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ABSTRACT. A class of CR-E-semi-preinvex interval-valued functions under the CR total order is pro-
posed, and the optimality conditions of the interval-valued optimization problem are studied. Through
theoretical derivation, the definition of the CR-E-semi-preinvex interval-valued function is obtained, and
an example is given to verify the existence of the CR-E-semi-preinvex interval-valued function. The re-
lated properties of the CR-E-semi-preinvex interval-valued function and a class of CR-E-semi-preinvex
interval-valued optimization problems are studied. The relationship between the CR-E-semi-preinvex
interval-valued function and the CR-E-semi-invex interval-valued function is obtained, and the sufficient
and necessary conditions are obtained for the KKT optimality of the CR-E-semi-preinvex interval-valued
optimization problem in the case of real-valued inequality constraints. This research expands the gener-
alized convexity of interval-valued functions under the total order relation, which enriches the research
on generalized convexity and makes the application of interval-valued optimization problems more ex-
tensive.
Keywords. CR-E-semi-preinvex interval-valued function, Total order relation, E-KKT optimality con-

ditions, Interval-valued optimization.
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1. INTRODUCTION

Convexity of functions has important implications in mathematics and practical applications, and
convex functions, as well as generalized convex functions, have a very wide range of applications in
fields such as optimization, economics, and engineering. In 1981, Hanson [6] introduced invex func-
tions, which opened the way to the extension of generalized convexity. Subsequently, in 1988, Weir et
al. introduced the concept of pre-invex functions in the literature [29]. In 1992, Yang[33] et al. extended
generalized convexity to the semi-pre-invex case and obtained the definition and properties of semi-pre-
invex functions. In 1999, Youness[34] introduced the concepts of F-convex sets and F-convex functions
and studied their applications in £-convex optimization problems. In 2001, Yang [31] corrected several
errors in the literature [34] and gave several counterexamples to support these corrections. In 2009,
Fulgal[5] et al. proposed the definition of F-pre-invex functions and studied the properties of E-pre-
invex functions. In 2013, Peng et al. studied some properties of semi-G-preinvexity functions in the
literature [15] and semi-strict-G-semi-pre-invexity and its optimization were discussed in the literature
[20]. In 2014, Zhang[37, 36] et al. extended the invexity and pre-invexity of real-valued functions to
interval-valued functions and studied the application of pre-invex interval-valued functions in opti-
mization problems. In 2016, Yang [32] et al. introduced the definitions and properties of various types
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of generalized convex functions, as well as their applications in economic and operations research in
a more systematic way. Peng et al. proposed D-n-F-semi-pre-invex mappings in 2014 [18] and ob-
tained important applications of D-1-E-semi-strict-semi-pre-invex mappings in hidden constrained
optimization problems and G- E-semi-pre-invex functions were proposed in 2015 [23], proposed semi-
prequasi-invex type multiobjective optimization and generalized fractional programming problems in
2016 [19], and in the same year they proposed a study of vector-valued- D- F-pre-invariant truth-fitting
convex mappings in the literature[17], and G- E-semi-strict-semi-pre-invex functions and their applica-
tions to optimization problems were studied in 2017 [24]. In 2019, Wang [28] et al. gave the E-proposed
a-pre-invex function and its optimization theory. In 2020, Antczak [1] et al. studied a multiobjective
interval-valued optimization problem with equality constraint and inequality constraint and obtained
the E-KKT optimality conditions of the problem. In the same year, Chen [3] et al. introduced the con-
cept of a- E-semi-pre-invex function and investigated its application to multi-objective planning. Deng
et al. proposed the definition of F-pre-invex interval-valued functions, and investigated the optimality
conditions for such optimization problems in 2021 [4], and a class of fractional multiobjective interval-
valued optimization problems with E-invexity is considered and obtained its optimality conditions and
duality theorems in 2024 [16]. In 2021, Peng [22] and others defined a-D-semi-pre-invex mappings,
studied the properties and decision theorems of such mappings, and investigated the applications of
such mappings in mathematical planning. In 2024, Peng and others generalized the E-a-pre-invex
interval-valued function and obtained optimality sufficiency conditions for such interval-valued opti-
mization problems with constraints as interval-valued functions in the literature [14], and a class of
preinvex vector interval optimization problems (VIOP) with gH-subdifferential is considered and the
optimality conditions and dual results are gained in the literature [21].

On the other hand, stochastic and uncertainty factors that appear in the real world are inevitable
due to some unexpected situations. Therefore, imposing uncertainty on traditional optimization prob-
lems becomes a very interesting research topic. In mathematical planning, we classify optimization
problems that appear random as stochastic optimization problems and optimization problems that ap-
pear uncertain (fuzzy) as fuzzy optimization problems. The interval-valued optimization problem is a
situation where uncertainty is taken into account in a regular optimization problem. In 1990 Ishibuchi
and Tanaka([8] firstly proposed partial order relation for closed intervals, i.e., LU-order, CW-order and
UC-order, etc. In 2006, Hu[7] et al. defined a full-order relation called CR-order relation, by using
the midpoints and half-widths of two intervals. After the concept of interval-valued functions was
introduced in 2007, Wu applied the partial order relation to interval-valued functions in the litera-
ture [30] to obtain the concept of convex interval-valued functions under the LU partial order relation.
Subsequently, Khan [35, 10, 9, 12, 11, 27] and other scholars generalized various types of generalized
convexity to interval-valued functions and derived their properties and other applications, etc. Still, the
convexity and generalized convexity of these interval-valued functions were defined under the partial
order relation, which means any two intervals may be noncomparable. In 2014, considering the imper-
fectness of the interval-order relation, Bhunia [2] and others, inspired by the literature [7], proposed
definitions of interval total order relations for maximization and minimization probletms respectively.
In 2020, Rahman [25] and others introduced the notion of CR-convex interval-valued functions and
investigated the optimality conditions for such optimization problems. In 2023, Shi [26] and others
more comprehensively summarized the definitions and properties of the total order relations in closed
intervals, and gave the definitions of pre-invex interval-valued functions under CR order, and studied
the relation of solutions in interval-valued optimization problems in the unconstrained case.

Inspired by the literature [18, 4, 2, 25, 26], this paper is organized as follows. In Section 2, prelim-
inaries and a clear problem statement are provided. In Section 3, this paper proposes a new class of
generalized convex interval-valued functions under the total order relation, i.e., CR- E-semi-pre-invex
interval-valued functions. We discuss the main properties of such interval-valued functions, and we
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will provide an example to prove the existence of the function. In Section 4, we study the C-R global
optimal solution and C-R local optimal and optimality conditions of this class of interval-valued opti-
mization problems under real-valued inequality constraints.

2. PRELIMINARIES

This section introduces some of the basics of intervals and the CR total order relation for intervals.
Let R™ be an n-dimensional Euclidean space, denote by I the family of sets consisting of all closed

intervals in R™, i.e. [ = {[a,@] : a,a € Rand a < @}. Let A = [a,a] € L, where g, @ are the lower
and upper bounds of the closed interval A, respectively, and there are a = A, @ = A. If A¢ = #

is called the center of A, Agp = % is called the radius of A. Then the intervals A = (A, m can be
expressed in the center-radius form as A = (A¢, AR), as follows:

A=la,a] = [A, Al = [Ac — Ap, Ac + Ag] = (Ac, AR) .

For two arbitrary closed intervals A = [4, A] = (A, A,) and B = [B, B] = (B¢, Bg) in I, and
any real number ), the following operations can be defined:

)A+B=[AA+[B,Bl=[A+B,A+ Bland A+ B = (A¢, AR) + (B¢, Bg) = (Ac +
BoaAR+BR>;

2) AA = A, A] = {

A >
BA’ i A}’ 22 and A = Ade, An) = (e, N AR

3) —A=[-A ~Al = (—Ac, AR)

$)A-B=A+(-B)=[A—B,A—B]=(Ac — Bc, Ag + Bg).

Let T C R" I = {[a,a] : g,a € R and a < @}, then the interval-valued function is defined
as f : T — I, which can be expressed in the form of an upper-lower bound as f(z) = [f(z), f(x)],
where f, f : T — Rare real-valued functions, Vo € T It can also be expressed in center-radius form as

f(x) = (fo(z), fr(z)), wherefo(z), fr : T — R are real-valued functions and fo(z)(z) =
f

f@)+/(=)
2

s

fr(z) = M That is, the representation of an interval-valued function can be in the form of

f) = [f(z), f(2)]. where f(z) = fc(z) + fr(2), f(z) = fo(z) — fr(z). Therefore, these two

representations of interval-valued functions are equivalent, ie. f(z) = [f(x), f(2)] = (fo(z), fr(x)).

In interval-valued optimization problems, intervals are usually compared using ordinal relations.

The <cw order relation between the intervals A and B defined by Ishibuchi and Tanaka in the
literature [8] in 1990 is as follows:

1) A Zcw B & Ac < Be andAw < Bwy;

2)A <ow B A=<cw BandA # B.

where Ac = ALQA is center of the closed interval A, Ay = A;QA is the width of the closed interval
A. Obviously, <cow is a partial order relation, which suggests that any two intervals may be non-
comparable, so in this paper, we will use the total order relation proposed in the literature [7] to ensure
comparability of intervals.

Definition 2.1. [7] Let A = [A4, A] = (A¢, AR), B = |B, B] = (B¢, Br) € [, The <¢p order relation
is defined as follows:
Ac < Be, ifA¢c # Be,
Ar > Bg, ifAc = Bce.
2)A=B & Agc = Be andARr = Bp
3) A<cr B A=<cr BandA # B

1)A=cr B &
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Note that the <¢r order relation is self-reversing, symmetric, and transitive, and that any two el-
ements in the relation are comparable under the <c R total order relation, which implies that the CR
order is more widely used than the CW order.

The concepts of weakly differentiable interval-valued functions and E-differentiable interval-valued
functions are introduced below.

Definition 2.2. [30] Let S be an open set in R”. The interval-valued function f(x) = [f(z), f(z)] =
(fo(x), fr(x)), f S — L is said to be weakly differentiable at =y € S if the real-valued functions
f(z) and f(z) are differentiable at x¢ (that is, fo and fr are differentiable at x).

Combining the relationship between f, fand fc, fgr, the notion of E-differentiable interval-valued
functions in the literature[1] can be rewritten as follows:

Definition 2.3. [1] Let the set X C R", and the vector function £ : R™ — R” be given. An interval-
valued function f : X — I, f(z) = (fo(x), fr(x)) is said to be E-differentiable at ¢y € X if and
only if the real-valued functions f(FE(e)), f(E(e)) or fo(E(e)), fr(E(e)) are all differentiable and
the following equation holds: B

fe(BE(@) = fe(B(x)) = fr(E(2)) + VIfe(E(z)) = fr(E(@)))(x — x0) + 6 (x0, 2 — z0) |2 — 20,
fR(E(2)) = fo(E(x)) + fr(E(2)) + V[fc(E(x) + fr(E(x))(z — 20) + 0% (20, x — z0) ||z — zo] -

Where, 6 (zq, 2 — xq) — 0, 0% (20, z — 29) — 0 when z — .

Definition 2.4. [30] Let the set X C R", and the vector function F : _]R” — R"™, and f be an interval-
valued function defined on X. If the real-valued functions f(E(e)), f(E(e)) or fc(E(e)), fr(E(e))
are continuously differentiable at g € X, then f is said to be weakly continuous E-differentiable at
0.

3. DEFINITION AND PROPERTIES OF CR-FE-SEMI-PREINVEX INTERVAL-VALUED FUNCTIONS

In the sequel of this paper we assume that S C R", and 7' is any nonempty subset of S.
The concept of CR-convex interval-valued function was given by Rahman et al. in the literature [25].

Definition 3.1. [25] Let set X be any nonempty convex subset of R”. A function f : X — [ 1is said to
be a CR-convex interval-valued function if for Vz,y € X, VA € [0, 1], it satisfies:

fQz+ (1 =Ny) Zcr Af(z)+ (1 =N f(y).

Peng et al. proposed the definitions of F-semi-inconvex set, F-semi-invex function, and F-semi-
preinvex function in the literature [18].

Definition 3.2. [18] The set T is F-semi-invex on S with respect to 7 if there exists a nonzero vector-
valued function 7 : S x S x [0,1] — S and a mapping F : S — S such that Vz,y € T, VA € [0, 1],
satisfies:

E(y) + An(E(z), E(y), \) € T.

Definition 3.3. [18] Let T be an open set, the real-valued function f is a F-semi-invex function on
T with respect to 7 if there exists a nonzero vector function  : S x S x [0,1] — S and a mapping
E : S — S such that E-differentiable real-valued function f : T — R for Va,y € T, VA € [0,1],
satisfies:

FEW) +n" (E(z), E(y), )V f(E(y)) < f(E(2)) .

Definition 3.4. [18] If the set T" is F-semi-invex on S with respect to a nonzero vector function 7 :
S x 8 x[0,1] — S and a mapping E : S — S, the real-valued function f is an F-semi-preinvex
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real-valued function on 7" with respect to 7 if the real-valued function f for Va,y € T, VA € [0, 1],
satisfies:

F(E(y) + Mn(E(2), E(y), A)) < Af(E(2)) + (1= A f(E(y)),
where lim An(E(z), E(y),\) = 0.

A—07F
In this paper, we give the definitions of E-semi-invex interval-valued function and E-semi-preinvex

interval-valued function.

Definition 3.5. Let 7" be an open set and let there exist a nonzero vector functionn : Sx.Sx[0,1] — S
and a mapping E : S — S. If for Vx,y € T, VA € [0,1] the E-differentiable real-valued functions

fc(E(s)) and fr(E(s)) satisfy:
{n<E<x>, E(y), NV fc(E(y) = fo(B(x)) — fo(E(y))
N(E(x), E(y), NV fr(E®y)) = fr(E(x)) — fr(E(y))
N(E(z), B(y), NV fo(E(y)) < fo(E(x)) - fe(E(y))

then the interval-valued function function f : 7' — I is said to be a CR- E-semi-invex interval-valued
function on T with respect to 7.

Definition 3.6. Let the set 7" be E-semi-invex on S with respect to a nonzero vector function 7 :
S xS x[0,1] — S and a mapping E : S — S. The function f : T — R is a CR-E-semi-preinvex
interval-valued function, if for Vz,y € T, VA € [0, 1], satisfies:

FE(y) + An(E(z), E(y),\) 2cr Af(E(z)) + (1= A f(E(y)),
where ,\li,%lJr An(E(z), E(y),\) = 0.

The existence of a CR-E-semi-preinvex interval-valued function is verified by the following example.

[—dz, —x], x>

0
Example 3.7. Let f(z) = { 0 Vr,y €R, E(x) =22+ 1,and n(z,y, \) = Az — y.

[Azx, x], x <

Proof. Tt is clear that for VA € (0,1), R is an E-semi-invex set about 7. Prove below that f is a CR-E-
semi-preinvex interval-valued function on R with respect to 7.
Forx > 0,
F(EQy) + Mn(E(x), E(y),A))
:f(y2+1+/\2x2+)\2—)\y2—/\)
= [4WP 14+ 2222 + X2 =22 =N, = (12 + 1+ X222 0% = a2 =),
M(B(2) = Mf(2* +1) = [-4A (2" +1), =A(2” + 1)),
(1=NfEW) =1 =Nf*+1) =[-41 - N +1), -1 = N + D),

therefore,

fe(E(y) + M(E(x), E(y),\)) = —g(y2 F 14+ N2+ N = Ay =N,
Me(B(@) = ~S (A +1)

(1= N fe(B) = —2 (1= N + 1)
That is, for VA € (0, 1), we have
fe(E(y) + An(E(z), E(y),N) < Afc(E(z)) + (1= A) fe(E(y)) ,
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and
F(E(y) + M(E(2), E(y),\) Zcr AMf(E(z)) + (1 =N f(E(y)).
F N\ i
2 h Hn(B() = 3/24% +3/2
=0 //VG ;
=10 / |
< y !
/ i
w )/ |
/ i
“l / i
F1GUre 1. Function image of Example 3.7 when x > 0
For z < 0,
FE(y) + M(E(z), E(y),A))
=42+ 1+ 20222+ 27 = A2 = N, F 1+ 2222+ 02—\ — ),
M(B(x)) = [4Mz® + 1), A(2? + 1)]
(1= Nf(E@y) = 41 =Ny +1), (1 =Ny +1)],
hence,

Fe(Bly) + M(B(), By), ) = S (67 + 1+ 3% + 3 32 =)

Mo(B(@) = 202 + 1))

(1= N o By) = (1 - N +1),
similarly, for VA € (0, 1), we have
F(EQ) + An(E(z), E(y),\) 2cr Af(E(z)) + (1 = M) f(E(y))-

/
%

Jo(B(@)) =5/22 +5/2

3/22% - 3/2

|
|
|
|
|
|
|
|
|
L L 1 L
-5 -4 -3 -2 -1 0 1 2 3 4 5
@

F1Gure 2. Function image of Example 3.7 when z < 0

In summary, f is a CR-E-semi-preinvex interval-valued function on R with respect to 7.
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Theorem 3.8. Let the set T be E-semi-invex on S with respect to a nonzero vector functionn : S X
S x [0,1] — S and a mapping E : S — S. Then the function f : T — R is a CR-E-semi-preinvex
interval-valued function if and only if fc is an E-semi-preinvex real-valued function about 7).

Proof. Let fo be E-semi-preinvex real-valued function on 7" with respect to 7. Then for Va,y € T,
VA € [0, 1], we have

fe(E(y) + An(E(x), E(y),\)) < Mo(E(z)) + (1 =M\ fe(E(y)) -
When fo(E(y) +M(E(z), E(y),\) # Mc(E(z)) + (1= \) fe(E(y)), for Va,y € T, VA € [0,1],

there are
fe(E(y) + An(E(z), E(y), A)) < Afo(E(@)) + (1= M) fo(E(y))
= f(E(y) + \(E(x), E(y), \)) 2cr Mf(E(x)) + (1 = A f(E(y)) -

It can be obtained that the function f is a CR-E-semi-preinvex interval-valued function about 7.
Conversely, let f be E-semi-preinvex interval-valued function on 7" with respect to 7, Then for
VA€ (0,1),Va,y € T, we have

FE(y) + An(E(z), E(y),A) 2cr Mf(E(z)) + (1= M) f(E(y))

= fo(E(y) + M(E(z), E(y), A)) < AMfo(E(2)) + (1 = A fe(E(y))-
Which completes the proof. O

Theorem 3.9. Let the set T' be E-semi-invex on S with respect to a nonzero vector functionn : S x S x
[0,1] — S and a mapping E : S — S. The function f| : T — 1 and fo : T — 1 are CR-E-semi-preinvex
interval-valued functions onT" with respect to 1), and if there exists a real number k > 0, then both k f and
f1 + f2 are CR-E-semi-preinvex interval-valued functions on T' with respect to ).

Proof. Clearly,
k(f1(E()+Mn(E(z), E(y), N)) Zcr k(Af1(E(2)+(1=Af1(E(y)) = AkfL(E(2))+(1-A)kf1(E(y)),

ie., kf; is a CR- E-semi-preinvex interval-valued function on T" with respect to 7.
Moreover, if we let f(x) = fi1(z) + f2(z), it is obvious that

F(E(y) + An(E(x), E(y), A)

= [i(E(y) + M (E(2), E(y), A) + f(E(y) + An(E(z), E(y), A))
Sor Mi(E(2) + (1= N fi(E(Y)) + Afa(E(z)) + (1 = ) f2(E(y))
= AMf1(E(@)) + f2(E(x))) + (1 = N)([1(E(2)) + f2(E(2)))

= Af(E(@)) + (1 =N (E()) ,

which implies that f; + f2 is a CR-E-semi-preinvex interval-valued function on 7" with respect to

. O
Inspired by the literature [13], the following condition CF is given:

Lemma 3.10. [Condition Cg]Ifn : R" xR™ x [0,1] — R™ and E : R™ — R" are a vector function and
a mapping, respectively, then the vector function 1) satisfies the condition Cg, if forVz,y € T,V € [0, 1],
satisfies:

Clg :n(E(z), E(y) + M(E(x), E(y), ), A) = (1 = Mn(E(2), E(y),\) ,
C2g :n(E(y), E(y) + A(E(x), E(y), A), A) = =An(E(z), E(y), A) .
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Theorem 3.11. Let the set T be an E-semi-invex set on S with respect to a nonzero vector function
n:S xS x[0,1] — S and a surjective mapping E : S — S. The following two propositions hold if the
interval-valued function f : T — 1 is E-differentiable:

DIff(z) = [f(z), f(x)] = (fc(), fr(x)) is a CR-E-semi-preinvex interval-valued function on T
with respect ton, then f is a CR-E-semi-invex interval-valued function on T with respect to the same 1.

2)If f(z) = [f(z), f(z)] = (fo(x), fr(x)) is a CR-E-semi-invex interval-valued function on T' with

respect to 1), and the vector function 1) satisfies condition C'ry, (Lemma 3.10), then f is a CR-E-semi-preinvex
interval-valued function on T' with respect to the same ).

Proof. 1) Let f be a CR- E-semi-preinvex interval-valued function on T" with respect to n, for Vz,y € T,
VA € [0, 1], there is
F(E®y) + Mn(E(z), E(y),\) 2cr Af(E(z)) + (1 - A f(E(y)),

accordingly,

or

equivalent to

or

n(E(x), E(y), )V fo(E(y)) < fe(B(x)) — fe(E(y))

{n<E<x>, E(y), NV fc(B(y) = fo(B(z)) — fo(E(y))
n(E(z), E(y), VTV fr(E(y)) > fr(E(z)) - fr(E(y))

that is, f is a CR- E-semi-invex interval-valued function on 7" With respect to the same 7.
2) Conversely, let f be a CR-E-semi-invex interval-valued function on 7" with respect to 1, E() =
E(y) + An(E(z), E(y), A), and according to Definition 3.5, for Vz,y € T, VA € [0, 1], there is

fo(BE@) +n(E(y), E), NV fc(B@) < fo(B(y)
{fc(E(@)) +0(E(y), E@), NV fo(E®)) =
FRIE@)) +n(E(y), E@),NTVFRr(E®)) > fr(E(y))
for Vx, ¢, there is
fe(E®@)) +n(E(x), E(§), NV fe(E®H)) < fo(E(x))
{fc(E(@)) +n(E(x), E@), )TV fe(B()) =
FRIE@)) +n(E(z), E), NV fr(E®)) > fr(B(z))

from the above equation, we have

fe(B()) + n(E(z), E§), NV fe(B()) + (1= Nn(E(y), (@), )"V fo(E))
<AMo(E(x)) + (1 = A)fo(E(x))
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fe(E@) + M(E(@), @), )V fe(E(@)) + (1= Mn(E(y), E@), )"V fe(E(5))
= AMc(E(@)) + (1 = A) fe(E(z))
FRIE@)) + M(E (@), E(§), )V fr(E®G)) + (1= Nn(E(y), E§), )V fr(E(H))
2 Afr(E(x)) + (1 = A) fr(E(y))

according to condition C'g (Lemma 3.10)
n(E(x), E(y) + An(E(z), E(y), A), ) = n(E(x), E(9),A) = (1 = \)n(E(z), E(y), A)
( _

n(Ey), E(y) + M(E(x), E(y),A), ) = n(E(y), E(9), \) = —\n(E(z), E(y), \)
hence
fe(E@) < Mc(E(2)) + (1 =N fe(E(y))
{fc(E §)) = Mo(E(@)) + (1= N fo(E(y)
frR(E(9)) = Mfr(E(z)) + (1 = A\ fr(E(Y))
we have

FE@) = F(E(y) + M(E(z), E(y), A) Zcr Af(E(2)) + (1= A f(E(y)) -
n

Theorem 3.12. Let the set T' be an E-semi-invex set on S with respect to a nonzero vector function
n: S xS xI[0,1] = S and a surjective mapping E : S — S. If the vector function n satisfies the
condition C'g, and the interval-valued function f : T — I forVa,y € T,V € [0, 1] satisfies:

F(E(y) +n(E(x), E(y),\) Zcr [(E(x))
then the interval-valued function f is a CR-E-semi-preinvex interval-valued function on T’ with respect to
n if and only if for¥Vx,y € T, p(\) =: f(E(y) + An(E(z), E(y), \)) is convex on [0,1].
Proof. 1) Let the function f : T' — I be a CR-E-semi-preinvex interval-valued function on 7" with
respect to 1), for Vo, y € T,V € [0, 1], Vi1, k2 € [0, 1].
When k1 = k9, we have

P(k2 + (k1 — K2)) = d(k2) = Ap(k1) + (1 — N)p(K2) ,
that is, ¢(\) is convex on [0,1].
When k1 > ko, ie., k1 — ko > 0, ko # 1, and
K1 — R9

0<

<1
1*/432

Under condition Cp, for Vz,y € T, VA € [0, 1],
n(Ey)+An(E(z), E(y),A), E(y), A) = —n(E(y), E(y)+An(E(z), E(y), A),A) = An(E(z), E(y), \)
(3.1)

Similarly, from condition C'r; (Lemma 3.10) and equation 3.1, we get

n(E(y) + sin(E(z), E(y), A), E(y) + ken(E(x), E(y),A), A) = (k1 — k2)n(E(x), E(y),A)  (3.2)
from equation 3.2, we get
P(k2 + A(k1 — K,))
= f(E(y) + (k2 + AMr1 — k2))n(E(z), E(y), A)
= f(E(y) + ran(E(z), E(y), A) + A(k1 — s2)n(E(z), E(y), A))
= Ag(k1) + (1 — A)g(k2).
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When k1 < kg, similarly, ¢(k2 + A(k1 — K2)) Zcr A@¢(k1) + (1 — A)¢(k2). In summary, ¢(A) is
convex on [0,1].

2)Let p(A) =: f(E(y)+An(E(x), E(y), A)) is convexon [0,1],and f(E(y)+n(E(x), E(y), ) Zcr
f(E(x)), we have

FE() + Mn(E(z), E(y),A) = ¢(A) = ¢(A- 1+ (1= 1) -0),

That is, the function f is a CR-E-semi-preinvex interval-valued function on 7" with respect ton. U

4. OpTIMALITY CONDITIONS FOR CR-FE-SEMI-PREINVEX INTERVAL-VALUED OPTIMIZATION UNDER
INEQUALITY CONSTRAINTS

Consider the following interval-valued optimization problem containing inequality constraints:

(IVOP) minf(z) = [f(2), f(z)] = (fc (=), fr(2)) ,
s.t.9i(2)<0, i=1,2,--- ,m,
zeT,

where, f : T — [ is an interval-valued function and ¢g; : R™ — R, 7 = 1,2, ,m are real-valued
functions. Let X = {x €T :¢;(x) <0,i=1,---,m} be the feasible set of problem (IVOP), and
x € X is the feasible solution of the optimization problem (IVOP).

For the above optimization problem, the concepts of local minimum and global minimum solutions
are given in the literature [25].

Definition 4.1. [25] The point z* € X, i.e,, ™ is a feasible solution of (IVOP), and z* is said to be
a C-R local minimum solution of the optimization problem (IVOP) (abbreviated as the local minimum
solution), if there exists a § > 0 for Vo € B(z*,d) N X, such that f(z*) <¢cgr f(x). Where f(z*) =

f(x*), f(z")] = (fe(z¥), fr(z)), B(x*,6) is a neighborhood of z*.
Definition 4.2. [25] The point * € X, i.e, z* is a feasible solution of (IVOP), and z* is said to be a

C-R global minimum solution of the optimization problem (IVOP) (abbreviated as the global minimum
solution) if for Vo € X we have f(z*) <cr f(z).

Consider a class of interval-valued optimization problems related to (IVOP):

Let n : R™ x R™ x [0,1] — R™ is a nonzero vector function, and E : R"™ — R" is a one-to-one
mapping.

(IVOPE) minf(E(z)) = [f(E(z)), f(E(z))] = (fc(E(2)), [r(E(z))),
s.t.gi(E(2))<0, i=1,2,---,m,

zel,
where, f : T — 1 is an interval-valued function and g;(F(z)) : R — R, i = 1,2,--- ,m are
real-valued functions. Let Xp = {x € T : g;(E(x)) < 0,72 =1,--- ,m} be the feasible set of problem

(IVOPE), and = € X is the feasible solution of the optimization problem (IVOPE).

Similarly to the literature [4], combined with the E-type-I optimal solutions proposed by Deng et
al., in this paper, we give the concepts of F-local minimum and F-global minimum solutions of opti-
mization problems (IVOP) and the relationship between the solutions of optimization problems (IVOP)
and (IVOPE).

Definition 4.3. Let z* be a feasible solution of (IVOP), if there exists a § > 0 such that f(E(z*)) <cr
f(E(z)), Vo € B(z*,0) N Xpg, then z* is a E-local minimum solution of the optimization prob-
lem (IVOP). Where f(E(z")) = [f(E(z")), f(E(2"))] = (fo(E(x7)), fr(E(z"))), and B(x",4) is a
neighborhood of z*.
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Definition 4.4. Let 2* be a feasible solution of (IVOP) if for Vx € Xp, thereis f(E(x*)) <cr f(E(z)),
then z* is a F-global minimum solution of the optimization problem (IVOP). Where f(E(z*)) =

[f(E()), F(E@@)] = (fo(E(")), fr(E(z"))).

Definition 4.5. Let set 7' be an F-semi-invex set on S with respect to a nonzero vector function
n:S xS x][0,1] — S and a surjective mapping E : S — S. If 2* is a global minimum solution
of the optimization problem (IVOP), then there exists Z € Xg such that E(Z) = z*, and Z is a global
minimum solution of the optimization problem (IVOPE).

The necessary conditions for the optimality of interval-valued optimization problems in the uncon-
strained case under CR order have been given in the literature [25].

Lemma 4.6. [25] Let set T be an E-semi-invex set on S with respect to a nonzero vector function n :
S x 8 x[0,1] — S and a surjective mapping E : S — S, f : T — 1 is a E-differentiable CR-E-
semi-preinvex interval-valued function on T with respect to n, if * € T is a local minimum solution
in the optimization problem of an unconstrained minimization interval-valued function f(E(x)) = [f

(E(2)), f(E(x))] = (fo(E(x)), frR(E(x))), then,
Vic(x*) =0, iffc+# constant,
Vfr(x*) =0, iffc = constant.
Theorem 4.7. [E-KKT Necessary Conditions] Let set T’ be an E-semi-invex set on S with respect to a

nonzero vector functionn : S x S x [0,1] — S and a surjective mapping E : S — S, f : T — 1
is a E-differentiable CR-E-semi-preinvex interval-valued function on T' with respect ton, g; : T — R,

1=1,2,--- ,m are E-differentiable E-semi-preinvex real-valued functions on T' with respect to the same
n. Ifx* € X is a local minimum solution of the optimization problem (IVOPE), then there exist Lagrange
multipliers u; € R, i =1,2,---  m, such that the following equation holds:
m
Vic(BE(™)+ Y mVg(E(z") =0 (4.1)
i=1
wigi(E(x*) =0, i=1,2,---,m (4.2)
gi(E(xz*)) <0, Vi=1,2,---,m (4.3)
i =0,i=1,2,---,m

Proof. Introducing the slack variable y?, the inequality constraint becomes h;(F(z)) = g;(E(z)) +
y? = 0,i = 1,2, ...,m, then the Lagrange function of the optimization problem (IVOPE) is:

L(x, iy yi) = [L(2, pi yi)s L, iy yi) | = [f(B(2)), ]+ Z,Uz 9i(E(2)) +47)
+Zuz gi(E(x)) + u7), +ZU1 g:(E(x)) + )]

= (Le(®, piy i), Lr(z, i, i) = < )+ Zuz gi(E(x)) +v7), fR(E(x))>

Where,

F(B(2) + 377 pilgi(E(2) +y7) + F(E(@)) + 317 palgi(E(x)) + )
2

LC(.’L’, Mhyl) =

+ZM1 (9:(B(x)) + )
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J(E@)) + 332 milgi(E(@) +y7) — F(E() — 332 milgi(E(@)) + )
2

Lr(z, pi,yi) =
= [r(E(z))

At this point, z* € XF is alocal minimum solution of the optimization problem (IVOPE), that is, x* is a
local minimum solution to the unconstrained optimization problem of the minimization interval-valued
function L(x, pi,y;), by Lemma 4.6,

VLc(z*, mi,yi;) =0, ifLc # constant,
VLg(z* pi,y;) =0, ifLc = constant.

Since the constraints are not constant, then L¢ is not constant, that is, VLo (2", i, y;) = 0, we
have:

OLc  Ofc  ~~ Oy

81‘: _8.%2 : #iaxz207]{:1727'”’n’x*:($T’$§’.."x;) (44)
=1
oL
© = 2wy =0,i=1,2,--- ;m (4.5)
Ay
oL
aué = gi(E(*) +yf =0,i =12, m (4.6)
K3

from equation (4.4),

Ofc Ofc 3fc) +Z i(agi Jg; Jg; _o,

ox,’ Ory’ ' Oy, z’:1lu 87331’8:527""856”)
that is,

Ve (E(@))+ ) miVg (E(*)) =0,
i=1

from equation (4.5), 2u;; = 0 implies that at least one of y; and y; is zero, where p; > 0. When
y; = 0, from equation (4.6), we have g;(F(z*)) = 0, it means at least one of y; and g; is zero. Hence,

To give sufficient conditions for the optimality of the optimization problem (IVOPE), we first give
sufficient conditions for the optimality of the real-valued optimization problem (PE).

Lemma 4.8. Let x* be a feasible point of the following optimization problem (PE), where the feasible set
of (PE) is the same as the optimization problem (IVOPE). We call x* € XFg a global minimum solution of
the optimization problem (PE) if forVa € Xp there is o(E(x*)) < ¢(E(x)).
(PE) min p(E(z)),
st.gi(E(x)) <0,i=1,2,---,m,
zeT.

Let the set T be E-semi-invex set on S with respect to the nonzero vector functionn : S xS x[0,1] — S
and the surjective mapping £ : S — S, and ¢ : T — R, is an E-differentiable I/-semi-invex real-valued
function on T with respect to then, g; : T — R, i = 1,2,--- ,m are E-differentiable E-semi-invex
real-valued functions on T’ with respect to the same 1. Then the point x* is a global minimum solution of
the optimization problem (PE), if there exist Lagrange multipliers0 < p; € R, e =1,2,--- | m, such that
the following equation holds:

Ve(E(@")) + Y 1 Vgi(E(x*)) =0 (4.7)
i=1

wigi(E(z*) =0, i=1,2---,m (4.8)
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Proof. Wheni ¢ J(E(z*)) = {i: gi(E(2*)) =0,i=1,2,--- ,m}, from equation (4.8), we have y; =
0, then:
d wVa(B@) = > wVe(E)) (4.9)
i=1 i€ J(E(z*))

Since ¢, g; are both E-differentiable E-semi-invex real-valued functions, from equation (4.7)-(4.9),
for any feasible point € X g of the optimization problem (PE), there is:

p(E(z)) — o(E(z"))
> 0" (B(x), E(z"), \)Vo(B(z"))

==Y wn' (E(x), E(z"),\)Vgi(E(z"))
i=1

=— > " (E(),BE(="),\)Vg(E(z"))
i€J(E(z*))

>— > pilgi(BE@) - gi(B(x")))) > 0
i€J(E(z*))

That is, for any € X, the inequality p(F(z*)) < ¢(E(x)) holds, then z* is a global minimum
solution of the optimization problem (PE). O

Definition 4.9. If there exist Lagrange multipliers 0 < pf € R, 4 = 1,2,--- ,m, such that the equa-
tions (4.1)-(4.3) hold at point z* € X, then (z*, u*) € Xg x R™ is said to be the E-KKT point of the
optimization problem (IVOPE).

Theorem 4.10. [E-KKT Sufficient Conditions] Let set I" be an E-semi-invex set on S with respect to a
nonzero vector functionn : S x S x [0,1] — S and a surjective mapping E : S — S, f : T — 1
is a E-differentiable CR-E-semi-preinvex interval-valued function on T' with respect ton, g; : T — R,
i € J(E(z*)) are E-differentiable E-semi-invex real-valued functions on T with respect to the same 1. If
(x*, 1) € Xp x R™ is the point E -KKT of the optimization problem (IVOPE), then x* € X, is a global
minimum solution of the optimization problem (IVOPE), and E(z*) € X is a global minimum solution of
the optimization problem (IVOP).

Proof. By Theorem (3.11), since f is an E-differentiable CR- E-semi-preinvex interval-valued function
on 7" with respect to 7, then f is a CR-E-semi-invex interval-valued function on 7" with respect to the
same 7. Since (x*, u*) is the F-KKT point of the optimization problem (IVOPE), by Lemma 4.8, z* is
a global minimum solution to an optimization problem with objective function fc(E(x)) and with the
same constraints as the optimization problem (IVOPE), that is, for VZ(# x*) € Xg, we have:

Je(E(x7)) < fo(E(2)) (4.10)

On the contrary, if 2* is not a global minimum solution of the optimization problem (IVOPE), then
there exists Z(# z*) € Xg, such that f(E(2)) <cr f(E(z*)), since fo(E(2)) # fo(E(x*)), then
fc(E(2)) < fc(E(x*)), which contradicts (4.10), so that #* € X is a global minimum solution of the
optimization problem (IVOPE). From Definition 4.5, we get E(z*) € X is a global minimum solution
of the optimization problem (IVOP). g
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Example 4.11. Consider the following interval-valued optimization problem:

(IVOPEL) minf(E(x)) = [f(E(z)), f(E(x))] = (fc(E(z)), fr(E(2))),
.91 (E(2))<0,
92(E(z))<0,
zelT,

where T'=[0,1], and for Y,y € [0,1], we have f(z) = [2? + 2,22 + 4], g1(x) = 22 — 9, go(2) = —u,
n(z,y, \) = Az — y, let B(x) = 22

Proof. Itis easy to see that T is an E-semi-invex set with respect to 7 and f is an F-differentiable CR-E-
semi-preinvex interval-valued function on 7" with respect to 1, g1, g1 are E-differentiable E-semi-invex
real-valued function on 7" with respect to the same 7. By calculation, we know that fo(z) = 22+ +2,
fr(x) = 2 — 2, thus, f(E(x)) = [2* + 222, 2% 4+ 4], fo(E(z)) = 2* + 22 + 2, fr(E(z)) = 2 — 22,
g1(E(z)) =222 - 9, g2(E(z)) = —22.
According to Theorem (4.10), we have (£, j11, j2) € X g x R? such that the following equation holds:

433 4 20 4 A4 & — 20t = 0

p1(22% — 9) = 0 = —pga?

262 —9<0

—p2d? <0

hence, z = 0, u1 = 0, uo = 1, thatis (0,0,1) € Xg x ]R?F is the F-KKT point of the optimization
problem (IVOPE1), and & = 0 is a global minimum solution of the optimization problem (IVOPE1).

Je(E(x))
Ir(E(x))
T B —
=1 91(E(2))
=
3
= 5
92(E(x))

10 L L L L
0 01 02 03 04 05 06 07 08 09 1 1.1
T

F1cure 3. Function image of Example 4.11

5. CONCLUSION

In this paper, two new classes of generalized convex interval-valued functions—CR-E-semi-invex
interval-valued and CR-FE-semi-preinvex interval-valued functions are obtained by using the CR to-
tal order relation, and a connection between them is derived. The relationship between C-R global
minimum solution (C-R local minimum solution) and F-global minimum solution (£-local minimum
solution) associated with CR-F-semi-preinvex interval-valued optimization problems is investigated
and sufficient and necessary conditions for the optimality of this class of optimization problems are
established.
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In future research, the duality of CR-E-semi-preinvex interval-valued optimization problems can
be investigated based on this paper. Moreover, can the CR total order relation be applied in other
generalised convex interval-valued functions with much weaker convexity? And is it possible to find
other total order relations that can be applied to interval-valued optimization problems? These two
questions are of profound significance and merit meticulous and in-depth exploration, as they hold the
potential to unlock new insights and drive advancements in the relevant fields.

STATEMENTS AND DECLARATIONS

The authors declare that they have no conflict of interest, and the manuscript has no associated data.

ACKNOWLEDGMENTS

The work of the second author was completed during his visit to the Institute of Applied Mathemat-
ics, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing. The authors
are grateful for the hospitality received in the Chinese Academy of Sciences. This paper is partially sup-
ported by the Research Project on the Reform of Postgraduate Education and Teaching in Chongqing
(vjg223094) and Chongqing Research Project of Higher Education Teaching Reform (232077). The first
author is supported by the Group Building Scientific Innovation Project for Universities in Chongqing
(CXQT21021) and the Joint Training Base Construction Project for Graduate Students in Chongqing
(JDLHPYJD2021016). The second author is supported by the National Natural Science Foundation of
China (12271067), the Chongqing Natural Science Foundation (CSTB2024NSCQ-MSX0973), and the Sci-
ence and Technology Research Key Program of Chongqing Municipal Education Commission (KJZD-
K202200704).

REFERENCES

[1] T.Antczak and N. Abdulaleem. Optimality conditions for E-differentiable vector optimization problems with the multiple
interval-valued objective function. Journal of Industrial & Management Optimization, 16(6):2971-2989, 2020.
[2] A. K. Bhunia and S. S. Samanta. A study of interval metric and its application in multi-objective optimization with
interval objectives. Computers & Industrial Engineering, 74:169-178, 2014.
[3] X.J. Chen, Z. Y. Peng, C. Y. Shao, and C. Hu. a-E-semi-preinvex convex functions and optimality conditions for multi-
objective programming. Journal of Chongqing Normal University (Natural Science), 37(01):91-98, 2020.
[4] C.Y.Deng, Z.Y.Peng, X.]J. Chen, and Z. Y. Peng. E-preinvex interval-valued function and its application in mathematical
programming. Journal of Chongqing Normal University(Natural Science), 38(01):30-38, 2021.
[5] C. Fulga and V. Preda. Nonlinear programming with E-preinvex and local E-preinvex functions. European Journal of
Operational Research, 192(3):737-743, 2009.
[6] M. A.Hanson. On sufficiency of the Kuhn-Tucker conditions. Journal of Mathematical Analysis and Applications, 80:545—
550, 1981.
[7] B.Q.Hu and S. Wang. A novel approach in uncertain programming part i: New arithmetic and order relation for interval
numbers. Journal of Industrial and Management Optimization, 2(4):351-371, 2006.
[8] H. Ishibuchi and H. Tanaka. Multiobjective programming in optimization of the interval objective function. European
Journal of Operational Research, 48(2):219-225, 1990.
[9] M. B. Khan, M. A. Noor, T. Abdeljawad, A. A. A. Mousa, B. Abdalla, and S. M. Alghamdi. LR-preinvex interval-valued
functions and riemann-liouville fractional integral inequalities. Fractal and Fractional, 5(4):243, 2021.
[10] M. B. Khan, M. A. Noor, L. Abdullah, and Y. M. Chu. Some new classes of preinvex fuzzy-interval-valued functions and
inequalities. International Journal of Computational Intelligence Systems, 14(1):1403-1418, 2021.
[11] M. B.Khan, M. A. Noor, N. A. Shah, K. M. Abualnaja, and T. Botmart. Some new versions of hermite-hadamard integral
inequalities in fuzzy fractional calculus for generalized pre-invex functions via fuzzy-interval-valued settings. Fractal
and Fractional, 6(2):83, 2022.
[12] M. B. Khan, H. M. Srivastava, P. O. Mohammed, J. L. Guirao, and T. M. Jawa. Fuzzy-interval inequalities for generalized
preinvex fuzzy interval valued functions. Mathematical Biosciences and Engineering, 19:812-835, 2022.
[13] S.R. Mohan and S. K. Neogy. On invex sets and preinvex functions. Journal of Mathematical Analysis and Applications,
189(3):901-908, 1995.



GENERALIZED CONVEX INTERVAL-VALUED FUNCTIONS AND INTERVAL-VALUED OPTIMIZATION 109

[14] J. Y. Peng, Z. Y. Peng, C. Y. Deng, and M. Wen. E-a-preinvex interval valued function and optimization conditions.

(15]

(16]

(17]

(34]
(35]
(36]

(37]

Journal of Chongqing Normal University(Natural Science), 41(02):7-15, 2024.

Z.Y.PengandS. S. Chang. Some properties of semi-G-preinvex functions. Taiwan Journal of Mathematics, 17(3):873-884,
2013.

Z.Y.Peng, C.Y.Deng, Y. Zhao, and J. Y. Peng. Optimality conditions and duality for e-differentiable fractional multiobjec-
tive interval valued optimization problems with E-invexity. Applied Set-Valued Analysis and Optimization, 6(3):295-307,
2024.

Z.Y. Peng, K. K. Li, and L. X. Fan. A study of vector-valued-D-E-pre-invariant truth-fitting convex mappings. Systems
Science and Mathematics, 36(08):1298-1307, 2016.

Z.Y.Peng, K. K. Li, and S. S. Zhang. D-7 -E -Semipreinvex vector mappings and vector optimization. Applied Mathematics
and Mechanics, 35(09):1020-1032, 2014.

Z.-Y. Peng, K.-K. Li, and J.-T. Zhou. Semi-prequasi-invex type multiobjective optimization and generalized fractional
programming problems. Journal of Nonlinear Sciences and Applications, 9(12):6142-6152, 2016.

Z.Y.Peng and Y. H. Li. Semi-strict-G-semi-pre-invexity and optimality. Applied Mathematics and Mechanics, 34(08):836—
845, 2013.

Z.Y. Peng, J. Y. Peng, D. Li, and Y. Zhao. Optimality conditions and duality results for generalized-Hukuhara subdiffer-
entiable preinvex vector interval optimization problems. ESS Open Archive eprints, 881:88121665, 2024.

Z.Y.Peng, Z. Y. Peng, X. J. Chen, and C. Y. Deng. o-D-semi-preinvex mappings and optimization. Journal of Chongqing
Normal University(Natural Science), 39(01):9-18, 2022.

Z.Y. Peng, N. N. Qin, and K. K. Li. Wolf type duality of G-E-semi-preinvex type multiobjective programming problems.
Acta Mathematics Applicatea Sinica, 38(06):1103-1114, 2015.

Z.Y. Peng, J. H. Sun, K. K. Li, and S. S. Zhang. Semi-strict-G-E-semi-preinvariant convex function and its application in
mathematical programming. Applied Matheatics and Mechanics, 38(07):827-836, 2017.

M. S. Rahman, A. A. Shaikh, and A. K. Bhunia. Necessary and sufficient optimality conditions for non-linear uncon-
strained and constrained optimization problem with interval valued objective function. Computers & Industrial Engi-
neering, 147:106634, 2020.

F. F. Shi, G. J. Ye, W. Liu, and D. F. Zhao. On preinvex interval-valued functions and unconstrained interval-valued
optimization problems. RAIRO-Operations Research, 57(5):2833-2851, 2023.

Y. Tan, D. Zhao, and M. Z. Sarikaya. Hermite—hadamard-type inequalities for h-preinvex interval-valued functions via
fractional integral. International Journal of Computational Intelligence Systems, 16(1):120, 2023.

Z. Y. Wang, J. J. Wang, Z. Y. Peng, C. Y. Shao, and D. Q. Zhou. E-proposed a-pre-invex functions and optimisation.
Journal of Southwest University (Natural Science Edition), 41(9):77-86, 2019.

T. Weir and B. Mond. Pre-invex functions in multiple objective optimization. Journal of Mathematical Analysis and
applications, 136:29-38, 1988.

H. C. Wu. The Karush-Kuhn-Tucker optimality conditions in an optimization problem with interval-valued objective
function. European Journal of Operational Research, 176(1):46—59, 2007.

X. M. Yang. On E-convex sets, E-convex functions, and E-convex programming. Journal of Optimization Theory and
Applications, 109(3):699, 2001.

X. M. Yang and W. D. Rong. Generalized Concavity and Applications. Science Press, Beijing, 2017.

X. Q. Yang and G. Y. Chen. A class of nonconvex functions and pre-variational inequalities. Journal of Mathematical
Analysis and Applications, 169(2):359-373, 1992.

E. A. Youness. E-convex sets, E-convex functions, and E-convex programming. Journal of Optimization Theory and Ap-
plications, 102:439-450, 1999.

A. Younus and O. Nisar. Convex optimization of interval valued functions on mixed domains. Filomat, 33(6):1715-1725,
2019.

J. K. Zhang. Optimality and Duality for Generalized Convex Uncertain Programming. PhD thesis, XiDian University, Xi’an,
2012.

J. K. Zhang, S.Y. Liu, L. F. Li, and Q. X. Feng. The KKT optimality conditions in a class of generalized convex optimization
problems with an interval-valued objective function. Optimization Letters, 8:607-631, 2014.



	1. Introduction
	2. Preliminaries
	3. Definition and Properties of CR-E-Semi-Preinvex Interval-Valued Functions
	4. Optimality Conditions for CR-E-Semi-Preinvex Interval-Valued Optimization Under Inequality Constraints
	5. Conclusion
	Statements and Declarations
	Acknowledgments
	References

