ = (9§a§2>7ﬁ ); Case 3: 11 = gga?aﬁw'), T = 2o =
(1,5,17"');(:88642.%'1:(Z,E,ET,"');.’IJ_l—.1'0—(1,1,5,' )

All the computations are performed using Matlab 2016 (b) which is running on a personal computer
with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM.

In Tables 1-6, “Iter” and “CPU” mean the CPU time in seconds and the number of iterations, respec-
tively. In Tables 1-2, “Alg” and “Ex.” mean Algorithm and Example, respectively.

The numerical results for Experiment 1 are given in Tables 1-2 and Figures 1-2 while that of Experi-
ment 2 are given in Tables 3-6 and Figures 3-6.
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FIGURE 1. The behavior of TOL,, for Experiment 1 with 3 = 0; ¢ = 107'2:: Top
Left: Example 5.1; Top Right: Example 5.2; Bottom Left: Example 5.3; Bottom
Right: Example 5.4.

Table 1: Comparison of algorithms for Experiment 1 with 3 = 0; ¢ = 10712,

Alg.1 Alg1 (0 = Alg1 Alg1 (@ = Alg31 Algl Alg.3.1

@=0) 0.05) (0 =0.1) 0.15) [46] [25] [26]
Ex. CPU 0.0168 0.0053 0.0050 0.0080 0.3316 0.1199 0.4865
5.1 Tter 242 220 231 221 1163 481 1971
Ex. CPU 0.0220 0.0159 0.0017 0.0022 0.1197 0.0842 0.2469
52 Iter 27 24 24 23 30 32 111
Ex. CPU 0.0143 0.0057 0.0035 0.0044 0.1247 0.0232 0.2423
53 Tter 24 22 22 21 55 30 140
Ex. CPU 1.2092 0.9814 0.9181 0.8354 1.2002 1.1737 3.6282
54 Iter 27 22 21 19 28 32 83
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FIGURE 2. The behavior of TOL,, for Experiment 1 with 3 = —1; ¢ = 10~ '2: Top
Left: Example 5.1; Top Right: Example 5.2; Bottom Left: Example 5.3; Bottom
Right: Example 5.4.

Table 2: Comparison of algorithms for Experiment 1 with § = —1; ¢ = 107'2,

Alg.1 Alg1 (0 = Alg1 Alg1 (@ = Alg31 Algl Alg.3.1

@=0) 0.05) (0 =0.1) 0.15) [46] [25] [26]
Ex. CPU 0.0112 0.0029 0.0017 0.0015 0.3263 0.1110 0.4812
51 TIter 26 27 28 29 1163 481 1971
Ex. CPU 0.0115 0.0021 0.0022 0.0018 0.1070 0.0821 0.2303
52 Tter 22 20 17 18 30 32 111
Ex. CPU 0.0116 0.0107 0.0012 0.0010 0.1141 0.0213 0.2305
53 Tter 21 17 15 18 55 30 140
Ex. CPU 1.0272 0.8911 0.3867 0.1079 1.2260 1.1932 3.6216
54 Iter 27 19 8 2 28 32 83
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Table 3: Comparison of algorithms for Experiment 2 (Example 5.1); ¢ = 1075,

Algorithms Case 1 Case 2 Case 3 Case 4

CPU  TIter CPU  TIter CPU  TIter CPU  TIter
Algorithm 1 0.0010 389 0.0081 487 0.0020 655 0.0011 355
Algorithm 3.1 in [22] 0.0289 1002 0.0247 1005 0.0264 1005 0.0270 996
Algorithm 3.2 in [22] 0.0833 1008 0.0778 1019 0.0478 1023 0.0241 1001
Algorithm 3.3 in [22] 0.0400 998 0.0694 1009 0.0785 1013 0.0715 992
Algorithm 3.1in [48] 0.1331 2177 0.1164 2120 0.1487 1439 0.0965 1529

10° 10°

Algorithm 1
—— Liu and Yang (Alg. 3.1)

Algorithm 1
—¥— Liu and Yang (Alg. 3.1)
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FIGURE 3. The behavior of TOL,, for Experiment 2 (Example 5.1); ¢ = 10~%: Top
Left: Case 1; Top Right: Case 2; Bottom left: Case 3; Bottom Right: Case 4.

Remark 5.5.
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Table 4: Comparison of algorithms for Experiment 2 (Example 5.2); ¢ = 107",

Algorithms m = 50 m = 100 m = 150 m = 200
CPU  Iter CPU  TIter CPU  Iter CPU  TIter
Algorithm 1 0.0014 12 0.0020 13 0.0012 9 0.0009 10
Algorithm 3.1 in [22] 0.1061 76 0.1096 80 0.1054 66 0.1046 70
Algorithm 3.2 in [22] 0.1084 81 0.1126 87 0.1085 75 0.1079 82
Algorithm 3.3 in [22] 0.1061 66 0.1108 62 0.1091 64 0.1096 53
Algorithm 3.1in [48] 0.1039 53 0.1078 59 0.1031 44 0.1070 50
102 10t
Algorithm 1 M Algorithm 1
—— Liu and Yang (Alg. 3.1) 0 ,’ —%— Liu and Yang (Alg. 3.1) | |
a Liu and Yang (Alg. 3.2) 10 ‘ Liu and Yang (Alg. 3.2)
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FIGURE 4. The behavior of TOL,, for Experiment 2 (Example 5.2); ¢ = 10~": Top
Left: m = 50; Top Right: m = 100; Bottom left: m = 150; Bottom Right: m = 200.

(i) In our convergence analysis, we assume that § € (0, %), JTS <5, 1_725> and 0 < 0 <

’) 3
ticular, the closer § is to i, the larger the interval of the inertial parameter 6 but the smaller

1 g5
min {PT“ 20 %} This means that p and 6 both depend on the choice of §. In par-
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Table 5: Comparison of algorithms for Experiment 2 (Example 5.3); ¢ = 107°

Algorithms Case 1 Case 2 Case 3 Case 4
CPU  Iter CPU  TIter CPU  Iter CPU  TIter
Algorithm 1 0.0010 7 0.0023 15 0.0011 10 0.0011 9
Algorithm 3.1 in [22] 0.1027 48 0.1085 73 0.1039 60 0.1067 56
Algorithm 3.2 in [22] 0.1052 52 0.1058 79 0.1062 65 0.1090 61
Algorithm 3.3 in [22] 0.1045 39 0.1042 37 0.1065 41 0.1076 37
Algorithm 3.1in [48] 0.1374 97 0.1184 82 0.1175 108 0.1167 92
10t 10t

Algorithm 1
—¥— Liu and Yang (Alg. 3.1)
\ Liu and Yang (Alg. 3.2) |
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FIGURE 5. The behavior of TOL,, for Experiment 2 (Example 5.3); ¢ = 10~°: Top
Left: Case 1; Top Right: Case 2; Bottom left: Case 3; Bottom Right: Case 4.

the interval of y. On the other hand, the closer § is to zero, the larger the interval of p but the
smaller the interval of 6.

(ii) Our numerical experiments in Section 5 show the benefits gained (in terms of number of itera-
tions and CPU time) over [46, Algorithm 3.1], [22, Algorithms 3.1, 3.2 and 3.3], [25, Algorithm
1], [26, Algorithm 3.1] and [48, Algorithm 3.1], by introducing the inertial parameters ¢ and 3
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Table 6: Comparison of algorithms for Experiment 2 (Example 5.4); ¢ = 1073,

Algorithms Case 1 Case 2 Case 3 Case 4
CPU Iter CPU  TIter CPU  Iter CPU Iter
Algorithm 1 0.4823 11 0.3030 7 0.4608 12 0.4986 12
Algorithm 3.1 in [22] 1.1965 29 1.2443 30 1.1143 27 1.1004 27
Algorithm 3.2in [22] 1.7106 34 1.5688 31 1.8092 35 1.8236 35
Algorithm 3.3 in [22] 13.5817 25 1.7173 25 1.9735 25 14.3086 25
Algorithm 3.1 in [48] 25.4557 25 1.4581 25 1.5841 25 25.3428 25
10t 10!
Algorithm 1 Algorithm 1
—*— Liu and Yang (Alg. 3.1) —%— Liu and Yang (Alg. 3.1)
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FIGURE 6. The behavior of TOL,, for Experiment 2 (Example 5.4); ¢ = 10~3: Top
Left: Case 1; Top Right: Case 2; Bottom left: Case 3; Bottom Right: Case 4.

in our proposed Algorithm 1.

For instance, in Experiment 1, we considered different choices of # and 3 including the choices
@ = 0 = p and § = 0. The numerical results from Tables 1-2 and Figures 1-2 validate the ad-

vantage brought by the two-step inertial extrapolation.
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6. FINAL REMARKS

In this paper, we have presented a forward-reflected-backward splitting method with two-step in-
ertial extrapolation and self-adaptive step sizes to solve variational inequalities with quasi-monotone
operators in real Hilbert spaces. We give weak convergence analysis of our method under some stan-
dard conditions. Numerical illustration showed that our method is computationally cheaper than other
related methods in the literature. As part of our future projects, we shall consider a relaxed version
of our proposed method with correction term to solve variational inequalities in the setting of quasi-
monotone.
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