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ABSTRACT. The purpose of this paper is to introduce and study a new class of general semi-implicit viscos-
ity approximation methods involving inaccurate computation errors and quasi-nonexpansive operators
in Hilbert spaces. We also analyze convergence of the new iterative approximations for common fixed
points of three different quasi-nonexpansive operators, which are also the unique solutions of a varia-
tional inequality. Furthermore, we present numerical examples to verify the main results presented in
this paper. As applications, we investigate a class of split equality fixed point problems and split equality
common fixed point problems.
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1. INTRODUCTION

It is well known that in applied mathematics, many of the most important nonlinear problems can
be reduced to solving a given equation. This equation can be reformulated as finding the fixed point
or zero of an operator, highlighting the importance of fixed point theory as a key part of nonlinear
functional analysis. Fixed point theory has found wide applications in various disciplines, including
nonlinear partial differential equations, nonlinear integral equations, control theory, optimization the-
ory, economics, and engineering. For example, problems in image and signal processing can be modeled
as convex feasibility problems or split feasibility problems, which are then transformed into fixed point
equations and solved using iterative methods (see [22, 23] and references therein).

On the one hand, Banach contraction mapping principle provides a theoretical foundation for the
existence and uniqueness of fixed points for contraction mappings. Its proof employs Picard iteration
algorithm, which is the most basic iterative algorithm. However, as research progressed, it was found
that Picard iteration algorithm does not always converge to the fixed points of non-expansive mappings.
To address this, Mann introduced an iterative scheme in 1953 to approximate fixed points of non-
expansive mappings. Nevertheless, it is well known that Mann iteration scheme does not converge to
fixed points of pseudo-contractions. Consequently, Ishikawa proposed a two-step iteration scheme in
1974 to approximate fixed points of pseudo-contractive operators (often referred to as SAKURAI) [20].
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In [3], Ali et al. introduced a new iteration called JF iteration format:
Tnt1 = V(1 — an)yn + an¥yy),
Yn = Wz, (1.1)
zn =Y ((1 = Bn)zn + Bn¥x,), neN.

Let U be a self-mapping on a nonempty closed convex subset of a Banach space. It has been proven that
the JF iteration scheme for generalized nonexpansive mappings, as introduced by Hardy and Rogers,
converges in a uniformly convex Banach space. Furthermore, Ali et al. demonstrated through numerical
experiments that the JF iteration scheme converges to the fixed point of a generalized nonexpansive
mapping at a faster rate compared to several well-known iterative schemes.

Recently, the semi-implicit rule (also known as the implicit midpoint rule), a powerful numerical
method for solving ordinary differential equations and differential-algebraic equations, has been ap-
plied to approximate fixed points of nonexpansive operators. Alghamdi et al. [1] established a semi-
implicit rule for nonexpansive operators and proved the weak convergence of the iterations in Hilbert
spaces. In [14], Li and Lan introduced and studied a Picard-Mann iteration process involving a class
of implicit midpoint rule mixed errors (abbreviated as PMMI), which differs from existing methods in
the literature. They analyzed the convergence and stability of the proposed method and demonstrated
through numerical examples that PMMI is more effective than other related iteration processes.

Tpi1 =V <%;Lyn> + i,

Tn + Yn
2

(1.2)

yn:(l—an)ajn—l—an\lf< >+andn—|—en, n €N,

here, o, € (0,1), VU is a nonlinear mapping on a normed space, and {d,}, {e,}, and {h, } represent
three error sequences analyzed for the convergence and stability of the proposed algorithm, accounting
for possible inaccurate computations of the operator. Furthemore, if h,, = d,, = e,, = 0, PMMI reduces

to PMI as follows:
Tn+1 = v (an +yn) )

2 (1.3)

yn = (1 — ap)zn + an ¥ (xn;-yn> , néEN.

To address the problem of approximating the common fixed point of three distinct nonexpansive
mappings, Xu et al. [26] proposed the following extended iterative algorithm, referred to as JFESD:

Tn4+1 = Uy ((1 - an) Yn + an\:[llyn + andn) y

Zn +
yn:\p2< n2yn>+en7

zn = U3 ((1_5n)zn+2wn+ﬁn\113 (W)) +hp, neN,

(1.4)

where X is a Hilbert space, and K C X is a nonempty closed convex bounded subset. For ¢ = 1,2, 3,
U; = K — K are nonexpansive-type mappings with Lipschitz coefficient 6; € [0, 1]. The convergence
and stability of the new iterative approximation for the common fixed points of these three distinct
nonexpansive-type mappings are analyzed using Liu’s Lemma. Furthermore, Xu et al. [26] raised an
open question: “Nonexpansive-type operators come in various forms. Does a general iterative scheme
also converges to fixed points of other nonexpansive operators?”

It is well known in the field of nonexpansive mappings that there exists an important class of oper-
ators called quasi-nonexpansive operators. An operator ¥ : X — X is defined as quasi-nonexpansive
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if Fix(V) := {w € X : Yw = w} # 0, which is defined by
[W2 —pl <z~ p|. VaeX.pe Fix(¥).

It is clear that the quasi-nonexpansive operator is more generalized than the non-expansive mapping.
Note that Fix() is always closed and convex [25]. Khatibzadeh et al. [11] investigated the asymp-
totic behavior of solutions to a first-order evolution equation governed by a locally Lipschitz quasi-
nonexpansive mappings.

In 1967, Halpern introduced one of the most significant iterative methods for finding fixed points of
nonexpansive mappings. Constructing algorithms that ensure strong convergence has been a critical
focus for many mathematicians. In 2000, Moudafi proposed a well-known generalization of Halpern’s
method, referred to as the viscosity approximation:

Tnt1 = anf(xn) + (1 —ap)Vzy,, n>0.

This method is widely used for approximating fixed points of nonexpansive mappings and other
nonlinear mappings. Patel and Pant [18] proposed a viscosity approximation method for finding the
common solution set of variational inequality problems and the fixed point set of multi-valued quasi-
nonexpansive mappings in Banach spaces. Liu et al. [15] introduced and studied a general viscosity
approximation method for quasi-nonexpansive mappings in infinite-dimensional Hilbert spaces. Under
suitable conditions, it was proven that the sequence generated by this algorithm strongly converges to
the fixed point of the quasi-nonexpansive mapping in the Hilbert space. In [25], Xu et al. combined
the viscosity approximation method with the implicit midpoint rule to approximate fixed points of
non-expansive mappings, which is known as the following viscosity implicit midpoint rule:

Tp+ X
Tn+l1 = O‘nf(xn) + (1 - O‘n)\p <n2n+1) , n=>0.

Recently, Zhu et al. [29] introduced three generalized viscosity approximation algorithms based on
the boundary point method for quasi-nonexpansive operators. Alakoya et al. [4] conducted a study
on the task of determining the common solution of the split variational inclusion problem, equilib-
rium problem, and common fixed point of nonexpansive mappings. To approximate the solution of
this problem, they introduced a novel inertial viscosity S-iteration method. Notably, they established
a compelling convergence theorem for the proposed algorithm, even in the absence information of
operator norm. Taiwo et al. [24] proposed a parallel iterative scheme with viscosity approximation
and proved its strong convergence to the solution of common fixed point problems for multi-set split
equality involving quasi-pseudocontractive mappings in real Hilbert spaces. For further research on
viscosity approximation methods, please refer to references [2, 8, 10, 12, 19] and the references therein.

Let X be a Hilbert space, and K C X be a nonempty closed convex subset, and for ¢« = 1,2,3,
an operator ¥; : K — K be quasi-nonexpansive with Lipschitz coefficient L; > 0, defined as,
|W,x — Yyl < L;||lx —yl|, for each z,y € K, L; > 0. Moreover, let f : K — K be a contrac-
tion with coefficient k£ € [0, 1). In this paper, inspired by the aforementioned question and in response
to the open question (a) proposed by Xu et al. [26], we suggest the following general semi-implicit
viscosity iterations approximation (in short, VJFESD) with errors for quasi-nonexpansive operators ¥;
(i=1,2,3):

Tn+1 = anf(xn) + (1 - an)llll ((1 - ﬁn) Yn + /Bn\lllyn + Bndn) s

Zn +
Yn = (15n)zn+6n\1’2< i 9 yn> + en,

Zn+T Zn+ T
Zn:\:[jg <(1_7n)nn+’)’n\1/3< n n>> +hn,

(1.5)

2 2
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where B, 7, 0n, € [0, 1) are three real number sequences, v, € (0,1) forallnand {d,}, {e,} and {h,}
are three errors to take into account some possible inexact computations of the quasi-nonexpansive
operator points , which satisfy the following hypothesis (H):

(1) limy, o0 v, = 0, limy, 00 Bn =0, limy, 00 0, = 0, limy, 0 Y = 0;
(iii) limy, o0 1220 = 0, Timy, o0 1221

= 0, limy, o0 L2l — g,
(e79)

We create a class of new general algorithm and prove that it converges to the fixed point ¢, where
q € Fix(¥), under quasi-nonexpansive conditions.

Some special cases of (1.5) can be found as follows:

(Case 1) When d,,, en, hy, = 0 for all n € N, the semi-implicit viscosity iteration (in short, VJFSD),
is derived from VJFESD for three distinct quasi-nonexpansive operators:

Tn+1 = Oénf<xn) + (1 - O477,)\1/1 ((1 - /Bn) Yn + 5nqllyn) s

Yn = (1 - 5n)zn + 0, V2 <Zn‘;'yn> s

Zn T+ Zn + X
o (1 2y (28,

(Case 2) If 'y = Wy = U3 = U, then (1.5) becomes the following new semi-implicit viscosity
iteration with errors (in short, VJFES) for a quasi-nonexpansive operator:

(1.6)

Tn+l = anf($n> + (1 - an)\p ((1 - Bn) Yn + /Bnq/yn + 5ndn> 5

Yn = (1 = 0p)zn + 6, ¥ <Zn;—yn>

Zn + X Zn T+ T
zn:\Il<(1—7n) n2 n—i—'yn\I/(nQ n>>—|—hn.

(Case 3) While d,,, e, hy, = 0 for all n € N, (1.7) reduces to the following semi-implicit viscosity
iteration (in short, VJES) for a quasi-nonexpansive operator:

+en, 1.7)

xn-l—l - anf(xn) + (1 - an)\p ((1 - /Bn) Yn + Bnqun> ]

Yn = (1 —0p)zn + 6, ¥ <Zn‘;'yn> ,

Zn + Zn T+
amr(am e (252)

(1.8)

2

(Case 4) If U9 = W3 = ], the identity operator, then (1.5) is equivalent to a viscosity iteration (in
short, VJF) for one quasi-nonexpansive operator as follows

Tn+1 = anf<xn) + (1 - an)\yl ((1 - ﬁn) Ty + 571\1/15(:71 + Bndn) . (1.9)

Remark 1.1. (i) If the quasi-nonexpansive operator W; for ¢ = 1, 2, 3 in (1.5)-(1.8) is Lipschitzian contin-
uous, it can be observed that U; is nonexpansive when the Lipschitz coefficient L; = 1. Additionally,
when L; € [0,1), T; transforms into a contraction operator.

(ii) It is worth mentioning that the iterative processes (1.5)-(1.9) are innovative and have not been
documented in existing literature.
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Remark 1.2. Specifically, when o, = 0,6, = 1, ¥; = Uy = U3 = U is a nonexpansion-type mapping
and L; € [0,1](i = 1,2, 3), (1.5) degenerates into JFES mentioned in [26]:

Tpt1 =V ((1 - Bn) Yn + BnWyn + ﬁndn) )

UYp = \\/J <Zn;‘yn> + en,

+ +
Zn:‘l’<(1—’}/n) “n xn—i-"}/n\ll (Zn xn)) +hn7

2 2
which includes the iteration JFS, i.e., (1.4) of [26] as follows:
Tpy1 =W ((1 - Bn) Yn + ,Bnqjyn) >

Zn +
yn:\p<”2yn>’
+ +

Building upon the inspirations drawn from previous research on viscosity approximation methods
for quasi-nonexpansive operators, we propose a class of new general viscosity approximation methods
VJFESD, VJFSD, VJFES, VJFS and VJF for quasi-nonexpansive operators. Through the application of ap-
propriate conditions, we establish the convergence of sequences generated by the presented algorithms
to common fixed points of quasi-nonexpansive operators in Hilbert spaces. The common fixed point
also serves as the unique solution for a variational inequality. Subsequently, we leverage this result to
address various problems such as split equality fixed point problems and split equality common fixed
point problems. The outcomes of our study not only enhance and generalize existing literature, but also
hold potential for numerous applications in nonlinear science.

2. PRELIMINARIES

Assume that X is a Hilbert space with inner product (-, -) and norm || - ||, respectively, and let K be
a nonempty, closed, and convex subset of X. The following inequality holds for all =,y € K
lz +yl1? < llzl* + 2{y, & + y). (2.1)

We then have the nearest point projection from X onto K, Pk, defined by
Pgx = argmin ||z — z||?, VzeX (2.2)
zeEK
Namely, P is the only point in K that minimizes the objective ||z — z||? over z € K. Note that Pxx
is characterized as follows:
Prx e K and (v — Pgx,z— Pxx) <0 VzeK. (2.3)

It is well known that under certain conditions, the sequence {x,, } converges in norm to a fixed point
q of ¥ which solves the variational inequality (in short, VI)

(I-f)g,z—q) >0, VzxeFix(V).

In the sequel, we review some useful definitions and lemmas.

Lemma 2.1. ([13]) Let {a,}, {bn} and {c,} be three nonnegative real sequences meeting
Ant1 < (1 - tn)an + bn + ¢n,
witht, € [0,1], Y00 tn = 00, by = 0(tn), and >_7 ¢ < 00. Then limy, o0 ayn, = 0.

n=0
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Lemma 2.2. ([9]) Let K be a nonempty closed convex subset of a real Hilbert space X. Let U be a nonex-
pansive self-mapping on K. Then I — W is demiclosed, i.e., for each sequence {x,}, . and x € K with
xn — x and (I — )z, — 0 implies (I — )z = 0.

Lemma 2.3. ([27]) Assume {a,, } is a sequence of nonnegative real numbers such that
an+1 < (1 - ’Yn) an + 5n> n >0,

where {7, } is a sequence in (0, 1) and {0y} is a sequence in R such that
(i) Yo’y Yn = 00, and
(ii) either im sup,, oo 0n/Yn < 0 0rY o7 [0n] < o0

Then lim,,_, o a, = 0.

Lemma 2.4. ([5]) Let C' be a nonempty subset of X, and let V1, ¥y : C — C be quasinonexpansive
operators. Suppose that either Wy or Wy is strictly quasi-nonexpansive, and Fix (¥1) N Fix (¥2) # 0.
Then the following hold:

(1) Fix (\111\112) = Fix (\Ifl) N Fix (\112),'

(if) W1 Wy is quasi-nonexpansive;

(iii) W1 Wy is strictly quasi-nonexpansive when both W1 and W are strictly quasi-nonexpansive.

3. CONVERGENCE ANALYSIS

In this section, we consider the viscosity technique for the implicit midpoint rule with errors of
quasi-nonexpansive operators. Convergence analysis of the iterative scheme (1.5) is also proven, and
some numerical examples are provided to verify its convergence results.

The following are the main results and proof process of this paper, which shows that the proof process
is not trivial.

Theorem 3.1. Let K be a nonempty closed convex bounded subset of Hilbert space X. Suppose that
fori =1,2,3, ¥; : K — K is a quasi-nonexpansive operator with Lipschitz coefficient L; satisfying
Li,Ls € [0,1], Ly > 0, S := Fix(¥;) N Fix(V¥9) N Fix(V3) # 0 and I — V; is demiclosed at 0.
f+ K — K is a contraction with coefficient k € [0,1). Then the iterative sequence {x,,} generated by
(1.5) converges in norm to a fixed point q of S, which is also the unique solution of the following VI:

(I=flgx—q) >0, z€Sb.
In other words, q is the unique fixed point of the contraction Psf, that is, Psf(q) = q.

Proof. Step 1. We prove that {z,,} is bounded. Let p € S to deduce that. Then by (1.5), one has

Zn + Tp Zn + Tn
lm—pll < ng (<1 ) +w3< )) —pH T il

2 2
Znt+ Zn +
< () |25 = g | a4
1
< 5 (Hzn _pH + Hxn _p”) + ”hnH ’

this indicates that

l2n = pll < llan = pll + 2 ][hn]l - (3.1)
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Further, it follows from the second formulation of (1.5) that

Zn +
o (2522 ]+ e

0
< (1=8n) llza = pll + 5 (lzn = Pl + 1gn = pID) + lleall

lyn =Pl < (1= 6n) |20 = pll + 6n

< llzn = pll + 5— 5 lenll,
which implies with (3.1) that

lyn =Dl < llzn —pll + 2 [1hnll +

2
n|l - 2
el 62

Then by (3.1) and (3.2), now one knows that for each n € N:

[Zn41 =Pl < (1 = an) [[¥1 (1 = Bn) Y + BaWiyn + Budn) — pll + an || f (zn) — pll
< (1 =) [(1 = Bn) yn + BnV1yn + Bndn — pl|
+ an (IIf (n) = fF@)I + 117 (p) — pI)
<1 —an) [(1 = Bn) [lyn — pll + Br [¥19n — Pl + |Bndnll]
+ an (k |lzn — pll + [1f () — £l
< (@ =an) (lyn = pll + Bn lldnll) + an (& lzn — pll + £ () — pl)

2
< (1= an) (len = o+ 2l + 525 leal + a0

+ ay (k|zn —pll + £ (p) = 2lI)

2
= (1= k) o = o+ (= ) (21l + 55 el + B 1)

+an || f(p) = pll
=11 = (an = @b 70— + (o — @) (Z“_‘j’ ]
21— ) )
e el + 2 a4 i) - ).

Consequently, we get

2(1—an 1—an
lmss =l < ma{lan = pll, 22522 ]| + o 25505 e

’an ank

HEER dnl + T 1£) I}

By condition (iii) of (H), based on the definition of limits: Ve; > 0, 3N; > 0, when n > Ny,

”2‘7:“ < €13 Ve > 0, 3N > 0, when n > Ny, M < g9; Ve3 > 0, N3 > 0, when n > N3,
IIan‘ . Let Ny = maxz{Ny, No, N3}, g9 = mln{€1752’53}, when n > N, ||hnH < o ||e,;|| < e
and IIanI < ¢o.
We arrive at
2(1 — an) 2(1 — ap) Ba(l — an) )
—||h
o ok Mt e ey el e Nl 5 @) —

2e0(1 —an)  2e0(1 — o) eﬁn(— o)
<= (1—0k)(2—5n) - 1_k|\f(p)—p||.
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Let
2e0(1 — o) 2e0(1 — ay) n e0Bn(1 — an)
1—-k (1 —=Fk)(2—6n) 1-k

By induction and (3.3), we easily obtain

1
K, = + 17 If) —pl. (33)

[2n —pll - < max{|lzo — pl, suppen Kn}

for all n. It turns out that {z,,} and {¥x,,} is bounded. Moreover, by(3.2), it turns out that {y, } and
{¥y,} is bounded.
Step 2. Next, let us prove that ||zp4+1 — 2, || = 0 (n — 00). To see this we apply (1.5) to get

[Zn+1 — Zoll =llanf (22) + (1 = an)¥1 (1= Br) Yn + BnV1yn + Bndn) — (an-1f (n-1)
+ (1= an-1) Y1 (1 = Bu-1) Yn—1 + Bn-1¥1¥n—1 + Bn-1dn-1)) ||
= (1 —an) [Y1 ((1 = Bn) Yn + BuV1Yn + Bndy)
—Uy (1= Bn—1) Yn—1 + Bn-1V1yn—1 + Ba1dn—1)] + an (f(2n) — f(20-1))
+ (-1 —an) (Y1 (1 = Bn-1) Yn—1 + Bn-1¥1Yn—1 + Bn-1dn-1) — f(@n-1)] ||
< (I —an) L1 |(T = Bn)(Wn — Yn-1) + Bn (V1Yn — Y1Yn—1)

3.4
+(Bn=1 — Bn) Wn—1 — Y1Yn—1) + Bndn — Pn—1dn—1]| (34)
+ ankl||zy — zpo1||+ | -1 —an | M
<(1 = an)(X = Ba) L1 l|yn — Yn-1ll + Bn(l — ) L3 |lyn — Yn—1||
+ (1 —=an)L1 | Bn-1 = Bn | llyn-1 — ¥1yn—1]|
+ (1 - an)LIHﬁndn - /Bn—ldn—lu
+ ankl||zyn — zp_1||+ | @n—1 — an | M.
Here M > 0 is a constant such that
M > Sli% ||\I’1 ((1 - 671—1) Yn—1 + ﬁn—llplyn—l + /Bn—ldn—l) - f (xn—l)H .
nz
By the thirdly formulation of (1.5), we obtain that
Zn + X Zn + X Zn—1 t Tn—1
||Zn - Zn71|| <Ls (1 _'Yn) = 9 = +7n\113 < B 9 n) - (1 _’77171)%
Zn—1+ Tp—
~Yn-1¥3 (n12nl> H + | h — Bt |
L3(1 —
B0 (12, ol -l — e )
L2
+ 225 (20 = 201l + e — @)
Zpn—1+ Tpn— Zn—1+ Tn—
] e A | R
where b, = L3(1 — v, + ynL3), ie., b, € [0, L3] for n € N. This indicates that
b
HZn - Zn—lH SQ —nbn Hxn - xn—l” + 9 _ bn < ’ Yn—1 — Tn | .
(3.5)

Zn—1+ Tp— Zn—1+ Tp—

Then, it follows from the second formulation of (1.5) that
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2 +
[Yn = Yn—1] = H(l — 5)2m + 6o ( ! yn> e

- <(1 - 5n—1)2n—1 +0p—1¥2 (%1—5%1) + 6n—1> H

\112 (%;%) _ \112 <Zn—1 ;yn—l) H

Zn—1 + Yn—
+ H(6n—1 - 571) <Zn—1 — Wy (12y1>> H + ||€n - 6n—1”7

this implies with (3.5) that

S(l - 5n)||zn - zn—l” + (5n

b
Hyn - yn—IH S(l - 5n) |:2 = |xn - xn—lH +

O S (P
~ by 2 b, \ | T

2 2

\112 Zn + Yn _ \IIQ Zp—1t Yn—1
2 2 (3.6)
e )l

+ Hen - en—l”
<bn(1 —dp)
- 2-b,

+ On

HfEn - fEn_lH + 9n,

where
2(1 — 6n)
2y, <| Yn—-1 = Tn |

U, Zn + Yn — 0, Zn—1+ Yn—1
2 2
n—1 1 Yn—
+ H((Snl - 6n) <Zn1 - ‘1}2 <212y1>)

Taking ¢, = L1(1 — B, + BnL1), then ¢, € [0, L1] for n € N and by (3.4) and (3.6), and one see that
for eachn € N,

gn

Zp—1+t Tp— Zn—1+ Tp_
%_% ("12M>H +||hn—hn1||>

‘ llen — en 1.

[Znt+1 — 2nl| <cn(1 = an)llyn — yn-1]|

+ (1 —an)Ll1 | Bo—1 = Bn | 1yn—1 — ¥1yn—1]|
+ (1 — OZn)Ll”ﬂndn - Bn—ldn—l”

+ ankllzn — p—i||+ | o1 — o | M

<cn(l — ay) <bn2(1__bjn)||xn — Tn—1]| + gn>

+ (I —an)L | Bo-1 = Bu | [lyn—1 — V1yn—1]|
+ (1 — an) L1 ||Bndn — Br-1dn-1|

+ ank|zy — 1|+ | 0n—1 —an | M

(e = 0,) (1 — )
_( o 4 ank ) ||7n — Tai

+ mp+ ’ Op—1 — Qp ‘ M:

(3.7)
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where
My =Cngn(1 = an) + (1 = an)Ly | Bp—1 = Bn | [[yn—1 — Yiyn—1]|
+ (1 = an) L1 ||Bndn — Bn—1dn—1]|-
Letting
b (2= bp)(1 — ank) — (1 — apn)(1 = 6n)cnby
" (2 —bn) ’
because b,, € [0, L3], ¢, € [0, L1] for n € N, one gets
S (2 =bp)(1 — ank) — (1 — ank)(1 — 0p)cnby

b 2 2= by)
(1= ank)[2 — by — (1 = 6,)cnby)
(2 - bn)
N (1 — Oénk>[2 — L3 — (1 — (Sn)Lng]
- (2 - bn)
>0,
and
_ bpen(1 = 0,)(1 — o)
1—-¢t, = 5 b, + ank

> 0.

65

So one has a lower bound # > 0 of {t,} C [0,1], that is # = liminf, .~ t, € (0, 1]. Further, by

conditions (i) and (ii) of (H) we can easily know that > >° ; ¢, = cc. Thus it follows from (3.7) that

m
[Znt1 — zn|l (1 = tp)[2n41 — znll + tnTn‘F | 1 = | M

1-— (67 L1
:(1 - tn)me—l - an +in {(5) ‘ Brn-1— Bn ‘ Hyn—l - ‘Illyn—IH
1—a,)L cn(l — ay,
+(£)1yﬁndn - ﬂn—ldn—l” + (g)gn} + ’ Qp—1 — Qp | M
1—a,)L
=u—mmmﬂ—mw+%{(f>1\%1—ﬁmnwl—anm
(1 —an)ly 2¢n (1 — ap)(1 — 6y)
+— ndn - Pn— dn— + = hn - hn— (3'8)
7 18 Br—1dn—1]| 2= by [ il

26, (1 — a)(1 = 6,) <| ]

Zpn—1+ Tp-1 _ Zn—1+ Tn-1
2 s 2

7§(2 - bn)
Cnén(l - an) Zn + Yn Zn—1+ Yn—1
rerlenlfoy (2500w, (225

nl_ n
+C(£Of)(!6n15n

+\Ozn_1—an|M.

21+ Un_
2t — Wy <n123/nl> H + llen — en1||>}

By Lemma 2.1, the inequality (3.8) yields with the conditions of (H) that ||z, +1 —x,| — 0asn — cc.

Step 3To prove hmn—>00 Hxn—&-l - ((1 - ﬁn) Yn + Bn\Ijlyn + Bndn)H =0.
”anrl - \Ill ((1 - ﬂn) Yn + Bn‘lllyn + Bndn)H
= |lanf(xn) — an W1 ((1 = Bn) Yn + BaV1yn + Budn)l| -
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Notice that by condition (i) of (H), we have

||5L'n+1 2 ((1 - Bn) Yn + BaV1Yn + ﬂndn)H —0 (as n— OO)
Step 4 We prove that wy,(x,) C Fix(¥;) N Fix(¥y) N Fix(¥3). Here wy(x,)={x € H: there

exists a subsequence of {z,} weakly converging to x} is the weak w-limit set of {z,,}. Suppose S :=
Fix(¥;) N Fix(¥9) N Fix(¥3) # 0, this is now a straightforward consequence of Step (3), I — ¥
demiclosed at 0 and Lemma2.2.
Step 5. We claim that
limsup (¢ — f(q),q — zn) <0, (3.9)

n—oo

where ¢ € S is the unique fixed point of the contraction Ps f, that is, ¢ = Ps(f(q)).

As a matter of fact, we can find a subsequence { T, } of {x;,} such that {xnj } converges weakly to
a point p and moreover

limsup (¢ — f(q),q — xn) = lim (g — f(q),q — Tn;) . (3.10)
n—00 j—o0

Since p € Fix(¥;) N Fix(¥2) N Fix(¥3) by Step 4, we can combine (3.9) and (3.10) and use (2.3) to

conclude
limsup (¢ — f(q),q — #n) = (¢ = f(g),qg —p) <0.

n—o0
Step 6. We finally prove that x,, — ¢ in norm. Here again ¢ € Fix(¥;) N Fix(¥2) N Fix(V3)
is the unique fixed point of the contraction Pgf or in other words, ¢ = Psf(q). Next, we do some
preparation, we present the details as follows:
By (3.1) and (3.2), one can easily obtain

20 — qlI”> < lon — qll* + 4|7l |2 — gl + 4] hall. (3.11)
4
o = alF < llon = o1 + L = al (410l + 5= llenll) + 4 1
" (3.12)
S el Ml + o el
2=, Nenl Wl =gz enll

2

2 2

lyn = qll 120 — all < llzn = qll” + llzn — 4 <4thH to 5 HenH) + 4|l
n

(3.13)
L lenl] 17on]l-
Firstly,
2nt1 — gl
=[|(1 = o) (W1 (1 = Bo) Y + BaW1yn + Budln) — q) + an (£ (2n) — q)|*
= (1 - an)2 H\Ill ((1 - Bn) Yn + 6n\1"1yn + ﬁndn) - QH2 + OZ?L Hf (.’L‘n) - qH2
+ QOén (1 - Oén) <\I]1 ((1 - Bn) Yn + Bn\l’lyn + ﬁndn) - 4q, f (:En) - Q>
<(1- an)2 (1 = Bn) yn + BrnV1yn + Bndn — Q||2 + 0‘% If (xn) — Q||2 (3.14)

+ 20, (1 — an) (U ((1 — Bn) Yn + Bn¥1yn + Bndyn) — q, f (x) — f(Q)>
+ 20 (1 = an) (U1 (1 = Bn) Yn + BuW1yn + Budn) — ¢, f(q) — @)

< (1= an)? (1= Ba) Yn + Bu¥1yn + Budn — qll* + a2 || f (zn) — al®
+2a, (1 —an) (U1 (1 = Bn) yn + Bu¥i1yn + Bndn) — q, f(q@) — q)
+ 2kan (1 — an) [[(1 = Bn) Yn + BaW1yn + Budn — gl - [l2n — gl|,
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respectively, this implies with (3.2) that

then

Let

< (1= 5 (Ilyn = all® + 201 Budnl|(lyn — all + 118adall))

”( _Bn)yn'f’ﬂn\ljlyn'i‘ﬁn n — ( H
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< = Bu)llyn — all + Bull C1yn — gl + [|Bndnll
<lyn — qll + [|Bndn]| (3.15)
<llzn = all +2|hall + 5—5- H€n||+||ﬁnd I,

H(l - Bn) Yn + Bn\ljlyn + Bndn - Q||2

= (1 - Bn)Q Hyn —q+ BndnH2 + 5712”\1/13/71 —q-+ 5ndnH2

+ 2671(1 - Bn)<yn —q+ Bndna qjlyn —q+ Bndn>

< (L= B0)* (Iyn = al* + 2(Bndn, yn — q + Budn))

+ B> (1019n — qll* + 2(Budn, Y1y — q + Budn))
+ 26n(1 - ﬁn)Hyn —q+ BndnH : ”\Illyn —q+ 5ndnH

+ Bn” (Ilyn — all® + 201Bndnll (lyn — all + (| Budnll))
+ QBn(l - Bn)(”yn - QH ) H\Ijlyn - qH
+ Hyn - QH : ”ﬁndnH + H\Ijlyn - QH ' Hﬁndn” + HﬂndnHZ)

<(1 =280 +287) (lyn — all* + 2[1Badnl| - lyn — 4l

+ 2Hﬂndn‘|2) + 2/871(1 - ﬁn)(Hyn - QH2 + Hﬁndnuz
+ 2(|Bndn| - llyn — all)

=llyn — qll* + 201Bndnll - lyn — qll + 2(1 + B2 — Ba)||Bndanll*-

(3.16)

wn = ap || f (zn) = glf” + 20 (1= ) (U1 (1= Bn) Y + BaWiyn + Budn) — a4, f(a) — q) , (3.17)
which implies with (3.2), (3.12) and (3.14)-(3.17) that

|41 — al?

<(1—an)? (1 = Ba) Yn + BaWiyn + Budn — ql*> + a2 || (zn) — q||®

+ 2a’n (1 - an) <\Ij1 ((1 - Bn) Yn + /Bnqllyn + 5ndn) —dq, f(Q) - Q>
+ 2kay, (1 - an) H(l - Bn) Yn + ﬁn‘ylyn + Bndn - QH : ”xn - QH

<(1—on)? (lyn — all* + 2 Bndnll - llyn — all +2(1 + B2 = Ba) || Budnl|?)

+ 2kan (1 — an) <Hxn —ql* + 2|k - 2w — qll + 5 lleall - llzn —dl
n

H|Bndnll - lzn = ql) + wn

< (14 an(an — 2+ 2k — 2ka)) | — ¢l + 2 (1 4 an(an — 2 + k — ko))

(2Hh I+ 5= el + [t u) ln — gl + i

<(1+an(an—2+ 21<; — 2kan)) |lzn — gl + 2 (1 + an (o — 24+ k — kay))

(2Hh I+ 5= el + [0 H) ln — gl + in,
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where
, 8(1 — ay)? 4(1 — ap)?
n:4hn21_n2 7nnhn 771712
i =l = ) + 25 e ]+ S5 e
4(1 — ) (3.18)
+2(1 — ay)*(1 + 62 - ﬁn)uﬁndnH? + wh.
Since {z, } is bounded, we can let ||z,, — ¢|| < M;. Then
Tpal — 14 ap(ay — 24 2k — 2kan)) lzn — ¢|I? + Gn
2nt1 — qll? < ( ( Al qll” +j (5.19)

(1= )20 — all* + Jn,
where
Jn =21+ an(a, —2+k — kay)) - <2|yh | to 5 HenH + || Bndn, H) My + iy,
ln =an (2 + 2kay, — o — 2Kk).

Let l,, < 0. Then k > 2"‘"__22 > 1, contradiction with &k € [0,1), so [,, > 0. Similarly, let’s say
1—1, <0,then k < 0‘2” < 0, contradiction with £ € [0,1), so 1 — [, > 0. Therefore {/,,} is a

sequence in (0, 1). Furthermore, by condition (ii) we can easily know that >~ >° 1, = oo.
Notice that by Step 2 and 3, we have

191 (1 = Bn) Yn + Bn¥i1yn + Bndn) — x| = 0 (as n — o0).
It then turns out from the definition (3.17) of w,, and (3.9) that

w
limsup — < 0.

n—oo n

By definition (3.18) of 4,, and conditions that

i
limsup = <0,

n—o0 n

which in turn implies that

lim sup ‘Z—n <0. (3.20)

n—o0 n

Finally, (3.20) and the conditions enable us to apply Lemma 2.3 to the inequality (3.19) to conclude
that lim,, e ||2n — ¢||* = 0, namely, ,, — ¢ in norm. The proof is therefore complete.

O

Corollary 3.2. Let X, K, S, f and operators U; (i = 1,2,3) remain the same as in Theorem 3.1. The
sequence {x,, } produced by (1.6) norm-converges to a fixed point q of S, which is also the singular solution
of the following variational inequality (VI):

(I-f)g,x—q) >0, xz€S8.

Corollary 3.3. Assume X, K, S, and f remain consistent with Theorem 3.1. ¥ : K — K is a quasi-
nonexpansive operator with Lipschitz coefficient L satisfying L € [0,1], Fix(¥) # 0 and I — VU is
demiclosed at 0. The sequence {x,,} generated by (1.7) converges in norm to a fixed point q of operator V.
Moreover, this fixed point q serves as the singular solution for the variational inequality VI defined below:

(I=Fag,x—q) >0, x¢c Fix(D).
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Corollary 3.4. Suppose that X, K, S and f are the same as in Theorem 3.1. ¥ : K — K is a quasi-
nonexpansive operator with Lipschitz coefficient L satisfying L € [0,1], Fix(¥) # 0 and I — WV is
demiclosed at 0. The sequence {x,,} generated by (1.8) converges in norm to a fixed point q of U, which is
also the unique solution of the following VI:

(I-f)g,z—q) >0, z€ Fix(D).

Corollary 3.5. Suppose that X, K, f, U is the same as in Theorem 3.1 and Fiix (V1) # (). The sequence
{x,,} generated by (1.9) converges to a fixed point q of V1 in norm, Furthermore, q serves as the unique
solution for the following variational inequality VI:

(I=flg,x—q) >0, x€ Fiz(¥y).

In order to verify Theorem 3.1, we give the following examples and its numerical simulation and to
display effectiveness of the new general semi-implicit viscosity iterations methods.

Example 3.6. Let K = [0, +o0], a, = §, = %, Bn = 15> Yn = #, dy = Y{a'nl, en = 10%, hp, = 5%,

f(z) = Va? —2x 4+ 6. And deﬁne U, = U, fori = 1,2,3, suppose S := Fix(¥;) N Fix(¥3) N
Fix(W3) # 0, a mapping ¥(z) = 1 sin(rz) + 3 and for any n € N. It follows that

Ifz — fyl = Va2 — 2z +6 — /y2 — 2y + 6],

(z -1 = (y—1)?
Va2 =22+ 6+ /y2 -2y +6
(@—ylz-1)+ @y —1)]
\/(m—1)2+5+\/ —12+5

| E=yl=z-1)+ H |z = 3|+ [ly = 3l
[l =3[ + lly — 3H (z—1)2+5+/(y—1)2+5

< —lle -yl
-yl

and
1 1 1
Iz — Wyl = ||~ sin(rz) — —sin(ry)|| < — |7z —7yl| = [z -yl

It is easy to see that W is 1-Lipschitz quasi-nonexpansive and f is contraction with constant 0 < ﬁ
And Fix(f) N Fix(¥) = {3} # (.

In order to demonstrate the superiority of our schemes compared to others, we employ a set of 1000
randomly generated initial points ranging from 0 to 20. The stopping criterion is set as || zp+1—2, || < &,
where ¢ = 107°,10719, 10720, The numerical simulation results for the specific case of VJFES and VJFS
schemes, along with other well-known schemes such as JFES, JFS, JF, PMMI, PMI, and SAKURAL, are
presented in Figures 1 and 2.

Figure 1 illustrates the different iterative schemes on the horizontal axis and the number of iterations
on the vertical axis for various stopping conditions. The results clearly indicate that the VJFS scheme
(1.8) exhibits faster convergence than other schemes across all stopping conditions, and its performance
is minimally affected by the initial point. Turning to Figure 2, the horizontal axis represents the different
iterative schemes, while the vertical axis represents the final approximated value. It is evident from the
figure that the VJFES scheme (1.7) consistently and stably converges to a fixed point for the given
operator.
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Example 3.7. We examine a well-known integral equation that frequently arises in various physical
problems. It is defined as follows:

glx)=a +/0 k(z,y)g9(y)dy, Yz €0,1], (3.21)

Here, [ and a = ¢(0) are fixed real constants, and k : R x R — R represents a continuous function.
From Eq. (3.21), we can easily define an operator ¥ : R — R as follows:

U(g):=Y(g(z)) =a+ /095 k(xz,y)g(y)dy, Vze€0,l],g€R. (3.22)

It is worth noting that if sup,c( Jo |I5(x,)[ldy < 1 then ¥ qualifies as a nonexpansive operator.
In fact, for any given g, f € R, the following inequality holds:

19(g) — w(f)| = sup [fuawwmwﬂwuﬂ

z€[0,]]

g<wp/‘muww@>w—fw
z€[0,l] JO

According to the Banach contraction mapping principle, the operator W possesses a fixed point, which
serves as the solution to equation (3.21). Consequently, ¥ can also be classified as a quasi-nonexpansive
mapping.

Considering equations (3.21) and (3.22), let us substitute ¢ = 1,1 = 1% and k(-,-) = 1. By per-

forming straightforward calculations, it becomes apparent that sup ¢ ] Jo k2, y)lldy = 1% < 1.
Furthermore, an exact solution to the specific example of (3.21):
x
o@) =1+ [ g, 629)
0
is given by g(z) = €” for every z € [0, %]. This solution represents a fixed point of the specialized

operator ¥ defined in (3.23). In subsequent studies, the precise solution to the particular case (3.23) will

be numerically approximated using our novel iterative schemes VJFESD (1.5) and VJFSD (1.6). Assume

Wy = W3 = I, where I denotes the identity operator, and setting o, = % Bn = % Yo = 2, 8, =0,
n4
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d, = %, en = =% and hy, = 8% foreachn € N, f := g, we are provided with an initial function
g(z) = x. The numerical solutions obtained after several iterations are presented in Figures 3 and 4,
while the mean square errors (MSEs) of VJFESD (1.5) and VJFSD (1.6) are computed in Figure 5.
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FIGURE 3. Approximating so- FIGURE 4. Approximating so-
lutions of (3.23) by the VJFESD lutions of (3.23) by the VJFSD
(1.5) (1.6)

10°

MSE

107°

1010

Figure 5. MSE of VJFESD (1.5) and VJFSD (1.6) for (3.23)

It is evident that the iteration schemes VJFESD (1.5) and VJESD (1.6) exhibit rapid convergence to-
wards the exact solution of (1.5), respectively. Although the convergence speeds differ for VJFESD (1.5)
and VJFSD (1.6), the number of iterations required to reach the accurate solution does not exceed eigh-
teen (referred to as Iter.). The results depicted in Figure 5 display a small MSE after iteration, indicating
minimal discrepancies between the predicted values and actual values of the model, thereby confirming
its robust performance. These observations validate the significance of Theorem 3.1 and Corollary 3.2.

Next, we compared VJFESD with JFESD. It can be observed from Figure 6 and Figure 7 that, from the
iterations 3 and 5, VJFESD approximates the solution of (3.23) more closely.

4. APPLICATIONS

Let X;,7 = 1,2, 3, represent a real Hilbert space, and let ¥ : X; — X; have a fixed point set
Fix(¥). Consider two nonempty closed convex subsets of X; and X9, namely K7 and Ko, respectively.
Additionally, let B : X; — X be a bounded linear operator.
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The objective is to find x € X; such that x € K; and Bz € K>, which is commonly referred to as
the split feasibility problem (SFP). This problem was first introduced in 1994 by Censor and Elfving [6],
who aimed to model inverse problems arising from medical image reconstruction and phase retrievals
in finite-dimensional Hilbert spaces.

Moudafi [16] introduced the split equality feasibility problem (SEFP), which seeks to find z; € K,
22 € Ky such that Bix; = Baxg, where B; : X1 — X3, B : X3 — X3 are bounded linear operators.
Notably, SEFP can be reduced to SFP if By = I and X9 = X3. Moudafi [16] proposed an iterative proce-
dure to prove a weak convergence theorem for SEFP, which has broad practical applications including
decomposition methods for PDEs, game theory, and intensity-modulated radiation therapy.

Assume Uy : X; — X; and Uy : X9 — X are firmly quasi-nonexpansive operators such that
Fix (¥1) # 0, Fix (V) # (. Furthermore, let By : X3 — X3, By : Xo — X3 be bounded linear
operators. Moudafi [17] developed an iterative approach to establish a weak convergence theorem for
the split equality fixed point problem (SEFPP), which aims to find z; € Fix (¥;) and z2 € Fix (U3)
such that Bixy = Baxza. SEFPP is reduced to the split common fixed point problem (SCFPP) when
By = I and Xy = Xg. It seeks to find z; € X such that x; € Fix (¥;) and Byz; € Fix (Vg). When
K c Xy, K3 7é 0, Ky C Xy, K9 7é 0, U, = PK1 and ¥y = PKQ, SCFPP is reduced to SEFP, where
P, and P, denote the metric projection of K and Ko, respectively.

There have been recent advancements in fixed point methods for nonexpansive mappings, with nu-
merous works addressing this topic. Detailed information can be found in references such as [7, 28]
and the sources cited therein.

SECFPP is the problem of finding x; € X; such that

T; € Fix (\Iflj) N Fix (S]) and Bz = Boxo,

where j = 1,2, ¥y, is a quasi-nonexpansive operator on X, and S; is a firmly nonexpansive mapping

on X;. Its solution set is denoted by I'kr = {x = ( il > € X:x € Fix(¥q11) NFix(S1),22 €
2

Fix (¥12) N Fix (S2) such that Biz1 = Baxg p.
To address SECFPP, we first propose the following split equality fixed point problems:
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Let X; and X3 be two real Hilbert spaces, the product X = X; x Xy is a Hilbert space with inner
product and norm given by

(@,y) = (w1,91) + (w2,92),  and ||z = [la1|* + 2,

x1 'l
f = Y = e X.
or any x < o ) Yy < Yo >

In this section, we always assume that
(a1) X1, Xy, X3 are three real Hilbert spaces and X = X; x Xo;

(ag) Uy =  2u

Uy

_ «~+_ ( BiBi —B3;Bi
(ag)G—(Bl—Bg)andGG—<_BTBQ B;BQ
from X into X3 and B is the adjoint of B; for ¢ = 1, 2;

(ag) f = ( ;1 ) where f; (i = 1,2) is a §-contraction on X; with 6 € (0,1).
2

>, where U1, (j = 1,2) is a one-to-one and quasi-nonexpansive operator;

>, where B; is a bounded linear operator

Lemma 4.1. [21] Let U = I — A\G*G, where 0 < X\ < 2/p(G*G) with p(G*G) being the spectral
radius of the self-adjoint operator G*G on X. Then we have the following result:
@) Ul <1 (ie, U is nonexpansive) and averaged;

(11) FlX(U) = {(IZ = < 1 > cH: lel = ngg}, Fix (PKU) = Fix (PK) N FlX(U)

Z2

Theorem 4.2. Let Xy, Xy, X3, X, By, By, G, G*G, f1, f2, f, V1, j = 1,2 satisfy the above con-
ditions (a1 )-(a3). Assume Wy = W3 = I. For any given xy € H, the iterative sequence {xn}, . =

Ln C X is generated by
T2m /) pen

U = (1= Bn)zn + Bu¥1(I — AG*G)xy, 1)
Tn41 = anf(xn) + (1 - an)\Plvna .
or its equivalent form
Vi = (1= Bn)xrn + BaVii(x1,n — ABY (B121,n — Baway)),
Vo = (1 = Bn)ropn + BuVi2(x2n + ABY (B121,n — Bawa,)),
Tint1 = anfi(@1n) + (1 — apn)Wi1v1 5,
Tont1 = anfa(Tan) + (1 — an) Wiy,
where {3, } € [0,1) is real number sequence, o, € (0,1) for all n. If the solution set
T = {1‘ = ( zl ) eX :x € Fix(V11),22 € Fix(V12) such that Byxy = Boxs} of (SEFP) is
2

nonempty and the following conditions are satisfied:
@) limy, 00 = 0; limy, 00 B = 0;
(if) Y02 g o = 00;
(iii) A € (0, %), here R =
(iv) for each j = 1,2, Wy is demiclosed;
then the sequence {x,,},, . defined by (4.1), converges top € I', which is the unique solution in I" of the
VI

(I-f)g,x—q)>0, ze€l.
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Proof. For each j = 1, 2, since f; is f-contraction, and V; is quasi-nonexpansive, one has
1£(2) = F@)IP = [l f1 (1) = Fu @I + 12 (72) = f2 (o)
< 0% (Jlas =gl + llzz — 12l
= 0z —yP?,

ie.,

1f () = F()ll < Oz = yl],

for all x = < il ) Yy = < zl ) € X. This shows that f is a §-contraction. Similarly, ¥ is a quasi-
2 2

nonexpansive operator.
T i x
Let {zn},cny = Ln be a sequence in X = X; X Xy such that z,, —» =z = 1), and
Y2/ peN L2
limy, 00 | W12y, — || = 0. Then, for each j = 1,2, we have lim,,_,o || V125 — jn| = 0, and

<$n - $7y> - <ﬂ?17n - x17y1> + <x2,n - $27y2> — 07

for each y = < zl > € X.Foreachj=1,2,lety; € X;and y = ( zl > € X with y,, = 0(m # 7).
2 2

Then limy, o0 (zp, — z,y) = 0 implies lim,, o0 (jn — 2j,y;) = 0 and xj,, — z;.

For each j = 1,2, since ¥y; : X; — X is demiclosed, z; € Fix(¥y;). It is easy to see that
x € Fix(¥1) # (. Hence V¥, is demiclosed.

By Lemma 4.1, U = I — A\G*G is a 1?TO‘—strongly quasi-nonexpansive operator for some a@ > 0,
and Fix(U) = {a: = ( il ) €X: Bz = ngg}. Since I' # (), U is a strictly quasi-nonexpansive

2
operator. By Lemma 2.4, Fix(V0,U) = Fix(¥;) N Fix(U) = T # (). Then Theorem 4.2 follows from
Corollary 3.5.
O

By Theorem 4.2, we can conclude the SECFPP proposed at the beginning of this section. Then we
have the following result.

S

Theorem 4.3. Let S = <
Sa

>, where S;, j = 1,2, is a firmly nonexpansive mapping on X;. For any

Tin

given xg € X, the iterative sequence {y, }, . = < -
2n

) C X is generated by
neN

up, = S(I — A\G*G)xy,
Up = (1 = Bn)xn + Bn¥iuny, (4.2)
Tnt1 = anf(xn) + (1 — ap) Vv,

where {atn } e 16n e are two sequences, and o, € (0, 1), B, € [0, 1). If the set of solutions, denoted
as I'kr, is not empty and the following conditions hold:

(1) limy, o0 0 = 0; limy, 00 B = 0;

(ii) D02 o = 00;

(iii) A € (0, %),where R=|G

(iv) for each j = 1,2, Vy; is demiclosed;

Then the sequence {x,}, . defined by (4.2), converges to p € I'xp, which is the unique solution in
T'kr ofthe VI

2.

(I —=flg,z—q) >0, Voeclkp.
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Proof. For each j = 1,2, S; is a firmly nonexpansive mapping on X;, it is easy to verify that S is a
firmly nonexpansive mapping on X. Since I'xp # 0, S is a strictly quasi-nonexpansive operator on
X. By Lemma 2.4, Fix(T0S) = Fix(¥;) N Fix(S) and ¥, .S is a quasi-nonexpansive operator. Then
Theorem 4.3 follows from Theorem 4.2. g

5. CONCLUSION

In this paper, we introduced a class of general semi-implicit viscosity iterations approximations with
errors and proved that the general iterative approximations converge to common fixed points of three
different quasi-nonexpansive operators in Hilbert spaces. In addition, we investigated the convergence
of iterative approximations, and further applied the new iteration method to approximate the common
fixed points of quasi-nonexpansive operators with inequality in order to solve VI. Then, we validated our
iterative schemes based on numerical examples, which show that the new iterative methods presented
in this paper have a better convergence rate. Finally, we applied this result to study the split equality
fixed point problems, the split equality common fixed point problems, and we prove the convergence
of the proposed problems.
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