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ABSTRACT. We define expansive-type mappings in the setting of modular G-metric spaces and prove
some common unique fixed point theorems for this class of expansive mappings on G-complete modular
G-metric spaces. The results established in this work extend, improve, generalize and complement many
existing results in literature. We provide some examples to validate our results.
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1. INTRODUCTION

Expansiveness of mappings and their common fixed point results is an interesting and active research
aspect of fixed point theory. The class of expansive mappings in complete metric spaces was introduced
by Wang et al. [30]. They proved some interesting fixed point theorems for this class of mappings,
thereby activating research in expansive mappings in metric spaces and related abstract spaces. Ku-
mar [12] proved some interesting theorems on expansive mappings in several settings, such as metric
spaces, generalized metric spaces, probabilistic metric spaces, and fuzzy metric spaces, which gener-
alized the results of some authors, such as Ahmad, Ashraf, and Rhoades [1], Rhoades [27], Kang et
al. [11], Wang et al. [30], and Vasuki [29]. Kumar’s results contain some errors, which were corrected
in [5]. However, [12] did not consider expansive mappings in the framework of modular G-metric spaces,
which is the main interest of the present paper. Gahler [10] proved some interesting results in complete
2-metric spaces, which is a generalization of the classical metric spaces. Baskaran et al. [4] established
common fixed point theorems for expansive mappings by using compatibility and sequentially continu-
ous mappings in 2-metric spaces. Dhage [9] extended the work in [10] and introduced the notion of D-
metric spaces. These authors claimed that their results generalized the concept of classical metric spaces.
In 2001, Ahmad et al. [1] defined expansive mappings in the context of D-metric spaces, analogous to
expansive mappings in complete metric spaces. They also extended some known results to two map-
pings in the setting of D-metric spaces. In 2003, Mustafa and Sims [14] pointed out that the fundamental
topological properties of D-metric spaces introduced by Dhage [9] were false. To remedy the drawbacks
connected to D-metric spaces, Mustafa and Sims [15] introduced a generalization of metric spaces called
G-metric spaces and proved some interesting fixed point results in this framework. Mustafa et al. [16]
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defined the class of expansive mappings in the setting of G-metric spaces and proved some fixed point
theorems for this class of mappings in G-metric spaces. Furthermore, Mustafa et al. [17] proved some
fixed point results in the setting of complete G-metric spaces. In 2010, Chistyakov [6] introduced the
notion of modular metric spaces or parameterized metric spaces with the time parameter (A, say). His
intention was to define the notion of a modular acting on an arbitrary set and to develop the theory of
metric spaces generated by modulars, called modular metric spaces. Chistyakov [6] developed the theory
of metric spaces generated by modulars and extended the results given by Nakano [18], Musielak and
Orlicz [26], and Musielak [13] to modular metric spaces. Modular spaces are extensions of Lebesgue,
Riesz, and Orlicz spaces of integrable functions. The introduction of the theory of metric spaces gen-
erated by modulars, known as modular metric spaces, received the attention of many mathematicians.
Consequently, several interesting results have been proved in this direction of research. Chistyakov [8]
also established some fixed point theorems for contractive mappings in modular spaces, and other fixed
point results in modular metric spaces can be found in [7, 8] and [25] and the references therein. Azizi
et al. [3] studied some fixed point theorems for S+ 7, where T is p-expansive and S(B) resides in a
compact subset of X,,, where B is a closed, convex, and nonempty subset of X,, and 7', S : B — X,,. Their
results also improved the classical version of Krasnosel’skii fixed point theorems in modular spaces.
However, as an application, they studied the existence of solutions to some nonlinear integral equations
in modular function spaces. In 2013, Azadifar et al. [2] developed the concept of modular G-metric
spaces and obtained some fixed point theorems of contractive mappings defined on modular G-metric
spaces. Very recently, Okeke and Francis [19] defined expansive mappings of types I and II in the setting
of modular G-metric spaces and proved that their fixed points exist. Also, many fixed point theorems
for the class of expansive mappings of type I and II defined on complete modular G-metric spaces were
also proved by the authors. Furthermore, Okeke and Francis [23] proved the existence and uniqueness
of fixed points of mappings satisfying Geraghty-type contractions in the setting of preordered modular
G-metric spaces and applied the results in solving nonlinear Volterra-Fredholm-type integral equations.
For other interesting results on generalized modular metric spaces and extended modular b-metric spaces,
interested readers should consult [20-22,24,25] and references therein. Our purpose in this paper is to
define three expansive mappings in the setting of modular G-metric spaces and prove some common
unique fixed point results for this class of expansive mappings on G-complete modular G-metric spaces.
Furthermore, we will construct some examples to support our claims.

2. PRELIMINARIES

Definition 2.1. [30] Let (X,d) be a complete metric space. If f is a mapping of X into itself, then, f is
called an expansive map if there exists a constant g > 1 such that

d(f(x),f(y)) = qd(x,y), 2.1)
for each x,y € X.

Definition 2.2. [1] Let X be a D-metric space, and let T be a self-mapping on X. Then T is called an
expansive mapping if there exists a constant @ > 1 such that for all x,y,z € X, we have

D(Tx,Ty,Tz) > aD(x,y,z).
Definition 2.3. [16] Let (X,G) be a G-metric space, and T be a self mapping on X. Then T is called
expansive mapping if there exists a constant a > 1 such that for all x,y,z € X, we have

G(Tx,Ty,Tz) > aG(x,y,z). (2.2)

Definition 2.4. [3] Let X, be a modular space, and B a nonempty subset of X,. The mapping T : B — X,
is called p-expansive mapping, if there exist constants ¢, k,/ € R™ such that ¢ > [,k > 1 and

p(U(Tx—Ty)) > kp(c(x—y)), (2.3)
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for all x,y € B.

Definition 2.5. [2] Let X be a nonempty set, and let ®° : (0,00) x X x X x X — [0,o0] be a function
satisfying;

(1) ©f (x,y,z) =0forallx,yz€XandA >0ifx=y=z,

(2) a)f(x,x,y) >0 forall x,y € X and A > 0 with x # y,

3) a)f(x,x,y) < a)f(x,y, z) forall x,y,z € X and A > 0 with z # y,

4) of (x,y,z) = 0 (x,z,y) = 0f (y,z,x) = --- forall 1 > 0 (symmetry in all three variables),

(5) a)f+“(x,y,z) < 0f(x,a,a) + 0f (a,y,z), forall x,y,z,a € X and A,v >0,

then the function a)f is called a modular G-metric on X.
The pair (X, @%) is called a modular G-metric space.

Without any confusion, we will take X,,¢ as a modular G-metric space.
In the paper, take X6 = X6 (x0) = {x € X : @f (x,x0,x0) < e, forall A > 0}.

Definition 2.6. [2] Let (X, @) be a modular G-metric space. The sequence {x, },cn in X,,¢ is modular
G-convergent to x, if it converges to x in the topology T(wf ).

A function T : X6 — X6 at x € X6 is called modular G-continuous if @ (x,,x,x) — 0 then @ (Tx,, Tx,Tx) —
0, for all A > 0.

The sequence {x, },cn is modular G-convergent to x as n — oo, if r}ggo o)y 9 (Xp,%m,x) = 0. That is for

all € > 0 there exists ng € N such that (O)y (xn,xm,x) < g for all n,m > ny. Here we say that x is modular
G-limit of {x, },en.

Definition 2.7. [2] Let (X, a)G) be a modular G-metric space, then {x, } ,en € X6 is said to be modular
G-Cauchy if for every € > 0, there exists n, € N such that a)f (X, Xm,x;) < € forall n,m,l > ng and A > 0.
A modular G-metric space X,¢ is said to be modular G-complete if every modular G-Cauchy sequence
in X ¢ is modular G-convergent in X .

Proposition 2.8. [2] Let (X, ®°) be a modular G-metric space, for any x,y,z,a € X0, it follows that:
(1) If 0§ (x,y,z) =0 forall A >0, thenx=y=z.
(2) 0f(x,y,2) < f 9(x,x y)+a)G(x x,z) for all & > 0.

(3) o (x,y,y) < 2(0,1 (y,x, x)for all L > 0.

(4) 0f (x,y,2) < f(x a,z) + 0¥ (a,y.z) forall A > 0.

(5) 0f(x,,2) < %(Z g(x,y,a) +2w§(x,a,z) +wg(a,y,z))f0r all A > 0.

(6) 0 (x,,2) < g(x,a,a) + wg(y,a,a) + a)g(z,a,a)for all A > 0.

Proposition 2.9. [2] Let (Xg, ©%) be a modular G-metric space, and {x,}n,en be a sequence in Xg.
Then the following are equivalent:

(1) {xn}nen is @C-convergent to x,

(2) cof(x,,, x) = 0 asn— oo, i.e., {x,}nen converges to x relative to modular metric ®f(.),

(3) (x)/l G (Xp,Xn,x) — 0 as n— oo for all & > 0,

(4) co/l(x ,X,X) = 0 asn — oo forall A >0,

(5) oy G Xy Xn, X) — 0 as m,n — oo for all & > 0.

Next, we give the following two definitions, [1, 28], which will play some vital roles in Section 3 of
this paper.
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Definition 2.10. Let (X, ©°) be a modular G-metric space, and T, S, R : X,c — X,c be three mappings.
Then T, S, R are said to have common expansive type I mappings if there exists a constant @ > 1 such that
for all x #y # z # x € X6 and for any A > 0, we have

oy (Tx,Sy,Rz) > awf (x,,2). (2.4)

Definition 2.11. Let (X, ©°) be a modular G-metric space, and T, S, R : X,,c — X,,¢ be three mappings.
Then T,S,R are said to have common expansive type II mappings if there exists a constant a > 1 such
that for all x,y € X,,¢ and for any A > 0, we have

@ (Tx,Sy,Ry) > aof (x,y,y). (2.5)

Remark 2.12. Examples of the class of expansive mappings defined in Definitions 2.10 and 2.11 above
will be given after Theorem 3.1 and Theorem 3.11 respectively.

3. MAIN RESULTS
We begin this section with the following results.

Theorem 3.1. Let (X, 0) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be three
onto mappings on Xya, for all x #y # 7 # x € X6 and there is an expansive constant a > 1, for which
the following condition holds

o{(Tx,Sy,Rz) > aof (x,y,z) ¥ 2 > 0. (3.1
Then T,S,R has a common unique fixed point in X c.

Proof. Letxp € Xy, be arbitrary. Since T, S, R are onto mappings, there exists x; € X,¢ such that xo = Txy,
and x; € X6 so that x; = Sxp and x, = Rx3 for x3 € X,¢. Continuing in this manner, we generate a
sequence {x3, },>1 € X,e such that x3, = Tx3,; for all n € N, so that we have the inverse iterations as
X3, = TX3p41, X3n1-1 = Sx3p12 and x3,12 = Rx3,13. Now, since x3, # X3,11 7 X3,.2 implies that for any
A >0, wf (X310, X30+1,X3n+2) > 0, so that from inequality (3.1), we have

G G G
O3 (X3, X301, X3n42) = @F (TX3041, %3012, RX3043) > a®) (X304 1,%3042,%3043) VA > 0.
Therefore,

G G
O (X30415 %3042, X3043) < LY (X35, X3011,X3042), (3.2)
where U = é and for all A > 0. In continuing the process above, we have

G G
07 (X3n41,X3042, X3n43) < W' OF (X370, X3041,X3042), (3.3)
for A >0andn € N.

Suppose that m,n € N and m > n € N. Applying rectangle inequality repeatedly, i.e., condition (5) of
Definition 2.5 we have

G G G
O (X3, X3m, X3m) <O (X370, X304 1,X3041) + @74 (X351, X3042,X3n42)
m—n

m—n

G G
+ 0% (X3042,X3043,X3043) + B4 (X34043,X3014,X3044)

m—n m—n

G
4.4 07 (X3m_1,x3m7x3m)
m—n

<o

=\>'Q

(X35 X3n 15, X301) + OF (X301, X302, X3nt2) + OF (X3042, X303, X343
n n
+ OF (X3043, X3n 14, X3n14) + -+ OF (31, X3m, X3m)
n n
S+ p" e+ u" g (xo,x1,x0)

n

=F L 0f (00,3, (3.4)

1—
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forallm >n >N €N, then
n

K L 0F (x0.,32), (3.5)

O (X3, X3, X3m) < -

for all m,l,n > N and for some N € N, so that by condition (2) of Proposition 2.8, we have

w}?<x3n7x3ma~x3l> <w

NTNYo

(X3, X3, X3m) + wg(x317x3mvx3m)a (3.6)
so that
G G G
OF (X3, X3, X37) S(D% (X370, X3m, X3m) + 0y (X31,X3m, X3m)

<O (X370, X3, X3m) + OF (X31, X3, X3 )
n n

<1 _M(Of(xo,xl,xz) 1 _— F (x0,%1,%2)
2 n
:<1 fu) o (x0,x1,x2). (3.7)
Thus, we have
lim  ®f (X35, %3m,x31) =0, ¥ A > 0. (3.8)
n,m,l—oo

Therefore, we can clearly see that {x, },cn is modular G-Cauchy sequence in X 6.
The modular G-completeness of (X, ®°) implies that for any A > 0, lim @ (X, X, u) =0, i.e., for
n,m—oo

any € > 0, there exists ny € N such that a)f(xn,xm, u) < € for all n,m € N and n,m > ny, which implies
that lgn Xp — u € X6 as n — oo, or by applying condition (5) of Proposition 2.9. As 7T,S,R are onto
n—oo

mappings, there exists w,z*,v € X, ¢ such that u = Tw,u = Sz* and u = Rv. We claim thatu =w =7* = v.
First, from inequality (3.1) with x = x3,+1 and y = z* and z = v, we have that for alln > 1,4 > 0

a)f(x3n,u,u) = a)f(Tx3n+1,Sz*,Rv) > awf(x3n+1,z*,v) VYA>D0. (3.9)

As n — o0, we have @f (u,z*,v) =0,ie,u=z"=v.
Secondly, using inequality (3.1) with x = w and y = x3,,42 and z = v, we have that foralln > 1,1 >0

Cl);?(u,X3n+1,u) = a)f(Tw, Sxzp+2,Rv) > awf(w,x3n+2,v) VA>0. (3.10)

As n — oo, we have a)f(w,u,v) =0,ie,w=u=v.
Lastly, from inequality (3.1) with x = w and y = z* and z = x3,,43, we have that foralln > 1,4 >0

oF (u,u,x3,42) = OF (Tw, Sz*, Rx3,43) > a0 (w, 2", x3,43) ¥V 2 > 0. (3.11)
As n — oo, we have a)f(w,z*,u) =0,ie,w=7"=u.
We can clearly see that in the three cases above, u = w = z* = v, so that « is a common fixed point of
T,S,R,ie.,u=Tu= Su=Ru.
To prove uniqueness, suppose, if possible, that there exists another common fixed point of 7', S, R, that
is, there is u* € X ¢ such that u* = Tu* = Su* = Ru*. Suppose that it is not the case that is, u # u*, and
for all A > 0. Again, inequality (3.1) becomes

a)f(u,u*,u*) = a)f(Tu,Su*,Ru*) > aa)f(u,u*,u*) > a)f(u,u*,u*), (3.12)

which is indeed a contradiction since a > 1, hence u = u*. Therefore, T,S,R has a common unique
fixed point in X 6. g

Remark 3.2. Theorem 3.1 is a generalization of Theorem 3.1 in Okeke and Francis [19].
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Remark 3.3. If we let T = S = R, we get a result we have given in [19].
Let (Xo, @%) be a G-complete modular G-metric space. If there exists a constant a > 1. Let T : X6 —
X6 be an onto mapping on X, for all x # y # z # x € X ¢ for which the following condition holds

of (Tx, Ty, Tz) > awy (x,y,z) ¥ A > 0. (3.13)
Then T has a unique fixed point in X ;.

Proof. For the Proof of Remark 3.3 see Okeke and Francis [19]. O

Corollary 3.4. Let (Xg, 0%) be a G-complete modular G-metric space. Let T : X6 — X6 be an onto
mapping on X, for all x #y # 7 # x € X6 and there is an expansive constant a > 1, for which the
following condition holds

@f(Tx,Ty,Tz) > awf (x,y,z) ¥ A > 0. (3.14)

Then T has a unique fixed point in X ;6.

Proof. 1t follows from Theorem 3.1 by taken 7 = S = R. Hence, T has a unique fixed point in X ..
O

Remark 3.5. Note that in Theorem 3.1 above, if 7 = S = R, we get an extension of Theorem 2.1 in [16]
which is our Corollary 3.4 in modular G-metric space.

Example 3.6. Let X,c = R™ U {e}. Define mappings 7,S,R: RT U{cc} — RT U{eo} by Tx = x" +
4x,Sx = x"+4x — 1 and Rx = x" + 4x — 2 for all x € R* U{eo} and n € N. Then T,S,R are expansive
maps with nontrivial common fixed point of 7', S, R.

Define modular G-metric by @f : (0,00) X RT U {eo} x RT U{eo} x R* U{eo} — R U{eo}. For all
distinct x,y,z € RT U{eo} and A > 0,n € N, then

@Y (Tx,Sy,Rz)

(ITx = Syl[ + ISy — Rzl +[|Tx — Re]|)

(Hx Fax— (0 4y = D[+ + Ay 1= (@ 42— 2) |+ dx— (4 42-2)]))
(\x” Y H4(x—y) 1]+ z”+4(y—z)+3H+Hx"—z”+4(xfz)+2}|>
(

Hx V) Ty 1)—i—4(x y—HH

+ P\»—‘P\HPM—‘P\H

H(y O " T+ ) 4 —2) +3H
H I A AR PR L ‘)+4(x—z)+2H)
>;{4ux—yu+4||y—zu+4||x—zu}
=40 (x,7,2). (3.15)
Therefore,
o{ (Tx,Sy,Rz) > 40§ (x,y,2), (3.16)

which justifies that 7', S, R are expansive mappings with a common expansive constant 4. Hence inequal-
ity (3.1) is satisfied witha =4 > 1.
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Corollary 3.7. Let (Xy, ©°) be a G-complete modular G-metric space. Let T,S,R : X6 — X,c be three
onto mappings on Xy, for all x #y # 7 # x € X6 and there is an expansive constant a > 1, for which
the following condition holds

@Y (Tx,Sy,Rz) > a(a)f(x,x,y) + (of(x,x,z)) VA>0. (3.17)
2 2
Then T,S,R has a common unique fixed point in X c.

Proof. By condition (2) of Proposition 2.8, we have that ©¢ (x,x,y) + ®% (x,x,z) > (Df(x,y, z) for all
2 2
A > 0. Therefore, from inequality (3.17), we have

of (Tx,Sy,Rz) > a((og(x,x,y) + a)g(x,)@z)) > awy (x,y,2). (3.18)
So that for all A > 0 and a > 1, we have
@Y (Tx,Sy,Rz) > awf (x,y,7). (3.19)
By Proof of Theorem 3.1, 7, S, R have a common unique fixed point in X .

O

Remark 3.8. corollary 3.9 below is a variant form of Theorem 3.1 which reads as follows;

Corollary 3.9. Let (Xp, 0°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be three
onto mappings on X e, for all x #y # 7 # x € X6 and there is an expansive constant a > 1, for which
the following condition holds for some positive integer, m > 1

@f (T"x,S™y,R"z) > awy (x,y,z) ¥ A > 0. (3.20)
Then T,S,R has a common unique fixed point in X e for some positive integer, m > 1.

Proof. By Theorem 3.1, T7™,58™,R™ has a common fixed point say u* € X,c for some positive integer
m > 1 by using inequality (3.20). Now T"(Tu*) = T"*'y* = T(T™u*) = Tu*, so Tu* is a fixed point
of T™u*. Similarly, Su* is a fixed point of S"u* and Ru" is a fixed point of R"u*. For the uniqueness,
suppose, if possible, that there exists another common fixed point of 7", 8" R™ say v* € X, that is
T™v* = §™* = R™v* =v* . We show that u* = v*. Indeed, suppose that u* # v* implies that for any
A >0, wf(u*,v*, v*) > 0, from inequality (3.20), we have a contradiction since @ > 1, hence T, S, R has
a common unique fixed point in X,c for some positive integer, m > 1. U

Corollary 3.10. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds for some positive integer, m > 1

w0y (T™x,S™y,R"z) > a(a)g(x,x,y) + a)g(x,x,z)> VA>0. (3.21)
2 2
Then T,S,R has a common unique fixed point in Xy, for some positive integer, m > 1.

Proof. By Proof of Corollary 3.9, T,S,R has a common unique fixed point in X, ¢ for some positive
integer, m > 1. O

Theorem 3.11. Let (X, @) be a G-complete modular G-metric space. Let T, S, R : X6 — X, be three
onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant a > 1, for which
the following condition holds

@Y (Tx,Sy,Ry) > awy (x,y,y) ¥V A > 0. (3.22)

Then T,S,R has a common unique fixed point in X e
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Proof. Let xo € X6 be arbitrary. Since 7,5, R are onto mappings, there exists x; € X, ¢ such that xo =
Txi, and xp € Xye such that x; = Sxy so thatx; = Rx, for x» € X,6. By continuing this process, we
can find a sequence {x3,},>1 € X,¢ such that x3, = Tx3,4; for all n € N so that we have the inverse
iterations as x3, = TX3,41, X3n+1 = SX3n42 = RXx3,12. Now since x3, # x3,+1 implies that for any A > 0,
cof (%3, X30+1,%30+1) > 0, so that from inequality (3.22), we have

G G G
05 (X370, %3041, X3n41) = OF (TX3p41,5%3042, RX3p42) > A0} (X341, X3042,X3042) VA > 0. (3.23)
Therefore,
G G
OF (X304 1, %3042, X3n42) < PO (X34, X3011,X3041) (3.24)
where, f = - and for all A > 0. On continuing the process above, we have
OF (X301, %3052, %30+2) < B OF (X310, X301, X3011), (3.25)

for A >0 and n € N. where, 8 = é <.
Following proof of Theorem 3.1 carefully, we clearly see that u is a common unique fixed point of
T,S,Rin X,G.
O

Example 3.12. Let X,c = R U{co}. Define mappings 7,S,R : RT U {ec} — RT U{oo} by Tx = x” +
1,S8x = x” and Rx = x” — 1 for all x € Rt U{e} and p € N. Then T,S,R are expansive maps with
nontrivial common fixed point of 7', S, R.

Remark 3.13. If we take p = 1, then the Example 3.12 is clear.

Define modular G-metric by @f : (0,00) x RT U {eo} x R* U{eo} x Rt U{eo} — R* U{eo}. Now, for
all x,y € R" U{eo} and A > 0,

of (x + 1,57,y — 1) = @f (Tx, Sy, Ry)

= o (I7x— syl +sy~ Rl +1Tx 51 )
1
= = (I + 1=y +[y” = 0" = D[ +[p + 1= " = 1))
1
= = (I =y? + 1+ 1+l =57 +2]))
1
> = (I =yl +llx =y +1)
1
= = (2 =yl +1)
2
e
2 1 2 1
Hx V) (P Ay T o yP T )H
> 2 eyl
=20 (x,y,y). (3.26)
Therefore,
@f (Tx,Sy,Ry) > 205 (x,y,y) ¥V A > 0, (3.27)

which shows that 7, S, R are expansive mappings with common expansive constant 2. Hence inequality
(3.22) is satisfied witha =2 > 1.
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Corollary 3.14. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X6 be
three onto mappings on X ,c, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds

w{(Tx,Sy,Rz) > a(a)f(x,z,z) + wf(z,z,y)) VAi>0. (3.28)
Then T,S,R has a common unique fixed point in X c.
Proof. Note that by putting y = z in inequality (3.28), we have
@f(Tx,Sy,Ry) > awy (x,y,y) ¥V A > 0. (3.29)
By Proof of Theorem 3.11, 7, S, R has a common unique fixed point in Xc. O

Corollary 3.15. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds

0 (T™x,S™y,R™y) > awf (x,y,y) ¥ A > 0. (3.30)
Then T,S,R has a common unique fixed point in X e for some positive integer, m > 1.

Proof. By Theorem 3.11, T™,8™, R™ has a common fixed point say u* € X, for some positive integer,
m > 1 by using inequality (3.30). Now T"(Tu*) = T""'y* = T(T™u*) = Tu*, so Tu* is a fixed point
of T"u*. Similarly, Su* is a fixed point of S"u* and Ru" is a fixed point of R"u*. For the uniqueness,
suppose, if possible, that there exists another common fixed point of 77,5 R™ say v* € X, that is
Ty = §™* = R™v* = v*. We show that u* = v*. Indeed, suppose that u* # v* implies that for any
A >0, (of (u*,v*,v*) > 0, from inequality (3.30), we get a contradiction since a > 1, hence T, S,R has a
common unique fixed point in X,c for some positive integer, m > 1. g

Corollary 3.16. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X, and there is an expansive constant a > 1, for
which the following condition holds

of (x,2,2) + 0% (z,2,y),
2
(z.),y) +w§(y,y,X), . (3.31)

(Zax,x) + w&G(xaan)
2

>Q I Q

@Y (Tx,Sy,Rz) > amax ¢ @

()

R

Then T,S,R has a common unique fixed point in X c.

Proof. Let xg € X,¢ be arbitrary. Since 7,5, R are onto mappings, there exists x; € X, ¢ such that xo =
Txi, xo € X,6 such that x; = Sx; and x, = Rx3 for x3 € X,¢. Continuing this process, we can find a
sequence {x3,},>1 € X6 such that x3, = Tx3,4; for all n € N so that we have the inverse iterations as
X3n = TX3p41, X3n11 = Sx3p12 and x3,,42 = Rx3,43. Now since X3, # x3,41 # X3,42 implies that for any
A >0, ©F (X35, X354+1,X3542) > 0, so that from inequality (3.16), we have

G G
7y (X305 X3n41,X3n42) = [y (Tx3n+41,8X3n42,RX3,13)

Q

G
O3 (X341, %3043, X3043) + OF (X3143,X3443,X3042)
2

Q

G
> gmax { ©F (X3043,X3n42,X3n12) + OF (X3112,X3042,X3n41), . (3.32)
2

[N]

G G
OF (X343, X301, X3n+1) + ©OF (X301, %3041, X3n+2)
2 2
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By condition (2) of Proposition 2.8, we have
G G
OF (X304 1,X3n+3,X3043) + OF (X343, %3043, X3042),
2 2
G G
amax { ®7 (¥3043,%3042,X30+2) + OF (X342, %3042, X3011), p > ak, (3.33)
2 2
G G
w; (x3n+37x3n+1 7X3n+1) + wy (x3n+1 »X3n+1 ,X3n+2)
2 2
where K 1= a)f (X304+1,X30+2,X3n+3). Therefore, we have that for all A > 0,

OF (X341, %3042, X3043) < YOF (X3, X301, X3012), (3.34)
where ¥ = é < 1. Following the proof of Theorem 3.1, 7, S, R has a common unique fixed point in Xc.
g

Corollary 3.17. Let (Xg,®%) be a G-complete modular G-metric space. Let T,S,R : X6 — X,c be
three onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds

() (v

I\)\PQ

(v, x,x) +

N

(%,2,2),

of (Tx,Sy,Rz) > amax { @ ®

N\»Q

(2,x,%) +

N\PQ

3,3,2), ¢ - (3.35)

S S

0f (2,2.3) + 507 (2,,2)

2 2 V
Then T,S,R has a common unique fixed point in X c.
Proof. Note that if z =y, inequality (3.35) becomes

a)f(Tx,Sy, Ry) > awg(y,x,x). (3.36)
Now, we consider the right hand side of inequality (3.35) by applying condition (3) of Proposition 2.8,
we get wf (x,v,y) < 20%(y,x,x) for all A > 0, or, putting z = y in condition (2) of Proposition 2.8, we
3
have ©f (x,y,y) < ©F (y,x,x) + ©F (y,x,x) for all > 0. So that ;0% (x,y,y) < 0 (y,x,x) forall 1 > 0.
2 2 2

From inequality (3.36), we have that

of (Tx,S3,Ry) > a0 (y.x.%) > S0f (x.7.). (3.37)
2

By Proof of Theorem 3.11 we are done. Hence, 7,5, R has a common unique fixed point in X .
O

Corollary 3.18. Let (Xg, %) be a G-complete modular G-metric space. Let T,S,R : Xy¢ — X,c be
three onto mappings on X ,c, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds

20F (3, x,%) + ©F (v,2,2),
2 2
(D;?(TX,S_)/,RZ) Z amax 2w%6(zaxax) + wg(y7y7z)a . (338)
207 (2,2,y) + 0F (2,,2)
2 2

Then, T,S,R has a common unique fixed point in X .
Proof. Following the Proof of corollary 3.17, we get
a)f(Tx,Sy, Ry) > 2aa)g(y,x,x) > aa)f(x,y,y). (3.39)
2

By Theorem 3.11, the Proof is completed. U
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Corollary 3.19. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X6 be
three onto mappings on X ,c, for all x # y # z # x € X, and there is an expansive constant k > 1, for
which the following condition holds

w8 (Tx,Sy,Rz) > k(wf (x,Tx, Tx) + 0% (T, y, z)) VA >0. (3.40)
2 2
Then, T,S,R has a common unique fixed point in X .
Proof. Using condition (5) of Definition 2.5 for A = % + % > 0, we have w(%; (x,Tx,Tx)+ a)(%;(Tx, v,2) >
cof (x,y,z). Therefore, for all A > 0, inequality (3.40) becomes
of (Tx,Sy,Rz) > k(wg(x, Tx,Tx)+ ¥ (Tx, y,z)) > ko (x,,2) ¥ A > 0. (3.41)
2 2

Hence,
@Y (Tx,Sy,Rz) > ko (x,y,z) VA >0, (3.42)

where, k > 1. By Proof of Corollary 3.7, the Proof corollary 3.19 is completed.
O

Corollary 3.20. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X ,c, for all x #y # z # x € X, and there is an expansive constant k > 1, for
which the following condition holds

w9 (Tx,Sy,Rz) > k(wg (. Sx. 5%) + of (5. y,z)) VA >0. (3.43)
Then, T,S,R has a common unique fixed point in X .
Proof. Using condition (5) of Definition 2.5 for A = % + % > 0, we have a)f (x,S8x,8x) + wf(Sx,y, z) >
cof (x,y,z). Therefore, for all A > 0, inequality (3.43) becomes 2 i
09 (Tx,Sy,Rz) > k(a)g(x,Sx,Sx) +of (Sx.y. 7)) = kof(x,.2) VA > 0. (3.44)
Hence,
@Y (Tx,Sy,Rz) > kw (x,y,z) VA >0, (3.45)

where, k > 1. By Proof of Corollary 3.7, the proof corollary 3.20 is completed.
O

Corollary 3.21. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant k > 1, for
which the following condition holds

w9 (Tx,Sy,Rz) > k(wg (x. Rx, Rx) + o (R, y,z)) VA >0. (3.46)
Then, T,S,R has a common unique fixed point in X .
Proof. Using condition (5) of Definition 2.5 for A = % + % > 0, we have
@Y (Tx,Sy,Rz) > ko (x,y,z) VA >0, (3.47)

where, k > 1. By Proof of Corollary 3.7, the Proof Corollary 3.21 is completed.
O

Corollary 3.22. Let (Xg, %) be a G-complete modular G-metric space. Let T,S,R : Xy — X,c be
three onto mappings on X, for all x #y # 7z # x € X6 for which the following condition holds

of (Tx,Sy,Rz) > 0@} (x,y,2) + BoF (Tx,x,y) + Y07 (Sy,3,2) + §0F (x,Rz,2),  (3.48)
where, ¢+ B +7vy+ 38 > 1and B < 1 forall A > 0. Then, T,S,R has a common unique fixed point in X .
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Proof. Let xo € X6 be arbitrary. Since 7,5, R are onto mappings, there exists x; € X, ¢ such that xo =
Txi, x € Xy such that x; = Sxp and x, = Rx3 for x3 € X,6. By continuing this process, we can find a
sequence {x3,},>1 € X0 such that x3, = Tx3,4 for all n € N so that we have the inverse iterations as
X3n = TX3n11, X3n41 = Sx3,40 and x3,12 = Rxz,13. Now, since x3, # X3,41 7 X3,42 implies that for any
A >0, (l)f(X3n,X3n+1 ,X3n42) > 0, so that from inequality (3.48), we have

OF (X305 X3n 1, %3012) =OF (TX3041, X302, RX3043)
Zawﬂ?(x:ﬁ'n-i-l 7x3n+2,x3n+3) + ﬁwf(Tx%-H yX3n+1 ,x3n+2)
+Y0F (SX3012, %3012, %3013 ) + O OF (X301, RX3043, X3043)
:aa)f (X3nt1,X3n42,X304+3) + B wf (X305 X301, X3n42)
+ Y(Df (X301, X3n42, X3043) + 5(0;? (X304 1, %3042, X3043)

=(0+ 7+ 8)OF (3041, X3n42,X3013) + BOT (X301, X301, X3n42).

Therefore,
OF (X341, %3052, X3043) < HOY (X370, X301, X3012), (3.49)
where,h:(a%ﬁﬁ) <1,B<1land A >0.
OF (X341, %3042, X3043) < ' OF (X3, X3041,X3042), ¥ A > 0, (3.50)

and n > 1. Suppose, that m,n € N and m > n € N. Applying rectangle inequality repeatedly, i.e.,
condition (5) of Definition 2.5 we have
OF (X3, X3m> X3m) <O (X3, X34 1,0341) + OF% (X3p41,X3042, X3042)

m—n m—n

G G
+ 0% (X342, %3043, X3043) + @4 (X343, X3n14,X3144)
m—n m—n

G
+- 0% (X3m—1,X3m,X3m)
m—n

<

:\»Q

G G
(X310, X301, X3n41) + OF (X341, X342, X3n42) + OF (X3742,X3043,X3443)
n n
G G
+ OF (X3043, X344, X3n14) + -+ - + OF (X3m—1,X3m,X3m)
n n

<(W"+ 1 WD o (x0,x1, %)
hl’l
<joftn.n.0) -

forallm >n >N € N, then

hl’l
OF (X305 X3, X3m) < mwf(anxth), (3.52)
for all m,l,n > N for some N € N, so that by condition (2) of proposition 2.8, we have

G G G
OF (X3, X3, %31) < 0y (X3, X3, X3m) + o (%31, X3m, X3m) (3.53)

so that

wf (X3, X3, X37) Swg(x3nvx3max3m) + (Dg (X31,X3m, X3m)
G

IN

) (X3n,X3m,X3m) + (J)f (X31,X3m,X3m)
h" h"
1

IN

——0F (x0,x1,%2) + ﬁwf(xo,xl,xz)

1—-h
2n"
(—h a)f(xo,xl,xz). (3.54)
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Thus, we have
lim  ®f (x,,%,%) =0, ¥ 1 > 0. (3.55)

n,m,l—eco
Therefore, we can clearly see that {x, },cn is modular G-Cauchy sequence.
The modular G-completeness of (X, ®°) implies that for any A >0, lim @Y (x,, X, u) =0, i.e., for
n,m—oo

any € > 0, there exists ny € N such that a)f (Xn,Xm,u) < € for all n,m € N and n,m > ng, which implies

that lim x, — u € X6 as n — oo, or by applying condition (5) of Proposition 2.9.
n—soo

As T, S, R are onto mappings, there exists w, p,v € X,¢ such that u = Tw,u = Sp and u = Rv. We claim
thatu =w=p=v.
First, from inequality (3.48) with x = x3,41 and y = p, z=v, we have that foralln > 1,4 >0

w,xG(X3n,u, u) :wf(Tx3n+1,Sp,Rv)
>a0f (i1, p,v) + BOY (TX3041, %3041, P)
+ Y07 (Sp, p,v) + 8®F (X3511,Rv,v)
=0@f (x3011,p,v) + BOY (X3, %3011, P)
—&-ya)f(Sp,p,v) +5wf(x3n+1,Rv, V)
=0@; (X341, V) + BOY (X3, %3041, )
+ Yoy (u,p,v) + 80F (x3n41,u,v) ¥ 4 > 0. (3.56)
As n — oo, we have a@{ (1, p,v) + Bof (u,u, p) + yof (u, p,v) + SOF (u,u,v) < 0, so that (et +
?’)w;?(“:Pav) + ﬁwf(u,u,p) + Swf(u,u,v) = 0. Therefore, since o + ¥ # 0, a)f(u,p,v) =0, ie.,

u = p = v, similarly, since 3,8 # 0, a)f(u,u,p) =0 and a)f(u,u,v) =0,ie,u=p=nv.
Secondly, using inequality (3.48) with x = w and y = x3,,4» and z = v, we have that foralln > 1,1 >0

a)f(u,x3n+1,u) :a)f(Tw, Sx3p42,RV)
>00@f (W, X3542,v) + BOY (Tw, W, X3,42)
+ '}’CO;?(SXgn+2,X3n+2, v)+ 5(0/? (w,Rv,v)
:aa)f(w,X3n+2, v)+pB a)f(Tw, W, X3042)
+ }/a)f (X3n4+1, %3042, V) + Sa)f (w,Rv,v)
:aa)f(w,X3n+2,v) + Ba)f(u,w, X3n42)
+ Y05 (X301, X3042,V) + S@OF (w,u,v) ¥ A > 0. (3.57)

As n — oo, we have (o + 8)0f (w,u,v) + BoF (u,w,u) + Yo (u,u,v) < 0. Since & +8 #0, B #0
and y#0,w=u=v.
lastly, from inequality (3.48) with x = w and y = p and z = x3,,13, we have that foralln > 1,4 >0

a)f(u,u,mnﬂ) :a)f(Tw, Sp,Rx3,43)
> 007 (W, p,x3n13) + BOF (Tw, w, p)
+ Y05 (Sp, P, X3n+3) + S @OF (W, RX343,X3043)
:awf(w,p,X3n+2) —i—Bwf(Tw, w,p)
+ Y07 (S, P, X3ns3) + SOF (W, X3042,X3043)
:awf(w,p,X3n+3) —i—ﬁwf(u,w,p)

+Y0F (4, p.X3n43) + SOF (W, X3n42,X3043) ¥ A > 0. (3.58)
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As n — oo, we have (o0 + B) @y (u,w,p) + YoF (u, p,u) + S@F (w,u,u) < 0, hence, @ (u,w,p) =0,
i.e., u =w = p. We can clearly see that in the three cases above, u = w = p = v, so that u is a common
fixed point of T, S,R i.e., u = Tu = Su = Ru.

To prove uniqueness, suppose, if possible, that there exists another common fixed point of 7, S, R, that
is, there is a u™ € X6 such that u* = Tu* = Su* = Ru*.Suppose if possible that u # u*, and for all A > 0,
again inequality (3.48) becomes;

of (u,u*,u*) =@f (Tu, Su*, Ru*)
>y (u,u*,u*) + By (Tu,u,u*)
+yof (Su*,u* ,u*) + Sy (u, Ru*,u*)
=0 (u,u*,u*) + oY (u,u,u*)
+yof (u*,u* u*) + SoF (u,u*,u*)
=(a+8)of (u,u*,u*) + B (u,u,u*)
> (ot + )@y (u,u*,u*)
>F (u,u*,u*) (3.59)
which is a contradiction, hence u = u*. O
Remark 3.23. Corollary 3.22 is an extension of Theorem 3.11 in Okeke and Francis [19].

Corollary 3.24. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # 7z # x € X,c for which the following condition holds for
some positive integer, m > 1

o (T"x, 8"y, R"2) > 00 (x,y,2) + Bog (T"x,x,y) + Y0 (S"y,y,2) + §of (x,R"z,2),  (3.60)
where, ¢+ +7v+6 > 1and B < 1 forall A > 0. Then, T,S,R has a common unique fixed point in X ,c

for some positive integer, m > 1.

Proof. By corollary 3.22, T™,S™ and R™ has common fixed point say u € X,c for some positive integer
m > 1 by using inequality (3.60), we have that T"'u = S™u = R™u = u for some positive integer m > 1.
For uniqueness, suppose that there exist another common fixed point u* € X, of T™,8™ and R™ for
some positive integer, m > 1, such that 7"u* = $"u* = R™u* = u*. Suppose, that u # v, which implies
that for any A > 0, from inequality (3.60), for some positive integer, m > 1, we get is a contradiction,
hence u = u*. n

Remark 3.25. Corollary 3.24 is an extension of Theorem 3.12 in Okeke and Francis [19].

Corollary 3.26. Let (Xg, 0%) be a G-complete modular G-metric space. Let T,S,R : X6 — X6 be
three onto mappings on X yc, for all x # y # 7 # x € X6 for which the following condition holds

0f (Tx,S3,R2) > aof (v,y.2) + B(0f (Tx,xy) + 0f (Sy.0.2) + 0f (x,R2.7) ), (B.61)
where, ¢ + 33 > 1 and B < 1 for all A > 0. Then, T,S,R has a common unique fixed point in X ;.

Proof. Putting B = y= 0§, then by Proof Corollary 3.22, T, S, R has a common unique fixed point in X .
O

Corollary 3.27. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # 7z # x € X, for which the following condition holds for
some positive integer, m > 1

Of (T"x, 5"y, R"2) = awf (x,,2) + B (0f (T"x,x,y) + 0f (S"v,3,2) + 0f (R"2,2) ), (362)
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where, .+ 3B > 1 and B < 1 for all A > 0. Then, T,S,R has a common unique fixed point in X c for
some positive integer, m > 1.

Proof. By Proof Corollary 3.26, T, S, R has a common unique fixed point in X,¢ for some positive integer,
m>1. O

Corollary 3.28. Let (Xg, 0%) be a G-complete modular G-metric space. Let T,S,R : X6 — X6 be
three onto mappings on X yc, for all x #y # 7 # x € X6 for which the following condition holds

a)f(Tx, Sy,Rz) > aa)f(x,y,z) + Ba)f(x,Rz, Tx)+ }/a)f(y, Sy,z) + 5a)f(z, Sy,Rz), (3.63)
where, &+ +7v+06 > land B <1 forall A > 0. Then, T,S,R has a common unique fixed point in X ,c.

Proof. Let xy € X,c be arbitrary. Since T, S, R are onto mappings, there exists x; € X,¢ such that xo =
Txy, xo € X,6 such that x; = Sx; and x, = Rx3 for x3 € X, ¢ By continuing this process, we can find a
sequence {x3,},>1 € X,c such that x3, = Tx3,; for all n € N so that we have the inverse iterations as
X3p = TX3,1+1, X3p+1 = SX3n+2 and X3p4+2 = RX3,,+3. Now since X3n 75 X3n+1 7é X3p+2 implies that for any
A >0, wf (X310, X3n+1,X3n+2) > 0, so that from inequality (3.63), and after some simplifications, we get

OF (X301, %352, X3053) < KOF (X3, X341, X3042), (3.64)
where, k = ﬁ <1, B < 1and A > 0. Following Proof of Corollary 3.22, we conclude that 7, S,R
has a common unique fixed point in Xc. O

Corollary 3.29. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X6 for which the following condition holds

a)f(me, S"y,R"z) > oca)f (x,y,2) + Ba)f(x,Rmz, Tx)+ ya)f (v, 8™y, z) + 5(1)5(2, S"y,R"z),  (3.65)

where, ¢+ +7v+6 > 1and B < 1 forall A > 0. Then, T,S,R has a common unique fixed point in X ,c
for some positive integer, m > 1.

Proof. By Proof corollary 3.28, we can conclude that 7,5, R has a common unique fixed point in X ¢ for
some positive integer, m > 1. O

Corollary 3.30. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X, and there is an expansive constant a > 1, for
which the following condition holds

G G
@y (x,y,2), 07 (Tx,y,y),
a)f(Tx,Sy,Rz) > amax{ A ( ) ) }

(Of(Sy,y,z), CO;?(X,RZ,Z) (366)

Then, T,S,R has a common unique fixed point in X .

Proof. Let xy € X,¢ be arbitrary. Since 7,5, R are onto mappings, there exists x; € X,¢ such that xo =
Txy, xo € X6 such that x; = Sx; and x, = Rx3 for x3 € X, ¢ By continuing this process, we can find a
sequence {x3,},>1 € X,c such that x3, = Tx3,4; for all n € N so that we have the inverse iterations as
X3n = TX3n11, X3n01 = Sx3,40 and x3,12 = Rxz,13. Now, since x3, # X341 7 X3,42 implies that for any
A >0, (l)f(.X3n,X3n+1 ,X3n4+2) > 0, so that from inequality (3.66), we have, with x = x3,,41 and y = x3,,42
and z = x3,43, foralln > 1, A > 0,

G
OF (X3, X301, X3n42) =
G G T
(O (x3n+1 ,X3n+2,)C3n+3), o, ( X3n+1 ax3n+27x3n+2)a
(3.67)

(()f(TX3n+1,SX3n+2,RX3n+3) > amax G G
OF (SX3042, %3042, %3043 ), OF (X341, RX3043,X3043)
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So that

G G
G OF (X3041,X3042,X3043) , OF (X370, X3042,X3042) 5
O (X3n,X3n+1,X304+2) > amax .

OF (X301, X304, X33 )5 OF (X341, X3n42, X303 (3.68)

Therefore,
OF (X341, %3052, X3043) < BOY (X370, X301, X3012), (3.69)
forall A >0 and b = é < 1. By proof of corollary 3.22, T,S,R has a common unique fixed point in
Xa)G~ |:|

Corollary 3.31. Let (Xg, %) be a G-complete modular G-metric space. Let T,S,R : Xy¢c — X,c be
three onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds

G G (m
0y (x,v,2),07(T"x,y,y
wf(me,SmijmZ)Za ax{ )L( ’ Vs )a l( IRg) )7}

of (8™y,,2), ©F (x,R"z,7) (3.70)

Then, T,S,R has a common unique fixed point in X 6 for some positive integer m > 1.

Proof. By corollary 3.30, we can see that 7"u = $"u = R™u = u for some positive integer m > 1.
Suppose that there exists v € X¢ such that 7"v = §"v = R™v = v for some positive integer m > 1. Now
we claim that u # v implies that for any A > 0, we have a)f (u,v,v) > 0, then for uniqueness, inequality
(3.70 we get a contradiction since a > 1, hence u = v.

O

Corollary 3.32. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X6 for which satisfy the condition

of (Tx,Sy,Rz) > aof (x,y,2) + By (Sx, Tx, Tx) + yof (Ry,Sy,Sy) + 8o (Tz,Rz,Rz), (3.71)
where, & > 1 and for all A > 0. Then, T,S,R has a common unique fixed point in X ,c.

Proof. Let xy € X,c be arbitrary. Since T,S,R are onto mappings, there exists x; € X,¢ such that xo =
Txy, xo € X,6 such that x; = Sx; and x, = Rx3 for x3 € X,¢ By continuing this process, we can find a
sequence {x3,},>1 € X,c such that x3, = Tx3,; for all n € N so that we have the inverse iterations as
X3 = TX3p41, X3n01 = Sx3p42 and x3,2 = Rx3,13. Now since x3, 7 X3,11 7 X3,42 implies that for any
A >0, (D)(L;(X3n,X3n+1,X3n+2) > 0. From inequality (3.71), with x = x3,.1 and y = x3,.2 and z = x3,,13,
we have that foralln > 1, A > 0,

(0;? (X3, X301, X3n42) :CO,1G (TX3n+1, %3042, RX3043)
>Q0F (X34 1,%3012:X3043) + BOY (Sx3051, TxX341, TX3011)
+ Y0 (RX3012, %312, SX3n42) + 80T (Tx3013, RX3043, RX3143)
=000F (X341, %3042, X30+3) + BOY (X3, X30, X3 )
+ YO (X341, X304 1, X3n41) + SOF (X342, X342, X302
=0 OF (X341, X342, X343 ) - (3.72)
Therefore,

OF (X341, %3052, X3043) < FOF (X3, X301, %3042 ) (3.73)
where r = é and for all A > 0, r < 1. By continuing this process, we get

G G
OF (X3p41,%3042,X3043) < 7" 0) (X370, X341, X3042), VA >0, (3.74)

and n > 1. By Corollary 3.22, we are done. U
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Remark 3.33. Corollary 3.32 is an extension of Corollary 3.5 in [28]. Corollary 3.32 is an extension of
Corollary 3.16 in Okeke and Francis [19].

Corollary 3.34. Let (Xy, ®°) be a G-complete modular G-metric space. Let T,S : X0 — X6 be two
onto mappings on X, for all x # y # z # x € X6 for which the following condition holds

w{(Tx,Sy,z) > aw(x,y,2) + By (Sx,Tx,Tx) + ywl (v,5y,Sy) + @i (Tz,2,2), (3.75)
where, & > 1 and for all A > 0. Then, T,S has a common unique fixed point in X .

Proof. Take R =1 in Corollary 3.32, we can conclude that 7',.S has a common unique fixed point in X .
O

Corollary 3.35. Let (Xy, ®°) be a G-complete modular G-metric space. Let S,R : X6 — Xyc be two
onto mappings on X, for all x #y # z # x € X6 for which the following condition holds

w¥ (x,8y,Rz) > @y (x,y,2) + BT (Sx,x,x) + Yoy (Ry,Sy,Sy) + §0f (z, Rz, Rz), (3.76)
where, o > 1 and for all A > 0. Then, S,R has common unique fixed point in X .

Proof. Take T = I in Corollary 3.32, we can conclude that S, R has common unique fixed point in X c.
O

Corollary 3.36. Let (X, ®°) be a G-complete modular G-metric space. Let T,R : Xy6 — X, be two
onto mappings on Xy, for all x # y # z # x € X6 for which the following condition holds

of (Tx,y,Rz) > aof (x,y,2) + BoF (x, Tx, Tx) + yof (Ry,y,y) + 80 (Tz,Rz,Rz), 3.77)
where, o > 1 and for all A > 0. Then, T,S,R has common unique fixed point in X ;.

Proof. Take S = I in Corollary 3.32, we can conclude that 7, R has common unique fixed point in Xyc.
O

Corollary 3.37. Let (Xy, ©°) be a G-complete modular G-metric space. Let R : X6 — X6 be an onto
mapping on Xya, for all x #y # 7 # x € X6 for which the following condition holds

of (x,,R2) > a7 (x,y,2) + yoy (Ry.y,y) + 60 (z. Rz, Rz), (3.78)
where, o > 1 and for all A > 0. Then, R has unique fixed point in Xg.

Proof. Take S =T =1 in Corollary 3.32, we can conclude that R has a unique fixed point in X .
g

Corollary 3.38. Let (Xp, 0) be a G-complete modular G-metric space. Let T : X6 — X6 be an onto
mapping on Xa, for all x #y # 7 # x € X6 for which the following condition holds

a)f(Tx,y,z) > Oca)f(x,y, 2)+ ﬁa)f(x, Tx,Tx)+ 560;?(Tz,z,z), (3.79)
where, o0 > 1 and for all L > 0. Then, T has unique fixed point in X ..
Proof. Take R =S =1 in Corollary 3.32, we can conclude that 7" has a unique fixed point in X 6. g

Corollary 3.39. Let (Xg, %) be a G-complete modular G-metric space. Let T,S,R : Xy¢ — Xyc be
three onto mappings on Xy, for all x #y # 7z # x € X6 for which the following condition holds

a)f(me, S"™y,R"z) > aa)f (x,y,2)+B a)f(Smx, T"x,T"x)
+y0f (R"y,S"y,S"y) + 80f (T™2,R"z,R"2), (3.80)

where, & > 1 and for all A > 0. Then, T,S,R has common unique fixed point in X for some positive
integer, m > 1.
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Proof. By Corollary 3.32, we can see that 7"u = §"u = R"u = u for some positive integer m > 1.
Suppose that there exists v € X6 such that 7"y = §™v = R"v = v for some positive integer m > 1. Now
we claim that u # v implies that for any A > 0, we have a)f (u,v,v) > 0, then for uniqueness, inequality
(3.80) we arrive a contradiction, hence u = v. ]

Corollary 3.40. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X yc, for all x #y # 7 # x € X6 for which the following condition holds

o8 (Tx,Sy,Rz) > 0wl (x,y,2) + B (a)f(sx, Tx, Tx) + 0% (Ry, Sy, Sy) + wf(Tz,Rz,Rz)) . (381
where, oo > 1 for all A > 0. Then, T,S,R has common unique fixed point in X ,c.
Proof. Putting B = v =6, then by Corollary 3.32, T, S, R has a common unique fixed point in X, 6. O

Corollary 3.41. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X6 and there is an expansive constant a > 1, for
which the following condition holds

G G
w;y (x,v,2), 07 (Sx,Tx,Tx),
of(Tx,Sy,Rz) > amax{ € ) ) .

of (Ry, Sy, Sy), @7 (Tz,Rz, Rz) (3.82)

Then, T,S,R has common unique fixed point in X ;6.

Proof. Let xg € X,¢ be arbitrary. Since 7,5, R are onto mappings, there exists x; € X,¢ such that xo =
Txy, xo € X6 such that x; = Sx; and x, = Rx3 for x3 € X, ,¢ By continuing this process, we can find a
sequence {x3,},>1 € X,c such that x3, = Tx3,4 for all n € N so that we have the inverse iterations as
X3n = TX3341, X3p+1 = Sx3,+2 and x3,42 = Rx3,43. Now, since x3, 7& X341 7& X3n42 implies that for any
A >0, a)f(x3n,x3n+1,x3n+2) > (0. From inequality (3.82), with x = x3,.1 and y = x3,42 and z = x3,,13,
we have that foralln > 1, A > 0,

G G
OF (X370, X304+ 1,X3n42) = OF (TX3511,5%3,12, RX3,43)

G G
OF (X3041, %3042, X3043) , 07 (SX3541, TX3041, T X311, }

> amax G G
07 (Rx3,12,8%3742,8%3042), O (T X343, RX3,43, RX3,43)

(3.83)
Hence,
G G
G OF (X304 1,X3042, X343 ) @F (X370, X30,X34),
(0] ()C3n X35p41,X3n 2) > amax .
A ) +1 + G
OF (X3n41, X304 1,X3n+1), @F (X342, %3042, X3042) (3.84)
Therefore,
G G
O (X341, %3042, X3043) < KOY (X34, X3041,X3042) 5 (3.85)

for all A > 0 and x = é < 1. Proof of Corollary 3.32 completes Corollary 3.41. Hence T,S,R has
common unique fixed point in X 6.
g

Corollary 3.42. Let (X, ®°) be a G-complete modular G-metric space. Let T,S,R : X6 — X0 be
three onto mappings on X, for all x #y # z # x € X, and there is an expansive constant a > 1, for
which the following condition holds

G G/gom m m
®%(T™x,S™y,R"z) > amax oy (x,,2), @y ($"x, T"x,T"x), '
' - (3.86)

a)f (R"y,S™y,S™y), le (T"z,R"z,R"z)

Then, T,S,R has common unique fixed point in X 6 for some positive integer m > 1.
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Proof. By Corollary 3.41, we can see that 7"u = §"u = R"u = u for some positive integer m > 1.
Suppose that there exists v € X6 such that 7"y = §™v = R"v = v for some positive integer m > 1. Now
we claim that u # v implies that for any A > 0, we have a)f (u,v,v) > 0, then for uniqueness, inequality
(3.86) we have a contradiction since a > 1, hence u = v. ]
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