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ABSTRACT. In this paper, we introduce two novel iterative algorithms to overcome key limitations in
fixed-point theory for nonexpansive mappings in Hilbert spaces. The first algorithm, based on a Kras-
noselskii-Mann-type scheme, generates weakly convergent sequences for a nonexpansive mapping un-
der standard conditions. The second algorithm, inspired by the Halpern iteration, is designed to strongly
converge to a fixed point of a nonexpansive mapping. Our contributions offer more flexible and broadly
applicable tools for solving fixed-point problems in nonlinear analysis and optimization.
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1. INTRODUCTION

Let H be a real Hilbert space endowed with the inner product (-, -) and Euclidean norm || - ||, and
let C be a nonempty, closed, and convex subset of H. The fixed point problem (FPP) is defined as: find
x* € H such that

Txz* =2, (1.1)

where T : H — H is a nonlinear mapping. We denote the set of fixed points of ' by F(T') := {z* €
H| Taz* =x*}.

The study of fixed points for nonlinear mappings plays a crucial role in mathematics, as numerous
nonlinear problems can be transformed into fixed-point problems (FPPs) involving nonlinear mappings.
One of the most effective tools for solving FPPs is the iterative method. As a result, considerable atten-
tion has been devoted to the development and analysis of iterative methods for approximating fixed
points of nonlinear operators. Several authors have studied iterative methods for solving FPPs (see, e.g.,
[4, 11, 17, 20, 25, 26] and references therein). The simplest method for solving (1.1) is the Banach-Picard
iteration defined as:

Tpy1 = T(zx), Yk >0, (1.2)

where o € H is the starting point. According to the Banach-Picard fixed point theorem, if 7" is a
contraction mapping (i.e., if ' is Lipschitz continuous with a constant L < 1) then the sequence (x) x>0
generated by (1.2) converges strongly to the unique fixed point of 7. This convergence occurs at a linear
rate. However, if T is only nonexpansive (i.e., Lipschitz with constant 1), this result no longer holds.
For example, consider the simple case where 1" = I (the identity mapping) and z¢y = 0. In this case,
the Banach-Picard iteration fails to converge to a fixed point of 7', and the sequence it generates does
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not even satisfy the property of asymptotic regularity. A sequence (x>0 is said to be asymptotically
regular if the difference x, — T'(x)) converges strongly to 0 as k — oo. To overcome this restrictive
assumption on 7', Krasnoselskii [12] proposed applying (1.2) to the averaged mapping %I + %T instead
of T'. This led to the more general Krasnoselskii-Mann (K-M) iteration defined as follows:

Tpg1 = (1 — ag)zg + T (xy), VEk >0, (1.3)

where (o) C (0, 1) is a control sequence. In the case where o, = o € (0, 1), Browder and Petryshyn
[2] showed that (1.3) satisfies asymptotic regularity. Groetsch [9] later extended this to the nonconstant
o0

case, proving that the condition ) (1 — ay) = oo ensures asymptotic regularity. Krasnoselskii-
k=0

Mann (K-M) iterations [16, 12] lie at the heart of numerous algorithms in optimization, fixed point
theory, and variational analysis, offering a unifying framework for analyzing the convergence of a
wide class of iterative methods. These iterations form the basis for many fundamental operator-splitting
schemes. Notably, the forward-backward splitting method [13, 22] used for solving monotone inclusion
problems involving the sum of two maximally monotone operators falls within this class, along with
its numerous special cases. These include classical methods such as the gradient projection method
[8, 14], the gradient descent method [3], and the proximal point algorithm [1, 10, 19, 24]. On the more
practical side, widely used algorithms like the Iterative Shrinkage-Thresholding Algorithm (ISTA) [6, 7]
also belong to the K-M family.

On the other hand, to achieve strong convergence, Halpern [11] proposed a modified method that
combines the mapping 7" with a fixed anchor point x¢ € H:

T = (1 — ag)wo + T (zg), VE>0, (1.4)

known as the Halpern iteration. This method has garnered significant interest due to its strong con-
vergence properties under mild conditions, particularly when (ay) is chosen such that oy — 0 and
o0

> ay = 00. Several authors have studied (1.4) for solving optimization problems (see [15, 21, 23] and

k=0
other references therein).

Motivated by the limitations of classical iterative methods like the Krasnoselskii-Mann iteration,
which typically yield only weak convergence, and the need for more robust algorithms capable of ap-
proximating fixed points of nonexpansive mappings under minimal assumptions, this work proposes
two novel algorithms. The first algorithm introduces a modified K-M-type scheme that generates aux-
iliary sequences to enhance convergence behavior while maintaining weak convergence guarantees.
Halpern-type methods inspire the second algorithm, which incorporates an anchoring mechanism to
ensure strong convergence. These methods aim to broaden the applicability of fixed point theory in
real Hilbert spaces by relaxing traditional assumptions and improving convergence performance.

This paper is organized as follows. In Section 2, we present some basic definitions, concepts, lemmas,
and results required in the convergence analysis of our proposed algorithm. In Section 3, we present
our algorithm and the convergence result. In Section 4, we present a summary of our results.

2. PRELIMINARIES

In this section, we present some known results, lemmas, and definitions that will be used for our
convergence analysis. Throughout this work, we denote the weak and strong convergence of a sequence
{z}} to a point x by {z} — = and {z}} — x, respectively.

The mapping 7' is said to be a:
(i) contraction if there exists b € [0, 1) such that:

[Tz =Tyl <blle —yl, v,y € H.

When b = 1, T is called nonexpansive.
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Definition 2.1. Let C' be a nonempty, closed, convex subset of a real Hilbert space H, andlet T : C —
C be a single-valued mapping. We say that I — T is demiclosed at 0 if for any sequence {z, } C C such
that {z,,} = p and |z, —T(x,)| — 0,thenp € F(T):={x € C:T(z) = z}.

Lemma 2.2. [5] Let H be a real Hilbert space, C' a closed convex subset of H, andT : C — C a
nonexpansive mapping. Then1 — T' is demiclosed at 0.

Lemma 2.3. Let H be a real Hilbert space. Then, for any x,y € H and X\ € R, the following identities
hold:
lz +yl* = llz]|* + 2¢y, 2) + |y,
Az + (1= Nyll* = Alz]]* + (1 = Nlyl* = A1 = Nz - y|*

Lemma 2.4. (Opial Lemma) Let C' be a nonempty subset of a Hilbert space H, and let {x},}7°, be a
sequence in H. Assume that:

(i) Foreveryz € C, the limit klirgo lxx — || exists;

(ii) Every weak sequential cluster point of the sequence {x},}7° , belongs to C.
Then the sequence {x,} 2, converges weakly to a point in C' as k — oo.

Lemma 2.5. [6] Let {t;} be a sequence in R, {0} a sequence in [0,1], and M a positive constant such
that

thp1 < (1= 6p)dn + 0 M
for every k > 0. Then tj; < max{to, M}.

Lemma 2.6. [18] Suppose that {cy} is a sequence of nonnegative real numbers, {«y } is a sequence of real
o0

numbers in (0, 1) satisfying > aj = oo, and {hy} is a sequence of real numbers such that
k=1

cer1 < (1 — ag)ex, + aghy. (2.1)

Iflimsup hy, < 0 for each subsequence {ci, } of {cy} satisfying iminf(cg, 41 —cx,) > 0, then lim ¢ =
—00

1—00 % k—00

3. PROPOSED METHOD
In this section, we present the proposed algorithms. We start by presenting the assumptions.

Assumption 3.1. Assume the following conditions hold:
(i) T is a nonexpansive mapping.
(i) ap € (0,1, 0<a<ap<b<l.
(iii) F(T) # 0.
Algorithm 3.2. New fast convergent optimized K-M iteration Initialization: Given xg, zg € H. Let oy,

be a sequence satisfying Assumption 3.1.
Iteration: Fork = 0,1,2, ..., compute:

yr = (1 — o) + gz,
Tp1 = (1 — on)yr + arTyp (3.1)
Zer1 = (1 — o) 2p + g

Theorem 3.3. Let {x} and {z1} be sequences generated by Algorithm 3.2 satisfying Assumption 3.1.
Then, {1} and {z}} converge weakly to an element of F'(T).
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Proof. Let z* € F(T). Then,
lzwrn = 2> = (1= an)(ye — %) + a(Tyy, — )|
= (1= a)llyr — 2"|* + al|Tyx —*|1* — an(l — ap)llye — Tyl

< lye — 2 — a(1 — o) ly — Tyiel|?

1—ag
= =212 = S0y — 2 62)
o,
From Algorithm 3.2 (3.1), we have
lyr — 217 = (1= ap)|ar — 2*1° + arllzr — 2*)* — (1 — ) [lan — 2] (3:3)
and
|2k — 2 = (1= aw)llzr —«*[” + anllor — 2 — an(1 — o)z — 2. (3.4)
If we plug (3.3) into (3.2), we get
o —2*1? < (1= agp)llar — 2*|* + agllzr — 2*)* — ar(l — ap)llax — 2l> (35)

(1-

(0 —a) 2
o |l Zr+1 ka-

If we combine (3.5) with (3.4), we obtain

lzpr1 = 212+ [lzip1 — 27 < (1= aw)llan — 2| + |z — 2™
1 — O
(1= ) — 2l — O a2
+(1 = aw)llze — 2|1 + agllee — 2*))* — (1 — o) |k — 21
= log — 2P + [lze — =¥ — 22 (1 — o)k — 2 (3.6)
(1 —ay)

— |k — wel®-

Define Vk € N,
ay, := |lo — &% + ||z — &*|%.
Then, by (3.6), we get
(1—ayg)

aps1 < ap — 205 (1 — o)z — 2l — k41 — yill* (3.7)

Suppose 0 < a < ai < b < 1. Then, we obtain from (3.7) that {ay} is monotonically non-increasing
and klim ay < oo. Hence, {ay} is bounded. Also, both {z}} and {21} are bounded by the definition of
—00

ax. Consequently, {y} is also bounded. Furthermore, we get

lim ka - ZkH =0
k—o0
and
lim a1 — el = 0.
k—o0

From (3.1), we get
Yk — Tk = ag(zx — ) = 0, k — o0.
Also,
Zk41 — 2k = ag(zr — 2x) — 0, k — oo.
Therefore,
lze = zk41ll < ll2kt1 — 2l + llzk — 26l] = 0, k — oo,

lzrr1 — 2kl < |opser — yrll + llzx — yell = 0, & — oo.
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Let & be a cluster point of {x}}. Then, there exists {zy, } C {zx} such that z}, — &, i — oo. Since
lim ||zg+1 — yk|| = 0, we have that
k—o0
1
e = Towll = llzr = yell = 0, k = 0.

Since {yi, } C {yx}, with yi, — &, ¢ — 0o, we obtain that & € F'(T') by the demiclosedness principle
of (I —T). Now, we show that z;, = & € N2, F'(T'). Define

ek = ||k — @kl|? + 2z — zp, 7 — 7).

Since z, — xx — 0 and {x1} is bounded, we have that ¢, — 0, k — oo. Observe also that

i = 2% = Nz = 2nl® + 2(e — wp, 2% — 2%) + flow — 27|1%,

which implies that

= ok —anl® + 2(z — xp, 2p — )

= law — 2"|* = [lzy, — 2"

Hence,

ag—cr = ok =2+ [z — 2"

Iz = 2" 2 = ok = 2|12)
= 2z — ¥
Therefore,
ok = 2°[12 = 5 (o = ).

Since klg)(r)lo ay, exists, we have that klirglo ||z — || exists. By the Opial’s Lemma (Lemma 2.4), we obtain
that {x) } converges weakly to a point in F'(T"). Furthermore, since ||z — 2| — 0, we have that {2}
also converges weakly to the same point in F'(T). g

Strong convergence. In this subsection, we present our strong convergence result. We start by pre-
senting the following assumption.

Assumption 3.4. (i) T is a nonexpansive mapping.
[&.°]
(i) B — 0, k — ocoand > B = co.
k=0

(iii) 0 < liminfy, <9, < limsupy; < 1.
k—o0
(iv) S=F(T) # 0.
Algorithm 3.5. Modified Halpern-type fixed point algorithm Initialization: Given xg, sg € H. Let v

and Sy, be sequences satisfying Assumption 3.4.
Iteration: Fork =0,1,2, ..., compute:

wy = (1 — )k + Visk
Tp1 = T (Brwo + (1 — Br)wy) (3.8)
Sk41 = (1= Br)(1 = y)se + (1 — Br)ver + Bro.

Lemma 3.6. Let {x}} and {sy} be sequences generated by Algorithm 3.5 satisfying Assumption 3.4. Then,
{z}} and {sy} are bounded.
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Proof. Let x* € F(T). Then, from (3.8) we have
lwe — 2% = (1 =)o — 2 I1° + ygllsk — 21 = (1 = ) 2 — sil? (3.9)
and
sk —2*? = (1= B —w)llse — 21> + (1 = Br)ywllaw — =™
+Bkllzo — (1% = (1 = Br)* (1 — i) — siell?
—(1 = B) (1 = ) Brllsk — @ol|* = Be(1 = Be)ykllze — xol>. (3.10)
Also, let uy := Brxo + (1 — Bi)wg. Then
lug —2*|* = ||Brzo + (1 = Br)wg — 2|7
= Billwo — 2> + (1 = Bi)wy, — 2|1 = Br(1 = Br) w0 — wgl|*.
From the definition of T', we get
lzpr —2*|? = |Tup —2*|* < fJug, — 2*||*. (3.11)
Hence,
lzge1 =22 < (1= B)llw, — 2*|* + Brllzo — «*[* — Be(1 — Br) |0 — wi %,
which by (3.9) implies that
lzepr — 2z < (1= Bk) |(1 =) llze — 21 + llse — 2*01% — (1 — ) l|lzw — 5k:||2]
+Bkllzo — 2*||* — Br(1 — Br) w0 — wi*. (3.12)
Adding (3.10) and (3.12), we get

ks = 217 + [Isps — 27|

< (=B =wllek — 22+ wllsp — 22 = (1 = )z — s
+Bxllwo — 2*||* — Br(L — Bi) [z — wi?
(1= B) (L =) llsk — (1> + (1 = Br)yellwn — 212
+Bellzo — *)1* = (1 = Br)* (1 — i) — sl
—(1 = Br) (1 = ) Brllsk — woll* = Br(1 = Br)wllzr — wol?
= (1= B [low = 2" |2 + sk — @"[12] + 28l — 2
= (1= Btk + 2Bkllxo — z*||.
Letting ty, := ||z, — 2*||* + ||sx, — 2*||?, we have
thar < (1= Br)t + 2Bkllzo — ¥
By Lemma 2.5, we have that {t;} is bounded. Hence, both {z}} and {s;} are bounded. O

Theorem 3.7. Let {x}} and {s;} be sequences generated by Algorithm 3.5 satisfying Assumption 3.4.
Then, {x}.} and {sy} converge strongly to x* = Psx.

Proof. Let x* = Pgxg. Then by Lemma 2.3 (i), we get
lug = 2> = 1Be(zo — ") + (1 = Bi) (wi — 2|
= Billzo — 2|1 (3.13)
(1= B)? lwy, — 2|1 + 285 (1 — Br)(wo — %, wy — ).
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Plugging (3.13) into (3.11), we have

ks — 22 < BRllo— a2+ (1~ B g — o1 (3.14)
+28k(1 — Br){(zo — ™, wi, — x™).

Observe that

sk — 212 = [|(1 = Br)(1 = v)sk + (1 = Br) ek + Brwo — ™|
= ||Be(vo — ) + (1 — Br) (1 — ve)sk + (1 — Bi)vewr — (1 — Br)z™||?
)

- Hﬂkxo—x) ( — Bk <(1_7k5’f+7kxk_x>H

= Billzo — 21> + (1 = Br) (1 = w)sk + yar — ||
+26k(1 — 5k)<1‘0 — 2", (1 — )8k + Yrwp, — 27)
= Billzo — 21> + (1 = Br)(I(1 — ) (s — %) + W (ax — 2*) |12
+285(1 = Br){xo — z*, (1 — ) sk + Wk — 27)
= Billwo — ™| + (1 — Bx)? [(1 — ) llsk — 2*)1* + yellwx — 2|2 (3.15)

(1= gk = sell?] + 2861 = Bi) (o — 7, (1 = )k + g — 7°).
So, addition of (3.15) and (3.14) gives

ks = 217 + s — 272

< (=8| (=)l — 2P + sk — 217 = (1 = ) |2 — Sk||2]
+B¢llzo — 2*|I* + 2Bk (1 — Br)(zo — 2", wp — 27)
+Billwo — &*[|” + (1 — Br)? [(1 —)llsk — 2|1 + ellwx — 2|2
=1 — i)k — SkHQ} + 285(1 = Br){wo — 2", (1 — i) sk + ek — 27)
< (1= 80 (Nl — @I + llsg = 2*|12) + 28 o — "
+2Bk(1 — Br) [(960 — 2%, (1= y)sk + ewg — ) + (T — %, wy, — $*>]
= (1= B0 (llw — 212 + llsg = 2*[2) + 28 o — 2"
+28k(1 — B) [(.CC[) — 2", (1 — yp)sk + vexp — ™) + (o — 2™, wy, — x*)]
< (1= Br)te + Brha,
where
hi = 2Bkllwo — 2> +2(1 — Br) [<370 — %, (1= y)sk + ypor — 27)
+(xo — =", wg — x*)} (3.16)
From (3.15), we obtain
thr1 < (1= Br)te + Brhy. (3.17)

To conclude the proof, it suffices to show, given Lemma 2.6, that lim sup hy, < 0 for each subsequence

71— 00
tr, } C {tx} such that liminf(¢;, ., — tx,) > 0. To this end, let {¢;.} be a subsequence of {t;.} such
1 3 i+1 1 1 q
1—00
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that lim inf (¢, , — tx,) > 0. By (3.15), we obtain

1— 00

limsup |7, (1= 7,)(1 = B, 2llow, — s 2] < Timsup | (b, = ) + B, O, — 1)
1—00 1—00
< —limsup(tg, — tg,,,) <0.
1—>00

Since 0 < liminfa; < ap <limsupag < 1, and lim S = 0, we get
k—oo k—o0

lim kaz - ssz = 0.
71— 00
Hence, from wy, = (1 — v, )2k, + Yk, Sk;, We get
lim ||wkl - xkz” = 0. (3.18)
1—00
Hence,
lem - s/ﬁ” — 0, i — oo.
From the definition of uy, we have
hm ||ukz - wkz” = 0. (3.19)
1— 00
Since T is nonexpansive, we have from (3.19) that
lim [|[Tug, — Twg,|| = 0.
1—00

From the boundedness of the {uy}, the nonexpansivitity of 7', and the conditions on the control pa-
rameter, we have

lim ||ug, — T'uy,|| = 0. (3.20)
1—00
From (3.19) and (3.20), we have
Hwki - xkri—lH < ”w/ﬁ - ukﬁH + ||ukf1 - Tu/ﬂ“ — 0,7 — o0. (3.21)

Hence, from (3.18) and (3.21), we have
|k, — p,41]| = 0, © = oo.

By Lemma 3.6, we have that {zy, } is bounded. Then, we can choose a subsequence {x, } C {zg,}
J
such that z;, — w* € H, and
J
limsup(xog — 2™, zx, — ") = lm (zg — 2", 2, —2") = (zg — 2", w" — 7).
i—00 J—roo J
Following similar arguments as in Theorem 3.3 , we can show that w* € S. Now, since * = Psxg, we

have from the characterization of metric projection that

limsup(xo — 2™, zg, — 2*) = (g — 2", w" — ") <0.
1—00
Since lim ||wy, — xg,|| = 0 and lim |lwg, — s, || = 0, we have that
71— 00 71— 00
lim sup(xog — 2™, g, — 2*) = limsup(xo — ™, wy, — *) = imsup(xg — =™, s, — z*).
Thus,

lim sup(xg — 2™, wy, — 2¥) = (kg — 2™, w* —2™) <0 (3.22)
1—00
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and (noting that vy, ||z, — s, || = 0,7 — 00)

lim sup(xzo — ™, (1 — Y&, ) sk; + Ve, Th; — )

1—00
= limsup(zg — 2", s, —2™) = (xo — 2™, w* —2*) <0. (3.23)
1—+00
Using (3.22), (3.23) and (3.21), and the condition that lim J;, = 0in (3.16), we have thatlim sup Ay, < 0.
100 1—00
o
Thus, in view of condition ) ; = oo and Lemma 2.6, we have from (3.17) that klim tr = 0. By the
k=1 — 00
definition of {¢)}, we have that both {x;} and {s;} converges strongly to * = Pgx( as asserted.
Thus, completes the proof. g

4. CONCLUSION

In this paper, we studied two novel iterative algorithms for approximating solutions of fixed-point
problems in real Hilbert spaces. Under certain standard assumptions, we obtained weak and strong
convergence results. By addressing key limitations of existing approaches, the proposed algorithms
provide flexible tools for variational analysis, optimization, and inverse problems. Future work is di-
rected toward convergence rate analysis, empirical validation, and extensions to stochastic settings.

STATEMENTS AND DECLARATIONS

The authors declare that they have no conflicts of interest, and the manuscript does not have any
associated data.

ACKNOWLEDGMENTS

The authors acknowledge the School of Mathematical Sciences, Zhejiang Normal University, Jinhua
321004, People’s Republic of China.

REFERENCES

[1] H. Brézis and P. L. Lions. Produits infinis de résolvantes. Israel Journal of Mathematics, 29(4):329-345, 1978.
[2] F.E.Browder and W. V. Petryshyn. The solution by iteration of nonlinear functional equations in Banach spaces. Bulletin
of the American Mathematical Society, 72:571-575, 1966.
[3] A. Cauchy. Méthode générale pour la résolution des systemes d’équations simultanées. Comptes Rendus de I’Académie
Des Sciences, Paris, 25:536—538, 1847.
[4] C. E. Chidume. Geometric Properties of Banach spaces and Nonlinear Iterations, Series:Lecture Notes in Mathematics.
Springer Verlag, Vol. 1965, 2009.
[5] P. L. Combettes. Solving monotone inclusions via compositions of nonexpansive averaged operators. Optimization,
53(5-6):475-504, 2004.
[6] P.L. Combettes and V. R. Wajs. Signal recovery by proximal forward-backward splitting. Multiscale Modeling and Sim-
ulation, 4(4):1168-1200, 2005.
[7] L Daubechies, M. Defrise, and C. De Mol. An iterative thresholding algorithm for linear inverse problems with a sparsity
constraint. Communications on Pure and Applied Mathematics, 57(11):1413-1457, 2004.
[8] A. A. Goldstein. Convex programming in Hilbert space. Bulletin of the American Mathematical Society, 70(5):709-710,
1964.
[9] C. W. Groetsch. A note on segmenting Mann iterates. Journal of Mathematical Analysis and Applications, 40:369-372,
1972.
[10] O. Giiler. On the convergence of the proximal point algorithm for convex minimization. SIAM Journal on Control and
Optimization, 29(2):403-419, 1991.
[11] B. Halpern. Fixed points of nonexpansive maps. Bulletin of the American Mathematical Society, 73:957-961, 1967.
[12] M. A. Krasnoselski. Two remarks on the method of successive approximations. Uspekhi Matematicheskikh Nauk, 10:123-
127, 1955.
[13] P. L. Lions and B. Mercier. Splitting algorithms for the sum of two nonlinear operators. SIAM Journal on Numerical
Analysis, 16(6):964-979, 1979.



(14]
(15]
(16]
(17]
(18]

(19]

(20]

NEW CONVERGENT ITERATIONS FOR FIXED POINT PROBLEMS 219

E. S. Levitin and B. T. Polyak. Constrained minimization methods. SSR Computational Mathematics and Mathematical
Physics, 6(5):1-50, 1966.

F. Lieder. On the convergence rate of the Halpern-iteration. Optimization Letters, 15(2):405-418, 2021.

W. R. Mann. Mean value methods in iteration. Proceedings of the American Mathematical Society, 4(3):506-510, 1953.

G. Marino and H. K. Xu. Weak and strong convergence theorems for strict pseudo-contractions in Hilbert spaces. Journal
of Mathematical Analysis and Applications, 329:336-346, 2007.

P. E. Maingé. Approximation methods for common fixed points of nonexpansive mappings in Hilbert spaces. Journal of
Mathematical Analysis and Applications, 325(1):469-479, 2007.

B. Martinet. Regularisation, d’inéquations variationelles par approximations succesives. Recherche Operationelle, 4:154-
158, 1970.

A. Moudafi. Viscosity approximation methods for fixed-point problems. Journal of Mathematical Analysis and Applica-
tions, 241:46-55, 2000.

[21] J.Park and E. K. Ryu. Exact optimal accelerated complexity for fixed-point iterations. Proceedings of the 39th International

(22]
(23]
(24]
(25]

[26]

Conference on Machine Learning, 162:17420-17457, 2022.

G. B. Passty. Ergodic convergence to a zero of the sum of monotone operators in Hilbert space. Journal of Mathematical
Analysis and Applications, 72(2):383-390, 1979.

H. Qi and H.-K. Xu. Convergence of Halperns iteration method with applications in optimization. Numerical Functional
Analysis and Optimization, 42(15):1839-1854, 2021.

R. T. Rockafellar. Monotone operators and the proximal point algorithm. SIAM Journal on Control and Optimization,
14(5):877-898, 1976.

T. M. M. Sow, N. Djitt, and C. E. Chidume. A path convergence theorem and construction of fixed points for nonexpansive
mappings in certain Banach spaces. Carpathian Journal of Mathematics, 32(2):241-250, 2016.

Y. Yao, H. Zhou, and Y. C. Liou. Strong convergence of modified Krasnoselskii-Mann iterative algorithm for nonexpansive
mappings. Journal of Mathematical Analysis and Applications, 29:383-389, 2009.



	1. Introduction
	2. Preliminaries
	3. Proposed Method
	Strong convergence

	4. Conclusion
	Statements and Declarations
	Acknowledgments
	References

