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ABSTRACT. Geometric Function Theory, a branch of complex analysis, explores the geometric proper-
ties of analytic functions. Researchers in Geometric Function Theory investigate coefficient problems,
radius problems, growth and distortion for different classes of analytic functions. This research consid-
ered geometric properties and behavior of some polynomials. Gegenbauer and Horadam polynomials
are special polynomials with various applications. A new polynomial called Gegenbauer-Horadam (G-
H) polynomial was introduced. The polynomial generalizes other polynomials; like the Horadam poly-
nomial, Gegenbauer polynomial, Fibonacci polynomial, Chebyshev polynomial of the first and second
kind, Pell polynomial, Lucas polynomial, Pell-Lucas polynomial, and many more. The significance of the
Gegenbauer-Horadam polynomial lies in its ability to generalize and connect various polynomials, mak-
ing it a valuable tool for researchers. Subordination principle was used to define the new class of analytic
functions, ga,3(z). Coefficient bounds, Fekete-Szego functional and other functionals were established.
The study finds applications in related fields such as physics, engineering, signal processing, and number
theory.
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1. INTRODUCTION

Orthogonal polynomials are frequently used to solve ordinary differential equations under specific
model restrictions.

There are different types of orthogonal polynomials among which are Horadam polynomial, Gegen-
bauer polynomial, Chebyshev polynomial of the first kind, Chebyshev polynomial of the second kind
and so on. Motivated by the works of [1] and [12], this study defined a new polynomial called Gengen-
bauer-Horadam (G-H) polynomial, incorporated into Geometric Functions Theory.

This paper is organized as follows. In Section 2, some basic definitions and the preliminaries are pre-
sented. The main results are given in Section 3. Finally, Section 4 contained the conclusion, statements
and declarations, the acknowledgement and the references of the study.

2. PRELIMINARIES

LetU : {z : |z| < 1} be an open unit disk in the complex plane C. Denote by A the class of functions
of the form

F2) =2+ dnz". (2.1)
n=2
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The Gegenbauer polynomial is defined by the recurrence relation
(n+ 10 (x) = 2(n + a)zCi(z) — (n 4 20 = 1)C_4(2),  C5(x) =1, Cf(x) = 2au.
The generating function for the Gegenbauer polynomial is given as

1
(1— 2tz + 2

0o
C(:B,t) = )oz - ch(x)tna 0< ’.’E‘ <1, |t| <1, a>0.
n=0

The Horadam polynomial h,,(z, a, b; p, q), or briefly h, (x), is defined by the recurrence relation

hn(x) :pxhn—l(l') +qhn—2($)’ n >3,
with initial conditions hq(x) = a and hy(x) = bz, for some real constant a, b, p and ¢. The generating
function for the Horadam polynomial is given as

a+ xt(b — ap)

H(xz,t)= I ——

Many authors, such as [1, 2, 6, 7, 8, 9, 10, 11], and [12], have obtained coefficient estimates in relation
to Gegenbauer and Horadam polynomials.

Definition 2.1. [3] For two functions f and g analytic in U, we say that the function f(z) is subordinate
to g(z) in U and write

f(2) < 9(2) (2:2)
(z € U) if there exists a Schwartz function w(z) analytic in U with w(0) = 0 and |w(z)| < 1 (z € U)
such that

f(z) = g(w(z))
In particular, if the function g is univalent in U, the above subordination is equivalent to f(0) = ¢(0)

and f(U) C g(U).

Let A be the family of Schwarz functions. Then, the function w € A may be expressed as a power
series

w(z) = chz” (2.3)
n=1
The following lemmas are needed for the results

Lemma 2.2. [4], [5] Let the Schwarz function w have the form of (2.3). Then, for any real numbers ¢ and
¢ such that

(5,0 = {181 < 3,1 <A< UL <181 <2, 500+ 18— (L4 18l) < A< 1),

the following sharp estimate holds:
les + dereg + A3 < 1

Lemma 2.3. [4, 5] Ifw € A is in the form of (2.3), then
|CQ| S 1-— |Cl|2 (2.4)
lenl <1, n>1 (2.5)

Here, a new polynomial called Gengenbauer-Horadam (G-H) is established. It generalises some
earlier polynomials.
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2.0.1. The Gengenbauer-Horadam Polynomial.

+(b- -
2O a0 sl = oz~ 0) 7] Vb g € Zandy > 0

(2.6)

G(a,b,p,q,7) = (

2,..2

2 2,.2
G(a,b,p,4,7) =(a+ (b — ap)x2) (1 +pyaz+ <‘”+p $2"y +* ;W)ZQ

2 562 20T 35633 33:1/,32 23333
+<pqv+pqv play’ | 3piatyt | 2p ’7+)Zs

91 or T3 31 31

Lt Py ety | 9ptaay? | 6ptaaty?
2! 2! 3! 3! 3!

2.2 2 2.2
r-a r-a
G(a,b,p,q,7) =a+ (payx + bx — axp)z + <qav + P2 PR phya® — p2a7x2> 2

2! 2!
2pqaxy?:  2pgax 3r3avy3  3pdxlan? 2pixda
+(pqv+pq7p 7 3ptatan” | 2piatay

21 TR 3| 3 T bay

p2.’I}3’}/2b N p2$3,yb B I p3ax3,>/2 B pSaxg’y Z3 N
21 91 Paery 2! 21

Let
A =(payz + bz — azp)

2,2 2 2,2
xa ra
B:<qa7—|—p 2|7 +p ’Y+pb’ya:2—p2a7x2>

2!

2pqary?  2pgax 3r3a~y3  3pirdan? 2pixda
C:<pq2"y N qu'erp 3'7 N pglv N pS' Y 4 by

T T T 21

2232 pradab pPazd? p3a:c3’y>
Hence,
G(a,b,p,q,7) =a+ Az + B2*> + C2> + ... (2.7)
Remark 2.4. (1) Let G(a,b,p,q,1)
a+ (b—ap)rz
(1 —pxz — q2?)

G(a;b,p,q,1) =
The G-H becomes Horadam Polynomial.
(2) Let G(]-’ 25 27 _]-7 ’Y)
1

G(172>27_1>7) = (1 — %21 + 22)7

The G-H becomes Gegenbauer Polynomial.
(3) Let G(1,1,2,—1,1)
1—zz
G(1,1,2,-1,1)) = ——
(1,1,2,-1,1) 1—2zx+ 22
The G-H becomes Chebyshev Polynomial of the first kind.
(4) Let G(1,2,2,—1,1)
1
1—2zx+ 22
The G-H becomes Chebyshev Polynomial of the second kind.

G(1,2,2,-1,1) =
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(5) Let G(0, 2,1, 1,1)

1 z
e e e
The G-H becomes Fibonacci Polynomial.
(6) Let G(2,1,1,1,1)
2—xz
G L1 L1)=
The G-H becomes Lucas Polynomial.
(7) Let G(1,2,2,1,1)

1
G(1,2,2,1,1) = ————
(1,2,2,1,1) 1—22— 22
The G-H becomes Pell Polynomial.
(8) Let G(2,2,2,1,1)
2 —2xz
G(2,2,2,1,1) = ————
( Y Y ) ) ) 1_22_22w

The G-H becomes Pell-Lucas Polynomial.

3. MAIN RESULTS

Definition 3.1. Let f € g, 3(2) be of the (2.1) and define

af(z)  Bzf'(z) < Zf"(z)>
Ja,p(2) = + +1-a—-0)(1+
=" e 7
where o and 5 € R.
Theorem 3.2. Let g, 3(2) < G(a,b,p,q,7) + 1 — a then
A
do| <—
2 S %
| oA+B | AUat3s) | ax
TR F2Fg F2F,
J _A+2B+C AFy | F5 (A(A+B)  AP(4a+3B) 44A°
Az F3Fy R\ FF F3F; F3F,
F1 =2—-—a-— B

Fo=6—5a—4p3
F3=12—11la— 98
Fy=8a+75-8
F5 =18 — 18a — 158
Fs=5a+48—6
Fr=a+p-2

Proof. Suppose f(2) € gq,5(2); then by definition 3.1, we have

9a,3(2) < G(a,b,p,q,7)(2) +1—a

3.1)

(3.2)

(3.3)
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There exist a Schwarz function (2.3) with w(0) = 0 and |w(z)| < 1 such that

w(z)=cz+ 022 4 323 + g2t + 52 + -
Wi(2) = 322 + 2c1002° + (2c103 + )2t + -
W3(2) = 323 + 3cicz? + (3ctes + 3e1c3) 2 +
wi(z) =2t +

Then,
9a,8(2) = G(a,b,p,¢,7)(w(z)) +1—a
This implies that

LofE) B (1 )
soate) =22+ B v -0 14 55

9o 5(?) =a + doza + d32?a + dyza + B+ Bdaz + (2d3 — d3)B2* + (3dy + dy — 3dad3) 82>
4+ 1+ 2dyz + (6d3 — 4d3) 2% + (12dy — 18dads + 8d3) 2> — a — 2dyaz
— (6d3 — 4d%)az® — (12dy4 — 18dads + 8d3)az® — B — 2da
— (6d3 — 4d%) 522 — (12dy — 18dads3 + 8d3)B2° + ...

Go5(2) =1+ (2dz — dav — Bda)z + (45 + 3d33 — 5dza — 4d3f3 + 6d3 — 4d3)2?
+ (12dy — 18dads + 8d3 — 11dger — 9dy3 — Td3B + 15dads B + 18dadzar — 8dyar) 2> + ...

(3.4)
Furthermore, from (2.7) we have
G(a,b,p,¢,7)(w(2))+1—a=a+Az+ B>+ C*+ ... +1—a
G(a,b,p,q,7)(w(2))+1—a=1+ Alc1z + 22> + 32> + eyt + e52° + ..))
+ B(22? + 2c1¢02° + (2c103 + c2)2t + )
+ O3 +33c2  + ) + ... (3.5)
Therefore,
G(a,b,p,q,7)(w(2))+1—a =14+ Aciz + (Acy + B2)2% + (Acs + 2Beicy + Cc3) 23
+ (Acy + B(2c1c3 + 3) + 3Cciea) 2 + ... (3.6)

Equating (3.4) and (3.6), we have
9a,5(2) = G(a,b,p,¢,7)(w(2)) + 1 —a

1+ (2dy — doo — Bdo)z + (4d3a 4 3d33 — bdza — 4d3f + 6d3 — 4d3) 2>
+ (12d4 — 18dads + 8d5 — 11dger — 9dsf — Td3 B + 15dadz B + 18dadzar — 8dsa) 2> + ...
=1+ Ac1z + (Aca + Bed)2® + (Acs + 2Beica + Cc3) 23 + (Acy + B(2¢1c3 + ¢3) + 3Ccley) 2t + ...

Comparing coefficients of z, 22 and 23 and using Lemma 2.2 and 2.3,
For z,
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(2d2 - d20£ — ﬁdg) :Acl

Al

= Fl
A

S (3.7)

g

do

For 22

4d3o 4 3d33 — Sdza — 4dsf3 + 6d3 — 4d3 =Acy + Bes

2
(6 — 5 — 48)ds =Acy + BE — (da+ 36 — 4) <Al>

Fy
4a A2 3BA%3  4A%
2 1 1 1
dsFy =Acs + Bej — F12 — F12 + F12
A Bla1|?  4aA?|e1]? 3BA%ci|? 442 )?
ds| < |ca N c1] o 2\01\ N B 2|Cl| 2|Cl|
Fy Fy F2Fg F2Fg F2F,
A+B A?(4a+3 4A?
a5 <ATB | Aot 3h) 4 (3.8)
F2 F1F6 F1F2

For 23

12dy — 18dads +8ds — 11dyoc— 9dy 8 — Tds B+ 15dadz 3+ 18dadza — 8dsor = Acz +2Bcica+Cch

Aei\3
(12 — 1l — 98)dy =Acs + 2Beyco + Cc — (8 — 8a — 1) (;1)
1
Acy ) [ Aco . Be? . 4aA?cd 3BA%3 4A%3
n )\’ "R ' FF,  FF;, @ F’h

— (18a 4158 — 18)(

A3 3
dqF3 =Acs + 2Bcico + Cczl)’ + F4< F§1>
1

A%cicy  ABc}  4aA3cd  3BA3¢E 44363
+ Iy + + — 3 3
FiFy FiFy FPFe FPFe FyFy

A 2B Clei]?  Fy [ A3|cq]?
] < |C3|Jr \01\|C2|Jr e LB |031|
F; F3 F; F3\  Fj
Fs [ A?|eq]|eal n AB|e1 3 n 4aA3e|? n 3B8A3|c1]3 44313
B\ FF FLF, F3F; F3F; F3F,
A+2B+C A’Fy, F5(A(A+B) A%(4a+3 4A3
dy| < N ) ( ) 4 (0; 8) . (3.9)
Fy F3Fy B\ FF F3Fg F3F,

O
Corollary 3.3. Ify=1,a=2,b=p=q=1,a0 =0, 5 = 1 and multiply by 2 then

do =axcy
_weo + (222 + 2)cf

ds >

Remark 3.4. This is the result obtained by [7]
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Corollary 3.5. Ify=1,a=1,aa=0,8 = 0 then

bxc
d2 :Tl
p bzes + (pbz? + q + b?2?)c?
3 p—

6
Remark 3.6. This is the result obtained in [9]

Corollary 3.7. Ifa=1,b=p=2,a=0,8=1andsets =1 and t = 0 in [10], then

as =2v¢xcy

(202% — 2%2% — )}
2

as =vxco +
Remark 3.8. This is the result obtained by [10]

Corollary 3.9. Ify=1,a=1,aa=0,5 =1 and set A\ = 0 in [2], then

d2 :bxul
i, :b:czug N (pbz? + q2+ b a?)u?

Remark 3.10. This is the result obtained by [2],

Corollary 3.11. Ify=1,a=1,a = =0and set) = u = 1 in [12], then

bxm
dy == !

bxmy  (pbx? + qa)m? b z*mi
s =5 6 T %

Remark 3.12. This is the result obtained by [12]
Corollary 3.13. Ifa=1,b=2,p=2,g=—1,a,8 = 0 then
do = xuq

Remark 3.14. This is the result obtained by [1]
Corollary 3.15. Ifa=1,b=2,p=2,q=—-1,a=0,8 =1 then

do = 2axcy
Remark 3.16. This is the result obtained in [1]
Hankel Determinant.
Definition 3.17. Let f € S. The ¢ — th Hankel determinant of f is defined for ¢ > 1 and n > 1 by

dy A A
dni1 dpgs oo dnig

Hlm =1 S h=1

dn+q—1 dn+q dn+2q—2
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In recent years, a great deal of attention has been given to Hankel determinants whose elements are
the coefficients of functions in subclasses of |S.
In particular, we have

di do d3
Hs(1)=|dy ds d4 q=3,n=1 Hy(2) = ‘
ds ds ds

dy ds

ds d, q=2,n=2.

Since f € S, H1 =1
Hs(1) = ds(dady — d3) — dy(dy — dods) + d5(d3 — d3)
Hy(2) = dody — d% is known as the second order Hankel determinant.
Hy(1) = ds — d3.
Note that |Ha(1)| = |d3 — d3] is the well known Fekete-Szego functional.

Theorem 3.18. If f(z) € go 5(2) and k € R then

A+B  A*4a+38) 4A? A%

ds — kd3| <
lds = hds| < = F?F, | FIF, | By
Proof.
P <A02 N Bc?  4aA?c 3BA%3 4A2c%> k<ACl>2
TR \R TR T F2Ry | FXR, | FPR R
Do — k2 — Acsy n Be?  4aA?c? 38A%F 44233 i Acp\?
UM T\R TR T F2Fy | FR, | PR 2
Do — k2 — Acy  Bel  4aA?cd 3BA%3 4A%2 n A%k
SUYR TR TR, T FR, | FMRy | FER, | RIFy
ds — k2| < Ales] N Bley |2 n 4aA?|c1]? 3BA%|c|? n 442112 A% cr)k
PUMRI= TR F F2F, F2F, F2F, F\F;
A+ B  A*(4a+3B) 442 A%k
ds — kd3| < 3.10
lds —hdy| < ==+ F2F; FPF, | FiFy (3.10)
This gives the Fekete-Szego functional U

Theorem 3.19. If f(2) € go 5(2) and k € R then

A
|dody — kd3| < (

A+2B+C) N A*Fy N Fs <A2(A +B)  A%(4a+3pB) N 4A% >
FiF3 FlFy  Fy F2F, FlFs FLF,
i ( (A+ B)? N 2A%(4Aa + 3BA + 4aB + 38B)
FyFy F2F}

8A%2(A+ B)  A%(16a2 +98% + 24aB +16)  8A*(4a + 38)
F2FyFy FlFsFy FlF?
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Proof.
Acq Acz  2Bcicy  Cc}  Fy [A3c
dody — kdj = — || === Za
204 3 <F1)<F3+ 7 +F3+F3 F13
Fs A%cico  ABc}  daA3cd 3BA3C n 4A3¢3
5\ FiFs FiFs F}Fs F}Fs F3F,
ok Acy n Bic% n daA?c? 3BA%cF  4A%c3 ?
Fy Fy F2Fs F2Fs F2F,
dods — kd? _ A’cies  2ABcic;  ACc n Fy A‘E‘f
i F; FiFs FFy  F3\ Fy
Fs (A%cles | A’Bel | 4aA'c]  3BA%  4A'c
F3\ F}F, F?F, FlFg F}Fs FiF,
Tk A%c3  2ABcicy  B?ct  8aA3cicy  6BA3cc;  8A3C3cy
FFs | FyFs | FyFs | F2FR F2F? | FIFFg
8aA?Bci  6BA2Bei  8A%2Bci  16a2A%ci  9B%A%c¢]  24aBA%ct
F2F2 FPFZ | FZEyF, | FiFoF, | FiFoF, | FiFsF,
320 A%t 24BA%ct 16A%ct )
FF} FIF? FlFyFy
dad —kd2|<A2|clHC3‘ 2ABc1?|eo] | AC|e|* | Fiy(AYer]*
S DY N F\F3 FF;, | R\ F}
Fs AdlerP|ea]  A?Bler|* daAt | 3BA4|01|4+4A4|01|4
P\ FZ2F5 FZF, FiF, FiF, FiF,
k A%|cp|?  2AB|ci|?leal  B2er]t 8adld|ei|?|ca|  68A43|c1|?|eo]
FyFs F,yFg FyFs F2F} F2F}
8A3|c1|?|cal  8aA’Blei|*  6BA%Blei|*  8A%Blei|* | 1602 Ay |t
F2F,Fy F2F2 F?F2 F2FyFg FiFFy
982A% 1|t 24aBAY 1|t 32aAtci|t 2484 cq|? 16A4cl|4)
FiFFy FiFsFs FIF2 FIF2 FiFyFg
4A? 16AB 16AC 16A*F,
|dady — kd3| < ; 4)
FFs B Fs  FiFs F}F,
Fy (4%  16A’B  6loA' 43540 c4A’
F\F2F, | FIF, | FiF, | FiF; | FiF,
k 4A? N 16AB 16B? 64aA3 48BA3 6443 128a:A%2B
FoFs | FoFs | FoFs | F2FZ2 | F2F? | F2FyFs | F2F2
968A2B  128A2B  25602A*  14482A*  384a8A*
F2F} F2FyFs  FlFgFy  FFgFs FlFsFy
512041 384841 256A1
FiFZ " FiF? T FiRFy
Therefore,
2 A(A+2B+C)  A'Fy | F5 (A2(A+B)  A'(4da+38) 44!
dads = hds| <——F FiF;, " B\ FIF FiF, | FIF
1£3 143 3 142 1146 142
N k((A + B)? N 2A%(4Aa + 3B8A + 4aB + 38B)  8A%(A+ B)
FyFs F2F3 F2FyFg
A*(1602 +96? + 2408 + 16) | 8A*(4a+3
 AU602 49+ 2409+ 16) | 54+ 39) 11
FiFsFy FIFs

125
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4. CONCLUSION

The motivation for this work stems from the desire to establish connection between a new poly-
nomial called the Gegenbauer-Horadam polynomial and Geometric Function Theory. Gegenbauer-
Horadam polynomial encompasses various existing polynomials which are Gegenbauer polynomial,
Horadam polynomial, Chebyshev polynomials of both the first and second kind, and several others.
Furthermore, the polynomial was used to establish results in univalent functions theory using the prin-
ciple of subordination.

Future research can explore applications of the Gegenbauer-Horadam polynomial in physics, engi-
neering, signal processing, and image analysis, leveraging its properties to solve complex problems.
Investigations into coefficient problems, Fekete-Szego functional, and Hankel determinants for specific
subclasses of analytic functions associated with this polynomial can provide valuable insights.
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