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ABSTRACT. It is the purpose of this paper to establish /A-demiclosedness principle for uniformly contin-
uous generalized asymptotically 7n-strictly pseudocontractive operators in C AT'(0) spaces. In addition,
a modified Halpern-type iterative algorithm is constructed and its convergence to a common element of
fixed point set of uniformly continuous asymptotically 7-strictly pseudo-contractive operator and set of
common solutions of finite collection of monotone inclusion problems is proved in complete C' AT'(0)
space. As application of the results obtained, approximate common solution of finite collection of con-
vex minimization and fixed point problems for uniformly continuous asymptotically n-strictly pseudo-
contractive operator is obtained. The theorems proved extend, generalize, improve and unify several
existing results in this direction of research.
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1. INTRODUCTION

It is worthy to note that most of definitions and concepts presented in this section are standard, and
thus can neither be changed nor modified. Now, let (Z, p) be a metric space, an operator 7 : D(7") C
Z — R(T) C Z (where D(7) and R(7") denote the domain and range of 7, respectively) is called
nonexpansive if

Vu,v e D(T), p(Tu, Tv) < p(u,v).
The operator 7 is said to be asymptotically nonexpansive if there is a sequence {1, }°° ; in [0, 00) with
tn — 0 as n — oo such that

Vn>1, Vu,veD(T), p(T"u, T") < (14 pn)p(u, v).
The operator 7T is said to be uniformly L-Lipschitzian, if there exists a constant L > 0 such that
Vn>1, YuveD(T), o(T u, T"v) < Lp(u,v);
and the mapping 7 is called L-Lipschitzian if there exists a constant L > 0 such that
Vu,veD(T), p(Tu, Tv) < Lp(u,v).
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The operator 7 is said to be uniformly continuous on D(7) if for any two sequences {u, }>2 ; and
{vn}52, in D(T) such that p(uy,, v,) — 0as n — oo, we have that p(T un, Tv,) — 0asn — co. A
point u* € D(T) is called a fixed point of 7 if Tu* = u*. The set of all fixed points of an operator 7
shall be denoted by F(T), that is,

F(T)={ueD(T): Tu=u}.

Given a metric space (Z, p), let u,v € Z be such that p(u,v) = ¢. An isometry v : [0,¢] — 2
with v(0) = w and 7(¢) = v is called a geodesic path from u to v. The image {v(¢) : t € [0, ]} of the
operator y in Z, that is, the image of the geodesic path 7 is named a geodesic segment. The metric space
(Z, p) is called a (uniquely) geodesic space if every two points of Z are joined by (only one) geodesic
segment. A geodesic triangle A(u,u2,u3) in a geodesic space Z consists of three points u;, uz, u3
of Z and three geodesic segments joining each pair of vertices. A comparison triangle of a geodesic
triangle A (u1, ug, u3) is the triangle A(uy,u2,u3) := A(#y, U, U3) in the Cartesian plane R? such
that

p(u%uj) = pR2 (ﬂivﬂ‘j)v Z?] = 1a2737

where p_, is the usual metric on R2,

A geodesic space Z is said to be a CAT'(0) space if for each geodesic triangle A(uy, ug,ug) in 2
and its comparison triangle A(uy,ug, u3) := A(t1, Uz, 3) in R?, the CAT(0) inequality p(u,v) <
Py (U, V) is satisfied for all u,v € A and 4,0 € A. Complete C AT (0) spaces are often referred to as
Hadamard spaces. Given u,v € Z and « € [0, 1], we write au @ (1 — «)v for the unique point Z in the

geodesic segment joining from w to v such that

p(Z,u) = (1 —a)p(u,v) and p(z,v) = ap(u,v). (1.1)

For any u,v € Z, the geodesic segment joining u and v is denoted by [u, v], that is, [u, v] = {au® (1 —

a)v:a € [0,1]}. A subset K of a CAT'(0) space is said to be convex if for all u,v € K, [u,v] C K.
Let (Z, p) be a metric space, let a0 := (u,v) € Z x Z, the pair w0 is called a vector in Z x Z. A

quasilinearizationis amap (.,.) : (£ X Z) x (£ x Z) — R defined V u, v, w,z € Z by

(it ) = 5 (0, ) + (0, 0) = 9P 0) — 2 (0,3)). (12)

The concept of quasilinearization was introduced by Berg and Nikolaev [4].

It obvious that for all u, v, w, z € Z, (b, wt) = (wit, wd), (wl, wt) = —(vh, wt) and (W%, wt) +
(z0, wt) = (ub,wt). A metric space (Z, p) is said to satisfy the Cauchy-Schwarz inequality if for all
u,V, W, € Z

(ub, wt) < p(u,v)p(w, z). (1.3)

It is known that a geodesically connected metric space is a C'AT(0) space if and only if it satisfies the
Cauchy-Schwarz inequality (see [4]). For more detailed discussion on these spaces the reader may see
(5, 6].

Given a metric space (Z, p), let C'(Z) denote the space of all continuous real-valued functions on
Z.For s € R, u,v € Z, consider the function O(s,u,v) € C(Z) defined for all z € Z by

O (s, u,v)(2) = s(ut, u?), (1.4)
it follows from (1.3) that

O(s,u,v)(z) = s(@,ﬁ> < L(@(s,u,v)),
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where for s € R, u,v € Z, L(O(s,u,v)) = |s|p(u,v), and for any g € C(Z), the function L :
C(Z) — R defined by

g(u) — g(v)
p(u,v)

is called Lipschitz semi-norm of the function g. The pair (C (2), L) is called Lipschitz semi-norm space.

L(g):sup{ :u,vGZ,u;év},

The function D : (R x Z x Z) x (R x Z x Z) — R defined for (r,u,v), (s,w,z) € R x Z x Z by
D((T‘,’LL, ’U)? (vavm)) = L(@(T‘,u, U) - @(s,w,x))

is called the pseudo-metric on R x Z x Z, and the pair (R x Z x Z, D) is called a pseudo-metric space.
It is shown in [14, Lemma 2.1] that D((r, u,v), (s, w,z)) = 0 if and only if r(ﬂ,@> = s(ﬁ,ﬁ>
for all p,¢ € X. The dual space of a metric space (Z, p), is the pseudo-metric space (Z*, D), where
z* = {[sut] : (s,u,v) €R x Z x Z}.

Let Z be a complete C' AT (0) space and Z* be its dual space. A multivalued operator A : Z — 2%~
with domain D(A) := {u € Z : Au # 0} is called monotone if for allu, v € D(A), u* € Au, v* € Av,

(u* — ’U*,v—ﬁ> >0 (see [15]).

A monotone operator A is said to be maximal monotone if the graph G(.A) of A defined by

GA) ={(u,u") € Zx Z": u* € A(u)},
is not properly contained in the graph of any other monotone operator. The resolvent of a monotone
operator A of order > 0 is the multivalued operator 7 : Z — 22 defined for all u € Z by

jf(u) = {z czZ: [éﬁﬂ € Az}.

A multivalued operator A said to satisfy the range condition if for every a > 0, D(J) = Z (see
[15]).

It is well known that theory of monotone operators is among the most important theories in non-
linear and convex analysis, and plays very crucial roles in optimization theory, variational inequalities,
semi group theory, evolution equations, and many others. One of the most important problems in the
theory of monotone operators is the problem of finding

u € D(A) such that 0 € Au, (1.5)

where A : Z — 27" is a monotone operator. Problem (1.5) is called Monotone Inclusion Problem
(MIP). MIPs can be applied in solving several mathematical problems such as minimization problems,
variational inequality problems, saddle point problems and several others. Throughout this paper, we
shall denote the set of solutions of problem (1.5) by A/(A). The most popular method for finding solu-
tions of MIP, is the Proximal Point Algorithm (PPA) introduced in Hilbert space by Martinet [20] and
further studied by Rockafellar [23]. The PPA is generated from arbitrary o € H by

Tp—1 — Ty € OénA(l'n), (1.6)

where {a,,}°2 is a sequence of positive real numbers. Rockafellar [23] proved that the sequence
{2}, generated by the algorithm (1.6) is weakly convergent to a solution of MIP (1.5), provided
oy, > ag for each n € N, for some o > 0. The PPA was later studied in C AT (0) spaces by Bac¢dk [2],
who proved the A-convergence of it when the monotone operator A is the subdifferential of a convex
proper and lower semicontinuous function, where a sequence {z, }7° ; in a metric space (Z, p) is said
to be AA-convergent to 2* € Z if for every y € Z, limsup (p(zy,2*) — p(zn,y)) < 0.

n—oo
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Khatibzadeh and Ranjbar [15] studied the following PPA in C AT(0) spaces:

T € Z,
. 17)
[amnfﬁn,l] € Ax,,.

They obtained a strong and A-convergence of the sequence generated by (1.7) to a solution of (1.5).
Ranjbar and Khatibzadeh [22] proposed the following Mann-type and Halpern-type PPA in a C AT'(0)
space for finding a solution of (1.5):

{xo € Z, (1.8)

Tntl = OnZn O (1 - O'n)j&imn

and

Tnt1 = opu® (1 — Un)j&ixnv n>1,

Z
{u,xo € Z, (1.9)

where {a, }0° ; is a sequence in (0, +00) and {a, }5° ; is a sequence in [0, 1]. They obtained A and
strong convergence of the Mann-type and Halpern-type PPA, respectively, to a solution of (1.5).

In another direction of research, several classes of operators have been introduced and approximate
fixed point results for such classes of operators in the setting of C AT'(0) spaces by authors had gained
publication in recent past (see, e.g., Sahin and Basarir [24], Ugwunnadi [25], and references therein).
In [24], Sahin and Basarir introduced the concept of 7-strictly pseudo-contractive operator in C' AT'(0)
space as follows: Given a nonempty subset K of a CAT'(0) space (Z, p), an operator 7 : K — K is
said to be 7)-strictly pseudo-contractive if there exists a constant 7 € [0, 1) such that for all u,v € K,

p*(Tu, To) < p?(u,v) +n(p(u, Tu) + p(v, Tv))? . (1.10)

They established demiclosedness principle for this class of operators in C' AT'(0) space and proved A-
convergence theorem using a cyclic algorithm and a multi-step iteration for this class of operators.
They also obtained a strong convergence theorem using a modified Halpern’s iteration, introduced in
Hilbert spaces by Hu [16].

Ugwunnadi [25] introduced the concept of asymptoitcally 7- strictly pseudo-contractive operator
in CAT(0) space as follows: Let K be a nonempty subset of a CAT(0) space (Z,p). An operator
T : K — K is said to be asymptotically 7-strictly pseudo-contractive if there exist a constant 7 € [0, 1)
and a sequences { i, } in [0, 00), with nli_)rgoun = 0 such that for all u,v € K and for alln > 1,

PP (T, T u) < (14 ) p? (u,0) + 1(p(u, T) + plo, T0)). (1.11)

On assumption that the operator 7 is uniformly L-Lipschitzian, A-demiclosedness principle was es-
tablished in [25] for the class of operators satisfying (1.11) in C AT'(0) space. Moreover, on the same
assumption, strong convergence theorem was established for this class of operators. It is well known
that the class of Uniformly L-Lipschitzian operators is a proper subclass of that of L-Lipschizian op-
erators, which in turn, is a proper subclass of uniformly continuous operators. These facts prompt the
following question:

Question 1: Can the main results obtained in [25] be extendable from the class of uniformly -
Lipschitzian asymptotically n-strictly pseudo-contractive operators to the more general class of uni-
formly continuous asymptotically n-strictly pseudo-contractive operators under the same setting?

It is our purpose in this paper to, not only give affirmative answer to the above question, but also
introduce a more general class of operators for which our new results are obtained. In fact, motivated
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and inspired by the results of Sahin and Basarir [24], Khatibzadeh and Ranjbar [15], Ranjbar and Khat-
ibzadeh [22], Ugwunnadi [25], we first introduce the following new class of operators called the class
of generalized asymptotically 7-strictly pseudo-contractive operator as follows:

Let K be a nonempty subset of a CAT(0) space (Z,p). An operator 7 : K — K is said to be
generalized asymptotically 7-strictly pseudo-contractive operator if there exist a constant € [0, 1)
and two a sequences {1, }, {£,} in [0, 00) with nlLrgloun = 0and nli_{gofn = 0 such that for all u,v € C

andn > 1,
P2 (T, T™) < (14 ) p? (u,v) + n(p(u, T0) + p(v, T™))? + &, (1.12)

It is obvious that every operator satisfying (1.11) authomatically satisfies (1.12) but the converse is not
necessarily the case.

Moreover, /A-demiclosedness principle for uniformly continuous generalized asymptotically n-strictly
pseudo-contractive operators in C'AT'(0) space is established. In addition, strong convergence theo-
rem is obtained for approximation of a common element of fixed points set of more general class of
uniformly continuous asymptotically n-strictly strictly pseudo-contractive operator and set of common
solutions of a finite family of monotone inclusion problems in a complete C'AT(0) space. Furthermore,
the results obtained are utilized for approximation of a common solution of a finite family of con-
vex minimization problem and fixed point problem for uniformly continuous asymptotically #-strictly
pseudo-contractive operator in complete C' AT (0) space. The theorems obtained in this paper extend,
generalize, improve and unify the results of Sahin and Basarir [24], Khatibzadeh and Ranjbar [15],
Ranjbar and Khatibzadeh [22], Ugwunnadi [25] and several other results announced recently in this
direction.

2. PRELIMINARIES

We shall start this section with introduction of the concept of asymptotic center in a complete CAT(0)
space; this concept shall play a crucial role in what follows. Now, let {w,, }5° | be a bounded sequence in
a complete C AT (0) space (Z, p). Foru € Z, let V(u, {u,}) = limsup p(u, u,), then the asymptotic

radius R({un}) of {u,}>2 is given by R({uy}) = inf{V(u, {Z:“}X)) : w € Z} and the asymptotic
center C({u,}) of {u,}52, is the set C({un}) = {u € Z : V(u,{un}) = R{un})}. It is well
known that in a complete C AT'(0) space, C({uy,}) consists of exactly one point (see [11, Proposition
7]); moreover, if u,, — u* as n — oo, then C({u, }) = {u*}.

In the sequel, the following concepts and lemmas shall play crucial roles:

Lemma 2.1. [10] If K is a closed convex subset of a complete C AT'(0) space (Z, p) and let {un }22
be a bounded sequence in K, then the asymptotic center of {u,, }5° ; isin K.

Lemma 2.2. [21] If K is a closed convex subset of a complete C'AT'(0) space (Z, p) and let {u,}72,
be a bounded sequence in K, then A — h_)m un = u* implies that u,, — u* asn — o
n—oo

Lemma 2.3. [13] Let (Z, p) be a complete C AT'(0) space, {u, }>>; be a sequence in Z and let ug € 2
be fixed, then {u,, }°°, A—converges to ug if and only if lim sup,,_, . (uow,, up?) < 0 forallv € K.

Lemma 2.4. [10] Let (Z, p) be a complete CAT'(0) space and 7 : Z — Z be a nonexpansive operator,
then the conditions that {u,,} A-converges to uy and p(un, Tu,) — 0, implies ug = T ug.

Lemma 2.5. [17] Every bounded sequence in a complete C' AT'(0) space has a /A —convergent subse-
quence. That is, if {u, }°° ; is a bounded sequence in a complete C'AT'(0) space (Z, p), then {u,}72,
has a A—convergent subsequence.

Lemma 2.6. [12] Let (Z, p) be a CAT'(0) space, then for any u, v, w € Z and @ € [0, 1],
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) plau® (1 - a)o, w) < ap(u, ) + (1 — a)p(o, w),
(i) p?(cu @ (1 — a)v,w) < ap?(u,w) + (1 — a)p?(v,w) — a(l — a)p?(u,v).
Lemma 2.7. [9] Let (Z, p) be a C AT (0) space, then for any u,v,w € Z and « € [0, 1],
P(au® (1 — a)v,w) < a?p?(u,w) + (1 — )% p?(v,w) + 2a(1 — o) (ut, o).

Theorem 2.8. [15] Let (Z, p) be a CAT(0) space and J:* be the resolvent of a multivalued operator A
of order o, then

(i) foranya >0, R(JTZY) C D(A) and F(TZ) = N(A), where R(JZ") is the range of T,
(i) if A is monotone, then J:* is a single-valued and firmly nonexpansive operator,
(iii) if A is monotone and 0 < o < v, then for anyu € Z, p(u, Tiu) < 2p(u, TAu).

Lemma 2.9. [26] Let (Z, p) be a CAT(0) space and A : Z — 22" be a monotone operator, then
PP, ) + PP (T ) < P2, )
for all u* € N(A), u € Z and a > 0.

Lemma 2.10. ([19]) Let {0,,} be a sequence of real numbers such that there exists a subsequence {n;}
of {n} with 0,,, < 6,11 for all i € N, then there exists a nondecreasing sequence {m;} C N such
that my, — oo as k — oo and the following properties are satisfied by all (sufficiently large) numbers
keN.

emk < kaJrl and 9k < Hm;ﬁrl-
In fact, mj, = max{j < k:6; <6041}
Lemma 2.11. [28] Let {0,,} be a sequence of nonnegative real numbers satisfying the following rela-
tion:
Hn—l-l < (1 - Cn)en + Cna—n + Yn,n > 07

where, (i) {¢,} C [0,1], > ¢n = o0; (it) lim sup oy, < 0; (i23) v, > 0; (n > 0),
> Yn < o0, then 6, — 0 as n — .

3. MAIN RESULTS

3.1. A-demiclossedness principle for generalized asymptotically 7-strictly pseudocontractive
operator.

Theorem 3.1. Let K be a closed convex nonempty subset of a complete C AT (0) space (Z,p) , let T :

K — K be a uniformly continuous generalized asymptotically n-strictly pseudocontractive operator such

thatn € [0, %) For some p € K, let {xy,},>1 be a bounded sequence in K such that A — lim x, = p
- n—oo

and lim p(z,, Tx,) =0, thenp € F(T).
n—o0
Proof. Since A — lim x, = p, we obtain from Lemma 2.2 that x,, — p as n — oco. So, by Lemma 2.1,
n—oo
C({z,}) C K, and it is in fact equal to {p}. Since
nh_)rgo p(xn, Txy) =0,

we obtain by mathematical induction that for all m € N,

ILm p(xpn, TMxy,) = 0. (3.1)
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This follows from the fact that by our hypothesis, (3.1) holds for m = 1, that is, nh_g.lo p(xn, Tay) = 0.
Suppose that for some k£ > 1, nlggo p(zn, TR2,) = 0, we show that nhﬁn;() p(zn, T z,) = 0. Observe
that
p(n, TH M xn) < plan, Tan) + p(Tag, TF )
= p(an, Tan) + p(Tan, T(TF2n)). (3.2)

Since lim p(z,,T*z,) = 0, we obtain, by uniform continuity of 7, that
n—oo

Jim_ p(Twn, T(T 2n)) = 0.

Thus, we obtain from (3.2) that for all m € N, (3.1) holds. Observe further that for each x € K and for
allm € N,

lim sup p(zy,, x) = limsup p(T "z, x). (3.3)
n—oo n—oo
This follows from the fact that for each x € K and for all m € N,
p(xn, ) < p(2, T"xn) + p(T" 20, ©) (3.4)
and
p(T"@n, ) < p(T" T, Tn) + p(Tn, ). (3.5)

So, taking lim sup on both sides of (3.4) and (3.5), and applying a necessary elementary rule governing
n—oo

the concept of limit superior, we obtain (by combining the new inequalities emanating fromm (3.4) and
(3.5) respectively) that (3.3) holds.

Now, defining ® : K — R by ®(x) := limsup p(x,,z) = limsup p(7T "z, z), we obtain for all

n—oo n—oo
m € N (using the fact that T is generalized asymptotically 7-strictly pseudocontractive operator) that

(®(779))" = limsup (772, T"p)

n—oo

< limsup (1+ n)p2(@0,0) + 1(p(@n, T™20) + p(p, 7)) + &) (36)

n—o0

Thus, we obtain from (3.6) that

2
(2(T™p))" < (L4 ) (@) +10* (b, T™P) + & (37)
Taking lim sup on both sides of (3.7)

m—o0

lim sup (@(Tmp)>2 < (<I>(p))2 + nlimsup p?(p, T™p). (3.8)

m— 00 m— 00

Moreover, it follows from Lemma 2.6 that with A\ = % and for any n,m € N,

2 p®T™p 1, 1, 1, m
p (xn,72 ) < 5P (zn,p) + 5P (2, T™p) 17 (p, T™p). (3.9)

Taking lim sup on both sides of (3.9) and recalling that C{x,,}) = {p}, we obtain for any m € N,

m—o0

(#0)* < o(221) < (@) + 5 (@(T™)’ - {0 T 310
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Inequality (3.10) gives
P’ (0, Tp) < 2(2(T™p))* —2(2(p))”,

which implies that

lim sup p*(p, T™p) < 2limsup (@(7'7”]9))2 — 2(<I>(p))2. (3.11)

m— 00 m— 00

Combining inequalities (3.8) and (3.11), we obtain that

(1 — 2n) limsup p*(p, T™p) < 0. (3.12)

m—0o0

Since 1 — 21 > 0, we obtain from (3.12) that lim sup p? (p, T™p) = 0. Thus, we easily obtain that

m—0o0
lim p*(p, T™p) = 0. (3.13)
m—00
Observe that

p(Tp,p) < p(Tp, T"p) + p(T™ p,p)
= p(Tp, T(T™p)) + p(T™ 'p,p). (3.14)

Since by (3.13) lim p?(p, T™p) = 0, it is easy to see that
m—r0o0

lim p(p, 7"p) = 0.
m—00

Thus, by continuity of 7,
lim p(Tp, T(T™p)) = 0.

Hence, we obtain from (3.14) that p(7p,p) = 0. This implies that Tp = p. Hence, p € F(T). This
completes the proof. g

The following Corollaries easily follow from Theorem 3.1:

Corollary 3.1. Let K be a closed convex nonempty subset of a complete CAT(0) space (Z,p), let
T : K — K be a uniformly L-Lipschitzian generalized asymptotically n-strictly pseudocontractive op-
erator. For somep € K, let {x,},>1 be a bounded sequence in K such that A — lim z,, = p and

n—oo
ILm p(xp, Tay) =0, thenp € F(T).

Corollary 3.2. Let K be a closed convex nonempty subset of a complete C AT(0) space (Z,p), let T :

K — K be a uniformly continuous asymptotically n-strictly pseudocontractive operator. For somep € K,

let {xy,}n>1 be a bounded sequence in K such that A — lim z, = p and lim p(x,, Tx,) = 0, then
el n—oo

n—oo
pe F(T).

Corollary 3.3. Let K be a closed convex nonempty subset of a complete C AT (0) space (Z,p), let T :

K — K be a uniformly L-Lipschitzian asymptotically n-strictly pseudocontractive operator. For some

p € K, let {x,,}n>1 be a bounded sequence in K such that A — lim xz,, = p and lim p(z,, Tx,) =0,
= n—oo

n—oo
thenp € F(T).
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3.2. Convergence theorem in the metric topology.

In this section, we state and prove the following theorem:

Theorem 3.2. Let (Z,p) be a complete C AT (0) space with dual space Z*. Let A; : Z — 2%7 i =
1,2,..., N, be multivalued monotone operators that satisfy the range condition, and T : Z — Z be
a uniformly continuous asymptotically n-strictly pseudo-contractive operator with sequence {ji}72

N

[0,00) such that Z,u,n < oo andn € [0,%). Suppose that Q0 := F(T) N (N N (A;)) # 0 and for

n=1
arbitrary w, 1 € Z, the sequence {x,,} is generated by
A An- A A
b= TN 0 TN 00 T4 0 T4 (2a),
Yn = Cw & (1 — (p)vn, (3.15)

Tn+l1 = (1 - 511)?/71 52 /BnTnym n>1,

oo
(where {(p }n>1 and {n}n>1 are sequences in (0, 1) satisfying (i) li_>m Cn = 0, (i) Z Cn = 00, (iii)
- - n (o]
n=1
tn = 0(Cn), (V)V n > 1 and for some vy > 0,79 < B < %(1 — )1 —n)and0 < (1 —v)(1 +
Brtin)Cn < 1 and for some a® i =1,2,... N, ag) > o)) then {zn}n>1 converges in the metric
topology to some element of ().

Proof. The sequence {z, },>1 generated by (3.15) shall first be shown to be bounded. To see this, recall

that ,, = o((,,) means that lim C—n = 0. Thus, since the sequence {/3,, },>1 is bounded away from 0
n—oo n -

VO(1+5nM7z)
<75

n

by 70, there exists an integer Ny > 1 such that for all n > Np, %
all n > Ny, Bppin < Y00n, where 8y, := (1 + Bnpin)Cn-

. This implies that for

Now, for arbitrary x* € €, set My := max{p?(z*, zn,), (1 — 70) " p*(x*, w)}. We show by induc-
tion that V n > Nj,
pA(x* ) < M. (3.16)

It is easy to see that for n = Ny, p?(z*,xn,) < Mp. Suppose that (3.16) holds for some j > Np, that
is, suppose that for some j > Ny, p(z*, z;) < My, we show that inequality (3.16) also holds for j + 1.
Observe that from (3.15) (using Lemma 2.6 and nonexpansiveness of .J “4(@), k=1,2,...,N, that

pr(at,y) = P Gud (1 - ¢)vy)
o (a*,u) + (1= ¢)p*(a*,v5) — G(1 = §)p” (u, v))
ot (a*,u) + (1= ¢)p*(a,vy)
Gpt(a* u) + (1= ¢)p*(a*, ). (3.17)
So, using (3.17) and Lemma 2.6, we obtain from (3.15) that
PP (", (1= B))yn ® B;Ty;)
(1= By)p*(x*,y;) + Bip*(z*, TVy;) — B;(1 = B)p” (y;, T y;)
(1= )02 (" u) + B3 ( (1 + 1)@ ) + 0% (93, T'y;))
—B;(1 = B,)p*(yj, T'y;)
= [1=8i+Bi(1+u)]p*(x*,y5) — B;(1 = B —m)p”(y;, TVy;).  (3.18)
Thus, we obtain from (3.18) that

(VAN VARRVAN

p2($*’xj+1)

IN

IN
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Pz($*7$j+1) < [+ Bjuslp ?(a ", Y5)
< [+ B (s (@, w) + (1= ay)p(a )
< 1= (1= )R ) + 5557 w)
= 1= (1 =101 (2", 2j) + (1 = 70)8[(1 = 70) "]p* (2", w)
< max{p2(1:*,xN0),(1 — ) Pz, w }

So, by induction, we obtain that V n > Ny
102('1:*7:671) < MO-

Thus, the sequence {z,,}°° ; is bounded, and hence the sequences {y,, }>° ; and {v,,}72 ; are bounded.

Moreover (following the method of proof of [25]), we obtain from (3.15) and Lemma 2.7 that
Ptm) S Gow,a) + (1= G i) + 2a(1 - Go) (e, o)
< (=GR ) + G (G (w,a%) + 21 = G et o)) . (319
Thus, from (3.17), (3.19) (with j replaced by n) and (3.19), and for some M; > 0, we obtain that
PP (@ wng1) < Pt yn) + Buknp® (2% yn) = Bu(l = Bn — k)P (Yn, T"yn)
PP(&* yn) + Bupin M1 = Ba(1 = B — k)p Q(yn, T"Yn)
(1= G (@ ) + G (Gup? (0 2°) + B A )

12601~ C) (et vna®) — Ba(l = B — WO (s T'0). (3:20)
It is easy to see from (3.20) that

92(35*, Tpi1) < (1-— Cn)p2($*v$n) + Cn <Cnp2(wa z*) + Bn[élMl>

IN

IN

+26n(1 = Ca){wa®, vpz). (3.21)

Two cases arise:
Casel. Suppose that there exists N1 € N such that {p(z*, z,,)} is decreasing for all n > Nj. In this
case, {p(z*, )} is convergent; Thus, from (3.20), we obtain that

Br(l = B —70)0° W T"yn) < p° (2%, 20) — p* (2%, Tpt1) (3.22)
+Cn (CnPQ(w, ) + Bn%"Ml — p*(x*, xn)) (3.23)

£26u(1 = o) (wa' o). (3.24)

Since {f,} is boubded away from 0 and 1, 3,(1 — 8, — ) > 0 and (,, — 0 as n — oo, we obtain
from (3.22) that

p(Yn, T"yn) — 0 as n — co. (3.25)
Moreover, from (3.15), we obtain that
P(Yn, vn) < Cup(w,vy,) — 0, asn — 00 (3.26)
and since {y, } is bounded, then using the fact that (,, — 0, we obtain from (3.26) that
Jgngo P(Yn, vpn) = 0. (3.27)
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H—l) 1) _ (2 )

Let w j mwn foreach i = 1,2 , N, where wy,” = x,, for all n > 1. Then, w,
A N+1
~7A1>(9”n) n = J¢ (2) j ( n), - =J <1]§ 11> ‘7 ‘7@&)(%)7707(1 ) = Un.
By Lemma 2.9, we obtam for eachi = 1 2,. N that
P (" wi ) < p?(a* ,w£Z>) — P, wi ). (3.28)

For i = N, we obtain from (3.15) and (3.28) that
p2(x*7yn) < gnPQ(SU*,U)) (]_ _ Cn)p2<x*7w(N+l))

<GP w) + (1= G) [P, w) = A, wM )]
<GPt w) + (1—G) [p% Tn) — 2<w£N’,w£N+”)], (3.29)

which implies from (3.29) that

(1 - Cn)pQ(ngN% ng—&—l)) < :02(33*’ ili‘n) - pQ(x*’ yn) + CTL [p2(x*, w) - :02(33*a Qj‘n)]
1 %
< p3(z* 2yt 4+
— p (.’L' ,.%'n) 1 +Bn,uznp (x 7xn+1) 1 + ,Bn,un

+(n [p2(x*,w) - pz(ﬂs*,xn)] — 0, asn — oo.
By the condition on (,,, we obtain that

lim p?(w®™, wN*tD) = 0. (3.30)

n—o0

Similarly, we obtain for = N — 1, (3.15) and (3.28) that
PP ym) < GpPatw) + (1= G)p* (e, wiM)

< Gt w) + (1= G) [P, 0l ) = o (N, w)|
< Gt w) + (1= ) [P (") — PN, wM) (331)
which implies from (3.29) and the condition on (,, that
h_>m P2 (W= M)y = 0. (3.32)

Continuing in this manner, we can show that
lim_p(w] @) )y =0, i=1,2,...,N —2. (3.33)
This, together with (3.30) and (3.32), gives
Tim p(w] 0wty =0, i=1,2,...,N. (3.34)
From (3.34), and applying triangle inequality, we obtain for each i = 1,2, ..., N, that
lim p(z,, w?) = lim p(wl,w?) = 0. (3.35)
n—oo n—oo
For i = N, we obtain from (3.34) and (3.35), we obtain that

lim p(z,, wN V) = le p(xn, vyn) = 0. (3.36)

n—oo

Also, from (3.36) and (3.27), we obtain that
lim p(yn, zn) = 0. (3.37)
n—oo

Since a%) > o) > 0forall n > 1, we obtain from Theorem 2.8 (iii) and (3.34) that

( <)w ) < 2p<w,(f,\7f(lf)wrf))—>0asn—>oo,i:1,2,...,N. (3.38)
Qn
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Again, since j;}j) is nonexpansive for each ¢ = 1,2, ..., N, we obtain from (3.35) and (3.38) that

a

p (e Ton) < planswd) +p(wld, T wd) + p(T 2w, T w0)
< 2p(zn, w?) + p(wf jAl D) -0, asn — 00, i=1,2,...,N.(3.39)
Furthermore, from (3.25) and (3.37), we get that
P(T"Yn, Tn) < p(T"Yn, Yn) + p(Yn, Tn) — 0 asn — oo. (3.40)
Thus, from (3.15) and (3.37), we obtain
P(@nt1sn) < (1= Ba)pns @n) + Bop(T" s 2) = Oas n - o, (3.41)

Now, observe that using the definition of the operator 7" and the fact that for any a,b € R, 2ab <
a® + b2, we obtain that

/02 (l’n, Tﬂl‘n)

IN

[P(xm T"yn) + p(T" Y, Tﬂﬂ?n)} :

P2 (T, T™Yn) + 20(Tr0s T"Yn) (T " Yoy T" %) + p* (T " Y T )
20% (X, T"Yn) + 20 (T Y, T,
2/)2 (-Tm Tnyn)

+2 [(1 + 1) PP Ty yn) + 1 (p(n, T ay) + p(ynT"yn))Q} (3.42)

IN A

Thus, for some constant My > 0, we obtain from (3.42) that
(1- 277)92(xn7 T'azn) < 2p2(xn,T"yn)
+2(1 + 1) p° (€5 Yn) + 20Map(yn T yn)- (3.43)

So, using (3.25), (3.37), (3.40) and the fact that n < %, we obtain from (3.43) that

P2 (20, T"2p) — 0 as n — oo. (3.44)
Inequality (3.44) implies that
p(xn, T"xy) — 0asn — 0o (3.45)
and that
PP (21, T tz, 1) = 0asn — oo. (3.46)

Furthermore, observe that

p(Tnilxnaxn) < p(Tn71$n’Tn71$n_1)
+p(Tn_l$n—17 ajn—l) + P(l‘n—l, xn) (3-47)

From (3.46), we obtain that for some constant M, > 0,
2
AT wn) < (T, T ) + p(T" 0t @01) + plon1, )|

pQ(’Tnilwm Tnilxn—l)
+ My [p(Tn*l&l?n—h Tp—1) + p(Tn-1, wn)] : (3.48)

IN

But by the definition of T’
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pQ(Tnilxny Tnilxn—l) < (1 + Mn—l)p2(mna xn—l)
2
1 [ (T i, 1) + (s T )|
< (U )P (ns @amt) + 1| (T s 20) + plan, 0m1)

+p(zn, Tn-1) + p(Tn-1, T"_lxn_l)} ?

= (14 ptn-1)p*(Tn, Tn-1)
0|2 (T g, 20) + 49 (2, Tn1) + P2 (@1, T 2 1)
+4p(T" Y, 20) p(Tny 1) 4+ 20(T" L, 20) (21, T Fp1)
+4p(Tn, Tn—1)p(Tn_1, T”_lxn_l)] ) (3.49)

Using (3.49) in (3.48), we obtain that
p(T"  an, ) < (14 pin1)p” (@, Tn1)

0| 2T 2, 20) + 492, 1) + P2 (@01, T )

+4p(T" Y2, 20)p(x0, Tn1) + 20(T" Y20, 20) p(2r—1, T Ln1)

+4p(Tn, Tn-1)p(Tn-1, anxn_l)]

+My [p(T"fla:n_l, Tn—1) + p(Tn-1, xn)] : (3.50)
From (3.50), we obtain that
L= (T ey zn) < (14 pn—1)p? (T, @n-1)
1|40 (T, Tn-1) + p° (-1, T 1)
+4p(T" L2, 20) p(x0, T1)
+20(T" n, ) (21, T no1)
F4p(n, 1) p(en-1, T )|

My p(T" 01, @0-1) + pln-1, ). (351)

From (3.51), we obtain that p?(7" 'z, x,) — 0 as n — oco. This implies that
p(T" tay, x,) = 0asn — oco. (3.52)
Observe that
p(Tn, Txy) < p(xn, T"xp) + p(T" 20, Ty)
= p(an, T"ey,) + p(T(’Tn_lxn), T:):n)
which implies from (3.45), (3.52) and uniform continuity of 7" that
p(xpn, Tzy) — 0asn — oo. (3.53)

Moreover, since {x,, } is bounded and Z is a complete C' AT'(0) space, we can find a subsequence {x,,, }
of {x,,} such that A — limz,,, = v*, for some v* € Z. It then follows from (3.53) and Theorem 3.1
that v* € F(T). Also, since j:}; is nonexpansive for each ¢ = 1,2,..., N, we obtain from (3.39) and

Lemma 2.4 that v* € N, A-*(0). Therefore, v* € Q.
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Furthermore, for arbitrary w € Z, we obtain from Lemma 2.3 that

lim sup(zm, zpv”) < 0. (3.54)
By using the quasilinearization properties, we obtain
<m,vnv )y = @W Onn) 4 (wv*, v
3

< p(w,v7)p(vn, Tn) + (WU, 2,07),
which implies from (3.36) and (3.54) that
wot, oot) < 0 (3.55)

lim sup(wv™, v,v
n—oo

Now, for * = v* (in particular) in inequality (3.21), we get for n >y, that

P zns1) < (1= )20, 2) + a2p*(w,v") + ot

C M
+26a(1 = o) (w0, v,

Hence,
P2(U Tng1) < (1 =Gau)p (U*a Tn) + CnOn + T

where o, := 2(1 — C@(W,vnvz) + (up?(w,v*) and vy, = Bnc—:Ml. It then follows from Lemma
2.11 that p(v*, z,) — 0 as n — oo. Consequently, 2, — v*. as n — oo.

Case 2. Suppose that for all N € N, the sequence {p(z*, ;) }n>n is not decreasing, then there
exists a strictly increasing sequence {n;}:°; of N such that

p(x*7xni) < p(‘r*7$ni+1)
for all i € N. Then, by Lemma 2.10, there exists an increasing sequence {m;};>1 such that m; —
00, p(x*, Tm;) < p(2*, Tm;41) and p(z*, x;) < p(x*, Ty, 1) for all j > 1. Then from (3.20) and the
fact that o, — 0, we get
ij(l - ij - k)pQ(ymjvajyn) < pZ(l,*, J)m]-) - pZ(x*’ xmj+1)
+0m, (aijQ(wa €z ) + /Bm]- amj My — pQ(x :xmj)>
m;

2

+20m, (1 — amj)(w,vmjx

This implies that p(y,, 7™ Ym;) — 0as j — oo. Thus, as in Case 1, we obtain that p(;, TTs;) — 0

—
as j — oo and also following the same argument in Case 1, we get lim sup(wv™, vy,;v*) < 0. Again,
considering the particular case of x* = v* in inequality (3.21), we obtain that

PV 1) (1= am))p (v, ) "'O‘?njpg(wav )+5mja7mJM1

m;j
+20m, (1 — amj)@u_v_;, U, V°). (3.56)
Since p?(v*, &m;) < p*(v*, Tm,+1), then (3.56) implies that
G (0 ) S P my) — PP 1) + 02, R (0, 07)

+Bm; amj My + 20, (1 — amj)<w,vmjv )

mj

< a?anQ(’va*) + Bm; ij My + 200, (1 — apm, ) (Wo™, vm;07). (3.57)

mj
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Since ay,; > 0, we obtain from (3.57) that

P2 (v s Tmy) < aijQ(w,v )+ 5mja7mJM1 + 2(1 — g, ) (Wo™, vy, 07).
m;
Using the fact that lim sup(ﬁ, U, v*) < 0 and zﬂ — 0as j — oo, we obtain that p(v*, z,;) — 0

TTLj
as j — oo. This together with (3.48) give p(v*, Zm;+1) — 0 as j — co. But p(v*, z;) < p(v*, Tm;+1),
for all j > N, thus we obtain that x; — v* as j — oo. Therefore, from the above two cases, we can
conclude that {x,,}°2 ; converges strongly to an element of €. g

Recalling that every uniformly L-Lipschitzian operator is uniformly continuous, we obtain the con-
vergence result of Ugwunnadi [25] as an immediate consequence of Theorem 3.2. Thus, we have the
folloing corollary.

Corollary 3.4. Let (Z,p) be a complete CAT(0) space with dual space Z*. Let A; : Z — 2%7 i =
1,2,..., N be multivalued monotone operators that satisfy the range condition, and T : Z — Z be a
uniformly L-Lipschitzian asymptotically n-strictly pseudocontractive operator with sequence { i, }72 ; C
[0, 00) such that > 0% | jin, < 00 andn € [0, 3). Suppose that Q@ := F(T) N (NN, N (A)) # 0 and for
arbitrary w, 1 € Z, the sequence {x,} is generated by

Un = TN 0 j:(‘gj) 00T 0 T (),

Yn = Cuw B (1 - Cn)vna

Tn+1 = (1 - 5n)yn s> BnTnyTw n > 1

(where {(p }n>1 and { B }n>1 are sequences in (0, 1) satisfying (i) ILm Cn =0, (ii) Z Cn = +00, (iii)

n—o0

tn = 0(Cn), V)V n > 1 and for some vo > 0, Yo § By < %(1 — ()1 —n)and0 < (1 —v)(1 +
Bupin)Cn < 1 and for some 0@, i = 1,2,... N, o) > a®), then {x,}ns1 converges in the metric
topology to an element of (2.

4. APPLICATION

In this section, we apply our results to solve finite family of convex minimization problem and fixed
point problem for 7-strictly pseudo-contractive operator. Let (Z, p) be a Hadamard space and Z* be
its dual space. Recall that a function f : Z — (—o0, 00] is called

(i) convex, if
fOz e (1= XNy) <Af(x) + (1 =N f(y) Yo,y € 2, A€ (0,1),

(ii) proper, if the domain D(f) := {x € X : f(z) < +00} is nonempty,
(ili) lower semi-continuous at a pointx € D(f), if for each sequence {x,, } inD(f) such that lim x,, =
n—oo
x, we have that

f(z) < liminf f(x,).
n—oo
Furthermore, f is said to be lower semicontinuous on D( f) if it is lower semi-continuous at every point

in D(f).

Let f : Z — (—o00, 0] be a proper convex and lower semicontinuous function, then (see [13]) the

subdifferential 9f : Z — 22" of f, defined
df(z) = {{x* €2%: f(z) — f(z) > <x*,ﬁ), Vz e Z}, ifx e D(f),

0, otherwise

(4.1)

is
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(i) a monotone operator,
(ii) known to satisfy the range condition. That is, D(7. f f ) = Z forall A > 0.

Now, consider the following Minimization Problem (MP): Find x € Z such that
= mi . 4.2
f(z) min f(y) (4.2)

It was established in [13] that f attains its minimum at x € Z if and only if 0 € 9 f(x). Thus, the above
MP (4.2) can be formulated as follows: Find x € Z such that

0€df(x).
Therefore, by setting A; = df;, i = 1,2,..., N in Theorem 3.2, we obtain the following result:

Theorem4.1. Let (Z, p) bea complete C AT (0) space and Z* be its dual space. Let f; : Z — (—o0,00], i =
1,2,..., N be a finite family of proper, lower semicontinuous and convex function, and T : Z — Z be
uniformly continuous asymptotically n-strictly pseudo-contractive operator with a sequence {1, }72 1 C
[0, 00) such that 300 | i, < 00 and n € [0,3). Suppose that Q* := F(T) N (N N (0f;)) # 0. Let
w,x1 € Z be arbitrary and the sequence {x,,} be generated by

Un — jafN o afN—l 0-+-0 afz ° jaf1 (xn)7

a’(anl) aglel) a$l2) agbl)
Yn = Cuw @ (1 — Gu)vn, (4.3)
Tn4+1 = (1 - ﬁn)yn @ ﬁnTnynv n > 17

(where {(p }n>1 and { Bn }n>1 are sequences in (0, 1) satisfying (i) li_>m Cn =0, (ii) Z Cn = +o0, (iii)
n—oo

fin = 0(C), (i) V n > 1 and for some v > 0,70 < By < 3(1 — Gu)(1 —n) and 0 < (1 — ) (1 +

Brtin)Cn < 1 and for some a®, i =1,2,...,N, oz,(f) > o), then {zn}n>1 converges in the metric

topology to an element of (2.

5. CONCLUSION

From the presentations made above, one can easily see that the answer to Question 1 is in the affirma-
tive. In Theorem 3.1, 6-demiclosedness principle for the new class of uniformly continuous generalized
asymptotically 7-strictly pseudocontractive operators was obtained in complete C AT'(0) space. The
Theorem extended the J-demiclosedness principle obtained by Ugwunnadi [25]. Theorem 3.2 extended
the convergence result obtained in [25] from the class of uniformly L-Lipschitzian asymptotically #-
strictly pseudocontractive operators to the more general class of uniformly continuous asymptotically
n-strictly pseudocontractive operators in complete C'AT'(0) space. Theorem 4.1 and the corollaries ob-
tained are of independent interest. Our Theorems extended, generalized, improve and unified several
existing results.
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