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GENERALIZED SPLIT ZERO POINT PROBLEMS INVOLVING COMONOTONE AND
QUASI-COCOERCIVE OPERATORS

MOHAMMAD ESLAMIAN®"*

! Department of Mathematics, University of Science and Technology of Mazandaran, Behshahr, Iran

ABSTRACT. In this paper, we investigate generalized split zero point problems involving a finite family of
maximally comonotone operators and a finite family of quasi-cocoercive operators within Hilbert spaces.
We propose a novel algorithm that leverages both inertial methods and a self-adaptive step size strategy.
By imposing suitable control conditions on the associated parameters, we establish the strong convergence
of the iterative sequence to the unique solution of a variational inequality problem. Furthermore, we
demonstrate the applicability of our results to various problems, including the multiple-sets split feasibility
problem and the split monotone variational inclusion problem.
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1. INTRODUCTION

Let H be a real Hilbert space, and consider a set-valued operator B : ‘H = H. The zero point problem
involves finding a point z € H such that 0 € B(z). Such a point z is termed a zero of B, and the set
of all zeros of B is denoted by B~1(0). This problem is closely tied to various domains in nonlinear
analysis and optimization, including convex minimization, variational inequality problems, equilibrium
problems, monotone inclusions, fixed point problems, and saddle point problems (see [2, 4]). One of
the most prominent and widely used methods for solving the zero point problem is the proximal point
algorithm, initially introduced by Martinet and subsequently studied in depth by Rockafellar [22] within
the context of Hilbert spaces. Over the past few decades, the zero point problem has been the focus of
extensive research (see, e.g., [15, 10, 7]).

A fundamental problem in nonlinear analysis and optimization is to find a zero of the sum of two
monotone operators, formulated as:

Find z* € H such that 0 € A(z*) + B(z"), (1.1)

where A : H — H is a monotone, single-valued operator, and B : H = H is a maximally monotone,
set-valued operator defined on the Hilbert space H. This problem 1.1 has applications in a variety of
areas, such as convex optimization, image processing, and signal processing. A key special case of the
monotone inclusion problem (1.1) is the variational inequality problem (VIP):

Find z* € C such that 0 € A(z™) + Ne(z¥), (1.2)

where C' is a nonempty closed convex subset of H and N¢(z*) denotes the normal cone to C' at z*.
The VIP (1.2) is equivalent to identifying a point 2* € C such that:

(A(@"),y —2") >0, VyeC.
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The solution set for this problem is denoted by VI(C, A). The theory of variational inequalities has
played a critical role in advancing research across various fields, including partial differential equations,
optimal control, mathematical programming, and general optimization (see, e.g., [17]). Its versatility has
made it a cornerstone for solving practical problems in engineering, economics, and applied sciences.

Linear inverse problems are frequently encountered in numerous real-world applications, such as
signal and image processing and medical image reconstruction. In 2005, Censor et al. [8] introduced
the multiple-sets split feasibility problem (MSSFP), which was initially motivated by the inverse prob-
lem of intensity-modulated radiation therapy (IMRT). The MSSFP aims to find a point that is closest
to the intersection of a family of closed convex sets in one space such that its image, under a linear
transformation, is closest to the intersection of another family of closed convex sets in an image space.
Byrne et al. [6] extended this to the split common null point problem, which can be stated as follows:
given set-valued operators B; : H = Hforl <i < m,G; : K = Kfor1l < j < n, and bounded
linear operators £; : H — K for 1 < j < n, the goal is to find a point 2* € H such that:

This problem has been the focus of several studies (see [9, 13, 21, 19] and references therein).

There exists a deep connection between the monotonicity of operators and the convexity of func-
tions. A classical result establishes that the convexity of a function f is linked to the monotonicity of
its gradient V f (see [2]). However, to address functions that lack convexity, it is necessary to relax the
monotonicity requirement. In 2020, Bauschke et al. [3] introduced the concept of p-comonotonicity, a
generalized notion of monotonicity for set-valued operators in Hilbert spaces. Building on this frame-
work, Kohlenbach [18] subsequently developed a Halpern-type proximal point algorithm designed to
approximate zeros of comonotone operators. In recent work [12], the author extended these ideas
to study the split common null point problem involving a finite collection of maximally comonotone
operators.

In recent years, inertial techniques have garnered significant attention due to their ability to accel-
erate convergence and enhance algorithmic performance (see [20, 1, 14, 26] and references therein).
These methods incorporate momentum terms to improve the speed of iterative algorithms.

In this paper, we address the generalized split zero point problems involving a finite family of max-
imally comonotone operators and a finite family of quasi-cocoercive operators in Hilbert spaces. We
introduce a novel algorithm that incorporates an inertial approach to enhance the convergence speed
of the iterative process. Additionally, our method employs a self-adaptive step size strategy that can
be implemented efficiently without requiring prior knowledge of the operators’ norms. We establish
the strong convergence of the proposed method under suitable conditions on the control parameters,
ensuring that the iterative sequence converges to the unique solution of an associated variational in-
equality problem. Additionally, we demonstrate the practical applicability of our results by studying,
the multiple-sets split feasibility problem and the split monotone variational inclusion problem. This
work not only generalizes existing results in the literature but also provides a framework for solving a
broader class of optimization and split feasibility problems in Hilbert spaces.

2. PRELIMINARIES

Throughout the present paper, H denotes a real Hilbert space with inner product (., .) and induced
norm ||.||. The identity operator is denoted by I, namely, I(z) = z for all x € H. Strong convergence
of a sequence {x,,} in H to x is denoted by x,, — = and weak convergence by z,, — x. LetT : H — H
be an operator. A point x € H such that T'x = z is called a fixed point of 7". The set of fixed points
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of operator 7" shall be denoted by Fiz(T"). We recall the following definitions concerning an operator
T:H—H.

Definition 2.1. The operator T': H — H is called:
e L-Lipschitz continuous if L > 0 and

[T(x) =T < Lllx—yll,  Vo,yeH.

If L =1, then T called a nonexpansive mapping.
e 3-strongly monotone if § > 0 and

(T(z) = T(y),x —y) > Blle —y|?, Vz,yeH.
e (3-cocoercive if 5 > 0 and
(T(x) = T(y),x —y) 2 BIT(x) = T(y)|? Va,yeH.
e [3-quasi-cocoercive [5] if it satisfies cocoercivity relative to its set of zeros, i.e.,
(T(z),z —2) > BT (x)|? VzeH, zecT .
Definition 2.2. Let H be a Hilbert space. A mapping 17" : H — H is said to be demi-closed at 0 if, for
any sequence {x, } in H, the conditions x,, — z and T'(x,,) — 0, imply Tz = 0.

Definition 2.3. Let  be a Hilbert space, let 7' : H — H, and let @ € [0,00). Then T is called a-
conically nonexpansive if there exists a nonexpansive operator S : H — H such that 7' = (1 — a)I +
aS. Given an a-conically nonexpansive operator, it is a-averaged when o € (0, 1) and nonexpansive
when o = 1.

Based on Lemmas 3.1, 3.2, 3.3, and 3.4 from reference [12], the following properties of a-conically
nonexpansive mappings can be established:

Lemma 2.4. Let H be a Hilbert space, & € (0,00) and let T' : H — H be c-conically nonexpansive.
Then, the following properties hold:

(i) The operator I — T is demiclosed in 0.
(ii) The set of fixed points, Fix(T'), is closed and convex.
(iii) The operator T' is Lipschitz continuous.
(iv) For any z* € Fix(T) and x € H, the following inequality holds:

1
(x —a* x—Tx) > —|z — Tz|?
2a

Definition 2.5. Let C' be a nonempty closed convex subset of a real Hilbert space . For any z € H,
the metric projection Po(x) of = onto the set C' is defined as:
Po(z) = argmin ||y — x|
() = argmin |y —
Since C'is nonempty, closed, and convex, the projection P¢ () is guaranteed to exist and be unique. The

metric projection is fundamental in optimization and variational inequality problems, as it identifies
the closest point in C to a given point x.

For a set- valued operator B : H =2 H, we define its domain, range, and graph as follows:
D(B):={zeH: Bx)£0}, R(B):=|J{B():2¢e DB},

G(B) ={(z,y) e HxH:2 e D(B),y € B(x)}.
The inverse of B, denoted by B —1 is defined such that:
z € B Y y) <= y ¢ B(x).
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An operator B is said to be monotone if, for all z, y € D(B), we have:
(x —y,u—wv) >0 forallu € B(x)andv € B(y).

A monotone operator B is considered maximally monotone if it has no proper monotone extension, or
equivalently (by Minty’s theorem), if:

R(I+AB)=H forallA > 0.

A more general concept than monotonicity is p-comonotonicity [3]. For a given p € R, an operator
B : 'H = H is said to be p-comonotone if:
(@ —yu—v) 2 pllu—v|* Y(z,u),(y,v) € G(B).

Note that if B is 0-comonotone, then B is monotone. When B is p-comonotone with p > 0, it is also
known as p-cocoercive, which is a stronger condition than monotonicity. For p < 0, the concept of
p-comonotonicity is referred to as | p|-cohypomonotonicity (see [[10], Definition 2.2]).

An operator B is termed maximally p-comonotone if it is p-comonotone and there exists no other
p-comonotone operator D : H = H such that G(D) properly contains G(B).

For p-comonotone operators, the resolvent plays a crucial role in approximating zero points. Given
A > 0, the resolvent Jf is defined as:

JP = (I +AB)"!,

which maps R(I + AB) to D(B). The resolvent operator is a fundamental tool in the approximation
theory for zero points of maximally comonotone operators.
The following results are derived from [[3], Propositions 2.10 and 2.13] and [[18], Lemma 2.3].

Lemma 2.6. Let B : H = H be maximally p-comonotone with p € R and let A\ > 0. If p > —\, then
AB is maximally § -comonotone with § > —1, also J? is single-valued and D(J£) = R(I + AB) = H.

There is a close relationship between the resolvent of a maximally comonotone operator and a con-
ically nonexpansive operator, as stated in the following lemma.

Lemma 2.7. [3] Let H be a Hilbert space and let T : H — H be an operator.

(i) T is nonexpansive if and only if it is the resolvent of a maximally (—%)-comonotone operator B : H =
H.

(ii) Let o € (0,00). Then T is a-conically nonexpansive if and only if it is the resolvent of a maximally
p-comonotone operator B : H = H, where p = % —-1> -1

(iii) Let o« € (0,1). Then T is a-averaged if and only if it is the resolvent of a maximally p-comonotone
operator B : H = H, where p = i —1> —%.

Lemma 2.8. [12] Let H be a Hilbert space, B : H = H be p-comonotone with p € R and let \, u > 0.
If p > — )\, —p, then there exists a constant L > 0, such that

L
|l — JBal| < (L+1+ 7“)\\95 — JBz|, Vae R(I+AB)NR(I+uB).
Lemma 2.9. [12] Let B : H = H be a p-comonotone operator with p > —1. Then, the set B~1(0) =
Fix(JP), and consequently, B~1(0) is closed and convex.

Definition 2.10. For a nonempty closed and convex subset C' of H, the indicator function i¢ of C' is

given by:
) 0, ifzel,
ic =
oo, ifxé¢C.
Furthermore, the normal cone of C' at u € C, N¢(u) is given as:

Ne(w)={feH : (u—y,f) >0, VyeC}.
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Remark 2.11. The indicator function i¢ is proper, lower semicontinuous, and convex. Consequently,
its subdifferential 0i¢ is a maximal monotone operator. It is well-known that the subdifferential of the
indicator function is the normal cone to the set, ie., dic(u) = No(u) for any u € H. Moreover, the
resolvent of Ji¢ satisfies

J%c(z) = Pox, Yz e, r>0,

where Po denotes the projection onto the closed convex set C. For further details, see [2, 22, 23].

Lemma 2.12. [17] Let C be a nonempty closed and convex subset of a real Hilbert space H, and let
T : C — H be a strongly monotone and Lipschitz continuous mapping. Then VI(C,T) consists of only
one point.

Lemma 2.13. [25] Let the operatorT" : H — H be l-Lipschitz continuous and 6-strongly monotone with
constants | > 0, 6 > 0. Assume thaty € (0, ?—3) Fora € (0,1) define T, = I — anT. Then for all
T,y € H,

[Taz = Tayll < (1 —an)llz —y|

holds, wheren = 1 — /1 — v(25 — ~I2) € (0,1).

Lemma 2.14. ([16]) Assume {I',,} is a sequence of nonnegative real numbers such that

Fhi1 <(1-Z)Tn+E0, n>0,
Fn+1§Fn_£n+Cn, nZO,

where {Z,,} is a sequence in (0,1), {&,} is a sequence of nonnegative real numbers and {V,,} and {(,}
are two sequences in R such that
(i) >_p=1En = 0,
(iii) limg_00 §n,, = 0, implies lim supy,_, o ¥y, < 0 for any subsequence {ny} C {n}.

Then lim,, o, I';, = 0.

3. THE ALGORITHM AND ITS CONVERGENCE

In this section, we present our algorithm and show its convergence analysis. We begin with the
following assumptions under which our strong convergence is obtained.

Assumption 3.1. Assume that the following hold:

(C1) Ho and H;, Kj, ¢ = 1,2, ..., M, are real Hilbert spaces.

(C2) The operator F': Ho — Hy is [-Lipschitz continuous and d-strongly monotone with constants
[>0,6>0.

(C3) Foreachi € {1,2,...., M}, (sp;) C (0,00) with s,,; > s; > Oforalln € Nand that B; : H; =
H,; is (set-valued) maximally ¢;-comonotone operator with ¢; € (—s;, 0].

(C4) Foreachi € {1,2,...., M}, A; : K; — K, is a 0;- quasi-cocoercive operator and A; is demiclosed
at 0.

(C5) Foreachi € {1,2,..., M}, L; : Ho — H,i, is a bounded linear operator such that £; # 0.

(C6) Foreachi € {1,2,..., M}, J; : Ho — Ki, is a bounded linear operator such that .7; # 0.

€7) @ =N, (£ 1(B;7H0) N T AT (0))) # 0.

(C8) Fori € {1,2,.., M}, {a;}, {b;} € (0,1, 1  a; = S0, by = 1.

(C9) {d,;} and {ey ;} are bounded sequences in (0, 00).

(C10) {e,} is a nonnegative sequence such that limy,c 3* = 0 where {8,} C (0,1) satisfies

limy, 500 B = 0and > o7, B = 0.
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We now present the proposed method of this paper.

Algorithm 1

Initialization Take o > 0, y; € (0,20;) and p; € (0,2(3F + 1)), i = 1,2,.., M. Choose sequences
{a;}, {bi}, {dn;i}, {en;i}, {Bn} and {e,} such that the Assumption 3.1 hold. Let z1,z9 € Hg be two
initial points.

Iterative Steps: Given the iterates x,,—1 and x,, (n > 1). Calculate x,,11 as follows:

Step 1: Compute w,, = x,, + ap(zy, — Tp—1), where 0 < «,, < @, such that

. -
@, = { min {‘Hzn—xnflll’o‘} T 7 a1 (3.1)

Q, otherwise.
Step 2: Compute
M
Zn = Wnp — Z a; en,i \Z*(Auzwn);
i=1
where the stepsizes are chosen in such a way that
pillAidaonl®
1T (A Tiwn) 1? + dni” R

O = M. (3.2)

Step 3: Compute
M
Yn = Zn — Z bi Tn,i ﬁz*(ﬁzzn - JSB;Z (‘Clzn))v
i=1
where the stepsizes are chosen in such a way that

pil| Lizn — JBi (Li2,))?

Sn,i

L (Lizn — JE(Liza))II2 + en”

sy M. (3.3)

Tn,i

Step 4: Compute
Tn41 = (I - ﬁnF)yn
Setn :=n + 1 and go to step 1.

Now we are in position to state our main convergence result.

Theorem 3.2. Let {x,} be a sequence generated by Algorithm 1 under Assumption 3.1. Then, the sequence
{zn} converges strongly to the unique solution x* € VI(Q, F).

Proof. Considering Condition (C3) and applying Lemma 2.6, we conclude that foreachi € {1,2,..., M},
the operator s, ; B; is (-~ )-comonotone. Since

Sn,i

Si Si
: Z = > _1a
Sn,i Si

1

it follows that s, ; B; is also (- )-comonotone. By Lemma 2.7, the operator iji is m-conically

nonexpansive. From Lemma 2.9, we know that for each i € {1,2,..., M}, the set B; '(0) is closed
and convex. Additionally, since the operator £; : Hg — 7H; is bounded and linear, it follows that
L£;71(B;1(0)) is also a closed convex set. Moreover, by leveraging Assumptions 3.1 (C4) and (C6), we

can further deduce that, for each i € {1,2,..., M}, the set J;~(A;1(0)) is closed and convex as
well. Consequently, the set €2 is closed and convex. Finally, under Assumption 3.1 (C2), the variational
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inequality problem VI P ({2, F') admits a unique solution. We denote this unique solution by z* € H,.
Next, we demonstrate that the sequence {x,} is bounded. By leveraging the convexity of the norm
squared function || - ||%, Assumption 3.1 (C4), and the definition of 6,, ;, we can derive the following:

|2n — 35*||2 l|wn — Zazenzjz (A;Twn) — x*HQ

=1

< ZazH _-75 - Hn,i uYz*(Auan)HQ

= Zai(Hwn - a:*HQ — 2wy, — 2%, 00, T (A Tiwn,))
=1
+ 100, T (Ai Tiwn) ||?)
M
= Z az(Hwn - -T*HQ - 20n,z<u7zwn - \7ix*7 Azu7ﬂ”n>

=1

+ (00,01 T3 (AsTiwn) 1)

M
< S alun — 2 — 2Ty g g
Bt | Ti* (As Tiwn) |12 + di. i

.
I

MzHA@\Z’anHZ 2 " 9
i (A Jiwn
e @GP v dny) W Aiwn)ll)
M
il A Fiwn ||*
< Jwn — 2*|* = a;i (207 — p; *M | ) (3.4)
H H Zz; ( )”Z (Aisyiwn)H2+dn,i

Since z* € €, it follows that z* € £;'(B;1(0)) for each i € {1,2,..., M}. Thus, we have L;2* €
B 1(0) = Fix(J5i ). Now, by applying Lemma 2.4 (iv), along with the convexity of || - [|? and the

(3
definition of 7, ;, we can derive the following:

lyn — 2* ||2 = [lzn — Zanz i (Lizn — Jﬁfiﬁizn)—w*\ﬁ
SZ}M%—ﬂqucmg%—ﬁig%w

M
= sz(Hzn — x*H2 — 2zp — ", T i L (Lizn — Jiﬁiﬁizn»
+ il (Lizg — JB Lz %)
M
- sz(”zn - 270,i(Lizn — Lix™, Lizn — Jﬁfiﬁiz@

D2 L (Lizn — JEi

Sn,i

Lizn)|?)

=1

(Tn
i HZ *HQ _ o pill Lizn — Jslf”»c ZnH2 )<CZ
A 1L (Lizn — T2 Lizn)|2 + eny i

+ D)||Lizn — JB 15 anQ
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pill Lizn — JBi Lizn||?

Sn,i

+
(Hﬁi*(ﬁizn - Jﬁiiﬁizn)H? +eni

VIL (Lizn — T3 Lizn) %)

pill Lizn =TT Lizn|*
HL’Z*(EZzn — JBzﬁzzn)”Q + em- ‘

Sn,i

M G
< lzm —2*? =D bz‘(2(j, +1) — pi)
i=1 v

(3.5)

From (3.1), we know that o, ||z, — z,—1]| < &, for all n. Moreover, since lim,, 2—2 = 0, it follows

that:

. Qnp

lim — |, — xp—1] = 0.
B

Consequently, there exists a constant M; > 0 such that

«
iHl‘n - xnfln < M.
n

From the definition of w,,, we obtain:
lwn —2*|| =l2n + an(en — 2n-1) — 27|
Slen = ¥ + o f|2n — 2n|
=||zn — ¥ + /Bn%”xn — Tp1|

= [lzn — 2| + BnMi.

By our assumptions and using equations (3.4), (3.5), and (3.6), we deduce:

[yn — 2™ < flwn = 27| < flzn — 27| + B M.

(3.6)

(3.7)

Now, let v € (0, ?—3) Since lim,, o0 Bn = 0, there exists an index ng € N such that for all n > ng, we

have 3,, < v. Thus, 67” € (0,1). Applying Lemma 2.13 for all n > ng, we obtain:
I = BaF)yn — (I = BuF)a*|| = |(I = S2vF)yn — (I = SvF)a¥|

< (1= Zo)|lyn — 2*]),

(3.8)

where n = 1 — /1 — v(26 — vI2) € (0, 1). Utilizing the inequalities (3.7) and (3.8), we obtain that:

|Znt1 — 2% =lyn — BunFyn — 7|
= = Bu)yn — (I = BpF)z* — BuF'z™||
S = BuF)yn — (I = BuF)a*|| + Bul| Fa™||
<(1 = Z2n)llyn — 2| + Bal F2*|

<(1 = 2y — 2| + BuMi + Byl Fa*|

n n  rv(M Fzx*
< (1~ B — 2| + B[00
V(M1+HFI*||)}

*H7 n

<max{||z, —
v(MitIFaTl)y

<--- <max{|fzn, — 27, ===

This implies that the sequence {x,,} is bounded. Additionally, we can conclude that the sequences {y;, }

and {w, } are also bounded. We have:



GENERALIZED SPLIT ZERO POINT PROBLEMS 153

l|wn — x*HQ =zn + an(Tn — Tn-1) — x*HQ
<lwn = a*|* + (an)?[lzn — 21 l|* + 200 (xn — 2%, 20 — Tn1)

<wn = 2P + (an)?|2n — 2a-a[? + 20020 — 2*|||l2n — 20-]-

By utilizing inequality (3.8) and the inequality ||z + y||? < ||z + 2{(y, z + ), Vz,y € H, we obtain:

112 = = BuF)yn — (I = BuF)a* — BuFa*||?

<N = BuF)yn — (I = BuF)a*||? — 2Bn(Fa*, a1 — 7*)
< (1= 20)2|lyn — || + 280 (Fa*, 2% — zat1)

< (1= Bon)lwy, — a*||? + 280 (Fa*, 0% — 2p41)

< (1= Zen)an — 2*|? + (GEn) (G4 (Fa*, 2% — wn)

|Tne1 —

I(
I(

+an|zn — Tn-all(anllzn — zn-all + 2[|zn — 2 (3.9)
< (1= )z — 2|7 + (G () (Fa*, 2% = zar1)

+ 3o ||xn — xp—1]|My

= (1= 2|, — |

+ 67"77[27”<F1’*>$* — Tny1) + %%Hﬂfn — Tn—1]]

=(1—Zn)|lzn — 2*|* + Epn,  Vn > ng,

where My = sup,,en{||zn, — 2*||, an||zn, — zn—1]|} and

Bn

_ v 3va, M
Sn = 7777 Up = F(F:U*ax* - xn+1> + n 2

3 THxn — Tn_1]|-
n

It is straightforward to observe that Z,, — 0 and ) >~ , =, = oo. Since {z,} is bounded, there exists
a constant M3 > 0 such that

2(Fz*, 2" — xp41) < Ms.

From the definition of {x,11} and inequality (3.8), we deduce that

[2n1 —2*? =llyn — BnFyn — 2*|?
=|(I = BuF)yn — (I — BuF)a* — BpFa*|?

<(1= 202y — (2 + 280 (Fa*, 2% — zpi1)
< Hyn - 33*”2 + BnMZS Vn > ng.

From (3.6) we have
lwn —2*1? < (lon — 2™ + BM1)?

=[lz — 2*|| + Bn(2Mi ||z, — 2*|| + Bn(M1)?) (3.11)
< H-’En - -T*H2 + BnMy.
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for some constant My > 0. From inequalities (3.4),(3.5),(3.10) and (3.11), for all n > ng, we get

M iAis7in4
lnpr = a*? < llam — 2% + BuMa — 52, 03(20; — i) il et

. Bi s 4 (3.12)
M G szL"zzn_anyi»czz'nH
=S bi(2(2 4+ 1) — py M.
i=1 ’L( (Si + ) pZ) H[»i*(Eizn_ani’i/v‘izn)‘P‘f'en’i + ﬂn 3

Now we set

— M 1||A2L7Z n”4
&n = Zi:l ai(20i - Mi) ||\7i*l€AiJiw:;||2+dn,i
By 4
M G pillLizn—Js | Liznl|
A b(2(5 1) — ps; ;
FE R ) )
and
M = Bn(Ms +My), Ty = |z, — 2|2 (3.13)
Hence, inequality (3.12) can be rewritten as:
Fn-I—l < Fn - gn + Mn. (3~14)

To prove that I',, — 0, by Lemma 2.14 (considering inequalities (3.9) and (3.14)), it is sufficient to show
that for any subsequence {n;} C {n}, if limy_,o &, = 0, then
limsup9,, <0.
k—o0
Assuming limy_,~ &, = 0, we deduce the following:
lim |[Lizn, — JB Lizp || = lim [|A;Jw,, || =0,  i=1,2,...,M. (3.15)
k—oo Mot k—o0

This implies that

kli)ngo |Yny — 2ni |l = klggo |2n, — wn, || =0. (3.16)
Note that o
|20 — wnl|l = anllzn — Tn-1|| = ﬁnﬁanxn — ZTp-1]| = 0.
n
Hence
lim ||z, — 2y, || = lim ||w,, — 2, || = 0. (3.17)
k—o0 k—o0
Also we have
m |[Zn41 = Yn, || = m B, [[F(yn, )| = 0. (3.18)
k—o0 k—o0

From above inequalities we arrive at

Hmnk-i-l - xnkH < Hxnk-f-l - ynkH + Hynk - an”
+ ||z, — wn, || + lwn, — zn, || = 0, kE — oo. (3.19)

Since {zy, } is bounded, there exists a subsequence {a:nk]_ } of {x, } that converges weakly to Z. With-
out loss of generality, we assume that z,, — Z. Given that limy_, ||wy,, — zp,|| = 0, it follows
that w,, — Z. Since J; is a bounded linear operator, we have J;(w,, ) — J;Z. Additionally, since
limy, o0 || Ai Jiwn, || = 0, by the demiclosedness of A;, we obtain A; 7;z = 0. Therefore, J;T € Ai_l(O),
fori =1,2,..., M. Next, since limj_, ||2n, —Zn, || = 0, we conclude that z,,, — Z. Again, since L; is
a bounded linear operator, it follows that £;(z,, ) — £;Z. From Lemma 2.8, for eachi € {1,2,..., M},
there exists a constant L; > 0 such that

Li S; .
N Lizn, — JBZk’Z_L’iznkH. (3.20)

Sn
Nkt

This implies that
lim || Lizn, — JPLizn || =0, i=1,2,...M. (3.21)
k—00 ¢
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Using Lemma 2.4, we conclude that £,z € Fix(JJ7) = B; 1(0). Therefore, 7 € Q. Now we show that
<0. (3.22)

limsup(Fz*, x* — zp, )
k—o0

To prove this inequality, we select a subsequence {xnkj } of {zy, } such that

lim (Fa*, 2" — zp, ) = limsup(Fz*, 2" — z,, ).

J—roo J k—o0
Since x* is the unique solution of the variational inequality VI P(f2, F') and {:cnkj } converges weakly
to T € 2, we conclude that

limsup(Fz*, 2* — xp,) = lim (Fz*,2* — x,, ) = (Fz*, 2" —7) <0.
k—so0 j—+o0 J
Therefore
limsup 9, <0.

k—oo
Since all the conditions of Lemma 2.14 are satisfied, we immediately deduce that lim, - Iy, = lim,,, o
|z, — 2*||? = 0, which implies that the sequence {z,,} converges strongly to x*, the unique solution
of the variational inequality VIP(, F). O

4. APPLICATION

In this section, we present applications of our main theoretical results to specific problem classes,
including the split monotone variational inclusion problem and the multiple-set split feasibility prob-
lem.

4.1. Monotone inclusion problem. We begin by considering the following monotone inclusion prob-
lem:
Find z* € H such that 0 € D(z*) + G(z¥),

where D : ‘H — H is a monotone and Lipschitz continuous single-valued operator, and G : H = H
is a maximally monotone set-valued operator defined on the Hilbert space . To address this problem,
we utilize the forward-backward-forward (FBF) operator U : ‘H — H, originally proposed by Tseng in
[24]. The FBF operator is defined as follows:

U::I—J,?(I—'yD)—'y[Dac—DoJ,?(I—’yD)],

where v > 0 and JS := (I + vG)~! denotes the resolvent of the operator G. We now present the
following key results:

Lemma 4.1. [Adapted from [5], Proposition 1] Assume D is monotone and L-Lipschitz continuous, and
G is maximally monotone. Then the operator U satisfies:

(i) The set of zeros of the sum D + G coincides with the set of zeros of U.

(ii) The operator U is Lipschitz continuous.

1 . . . . _ 1—L
(iii) If v < 1, then U is quasi-cocoercive with modulus w = A LE

We will now apply Algorithm 1 to solve the split monotone variational inclusion problem. To pro-
ceed, we first consider the following conditions.

Assumption 4.2. Assume that the following hold:

(C1) Hy is a real Hilbert space and K;, i = 1,2, ..., M, are finite dimensional real Hilbert spaces.

(C2) The operator F': Ho — Hp is [-Lipschitz continuous and J-strongly monotone with constants
[>0,0>0.

(C3) For each i € {1,2,.... M}, G; : K; = K, is a maximal monotone set-valued operator and
D; : K; — K; is a monotone and L;-Lipschitz continuous operator.
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(C4) Foreachi € {1,2,..., M}, J; : Ho — K, is a bounded linear operator such that 7; # 0.

(€5) @ =5, T ((Di+ Gi)~'0) # 0.

(C6) Fori e {1,2,.... M}, {a;} € (0,1, "M a; = 1.

(C7) {dy;} is a bounded sequence in (0, c0).

(C8) {en} is a nonnegative sequence such that limy,oc 3* = 0 where {8,} C (0,1) satisfies
limy, o0 B = 0and > Bp = o0

We introduce the following algorithm designed to solve the split monotone variational inclusion
problem.

Algorithm 2

Initialization Take @ > 0, 7; < L% and p; € (0, %)z = 1,2,.., M. Choose sequences {a;},
{dni}, {Bn} and {€, } such that the Assumption 4.2 hold. Let 21, zy € H be two initial points.
Iterative Steps: Given the iterates x,,—1 and x,, (n > 1). Calculate x,,11 as follows:

Step 1: Compute w,, = x,, + ap(zy, — 1), where {«a,, } is defined in (3.1).

Step 2: Compute

M
i=1
where
U; :=1—JS (I —vD;) — v [Diz — D; 0 J$ (I —vDy)]
and the stepsizes are chosen in such a way that
0 . — 1| U Tiw, ||
T (UiTiwn) | + dn”

i=1,2,.., M. (4.1)

Step 3: Compute
Tpp1 = (I = BnF)yn
Setn :=mn + 1 and go to step 1.

In a finite-dimensional real Hilbert space, every continuous mapping is demiclosed at 0. Utilizing
Theorem 3.2 and Lemma 4.1, we derive the following strong convergence result for solving the split
monotone variational inclusion problem.

Theorem 4.3. Let {x,} be a sequence generated by Algorithm 2 under Assumption 4.2. Then, the sequence
{xn} converges strongly to the unique solution x* € VI(Q, F).

Remark 4.4. Let G; : K; = K; be a maximally monotone set-valued operator and f; : K; — K; be
an 7);-cocoercive operator for each i € {1,2,..., M }. Consider the operator defined by 7; = in (I —

Aifi) with A; € (0,2n;). It is known that 7; is an ( 4772 X ) -averaged operator (see [11] for details).

Consequently, I — 7; is 47’”” Ai_cocoercive and demiclosed at zero. By setting A; =1 —7;and B; = 0
in Algorithm 1, we derlve a new algorithm tailored for solving the split monotone variational inclusion

problem.

4.2. Multiple-set split feasibility problem. We now demonstrate the application of Algorithm 1 to
solve the multiple-set split feasibility problem in Hilbert spaces. To establish the strong convergence of
our approach, we first outline the following assumptions that are essential for ensuring convergence.

Assumption 4.5. Assume that the following hold:
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(C1) Hoand K, = 1,2, ..., M, are real Hilbert spaces.

(C2) The operator F' : Ho — Hy is [-Lipschitz continuous and J-strongly monotone with constants
1>0,0>0.

(C3) For each i € {1,2,..., M}, Q;, is nonempty closed and convex subset of K; and {C;}}£, is a
finite family of nonempty closed and convex subsets of .

(C4) Foreachi € {1,2,..., M}, J; : Ho — Ki, is a bounded linear operator such that .7; # 0.

C5) Q={zeNM,Ci: JreQii=1,2,...M}#0.

(C6) Fori € {1,2, .., M}, {a;}, {bi} € (0,1, 1  a; = S0, by = 1.

(C7) {d;} is a bounded sequence in (0, c0).

(C8) {en} is a nonnegative sequence such that limy, ,oc 3 = 0 where {8,} C (0,1) satisfies

limy, 00 B = 0and Y7 B = 0.

We now propose the following algorithm to address the multiple-set split feasibility problem .

Algorithm 3

Initialization Take o > 0 and p; € (0,2) i = 1,2, .., M. Choose sequences {a;}, {bi}, {dn,i}, {n}
and {e, } such that the Assumption 4.5 hold. Let x1, zy € H( be two initial points.

Iterative Steps: Given the iterates x,,_1 and x,, (n > 1). Calculate x,,1 as follows:

Step 1: Compute wy,, = x;, + (s, — Tp—1), where {a, } is defined in (3.1).

Step 2: Compute

M
Zn = Wnp — Z a; gn,i ~.7z*(u7zwn - Panjzwn)

i=1
where the stepsizes are chosen in such a way that

1il| Tiwn, — Pg, Fiwn||?
| T (Tiwn — PQijiwn)HQ + dn,i’

Oni = i=1,2,.., M. (4.2)

Step 3: Compute
M
i=1

Step 4: Compute
Tn1 = (I — BnF)yn.

Setn :=n + 1 and go to step 1.

Theorem 4.6. Let {x,,} be a sequence generated by Algorithm 3 under Assumption 4.5. Then, the sequence
{x} converges strongly to the unique solution x* € VI({, F).

Proof. For ¢ = 1,2,...,M, let us define B; = 0ic,, which is known to be a maximal monotone

operator. According to Remark 2.11, we have szci (x) = P,z for all z € Hp and any r > 0.
Additionally, it follows that B; '(0) = Fix(Pg,) = C;. Similarly, for i = 1,2,..., M, let us set
A; = I — Pp,. 1t is straightforward to verify that A; is a 1-cocoercive operator. Furthermore, we have
A;71(0) = Fix(Pg,) = Q;. Now, by setting H; = Ho, J; = I, (i = 1,2,...,M) and 0,,; = 1 in

(2

Algorithm 1, we obtain the desired result directly from Theorem 3.2. g
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5. NUMERICAL EXPERIMENT

In this section, we present a computational experiment to demonstrate the effectiveness of our pro-
posed algorithm. Specifically, we consider a minimization problem defined over the solution set of a
multiple-set split feasibility problem. The algorithm was implemented in MATLAB R2014b and exe-
cuted on a laptop equipped with an Intel Core i7 processor and 12 GB of RAM.

Example 5.1. We address the following constrained optimization problem:
4
1
Minimize f(z) = 5”:6 —p||?> subjectto z€Q= ﬂ (C;in E;l(Qi)) ,
i=1
where p = (0.2,0,0,0,0) € R?, C; C R%, and Q; C R!? are defined as follows:
Ci={xeR: (z,z) <r;}, i=1,234,
Q1= {z eRY: |z — (¢1,0,0,...,0)] <1},
Q2 = {z € R : [z = (0,¢2,0,...,0)|| <1},
Qs ={z € R |z —(0,0,45,0,....0)|| < 1},
Q4= {JI € RIO : ”I - (070707(]4707-")0)” < 1}

Here, £; : R5 — R!Y are bounded linear operators, with the elements of their representation matrices
randomly generated within the closed interval [—2, 2]. This problem can be equivalently reformulated
as a variational inequality problem of the form:

VI(Q,F), where F(x)sz(x)zV(éHx—pHQ)::U—p.

We analyze the convergence behavior of the sequence {x,} generated by Algorithm 3. For this ex-
periment, the coordinates of the vectors z;(i = 1,2, 3,4), were randomly generated within the inter-
val [1, 4], while the scalar values r;(i = 1,2, 3,4) were drawn from the interval [1,2]. Similarly, the
vectors ¢;(i = 1, 2,3, 4) were randomly generated within [0, 1]. The coordinates of the initial approxi-
mations ¢ and x; were also chosen randomly from the interval (0, 1). The stopping criterion was set

as B, = ||xn — op1| < 107°. The algorithm parameters were configured as follows: a; = b; = i,
_ _ 2 _ 1 L L5[|(I=Pg, ) Liwn|? .
an, = 0.6, 8, = wr3 En = i and 0,,; = TE5 (T~ Pa,) Erwn)[2+0.001 The numerical results are

depicted in Figures 1 and 2, illustrating the convergence performance of our algorithm.
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