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ABSTRACT. In this manuscript, we propose a modified Halpern iterative method for approximating so-
lutions of split monotone variational inclusion and fixed point problems of Bregman demigeneralized
mappings in the framework of p—uniformly convex and uniformly smooth real Banach spaces. We es-
tablish a strong convergence result for the sequence generated by our iterative scheme under some mild
conditions without the computation of the operator norm. We state some consequences and present some
examples to show the efficiency and implementation of our proposed method. The result discussed in this
paper extends and generalizes many recent results in this direction.
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1. INTRODUCTION

The split feasibility problem (SFP) introduced by Censor and Elfving [5] has been explored inten-
sively due to its applicability to real world problems in data compression, computerized tomography,
cancer treatment planning and image reconstruction, (see [4, 11, 12, 20]).

The most recent split type problem presented by Censor et al. [7] is called the split inverse problem
(SIP) which concerns a model in which there are two spaces X, Y and a given bounded linear operator
D : X — Y. The SIP is formulated as follows:

Find a point " € X that solves IP1, (1.1)
and such that
the point y* = Dx* € Y solves IP2, (1.2)

where IP1 and IP2 denotes the first inverse problem and second inverse problem, respectively. Many
models of inverse problems can be replicated in this framework by choosing different inverse prob-
lems IP1 and IP2, and numerous results in this area were developed in the recent decades (see e.g.,
[2, 6, 16, 23, 19]). For instance, Moudafi [16] introduced split monotone variational inclusion (SMVI) in
the settings of real Hilbert spaces by replacing IP1 and IP2 by set-valued mappings.
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Let X and Y be real Banach spaces with duals X™* and Y*, respectively. Let P, : X — X* Py:Y —
Y* be inverse strongly monotone mappings and Q1 : X — 2%, Q2 : Y — 2¥" be maximal monotone
mappings. Let D : X — Y be a bounded linear operator. The SMVT is to find z* € X such that

0€ Pi(z") + Qu(z"), (1.3)
and
y* = Dz* € Y such that 0 € Py(y*) + Q2(y"). (1.4)

Suppose that in SMVI (1.3)-(1.4), P, = 0 and P, = 0, we obtain the following split variational inclusion
problem (SVIP), which is to find z* € X such that

0e Ql(l’*), (1.5)
and

y* = Dz* € Y such that 0 € Q2(y™). (1.6)

In 2009, Censor and Segal [8] formulated a new special type of SIP in the settings of real Hilbert spaces
‘H1 and Ha. This split type inverse problem generalizes the SFP and is defined as follows:

x* € Fixz(T) such that y* = Dz* € Fiz(U), (1.7)

where Fiz(T') and Fiz(U) are fixed point sets of the nonlinear mappings 7" : H; — Hj; and U :
Ho — Ha, respectively. Problem (1.7) is referred to as the split common fixed point problem (SCFPP).

In 2017, Ogbuisi and Mewomo [17] proposed the following Halpern iterative method for slving (1.1)-
(1.2). For a fixed u € X, let the sequence {uy} be generated iteratively by

{yk — JL(JP (uy,) — tp D*JE(I — S)Duy),
U1 = J% (IS (w) + (1 — o) (Be IS (ur) + (1 = Bi) J5% (Tyr))),

where S and T are the resolvents of some multivalued maximal monotone operators see [17, Theorem
3.1]. The authors established a strong convergence result under the following assumptions:

(1.8)

o0
(i) lim ap =0and ) o = oo,
() 0<a<pBr<d<l,
1

(iil) 0 <t <ty <d < (gypp) "

In the settings of real Hilbert spaces, Abass and Aphane [1] proposed a Halpern type iterative method
for solving split common fixed point problems for finite families of single-valued demicontractive map-
pings. They established a strong convergence result using an Armijo-linesearch and display some nu-
merical examples to illustrate the performance of their main result.

Recently, Takahashi [25] proposed the following shrinking projection method for solving SCFPP
when 7" and U are §— generalized demimetric and 7— generalized demimetric mappings, respectively.
For any u; € X, {ug} is given by

2k = Uk — )\hJXle*Jy(Du — k- UDuk)
yp = (1= 0)I + 6Tz
Cri1 = {Z e X: <Zk -z, Jx(uk — Zk)> > O} (1.9)

and 06(z, — z, Jx (zk — y)) > llz2x — yrl]*}
Uk+1 = Pok+1u17 VEk Z N7
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where 0 < A < W, 0, 7,0, h are real numbers with 8, 7 £ 0, 86 > 0 and 7h > 0. They established
that the sequence {u;} generated by (1.9) converges strongly to a point v € Fiz(T) (D~ Fiz(U),
where v = Ppi, (1) D1 Fia(U) V-

Remark 1.1. We observe that Algorithms 1.6 and 1.7 require prior knowledge of the norm of the bounded
linear operator. This in practice is not always easy to compute. Stepsize play a vital role in the conver-
gence analysis of iterative methods, when the stepsize depends on the knowledge of the operator norm,
it usually slows down the rate of convergence of the iterative method. Another flaw in Algorithm 1.9
is that it requires at each step of the iteration process, the computation of C_1 which is very difficult
to compute in applications. All these aforementioned flaws leads to a high computational cost of the
iterative processes, which will limit their usefulness in many real life applications.

Motivated by the results of Takahashi [25], Oyewole et al. [18], Ugwunnadi and Izuchukwu [26], we
proposed a modified Halpern iterative method for approximating solution of split monotone variational
inclusion problem and fixed point problems of Bregman demigeneralized mappings in the settings of
p— uniformly Banach spaces which are also uniformly smooth. We establish a strong convergence
result without the knowledge of the operator norm and the Armijo linesearch. Lastly, we present some
numerical experiments to illustrate experiments to illustrate the performance of our iteartive method.

We organize the contents of this manuscript as follows: section 2 devotes to some basic concepts and
lemmas. In section 3, by using a modified Halpern method, we state our algorithm and establish a strong
convergence for solving split monotone variational inclusion problem and fixed point problem. In
section 4, we provide numerical examples to illustrate the performance of our result. Our result extends
and complements the result of Ogbuisi and Mewomo [17], and many related ones in the literature.

2. PRELIMINARIES

We state some known and useful results which will be needed in the proof of our main theorem. In
the sequel, we denote strong and weak convergence by ”—” and ”—”, respectively.

Let X be a real Banach space with norm ||.|| and X* be the dual space of . Let K(X) := {x € X :
||z|| = 1} denote the unit sphere of X. The modulus of convexity is the function dx : (0,2] — [0, 1]
defined by

. T+
dx(e) = inf {1 — HQyH::B,yEK(X), |z —y|| > €}.

The space X is said to be uniformly convex, if dx (€) > 0 for all € € (0, 2]. Let p > 1, then X is said to
be p-uniformly convex (or to have a modulus of convexity of power type p) if there exists ¢, > 0 such
that dx (€) > cpeP for all € € (0,2]. Note that every p-uniformly convex space is uniformly convex.
The modulus of smoothness of X is the function px : Rt :=[0,00) — R" defined by

THTYF||T—TY
E— lz = Ty

2
The space X is said to be uniformly smooth, if pr(ﬂ — 0as7 — 0. Let ¢ > 1, then a Banach space X
is said to be q-uniformly smooth if there exists k£, > 0 such that px (7) < k477 for all 7 > 0. Moreover,
a Banach space X is p— uniformly convex if and only if X* is q-uniformly smooth, where p and q
satisfy % + % =1, (see [9]).

Let p > 1 be a real number, the generalized duality mapping J% : X — 2X" is defined by

Ty (2) = {7 € X+ (2, 7) = |[2|", ||z| = [|=|P~"},

—1:2,y e K(X)}.

where (.,.) denotes the duality pairing between elements of X and X*. In particular, J§ = J% is
called the normalized duality mapping. If X is p— uniformly convex and uniformly smooth, then X*
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is ¢— uniformly smooth and uniformly convex. In this case, the generalized duality mapping J% is
one-to-one, single-valued and satisfies J% = (J;](*)_l, where J%. is the generalized duality mapping
of X*. Furthermore, if X is uniformly smooth then the duality mapping J¥% is norm-to-norm uniformly
continuous on bounded subsets of X, (see [10] for more details).

Let f : X — (—00, 00| be a proper, lower semicontinuous and convex function, then the Frenchel
conjugate of f denoted as f* : X* — (—o0, +00] is define as

[ (x*) =sup{{z*,z) — f(z) 1z € X}, ¥ € X™.
Let the domain of f be denoted as (domf) = {x € X : f(z) < +00}, hence for any x € int(domf)
and y € X, we define the right-hand derivative of f at x in the direction y by

t—0+ t

Definition 2.1. [3] Let f : X — (—o00, +00] be a convex and Gateaux differentiable function. The
function Ay : X x X — [0, +00) defined by

Ap(z,y) = fly) = f(2) = (Vf(2),y —2)

is called the Bregman distance with respect of f.

It is well-known that Bregman distance A, does not satisfy the properties of a metric because A
fail to satisfy the symmetric and triangular inequality property. Moreover, it is well known that the

duality mapping J% is the sub-differential of the functional f,(.) = %||.||?, for p > 1, see [13]. Then,

T p

the Bregman distance A, is defined with respect to f, as follows:

1 1
Ap(z,y) = Jllll” = Zllzll” = (Jxz,y — )

1 1
= —|lzl[P = (J%z, y) + ~[|y[IP
Nl = (ke y) + iyl

1 1
= g(llxl\p - gllyllp) — (Jkx — JXy, ). (2.1)

The Bregman distance is not symmetric therefore is not a symmetric but it possess the following
important properties:
Ap(xvy) = Ap(.’L', Z) + AP(Z7y) + <Z - y7 J§<33 - J§(y>a v 9572/7 S Xv (22)
and

Ap(z,y) + Ap(y,z) = (x —y, s — J%), Va,y € X. (2.3)

Let Fiz(T') denotes the set of fixed points of a mapping 7" from D into itself. Thatis Fiz(T") = {z €
D : Tx = x}. Apoint p € D is said to be an asymptotic fixed point of 7, if D contains a sequence
{x}72, which converges weakly to p and klim ||z, — T'zk|| = 0. We denote by Fliz(T), the set of

—00

asymptotic fixed points of 7". Moreso, a mapping 7" : D — int(domf) is said to be
(i) Bregman relatively nonexpansive, if
Fiz(T) = Fiz(T) and A,(p, Tz) < Ay(p,z), Vx € D, p € Fiz(T).
(ii) Bregman quasi-nonexpansive, if
Fiz(T) # 0 and A,(p, Tz) < Ap(p,x), Vo € D, p € Fiz(T).
(iii) Bregman firmly nonexpansive mapping (BFNE) if
(Jp (Tx) = J(Ty), Tx = Ty) < (J;' (2) = J;' (y), Tx = Ty), ¥,y € D,
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(iv) Bregman strongly nonexpansive mapping (BSNE) [24] with Fiz(T') # 0 if
Ap(y, Tx) < Ayly, x), Vy € Fiz(T)
and for any bounded sequence {xj };>1 C D,
lim (A (y, xr) — Bp(y, Tax)) = 0
k—o0
implies

lim A, (Txg, zx) = 0.

n—oo

(v) quasi-Bregman strictly pseudocontractive mapping (see [27]), if Fiiz(T) # () and there exists

k € [0,1) such that

Ap(x*, Tx) < Ap(z*,z) + kAp(z,Tx), Yo € D, ¥ € Fiz(T),
or equivalently
(J(x) — IR (Tx),z —2") > (1 — k)Ap(z,Tx), Vo € D, «* € Fiz(T). (2.4)

If k € (—o0,1), then T in (2.4) is called (k,0)— Bregman demigeneralized mapping (see [26]).

(vi) Bregman («, $)— hybrid mapping (see [26]) if there are «, 8 € R such that
alp(T, Ty) + (1 — @) Ap(z, Ty) < BAN(T2,y) + (1 = B)Ap(2,y), Y2,y € D.

Definition 2.2. [26] Let D be a nonempty subset of a p— uniformly convex (0 < p < oo) and uniformly
smooth real Banach space X. A mapping T : D — X is called §— Bregman demigeneralized type with
respect to p, if Fizz(T') # () and there exists a real number 6 such that

Ap(z,Tx) < 0(J% () — J%(Tz), 2 —2*) Vo € X, z* € Fiz(T). (2.5)
Remark 2.3. [26]

i) It is clear by definition of quasi-Bregman strictly pseudocontractive mapping that, for any k €
y q g y P pping y
[0, 1), a quasi-Bregman strictly pseudocontractive mapping is ﬁ — Bregman demigeneralized
type mapping and if & is in (—o0, 0], then a (k, 0) — Bregman demigeneralized mapping is 1= —
Bregman demigeneralized type mapping.

(ii) If T is BFNE with Fiz(T') # (), then T is 1-Bregman demigeneralized type mapping.
Recall that a metric projection Pp from X onto D satisfies the following property:

||z = Ppz|| < inf ||z —y[|, V& € X.
yeD

It is well known that Ppx is the unique minimizer of the norm distance. Moreover, Ppx is characterized
by the following properties:

(J&%(x — Ppx),y — Ppz) <0,VyeD. (2-6)
The Bregman projection from X onto D denoted by IIp also satisfies the property
Ay(z,IIp(x)) = yléllf) Ap(z,y), Vo e X. (2.7)

Also, if D is a nonempty, closed and convex subset of a p— uniformly convex and uniformly smooth
Banach space X and x € X. Then the following assertions holds:
(i) z = lpx if and only if
(T (@) = J%(2), y — 2) <0, Vy € D; (2.8)
(if)
Ap(Hvay) +Ap(x7HD$) < Ap(x’y)a Vy eD. (29)
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When considering the p-uniformly convex space, the Bregman distance and the metric distance have
the following relation, (see [21]).
mollz = yll” < Ap(z,y) < (w -y, T () = Tk (), (2.10)

where 7, > 0 is some fixed number.

Let X be a Banach space, X* be dual space of X and the value of x* € X* at x € X be denoted
by (z*,z). Let Q@ : X — 2% be a multivalued mapping, then the graph of Q denoted by Gra(Q) =
{(z,p) € X x X*:p € Qx}. The mapping Q is said to be monotone if (v — v,p — ¢) > 0 whenever
(p,u),(g,v) € Gra(Q) and maximal monotone if the graph of @ is not properly contained in the
graph of any other monotone operator on X. The resolvent of the maximal monotone () is the operator

K2 : X — dom(Q) defined by
K% = (J% 4 pnQ) o J%,
where 1 > 0. The mapping @ : X — 2% is called Bregman inverse strongly monotone (BISM), if for
any z,y € D,u € Bx and v € By, there holds
(u—v,J%. (Jyz —u) — J%. (Jky —v)) > 0. (2.11)

The anti-resolvent mapping P, : X — X associated with the mapping P : X — X and u > 0Ois
defined by

P,=J% o(J5% — uP): X — dom(P).
It is well-known that P, is Bregman strongly relatively nonexpansive, (see [18]).

Lemma 2.4. [18] Let X be a uniformly convex and uniformly smooth Banach space. Let Q : X — 2%~
be a maximal monotone operator and P : X — X* be BISM such that (P + Q)~'(0) = (), we have

@) (P +Q)~H0) = Fiz(K o P,),

(ii) the composition Kf? o P, is BSNE with Fz:U(Kf;? oP,) = FAZJ:‘(KE oP,).
Throughout this manuscript, we let K fLP+Q) (x) = (K f;? o P,)(x).

Definition 2.5. Let D be a nonempty, closed ad convex subset of a uniformly convex Banach space X
and T : D — D a nonlinear mapping. Then, 7" is demiclosed at 0, if {z}} is a sequence in D such that
xp, — x and ||z — Tzg|| — 0, then v = Tz,

Lemma 2.6. [13] Let X be a Banach space and x,y € X. If X is q-uniformly smooth, then there exists
Cy > 0 such that

[l = yll” < [l = q(J3" (@), 9) + Cqllyl|“.

Lemma 2.7. [26] Let D be a nonempty subset of a p-uniformly convex and uniformly smooth real Banach
space X. LetT : D — X be a 0— Bregman demigeneralized type mapping with 6 € R. Then, Fix(T) is
closed and convex.

Lemma 2.8. [22] Let X be a real p-uniformly convex and uniformly smooth Banach space. Let V), :
X* x X — [0,400) be defined by

1 1
Vp(z*, z) = —|jz*||? — (z™, z) + —||z|]P, V2 € X, 2" € X.
q p

Then the following assertions hold:

(i) V}, is nonnegative and convex in the first variable.

(i) Ap(J;{*(.%*),l‘) =V,(z*,z), Ve e X, z* € X.

(iii) Vo (z*, ) + (y*, J3* (2%) —2) < Vp(a* + y*,2), Vo € X, 2%, y* € X.
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It has also been shown (see [22]) that V), is convex in the first variable and for all z € X,

N N
A, (x* I (D tijﬁ’((xi))> <> A (zw), (2.12)
=1

=1

N
where {z;}}¥, € X, {t;}}¥, € (0,1)and > t; = 1.
i=1

Lemma 2.9. [28] Let ¢ > 1 and r > 1 be two fixed real numbers. Then, a Banach space X is uni-
formly convex if and only if there exists a continuous, strictly increasing and convex function g : Rt —
R*, g(0) = 0 such that forallz,y € B, and0 < o < 1,

lox + (1 = a)yl|? < affzf|! + (1 = a)|[y[* = We(a)g(llz - yl]),
where Wy(a) == (1 —a)+a(l —a)?and B, :={z € X : ||z[| < r}.

Lemma 2.10. [29] Assume {ay}, {7}, {0} and {¢r} be sequences of nonnegative real sequence satis-
fying the following relation:

ap1 < (1 — ¢k — e)ak + Year—1 + Gsi + 0k, k>0,

where Y ¢ = +00,° > 0 < 400, for each k > ko where (ko is a positive integer) and {~;} C

k=ko k=ko
[0, 1], lim sup sx < 0. Then, the sequence {ay} converges to zero.
k—o00

Lemma 2.11. [15] Let {I'y} be a sequence of real numbers that does not decrease at infinity, in the sense
that there exists a subsequence {I'y, }; > 0 of {I'y, } which satisfies I'y, < 'y, 41 forall j > 0. Also
consider a sequence of integers {T(n)}p>n, defined by

7(k) = max{n < k|T',, <Tp41}.

Then {T(n)} n>n, is a nondecreasing sequence satisfying lim 7(n) = oo.
- noo

If it holds that 'z (k) < T'7(p)41-

3. MAIN REsULT

Assumption 3.1. (Al) X and Y are two p— uniformly convex real Banach spaces which are also

uniformly smooth, and D : X — Y is a bijective bounded linear operator with its adjoint
D*:Y* —» X*.

(A2) U : Y — Y is A— Bregman demigeneralized type mapping which is demiclosed at 0, where
A € (0,00).

(A3) P: X — X isa Bregman inverse strongly monotone mapping and Q : X — 2% is a multivalued
maximal monotone operator.

(A4) denote the solution set by Q := (P + Q)~1(0) " D' Fix(¥) and is assumed to be nonempty.

Let {ag},{Br}, {0k} and {6k} be sequences in (0,1) satisfying
(i) ag + Bk + 0k =1,
(i) lim ap =0and > ap = oo,
k—o0 k=1
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(iif) 0 < liminf B < limsupfBr < 1, 0 < liminf d§; < limsupdr < 1 and 0 < liminf§, <
k—o00 k—00 k—o0 k—00 k—o0
limsup 0, < 1.

k—o0

Algorithm 3.2. Dynamical technique for split-type problem in Banach spaces.

Initialization: Choose v, ug € X to be arbitrary and ~y; > 0.

Step 1: Given the current iterate uy, (k > 1), compute
wi, = J%. (J% (ug) = D" (Jy (Duy) — Jy (¥ Duy))),
for fixed 7w, > O defined in (2.10), the stepsize vy}, is chosen such that for small enough € > 0,
1
7pq|| Dug, — W Duy||P 1
€S Y < < " 2 —€ .
CoA| D* (I3 (Duk) — Jy (¥ Duy))||4
If Duy, # ¥ Duy, otherwise vy, = 7.

Step 2: Compute

2 = % (OkT% (wi) + (1= 6,)T% (Ko Pwy)
Ukt = Jg(* (akjg((u) + Bka((uk) + 5kJ§((zk)), k> 1.
Then, {uy,}32 , converges strongly to a point q € €2, where ¢ = Ilqu.

Proof. Since VU is a A— Bregman demigeneralized type mapping, so by Lemma 2.7, we have that Fliz(¥)
is closed and convex. Also, using the fact that D : X — Y is a bounded linear operator and its in-
verse is linear and continuous by Banach Inverse Theorem, D~!Fiz(¥) is closed and convex in X.
By Lemma 2.4 (i), we have that (P + Q)~!(0*) = Fix(KﬁerQ)) is nonempty, closed and convex set.
Therefore, 2 := (P + Q)~(0*) (| D~ Fiz(¥) is nonempty, closed and convex. Thus, Il from X to
Q is well-defined.

Now, from the definition of ~;, in Step 1 of Algorithm 3.2, we have
Ve mpq || Dug, — W Dug || .
b7 CAID*(JY(Duy) — JY(WDuy))le

if and only if
Cq iy
EfIID (J3 (Dug) = Jy (W Duy))[|* < mp| Dug, — W Dy |”

C,~11
= %HD*(J{&(D@%) — JL(EDu))|  (3.1)

Let z* € (), then using (2.1), (2.10), Algorithm 3.2, (3.1) and Lemma 2.6, we get
Ap(z”,wi) = Ap(a”, J5 (J5 (ug) — 1) D*(J3 (Dug) — Jy (¥ Duy)))

1., . ,
= ];Hx 1P — (J% (ug) — D™ (Jy (Dug) — Jy (¥ Duy)), z*)
1
+ 5”J§((Uk) — W D*(J3 (Dug) — J3 (¥ Duy)) ||

< Lt P = (I8 (un). ) + (D (TE(Dug) — JE (D)), )

3

+ = (1% ()| = veg{(D*(J3(Duy,) — J5(¥Duy)), ug)

| =
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+ Cp| D" (J3(Dug) = J3 (¥ D))

1 * 1 * *
= ];Hﬂc 1”7 + gHuka — (J% (ur), 2*) — (I (Dug) — JV(VDuy), Duy, — Dz*)

Cy

q
+ q”k |D* (J2.(Dug) — JE (¥ Duy)) |

C q
< Ap(a”, uk) = Ay (Do, W(Du)) + L D* (. (Do) = (Do) |

i CAY
< 8, ug) = 7 Dy WD) [P+ D (I (Do) — (D))

\ m Coi .
< Ap(x*,up) — %(TPHD% — UDuy|P — %HD (J (Dug) — Jp-(¥Duy,))||9)

(3.2)

< Ap(a”, ug). (3.3)

From step 2 of Algorithm 3.2, (3.3) and the fact that K 5:@ is Bregman strongly nonexpansive, we have
gl 2) = Agla”, T (0T (i) + (1 — 00) T (KL Q)

< OpAp(z”,wy) + (1 — 0) Ap(z™, K,];.JFka)

< OpAp(z”, wy) + (1 — Op) Ap(x*, wy,)

= A, (z", wy)

< Ay(z*,wp). (3.4)

Again, we obtain from Algorithm 3.2, (2.12) and (3.4) that
Ap(x*, upy1) = Ap(a*, T4 (ap % (v) + BeJ% (k) + 0I5 (21)))
< apAp(z*,v) + Brlp(x”, ug) + 0k (™, 21)
< apAp(x*,v) + BrAp(z”, uk) + 0pAp(x™, ug)
< apAp(z*,v) + (1 — o) Ap(x™, uy)
< max{Ap,(z",v), Ap(z™, ug)}.

< max{Ap(a*, v), Ap(a™, u1)}. (35)
By induction, we have
Ap(z”,ug) <max{A,(z*,v), Ap(z*,u1)}, k> 1,

which implies that {A,(z*, u;)} is bounded. By (2.10), we obtain that m,||x* — ug|[P < Ap(z*, ug).
Hence, we obtain that {uy, }3° ; is bounded. It follows that {2}, }7° | and {wy}3° , are also bounded. [J

From Lemma 2.9 and (3.2), we have

Ap(a*, z) = Ap(a™, T (00T (wi) + (1 — 0) % (KL wy)))
1
= ];Hx*llp — Op (™, Ty (wi)) — (1= Op)(a*, JR (Ko D))

1
+ &HQng((wk) + (1= ) I (K91

1 . Lo *
< kax 7+ _Qk)];Hw 1P = 612", Ty w)
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) 1 1— 6
= (1= ) (2™, JR (K Qwp) + 59kllwkll” + wllKﬁ+kallp

W, (0y,
- 1(1>g<||J§<<wk> LKD)

Wq(ek)g

< Ap(at, wy) — (175 (wr) = TR I, )

\ m Corl™t .
< Ap(r*, ug) — Vk(ypHDuk — VU Duy||P — %HD (J¥ (Duy) — Jy(VDuy))||?)

W. (0
- qfl’f)guuﬁ(wk) KD Q) (3.6)

< Ap(x*a uk)
Using (3.5) and (3.6), we obtain

620 * W, (Hk)
. D" (I3 (Dug) = 3 (W Dug))||* + “’Tg(llJé’((wk) = RIS )

s Covi™ .
< (1D = U Dug [P = =E == 1D (J (D) = I (¥ Dur)|I)

< Ap(z*,ug) — Ap(z™, wky,)
< Ap(a”, ug) — Ap(z”, wy)

1
< Apla® up) + (B, v) + By, ug) — Apla®, upsn)

Ok
=5 Ap(z*,v) “dend, Ap(x*, uy) 5kAp(w , Uk+1)
1 . . .
< a(ak%(fc s 0) + Ap(a™ up — Ap(2", ug41))- (3.7)

CASE A: Suppose there exists kg € N such that {A,(z*, u)} is monotone and non-increasing. Since
{Ap(x*, ug)} is bounded, it is convergent and so

Ap(x™, u) — Ap(x™, upy1) = 0as k — oo.
Hence, we obtain from conditions (i) and (ii) of Algorithm 3.2 and (3.7) that
Jim (|D( Sy (Dug) = Jy (W Dug)) | = 0 = g([ T (w) — TR (KL Cw)|). (3.8)
Using the property of g as stated in Lemma 2.9, we have
: P P P+Q —
klggo ”Jx(wk) - Jx(Kuk Jwg|| = 0. (3.9)
Also, since Jg(* is norm-to-norm uniformly continuous on bounded subsets of X, we get that
- P1Q,, |l —
klggo |wg — K, wg|| = 0. (3.10)
Similarly, from (3.5), (3.6) and (3.8), we obtain

“ZNDuy = wDuy [P < E2 | Dy, — D |

C q
< Ay ) + “E D (T (Dug) = F (T Du)| ~ Ay(a, )

o,
O,

-« X 1 N
Lo A0 ) = -8 0" )

<
= o

Ay(x™,v) +



SPLIT TYPE PROBLEM VIA DYNAMICAL TECHNIQUE 87

Cq%g %( 7D _qp q
+ —=||D*(Jy (Dug) — Jy (Y Dug)) ||

1
< a(akAp(l'*, V) + Ap(x*, ug) — Ap(z*, upt1))

C q
+ qT”kHD*ue(Duk) — JE(UDug))||, (3.11)

which yields from conditions (i), (ii) and (iii) of Algorithm 3.2 that
lim ||Duy — ¥ Dug|| = 0. (3.12)
k—o0

Using the fact that J?- is norm-to-norm uniformly continuous on bounded subsets on Y, we have from

(3.12) that

klim | J3-(Duy) — J2(UDug)| = 0. (3.13)
— 00
From step 1 of Algorithm 3.2 and (3.13), we have

175 (wi) = Jx (ue) || < el D[ | Iy (Dug) = Jy (¥ Dug ) || — 0 as k — oo. (3.14)

Also, using the fact that JEI(* is norm-to-norm uniformly continuous on bounded subsets, we obtain
that

lim ||wg — ugl| = 0. (3.15)
k—ro00

Let y, = J%. < B P (uy,) + 12 - Jg}(zk)), then by Lemma 2.9, we obtain

1—ay [}
1 B Ok
A * P *||p _ * P P
ol 3) = o7 = (@, T () + TR ()
Ll B ko oop I
+ qH 1— o (ur) + T akJX(Zk)
1 Bk O
< Zlp*lIP — {p* P 14
= p||a? [ <37 "T—ar T (uk) + 1—ap JX(Zk:)>

L( Bk p q O p q Br g Br
- _ 1—
(2l + 2l - (- 2
Ok Ok
- 1)) I w) - TGl
Bk (1 » » 1 ) Ok (1 1 )
= —— | =|lz*|P = (=¥, Jx (u)) + =|lukl|? ) + —lz*|IP — (z*, I& (u)) + = ||uk]|?
Pl = G )+ el ) 2 (1 = (o T )+
205,81
- WHJQ(W) = Jx ()l
Br 2058}
< Ay (z* —— A, (2" -k || J% - J% a
T p(T ,uk)+1_ak o (2 ug) (1—ak)q+1HJX(uk) T2 ()|
. 26187
= Ap(z”, uk) — WH&K{(W) — Jx (2|
Thus, we obtain from step 2 of Algorithm 3.2 and (2.12) that
Ap(a”, uptr) < apBp(”,v) + (1= ar) Ap (2™, y)
2013,

< apBp(e”,v) + (1 — o) (@7, up) — 175 (k) = T (26) 1,

(1 - Oék)q+1
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which implies that

20,8}
1 — ag)ett

< apA,(z*,v) + (Ap(x*,uk) —Ap(z*, up1) = 0, as k — oo.

o
IN

1% (u) = I (20) |

Thus, by applying condition (ii) of Algorithm 3.2, we obtain

tim 7% (ug) — J% (21)]] = 0. (3.16)
k—o0

Since Jg(* is uniformly norm-to-norm continuous on bounded sets, we obtain
lim ||ur — 2x|| = 0. (3.17)
k—oo

Hence, using (3.15) and (3.17), we get
lim |Jwg — 2| = 0. (3.18)
k—o0

By utilizing (2.10), (2.12), condition (ii) of Algorithm 3.2, (3.16) and (3.17), we have
Tplluk — wkga[|” < Ap(up, up1)
< apAp(up, ©°) + BrAp(ug, ug) + 0nAp (ug, 21)
< app(ur, ") + (Jx (uk) — J% (21), ur — 2k)
< oAy (ug, ) + || J5 (uk) — J% (ze) || |uk — 2x]] — 0, as k — oo.
Thus,
i flug =g || = 0. (3.19)

Since {uy} is bounded, there exists a subsequence {ug, } of {uy} such that uy, = ¢ € X asl — oo. From the
fact that D is a bounded linear operator, we obtain that Duy, — Dq € Y as [ — oco. By utilizing (3.12) and using
the fact that ¥ is demiclosed at 0, we obtain that Dq € Fiz(V) and that ¢ € D~!(Fiz(¥)). Also, from (3.15)
and (3.17), we have that there exist subsequences {wy, } of {wy} and {z, } of {2} which converge Weakly to q,
respectively. Thus, by Lemma 2.4 (i) and (3.10) that ¢ € Fiz(K ) = sz(KP+Q) (P +Q)'(0). Hence,
we conclude that ¢ € (P + Q)~1(0) (| D~ Fiz(¥), which also implies that ¢ € . Since x* = Ilgv, we get by
(2.8) that
limsup(J% (v) — J% (z¥), ups1 — ) = limsup(J% (v) — J% (2¥), ukt1 — uk)
k—o0 k—o0

+ limsup(J% (v) — J% (z*), up, — z*)

k—o0
hm <Jp ( ) (SL'* Ukypq — ukz>

),

+ hm <Jp( ) — IR (x"), up, — ")
)
X(

hm (Jp( ) — J&(z*
+ hm (Jp( ) — J%

y Uk yq — Ukl>
z*),q —x").
Thus, by (3.19), we obtain that
limsup(J% (v) — J& (z*), upy1 — 2*) < 0. (3.20)

k— o0

Lastly, we establish that uy, — «* = IIqv as k — oo.
From Algorithm 3.2, we have J%y;, = {2~ —J% (ug) + % J? (21,), we obtain

1— l—ay
Al urn) = Ap(a”, T (a >+mﬁww+%ﬁ@m>
= Ay (z*, J%. (g

Jx (v
Jx () + (1= o) J% (ye)))
= Vp(z*, apJ% (v) + (1
+(1
JY

- ak)Jp (yr))
< Vp(a*, o J% (v) —ap))J% (yr) — ar(J% (v) = J5 (27))
— (—ag(J5(v) —

X (@), Jx- (e % (v) + (1 = o) Jx (yr)) — 27)
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= Vo, TR (27) + (1= o) TR (y)) + 0 (T () — TR (%), wiess — 2°)
= Ap(a®, T (an + (1= ) T (i) + o (T (0) = TR (@), wsr — )
< arBy(a®,2%) + (1 — ap)Ap(a®,y) + an (T (0) = G (2*) ugsr — 2*)

< (1= ap)Ap(x*, uk) + ap(J5 (v) — J& (27), up1 — ). (3.21)
Using condition (ii) of Algorithm 3.2, (3.20) and applying Lemma 2.10, we obtain that A, (z*, ug) — 0 as k — oo.
Hence, from (2.10), we obtain that ||2* — ug||? — 0 as koo. We conclude that u, — a* = Hqo.
Case B: Suppose that {A,(z*, ug)} is not monotonically decreasing. Then, there exists a subsequence
{Ap(@*,ur, )} of {Ap(2*, up)} such that A, (z*, ug,) < Ap(x*,up,,,) V1> 1. Now, define 7 : N — N by

7(k) ;== max{n < k: Ap(z*,ug) < Ap(z™, ugs1)}
It follows from Lemma 2.11 that Ap (2%, ur (k) < Ap (2™, Ur(ry+1). Then, by (3.7), we get
and
: P+Q _
kli{EO g(”']g( (wr(k)) - Jg{ (Kuk wT(k))”) =0.
Also, by (3.7), we get
Jim [ Dtr )y — ¥ Dur x| = 0.

Following the same process as in Case A, we obtain the following:

klingo ||w7(k) — Uy, H =0
klim ||ZT(k) - wr(k)” =0 ( )
> 3.22
I - —0
JHm lr (k) — tr(r)+1l
lim sup(J% (v) — Jf((:v*),uT(kHl —z*) <0.
k—o0

Now, from (3.21), we have
Ap(x*v uT(k)+1) < (1 - ar(k))Ap(x*v u"'(k)) + At (k) <J§( (U) - Jf( (1‘*), Uriypr — 1‘*>
Since A, (7%, Ur(ry) < Ap(T*, Ur(r)41), We get
O‘T(k)Ap(x*a u-r(k)) < Q) <J§( (v) — Jg( (z%), UTihyp1 — z").
Thus,
Ap(",ur(r) < (Jx (v) = Jx (")
We conclude from (3.22) that

*
P Urgy o~ 27)

limsup Ap (2, ur ) <0,

k—r o0
and thus klim Ap(x*, ur)) = 0. Hence, using (2.10), we obtain that klim |z* — ur x|l = 0, and by (3.22), we
— 00 — 00

obtain that lim |[z* — ()41 = 0.
k—o0

By (2.10), we get

(") = 5 (Ur(ry1)s Ur (k)41 — T7)

Ap(x*au‘r(k)—f-l) < <J -
< ) = I (Ury+ ) | [ Urey+1 — 27| = 0, as k — oo.

I

=T T

=

Utilizing Lemma 2.11, we have
Ap (™, urry) < Ap(2™, Ur(k)41) — 0, ask — oo.

Therefore, by (2.10), we conclude that uy, — x* = Ilgv as k — oo.
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4. NUMERICAL ILLUSTRATIONS

In this section we give two numerical examples to illustrate the performance of our proposed Algorithm 3.2
and to show that the algorithm is implementable. The purpose of Example 4.1 is describe how our proposed
algorithm can be implemented on matlab and also to illustrate its performance.

Example 4.1. Let X = Y = R?. In matlab, the matrix associated with the bounded linear map D is generated
randomly using the matlab syntax randn(n, n) and we set Dz = 0.0001 * randn(20, 20) x z. The 0.1— Bregman
demigeneralized mapping ¥ is generated using the matlab syntax ¥U(x) = @Q(2)0.1 *  + 0.9 * b; where b is a
randomly generated vector using the matlab syntax the matlab syntax randn(20,1). The operator P is generated
using the matlab syntax P(x) = Q(z)2. x A x & + b; where A is a symmetric and positive definite matrix
generated using the matlab syntax A = 0.0001*randn(20, 20); A = 0.5 * (A + A’); A = A + 20 * eye(20);”. The
maximal monotone operator @) is generated using the matlab syntax "Q(x) = Q(z)2 * x;”. To implement the
steps in Algorithm 3.2, we use the following control parameters: ay, = m, Br = 0 = 0.5%xay, 0 = 0.001.
We set v to be a zero vector and we consider the following of the initial points: IP1: vy = (0.1,0.1,...,0.1)7,
—_———

20
IP2: uy = (1,1,...,1)7 IP3: ug = (3,3, ...,3,5,5,...,5)7 IP4: uy = (10,10, ...,10, 25,25, ...,25)T. We set the
N——

—_——— ———
20 10 10

maximum number of iterations £k = 30,000 we set 4 = 1 and E,,
points, we test the performance the algorithm by varying the tolerance to be ¢ = 1074, 1076, 10=8, 10719,
The iteration process is continued until £ = 30,001 or E,, < ¢ is not satisfied. The results of the numerical
experiment are presented in Table 1 and Figures 1 and 2.

10 10
= ||k — xgt1]|. For each set of initial

TaBLE 1. Results of Numerical Simulations for Example 4.1

IP1 P2 IP3 IP4

Tolerance ¢ - . . .
Iter. Time(s) Iter. Time(s) Iter. Time(s) Iter. Time (s)
e=10"* 33 0.0036 40 0.0049 45 0.0056 50 0.0063
e=10"6 48 0.0044 56 0.0066 61 0.0072 66 0.0093
e=10"8 1180 0.1254 1236 0.1371 1405 0.1126 1411 0.1451
e=10"10 19615  1.6727 22751  2.2399 19623 1.9041 21708  2.0545

— g 32P1

(==-Alg.321P2 | 5

==-Ag.321P3

==-Alg. 321P4

I
20 2%

Number of iterations

10f

— Mg 32IP1

—--Alg.321P3
|==-Alg. 321P4

—--Ag.321P2 | ]

I
2 30

I
40

Number of iterations

FIGURE 1. Graphs of E,, fore = 10~* and e = 1076
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10? —Hig.321 | 10%F —Ag 321 |
I~--Alg 32172 —--Alg. 32172

—--Alg 321P3 —--Alg. 321P3
I=--Ag.321P4 =N 321P4 | ]

ms L 10 10 L L T
0 500 1000 1500 0 05 1 15 2 25

Number of iterations Number of fterations 10t

FIGURE 2. Graphs of E,, fore = 10~® and e = 10710

Discussion of Results. We observe in this example that our proposed algorithm requires more number of
iterations and computational time to satisfy the stopping criteria as the values in the entries of the initial vector
is increased. From this example, we can infer that the error term E,, is better when the entries of the initial point
ug are closer to zero.

Example 4.2. Let X be a subspace of {5 with M nonzero terms with the zero in /5 included and Y be a subspace
of ¢35 with N nonzero terms. Thatis X = {z € {5 : * = (1,22,...,25,0,0,0,...)} and Y = {x € l3 : © =
(x1,22,...,20,0,0,0,..)}, for N,M > 1. Let D : X — Y be Dz = 0.0001 x Ax, where A is a matrix with
N x M nonzero entries. Let ¥ : X — X be defined by

() = {0.13: +0.95%, ¢ #0
0, z=0.
Let P,@ : X — X be defined by P(x) = 0.5z and Q(x) = 2z. We choose the same control parameters used
in Example 4.1 and we consider the following numbers to generate the number of nonzero entries in the spaces:
N =100, M =50, N =300, M =150, N = 600, M = 300 and N = 900, M = 450. The first IV entries in
initial point ug are generate randomly. We set the maximum number of iterations k = 3,000 we set E; = 1 and
E,, = ||z — k41||. The iteration process is continued until £ = 3001 or E,, < 1076 is not satisfied. The results
of the numerical experiment are presented in Table 2 and Figure 3.

TaBLE 2. Results of Numerical Simulations for Example 4.2

N =100, M =50 N =300, M =150 N =600, M =300 N =900, M =450

Algorithm : - : :
Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

Algorithm 3.2 134 0.1244 156 0.3137 175 0.4958 193 1.0727

Discussion of Results. From the results presented in Table 2 and Figure 3, we observe that the required num-
ber of iterations and computational time increases as we increase the number of nonzero terms in the spaces.
Furthermore, the oscillatory nature of F,, we observe is due to the definition ¥ in this example.

5. CONCLUSIONS

In this paper, we propose a modified Halpern iterative method for approximating solutions of split monotone
variational inclusion and fixed point problems of Bregman demigeneralized mappings. We established a strong
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10° E \ I
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F1GURE 3. Performance of Algorithm 3.2 for various values of N and M

convergence result for the sequence generated by our iterative scheme under some mild conditions without
the computation of the operator norm. We state some consequences and present some examples to show the
efficiency and implementation of our proposed method.
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