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ABsTRACT. This paper establishes the existence of common fixed points for three distinct pairs of weakly
commuting quasi-contractive self-mappings within the framework of generalized modular metric spaces.
We present a series of fixed-point theorems specifically for these mappings, considering cases where they
are defined on a w® ©_metric space. The results obtained in this study enhance,
extend, and unify numerous established findings, providing a broader perspective on fixed-point theory
in modular spaces.
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1. INTRODUCTION

Fixed point theory has long been a fundamental area of study in nonlinear analysis. Jungck [18]
first introduced a common fixed-point theorem for commuting mappings under the condition that at
least one function in the pair is continuous. Sessa [46] later extended this idea by defining weakly
commuting mappings and proving corresponding fixed-point results in complete metric spaces. Sharma
[47] provided further generalizations, demonstrating new fixed-point theorems that built upon existing
metric space results.

The study of common fixed points was advanced by Kumam et al. [20], who examined two map-
pings satisfying a generalized contractive condition in b-metric spaces, offering practical examples to
illustrate their applicability. Meanwhile, Song and Chen [16] explored weakly commutative mappings
in multiplicative metric spaces, significantly extending prior results by Ozavsar and Cevikel [37].

Metric space theory has undergone several generalizations. Gahler [13] introduced 2-metric spaces,
followed by Dhage [12], who expanded on this work by defining D-metric spaces. Singh et al. [48]
later proposed semi-compatibility in D-metric spaces, leading to new fixed-point results that refined
the earlier contributions of Rhoades [44] and Dhage et al. [11]. However, Mustafa and Sims [24] pointed
out inconsistencies in D-metric spaces and proposed G-metric spaces as a corrective framework, with
further fixed-point results established by Abbas et al. [1] and Mustafa et al. [27].

A significant breakthrough in modular metric spaces came with Chistyakov’s [7] introduction of
metric modulars, extending earlier work by Nakano [28], Musielak and Orlicz [36], and Musielak
[23]. Modular spaces generalize classical function spaces, including Lebesgue, Riesz, and Orlicz spaces.
Chistyakov [9] also formulated fixed-point results for contractive mappings in modular spaces, with
related research found in [8, 21, 30, 32, 35, 43].
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Manav and Tiirkoglu [22] later introduced modular F-metric spaces, refining the topological struc-
ture of modular spaces and comparing their properties to classical modular metrics. They also examined
the Banach contraction principle in this setting.

Azadifar et al. [4] developed modular w®-metric spaces, proving common fixed-point results for
mappings satisfying integral-type contractive conditions. Their work was later extended by Pariya
et al. [39], Rahimpoor et al. [41], and Rashwan et al. [42]. Azadifar et al. [3, 5] further examined
fixed-point theorems for weakly compatible mappings under ®-conditions.

Recent developments by Okeke and Francis [34] focused on asymptotically 7T-regular mappings in
preordered modular w®-metric spaces, with applications to solving nonlinear integral equations. Okeke
et al. [33] introduced the As-type condition, proving fixed-point results for generalized contractive
operators and establishing modular w-continuity.

In this work, we construct three pairs of weakly commuting quasi-contractive self-mappings within
modular w® G _metric spaces.
Additionally, we provide their applications to nonlinear Pachpatte integral equations. Our findings
generalize and refine results from [14, 15, 31] Cho et al. [10], Abbas et al [1], Abbas et al [2] and
Mustafa and Sims [26], Azadifar et al. [3], Azadifar ef al. [5], and some results in Okeke et al. [33],
among others.

This paper is structured as follows. In Section 2, we recall the necessary preliminaries, including
the basic notions of modular w®

-metric spaces and establish fixed-point results in complete modular w

-metric spaces, weak commutativity, and quasi-contractive mappings.
Section 3 presents our main results, where we establish common fixed point theorems for weakly com-
muting pairs of quasi-contractive self-mappings in w-complete modular w-metric spaces. Section 4
is devoted to applications of these results to nonlinear Pachpatte-type integral equations.

2. PRELIMINARIES

Definition 2.1. [46] Two self mappings S and T" defined on a metric space (X, d) are said to be weakly
commuting mappings if and only if d(STx,T'Sz) < d(Sz,Tx), forall z € X.

Here, we define weakly commuting and R-weakly mappings in b-metric space as recorded in [20].

Definition 2.2. [20] Let f and g be mappings from a b-metric space (X, d) into itself. The mappings
f and g are said to be weakly commuting if d(fgz, gfz) < d(fz, gz), for each z € X.

Definition 2.3. [20] Let f and g be mappings from a b-metric space (X, d) into itself. The mappings
f and g are said to be R-weakly commuting if there exists some positive real number R such that

d(fgr,gfr) < Rd(fz,gx), for each z € X.

Definition 2.4. [2] Two self-mappings f and g of a G-metric space (X, G) are said to be weakly
commuting if G(fgz,gfz,gfr) < G(fx, gz, gr) for all z in X.

G

The following definition about modular w™-metric space is taken from Azadifar et al. [3].

Definition 2.5. Let X be a nonempty set, and let w” : (0,00) x X x X x X — [0, 00| be a function

satisfying;
W (z,y,2) =0forallz,y,z € Xand A > 0ifx =y = 2,

z,z,y) > 0forall z,y € X and A > 0 with z # y,

x,x,y) < wf(w,y,z) forall z,y,z € X and A > 0 with z # y,

x,Y,2) = wf(a;, z,y) = wf(y, z,x) =--- forall A > 0 (symmetry in all three variables),

(5) w/wu(x,y, z) < wf(x,a,a) —|—wf(a,y,z), forall z,y,z,a € X and A\, 4 > 0,

then wf is called a modular w®

(1) wy
(2) w§
3) wf
4) w§

G

(
(
(
wy (

-metric on X.
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The pair (X, w®) is called a modular w®

G

-metric space, and without any confusion we will take X
as a modular w* -metric space.

The following example of w®-modular was given in [3].

Example 2.6. Let A > O and z,y, 2z € X ,c, we have
(1) wf\;(az,y, z) = o0, ifx # y # 2, wf(:c,y, z) =0,ifx =y = z and if (X, G) is a G-metric
space, then we al(so haw;
G ~ G(z,y,z
(2) w,\ (SU,y,Z) - T;Z)()\)
(3) wf(:c, y,z) = o0, if A < G(x,y, z), and wg(x,y, z) =0,if A > G(z,y, 2);
(4) wf(x, y,z) = o0, if A < G(x,y, z), and wf(:c, y,z) =0,if A > G(z,y, 2),
where G(z,y,2) = |z — y| + |y — 2| + |z — 2| for z,y, z € X. Note that for z, y, 2 € X the function
0 < A+ w§(z,y, 2) € [0,00] is non-increasing on (0, o).

, where ¢ : (0,00) — (0, 00) is a non-decreasing function;

Definition 2.7. [3] Let X, ¢ be a modular w&-metric space. The sequence {2, }nen in X,,c is modular
w%-convergent to =, if it converges to  in the topology 7(w’).
A function T : X6 — X, ¢ atz € X, ¢ is called modular G-continuous if w§{ (z,,, z, ) — 0 then

wf(Ta:n, Tz, Tx) — 0, forall A > 0.

Remark 2.8. [33] The sequence {x,, },cn modular w&-converges to = as n — oo, if

nh—>Holo w)cf(xn, Zm,x) = 0. That is for all € > 0 there exists ng € N such that w?(mn, T, ) < € for

all n, m > ng. Here we say that  is modular w-limit of {z,,},en.

Definition 2.9. [3] Let X ¢ be a modular w®-metric space, then the sequence {x,, }neny € X ¢ is said
to be modular w%-Cauchy if for every € > 0, there exists n. € N such that w?(mn, T, x;) < € for all
n,m,l > neand X > 0.

A modular w®-metric space X ¢ is said to be modular w
sequence in X ¢ is modular w%-convergent in X, ¢

G_complete if every modular w®-Cauchy

Definition 2.10. [5] Let g and h be single-valued self mappings on a set X. If w = gz = ha for some
x € X, then z is called a coincidence point of g and h, and w is called a point of coincidence of g and

h.

Definition 2.11. [19] Let T, S be two self-mappings on a nonempty set X. Then

(i) x € X is called a fixed point of T if Tx = .

(if) € X is called a coincidence point of T and S if Tx = Sz.
(iii) z € X is called a common fixed point of 7" and S if Tx = Sx = .
(iv) x € X is called a commuting point of T, L if T'Lx = LTx.

Proposition 2.12. [3] Let (X, w®) be a modular w® -metric space, for any x,y, z, a € X, it follows that:

(1) Ifw§ (z,y,2) =0 forall A > 0, thenz =y = 2.
<

) w§(z,y,2) wg(:n,x, y) + wg(x,:n, z) forall A > 0.

3) Wl (z,y,y) < 20§ (2, 2,y) forall A > 0.

4) Wi (z,y,2) < wgz( z,a,2) +w§ (a,y,2) forall A > 0.

(5) W (z,y,2) < %(ng(x, Y, a) +2w§(:r, a,z) + wg(a, y,2)) forall A > 0.
6) w§(z,y,2) < wg(x, a,a)+ wg(y, a,a) + wg(z, a,a) forall A > 0.

Proposition 2.13. [3] Let X ¢ be a modular w®-metric space and {x,, }nen be a sequence in X,,c. Then
the following are equivalent:
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(1) {x }nen is wE-convergent to

(2) wx (T, ) = 0 asn — oo, i.e; {Tn nen converges to  relative to modular metric W (.),
(3) w§ (T, Ty, ) — 0 asn — oo forall A > 0,

(4) w$ (2,7, 7) — 0 asn — oo forall A > 0,

(5) w)cf(xm,a:n,:z:) — 0asm,n — oo forall A > 0.

We start with the definition below following [2] which will be useful of this paper.

Definition 2.14. [31] Let X,¢ be a modular w®-metric space. A pair {71, T3} is said to be weakly
commuting in w if for all A > 0, wf(Tszac, ToTyx, ToTix) < wf(Tlm, Tox, Tox), forallz € X c.

3. MAIN RESULTS

Lemma 3.1. Let X ¢ be a w®-complete modular w®-metric space. Let T; : X, o — X,c fori =
1,2,3,4,5,6, be six self-mappings and let {T1, Ty}, {T>, Ts} and {T3,T5} be weakly commuting pairs of
mappings such that T3(X,c) C Ty(X c), To(X,c) C T5(X,e), T1(X,e) C Ts(X,c).for which the
following condition hold;

ag wf\;(T4:r, Tsy, T5z2) ay Wg\;(T4IL”, Tsy, T52)
1 +(JJ§(T6:U,T1.T,T1$)’ 1 +W)C\;(T6y7T6yaTlx)4’

as W (Taz, Tey, Ts2) as w§ (Tux, Tey, Ts2)
1+ w{(Tve, Toy, Tey)? 1+ w§ (Toy, Tey, Tix)?’

a w§ (Tyz, Toy, T52) as WS (Tyx, Tey, Ts2)
1+ ol (Toy, Tz, Thz)? " 1+ Wl (Tey, Toy, Tiz)?’

w§ (Tyz, Tey, Ts2) w§ (Tyz, Tey, Ts2)

467 + w$ (Toy, Tz, Thiz)Y 7 +w§(Thz, Tey, Toy)’
- _ w§ (Tyz, Toy, ];52) e
+ w¥ (Toy, Thz, Thx) + w§ (Thz, Tey, Tey)
a wf(ﬂ;x, Toy, T52)
14w (Tey, Tz, Tiz)? + w (Tiz, Tey, Toy)?’
a0 wf(T41:, Toy, T52)
14w (Tey, Tz, Tiz)? + w (Tiz, Tey, Toy)®’
o w)(\;(T4x, Toy, T52)
14 w§ (Tey, Thz, Tiz)3 + w (Tiz, Tey, Toy)®’
ars WS (Tyz, Tey, T5z) .
1+ w§ (Toy, Tz, Tix)* + Wi (Tz, Toy, Toy)*
forall A > 0, x,y,z € X ¢ withx # y # z # =z, fora, € [0,00) r = 0,1,2,3,---,12, with
aj € (0,1) forj = 0,1,2,3,---,12. Define sequences {xy, }nen and {&n}nen in X e so that for x3,
in X,c, choose x3,4+1 such that &3, = Thx3n, = TeTsnt1; again for r3,41 in X e, choose T3,42 such

that £3p41 = To23n4+1 = Tsx3p+2 and, for a point x3n4+2 in X, a, choose x3n4+3 such that £3p49 =

T3x3n+2 = T4ac3n+3 forn = 0, 1, 2, ---. Then lim w?(fgn, §3m, fgk) =0.
n,m,k— oo

wf(lev, Toy, T5z) < max

(3.1)

Proof. Suppose that X ¢ is empty, then there is nothing to prove. We now assume that X ¢ # 0.
Suppose that the mappings, T; for i = 1, - - - , 6 satisfy inequality (3.1). Since xy, 1 and x5 are points
in X ¢ and T1(X,¢) C Ts(X,c), we can find a point 21 in X ¢ such that § = Tixg = Tsz1.
For T5(X,c) C T5(X,c), we can find a point 2 € X, ¢ such that &, = Toxy = Tsxo and for
T3(X,c) C Ty(X,c); we can find a point 3 in X ¢ such that & = T3ze = Tyx3. Now forall A > 0,
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wg(&), &1,&1) < oo and wg\;(fo, &0,&1) < 00. Generally, there exists sequences {x,, }nen and {&, bnen
in X e such that the following Equations hold;

&3n = 1123, = ToT3n41
Ent1 = Tow3ns1 = 53542
Ent2 = T373n42 = Tyx3n43, (3.2)

for all n € N. If there exists ng € N such that &,, = &yy+1, then T3(X ¢) C Tu(X 6), T2(X a) C
T5(X,¢), Th(X,e) C Te(X,c) holds. In fact, if there exists m € N such that 3,42 = E3n43, then
Tyu = Tgu, where u = x3,,4+3. Therefore, the pair {7}, Ts} has a coincidence point u € X . If
&3m = &3m+1, then Tou = Tyu, where u = x3y,+1. Therefore, the pair {75, Ty} has a coincidence
point u € X c. If &3mt1 = E3mrs, then Tsu = Thu, where u = x3,,,1+9. Thus, the pair {T5,75}
has a coincidence point © € X c. Again, if there is ng € N such that &,, = &,y+1 = &ng+2, then
& = &, for any n > ng. This implies that {£,} is a modular w® Cauchy sequence in X, c. Actually,
if there exists 7 € N such that {3, = §3n11 = Eanr2, S3n 7 Enr1 = E3n42, §3p = E3np1 # Sant2 and
&3n 7# &3n+1 # E3n+2. In fact the first three cases are easy verification, so we only verify the last case,
them from inequality (3.1), we get by setting = = £3,+3, ¥ = &3,+1 and z = &£3,,12. Thus;

WS (&1, Eanv2s Eanes) = W (T1&apss, Tobsnr1, Tsapsa)

2 w§ (Tu€sy3, ToEsn1, T5Esn42) X w§ (T3, ToEsn+1, TsEs42)
14+ w$ (To€ant1, Tiéants, Tiéanes) 1+ w§ (Tolspi1, Tolans1, Ti€sns)t

o WS (Tu€sys3, ToEsn1, T5Esn+2) , w§ (Ta€syv3, ToEsn+1, TsEs42)
1+ w§ (Ti&snt3: Tolapt1, To€an1)? " 14w (To&snt1, Toant1, Ti&snss)®’

. Wl (T3, ToEsn1, TsEsn+2) . w§ (T3, ToEsn1, TsEsn42)
1+ w§ (Telsys1, T1€3n43, T1€ng3)?” 1+ w§ (Tolsnt1, To€ant1, T1€sn13)?

w§ (Ta€sp+3, ToEsn+1, TsEs42) w§ (Ta€sy+3, ToEsn+1, TsEsnt2)

1+ W (Tolanrt, Tilanen Tiéanra)? 1+ W (Ti€aneas Tobanen, To€anr)
as W (Tuésyys, Tosnt1, Trésnta)
1+ WS (Ts€3n+1, T1€3n+3, Ti3y43) + @S (T1€3n+3, Telant1, To€ans1)
ao w§ (Tulsy, To€ant1, Ts€snta)
1+ w§ (Ts€snp 41, T1€3n13, T13y43)% + WS (T1€3y+3, To€anr1, Telznt1)?
a0 w§ (Tulsys, To€ant1, Ts€snta)
1+ w{ (Telsnt1, T1€snts, T1€n43)? + w§ (T1€3n43, To€ans1, To€ant1)?
a1 w§ (Ty€sn+3, ToEsy11, TsCan+2)
1+ w{ (Telsnt1, T1€3n43, T1€n43)° + w§ (T1€3n43, To&sns1, To€ant1)?
a1 WS (Ty€sn+3, ToEsnt1, TsCan+2) .
1+ w§ (To€sn+1, T1€sp+3, Ti&an+3)* + w§ (T1€sn+3, To€sn+1, To€ant1)*

< max

(3.3)

Now, using Equation (3.2), inequality (3.3) becomes;

G
Wy (&3n+1, E3n+25 §3n+3)
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( a0 w§ (5312, T1 €3y, Tosn+1) o W (T5&s+2, T1 €3, Tobsn+1)
14w (T1&sy, Ti&snts, Tiésyrs)” 14+ w§ (Ti&sy, Tisn, Ti€an+3)*
W (Ts€3n+2, T1 &3, Tobspi1) w§ (Ts€3y42, T1 &3y, Tobsyin)

Py W (Th€sp43, Th €y, T1E3p) 2 BT w§ (T1 €3y, Ty, T1Esp13)?
as w§ (Ts€3y42, Ti &y, Tobsyi) a w§ (Ts€3y42, Ti &y, Tobsyi)
1+ w§ (T1&sn, Ti&apss, Ti&sye3)? 1+ w§ (Ti€sy, Ti&sn, Tisn+3)
wy (T353n+2, T3y, To&3n+1) ar w§ (Ts€3y42, T1 €y, Tobsye1)
“T w§ (T1 &3y, T1 €343, T1€3n+3)4’ 14wl (T1&sn+3, T1sn, Tisn)
Wi (Ts€3y42, T1 €, Tobspi)
“T w§ (T1&3y, Ti&an+3, Ti&an+3) + w§ (T1€n43, T1&3, T1&3y)

wS (TsEsn42, T1 €3y, Toan 1)
YT W (T1€3y, Tian+3, Ti&an43)? 4+ w§ (T1&ap 43, Tiésy, Ti3n)?

wS (TsE3n42, T1 €3y, Toan 1)
1+ W (T1€sy, Ti&an+3, Ti&ane3)? 4+ w§ (T1&ap 43, Tiésy, Tisn)?

w§ (TsE3n42, €3y, Toan 1)
1y w§ (T1 &3y, Ti€apr3, Ti€ayy3)? + w§ (T1€3y43, Ti&sy, T1E3y)3

WS (TsE3n42, €31y, Toan 1)
{ 1+ w§ (T1 &3y, Ti€aprs, Ti€apya)t + w§ (Th€y43, Ti&sy, T1Esy)t

27

< max

(3.4)

/

Again, using Equation (3.2), inequality (3.4) becomes;

. w§ (E3n42, €3y Ene1) ) w§ (€342, €3, E3n 1)
1+ w (E3ns Eapess Eanes) 1+ w§ (Ean, E3y, Eanrs)

a w§ (€325 €3, E3n41) w§ (€342, €3, E3nr1)
L+ w§ (E3n43, 630, E30)2 1+ w§ (€39, &30y E3n3)®

\ WS (E3n+2, E3ns Eanr1) . w§ (E3n+2, E3ns Eane1)
1+ w§ (&3, E3nr3: E3pa3) T 1+ w§ (€3, E3ny E3ya3)?

WS (Ean+2, Eans Eanr1) WS (E3n+2, E3ns Eanv1)

T+ @& Eanra G 1+ w0 (Ean3s Ean Ean)
w§ (€342, E3ns €3n+1)
“1T w$ (&3, E3nt3s Eant3) + w§ (E3n+35 Eans Ean)

w§ (€342, E3n, Eanr1)

P w§ (&3, Eant3, Ean+3)? + WS (Ean+3, Eans Ean) 2
WS (€342, E3n, Eanr1)

Y1y w§ (€3, Eant3, Ean+3)? + WS (Ean+3, Eans Ean)3
w§ (€342 E3n, Eanr1)

" w$ (€3, Eant3, Ean+3) + WS (Ean+3, Eans Ean)3
w§ (€342 E3n, Ean 1)

1+ w§ (&3, Eant3, Ean+3)? + W (Ean+3, Eans Ean)t

W (€341, E3n+2, E3p+3) < max
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Using condition (4) of Definition 2.5 and condition (3) of Proposition 2.12, for n, o, 7 € N, condition (2)
of Proposition 2.12 implies that

WS (&35 €30, E37) < w§(£3nv €30, 830) + wg(ﬁsm £30,€31), (3.5)

so that on taking the limit of both sides of inequality (3.5) as , 0, 7 — o and applying condition (5)
of Definition 2.5 we get

lim w§(§3n7 6307 537') < lim w§(§37]a 5307 530) + lim wg(&%oa 6307 §3T)
1,0, T—00 n,0—500 3 T,0—00 3

< lim w§(E3,830,E30) + lm WS (€37, €305 E30),
7,0 —00 T,0—00

hence, we have;

hmoow)?(&’)n’ 5307 §3T) = 0.

(3.6)
7770-77*>

So, we find &, = &3, for any n > 3. This implies that {£,,} isa w% Cauchy sequence in X c.
Assume for the rest of the proof that &,, # &, # & for n # m # k. But, for all A > 0,

w$ (T30, L3041, T3n42) # 0, then from inequality (3.1), we have by setting z = x3,, ¥ = T3,4+1 and
Z = T3p+2. Thus;

WS (€3n, E3ns 1, E3nge) = WS (T1230, Toxant1, TsT3n42)

wf(ﬂxgn, Tsx3n+1, T5$3n+2)
0 )
1+ w$ (Towsnt1, T12an, Tizs,)

G
WY (Tax3n, Toxsns1, TsT3n12)

w§ (Tuwzn, ToTant1, TsTan2)
"1y W (Tswant1, Tsxsnt1, Tixan)?’
w§ (Ty3n, T6x3n+1, Tsan+2)

1+ w§ (Th2sn, Towsni1, Towani1)?’ 1+ W (Tswant1, Txsnt1, Tiw3n)3
w§ (Ty3n, Tox3n+1, TsTan+2)

" w§ (Tuxsn, Toxani1, TsTani2)
1+ WG (Tozsnit, Towsn, Tiwsn)? 1+ wC(Tgx Tox Tix3,)?’

b\ n+1, L143n, L14L3n A \L6L3n+1, L643n+1, L143n
w§ (Tuxsn, Toxsnt1, TsTant2)

W (Tyx3n, Towsni1, T5Tn+2)
6 , A7 )
1+ w§ (Towsntt, Tizsn, Tizsn)* ' 1+ w§ (1230, Towsnt1, T6Tsn+1)

w§ (Tuxsn, Toxsnt1, TsTant2)
< max as G G s
14 w§ (T6x3n 41, 11230, T1230) + WF (11230, T623n+1, T623n+1)

a WS (Taasn, Tsns1, TsTant2)
9
14 w§ (Towsnt1, T123n, Tizsn)? + w§ (Tizsn, Tsxsnt1, ToTan+1)?

G

" WY (Tax3n, Tox3n+1, T5T3n42)

7 8T Tv3n, Tiz3n)2 + WG (Ti23m, ToTanst, Toxane1)?
W (L6L3n+1, L1L3n, L1T3n W \L1%3n, L6L3n+1, L6L3n+1

G
" WY (Taz3n, Tox3nt1, TsT3n+2)
11
14 w§ (Towsnt1, T123n, Tizsn)? + w§ (Tizsn, Tsxsnt1, ToTan+1)®

WS (T4 3, Tox3n+1, TsT3n+2)
a2 a 1 el 1 (3.7)
1+ w§ (Tex3n41, 1230, T1230)* + W5 (11230, T623n41, T623n+1)

using Equation (3.2), inequality (3.7) becomes;

WS (&3, E3n+15 E3nta)
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G
WY (T3x3n—1, T1203n, Tox341

w§ (Ts23n—1, T123n, ToT3n41)

e
WY (T335—1, T130, ToT3n4+1

)

w§ (Ts23n—1, T1 T30, ToT3n41)

9

2
1+ w§ (T1 230, T1230, T1T3n)

)
0 ,al
14wl (Thasn, Tixsn, T1xsn) 1+ w§ (Tizsn, Tizsn, Tizs,)*
)
2

1+ WS (Ty2sn, T123n, T1230)

0 G(Tszgn—1, T1x3n, Toxans1) WS (T323n—1, T1T3n, ToTsn41)

s U5
“1y w§ (Thasn, T1zsn, Tiasn)?’ 14w (Tizsn, Tixsn, Tizs,)?

I

.
w§ (Tszsn—1, T1zsn, Tovant1)  w§ (Tsxan—1, T123n, ToT3n41)

ag ,ar ;
14w (Thasn, Tizsn, Tizsn)*’ " 1+ w§ (Tizsn, Tizsn, Tizs,)

w§ (Ts230—1, T1 30, ToT3n41)

< max

“TT w§ (Ty@sn, T13n, Ti@sn) + w§ (T12sn, T123,, T123n)’

W (Tsw30—1, T1 T30, ToT3n41)

Ty W (T30, Tizsn, Tizsn)? + W (Ti2zsn, Ti23n, Ti23n)?’

W (Ts230—1, T1 T30, ToT3n41)

1+ W (T 23, Tizan, Tizsn)? + W (Ti2sn, T123n, Ti23n)

W (Ts230—1, T1 T30, ToT3n41)

"+ W (T30, Tizan, Tizsn)? + W (Ti2sn, T123n, T1230)3

W (Ts230—1, 1230, ToT3n41)

Again, using Equation (3.2), inequality (3.8) becomes;

W)C\Yv (f?m—l, §3m §3n+1

1+ WS (T123n, Tiwzn, Tizsn)* + S (T1230, Tizsn, Tixza ) )

w§ (€301, &3ns E3n11)

37

w§ (E3n—1, &3y E3nt

1 )
1+ w§ (&3, E3n, E3n)

W (E3n—1, €30, E3n11)

)

1 WG (Esm Esm Ean)
wf(égn_h &3n,&3n41)

)
"1+ w$ (E3ns E3ns E3n) ¢

)

2

1+ w}C\;(§3n7 £3TL7 ‘5371«)3 ’

wf(égn_h &3n,&3n+1)

! 1 + w}?(§3n7 §3n7 5371,)3 '
w,\ $(&n-1,E3n: E3nt1)

5 ’
1 + w§(€3n7 537“ §37’l>2

w§ (&3n-1, &3ns Eant1)

1 + wx (€3”7 537’“ 6371)4’ “ 1+ wWx (§3n7 §3n7 f?m)
w§ (&3n-1, &3, Ent1)

w}? (63117 £3n+1a §3n+2) < max

1 + w)\ (§3n, 53717 €3n) + w)\ (§3n7 §3n7 5371)

Wy (§3n 1 §3na €3n+1)

]— + wy (§3n7§3n7§3n) + wj (§3n7§3nu§3n)2’

w§ (€301, &3, E3nt1)

]— + wy (fsn, §3ns 5371) + wj (f?mv E3ns 5371)3 ’

w§ (€301, &3y E3nt1)

1 + wy (£3na E3ns €3n) + wj (f?mv E3ns £3n)3 ’

w§ (€3n-1, E3ns E3nt1)

1 + Wy (f3na£3n753n) + wy (£3na£3na£3n)4.

(3.8)

(3.9)
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Therefore,

[ 400§ (Ean1, €3y E3n1)s 10 (€31, E3ns Ean1)

2w (£3n—1, E3ns E3nt1), a3WS (€3n—1, E3ms Eanr),

a4 (E3n—1, E3ns E3n41) a5W5 (E3n—1, E3ms E3np1),

WS (E3n> E3nt1, E3nt2) S max{  agw (E3n-1, Eans E3nt1), A7WS (E3n—1. E3n, Eantn),

asw$ (E3n—1, Ens Eant1), 9w (E3n—1, Eams Eant1),

1005 (€3n—1, E3n, E3n41), 0110 (E3n1, € E3n 1)
{ @125 (€3n-1, E3n, Eanr1)- (3.10)

Now inequality (3.10) we have r = max{ag, -+ ,a12} < 1 and for all A > 0, we get

WS (E3n> Eant1, Esnya) < 7w (€301, Eans E3n1)- (3.11)

In fact {wf(fgn, €3n+1, E3n+2) tneN is non-increasing sequence. Following condition (5) of Definition
2.5 or condition (2) of Proposition 2.12, we get the estimates;

P (Gan1, Gans En 1) STwS (Ean1, Ean, Gon) + 75 (Eans Ean, Eani) (3.12)
<rw§ (E3n—1,E3n, En) + 105 (E3ns E3n, Eanr)- (3.13)
Now, we have the following inequalities;
1w (€3n-1, E3n» Ean) <15 (S3n—5, €33, Ean—3)

2 @
<riwy (£3n—8,&3n—65E3n—6)

Wl (€. 61.61). (3.14)
Similarly,

rw§ (E3ns E3ns Eant1) <TWS (E3n-3, E3n—3, E3n—2)

2 @
<riwy (£3n—65&3n—65E3n—5)

r" MW (&, o, &) (3.15)

But ) n "t < 400, Now since, Y oneN wf(fgn_l,fgn,fgn) < wf(fo,fl,ﬁl)zneN "t < 4o,
for all A > 0.

Suppose that m,n € Nand m > n € N. Observe that for any arbitrary ¢, using rectangle inequality
repeatedly and condition (2) of Proposition 2.12, we have;

WS (&35 E3m, E3m) <y (E3n, 3t 1, Eangr) + WG% (&3n+1:E3n+2, E3n+2)

+w% (E3n42: Eants Eanta)
+ W% (E3n43, E3ntar Enta) + -+ w5 (E3m—1, E3m, E3m)
<w§ (&3ns E3nt1, E3nt1) + WG (E3nt1, E3nt2, E3nt2)
3m

m

+ w§ (E3n+2, E3n+3, Eants)
m
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e G
+ w3 (€3n43:E3n44, Enta) + - + W3R (E3m—1,E&3m, E3m)
m m

< Z w?({gn—l, &3n, E3n)

n=N
<e, (3.16)
for all m > n > N for some N € N. As € is arbitrary, we have;
wf(gi%n’ £3m) §3m) =0as n,m — o0 or lim wf(&%nu §3mu §3m) =0. (3-17)
n,Mm—00

Similarly, for all m > k£ > N for some N € N. From inequality (3.15), we get

W?(&Sm, §3m> §3k> =0as k, m — o0 or . lirgm wf\;(&gm, §3m, §3k) =0. (3.18)

)

For n,m, k € N, condition (2) of Proposition 2.12 implies that
WS (€ans Eam Eak) < WS (€nr Eam Eam) + WS (S3m Eam, Eat), (3.19)

so that on taking the limit of both sides of inequality (3.19) as n, m, k — oo and applying condition (5)
of Definition 2.5 and Equations (3.17) and (3.18), we get;

lim  w§ (Eans Eam, E3x) < lim w§(§3m §3m, E3m) + i} ligloo wg(f:am, &3m, &3k

n,m,k—o00 m
< lim - w§(€sn E3my Sam) + lim W 3k, E3ms S3m),
n,M—00 k,m—o0
hence, we have;
lm W (3, E3m, E3k) = 0. (3.20)
n,m,k—00
hence, {35, } is a Cauchy sequence in X . O

Theorem 3.2. Let X, ¢ be a w%-complete modular w®-metric space. Let T; : X ,c — X, c fori =

1,2,3,4,5,6, be six self-mappings and let {T1, Ty}, {T>, T} and {T3,T5} be weakly commuting pairs
of mappings such that T5(X ,¢) C Ty(X,c), To(X o) C T5(X ¢), Th (X c) C Ts(X ) and suppose
that Lemma 3.1 hold and Suppose, u is the common fixed point of T; fori = 1,2,--- ,6 when either T}
or Ty is w© continuous and the pair {T1,T,} is weakly commuting, the pairs {Ts, Tg} and {T3,T5} are
weakly compatible. Again, suppose that u is true for T;, i = 1,2, ,6 when Ty is w® continuous, it is
also true when Ty or Tg is w® continuous and the pair {Ty, Tg} is weakly commuting, the pairs {Ty, Ty}
and {T3,Ts} are weakly compatible. Furthermore, if T3 or Ty is w® continuous and the pair {T3, Ts} is
weakly commuting, the pairs {T1,Ty} and {T»,Ts} are weakly compatible. Define sequences {xy }nen
and {&, }nen in X e so that for x3, in X a, choose x3,+1 such that &3, = Tix3, = Tex3,11; again
for x3n41 in X G, choose X342 such that 3n41 = Tox3p+1 = T5x3n+2 and, for a point x3,42 in X ,c,
choose x3,,43 such that €310 = T3x3n490 = Tyxspys forn =0,1,2,---. ThenT; fori =1,2,3,4,5,6
have a unique common fixed point in X ,c.

G G

Proof. Since X ¢ isw" -complete modular w* -metric space,and T; : X ¢ — X ¢ fori =1,2,3,4,5,6,
be six self-mappings and let {11, 74}, {12, Ts} and {T3,T5} be weakly commuting pairs of mappings
such that Tg(XwG) C T4(ch), T (XwG) CTs (ch), T (XwG) - TG(XwG>~

By Lemma 3.1, lim wf\;(é’gn, E3m, E31) = 0. Since X ¢ is w®-complete modular w
o

n7m7
there exists a point u € X ¢ such that £3,, — u as n — oo. Now since the sequences, {T1x3,} =
{Tsx3n+1}; {Toxsn+1}t = {T5x3n42} and {T5x3,—1} = {Tyx3,}, for all n € N are all subsequences
of {£3,,}. But all subsequences of a convergent sequence converge to same point; so, we have

G_metric space,

lim Thx3, = lim Tsx3,41 = lim &3, = u, lim Thxz,41 = lim Tsx3pq2 = lim &3,41 = u,

lim T3x3,—1 = lim Tyas, = lim &34 = w.
n—o0 n—oo n—oo
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First, we show that T7u = Tyu = w. Since {7}, T4} is weakly commuting mappings, thus we have

forall A > 0,

WS (T Tywsn, TaTi2sn, TaTi3,) < WS (Taxzn, Tixsn, TiTs,)-

Taking the limit of inequality (3.21) as n — oo and noticing that 77 or T} is w

then we get

G

WS (T Tz, TaTy 230, TaTyx3,) < WS (Tazn, Tian, Tizz,) — 0.

So since Ty is w®

(3.21)

continuous mappings,

(3.22)

continuous, then wagn — Tyuasn — oo, TyTi1x3, — Thu as n — oo. But we can

see clearly from inequality (3.21) that 71 Tyx3,, — Tyu as n — oo and the pairs {7, T} and {13, 5}
are weakly compatible. From inequality (3.1), we have wf(T1T4:c3n, Toxsn+1, T323n42)

a
WX (TaTux3n, Toxan+1, TsT3n12)

a
wx (TaTuxsn, Texsn+1, TsT3n+2)

a ,a
°1+ w§ (Tszan+1, T1 Tusn, T1 TaTsn) !

W (TuTazsn, Towant1, TsTantz)

1+ w§ (Tszant1, Texant1, T1 Tuwzn)*’

a
wx (TuTuxsn, Texsn+1, TsT3n+2)

1+ w§ (T1Tuxsn, TeTant1, TeTant1)?’

WS (TaTawsn, Toxans1, TsTania)

3 -
1+ w§ (Tszant1, Toxant1, T1 Tuzan)?

I

G
W (TuTuzsn, Toxsnt1, TsT3ni2)

a4 as
1+ w§ (Tszant1, T1Tuwsn, T1Tuwsn)?’

a
PO (TuTuzsn, Texsn+1, T523n+2)
6

1+ w§ (Tszant1, ToTant1, T1Tuwsn)?’

G
wy (TuTsx3n, Texsn+1, TsT3nt2)

14+ MS(T6$3TL+17 7111—‘41‘3717 T1T4$3n)4 ,ar 1

+ wf (Tl Tuxzn, Texsnt1, T6$3n+1) ’

WS (TyTazsn, Toxani1, TsTany2)
1 + Wy (Tb$5n+1, T1T4l’5n, T1T4$3n) + Wy (TlT4$5n7 Te$5n+1, T6$3n+1)

< max

WS (TuTa3n, Toxans1, TsTant2)
’1 + w§ (Toxsn+1, T1Tazsn, T1Taxsn)? + w§ (1114230, TsTsnt+1, ToTant1)?’

WS (TuTazsn, Toxsni1, Tsant2)
1 + W)\ (Tﬁx3n+17 T1T45E3n7 T1T4$3n) + w)\ (T1T4z3n7 T6:E3n+1 5 T6I3n+1)3 ’

Wy (T4T4173n, T6x3n+1, T5T3n+2)
11
1 + wf(Tﬁl’:in-&-l, T1T4l‘3n, T1T4563n)3 + wf(T1T4x3n, T61’3n+1, T6x3n+1)3 ’

WS (TsTaasn, Tsxsns1, TsTant2)
12 .
1+ w§ (Tozsnt1, T1Tuzsn, TiTuzsn)* + w§ (11 Tuxsn, To@sn+1, T6Tan+1)?

(3.23)

so that letting n — oo, inequality (3.23) , using condition (3) of Proposition 2.12, condition (4) of

Definition 2.5 and the fact that Gi < 1, we have
W (w,u,Tau)

owyx (Tyu, u,u), aqw

2w

u@
Y
S

4W

“@
ot
S

G
A
G
A
G
A
G
A

w§ (Tyu,u,u) < max{  agw

E
3
€

( )
( )
(Tyu, u,u)
( )
aswy Ty, u, u), agw

ajowy (T4u, U, U), a1 1W

(3.24)

Now inequality (3.24), we take r = max{ao, -+ ,a12} < 1 and for all A > 0, we get

w§ (Tyu, u,u) < rw§ (Tyu, u,u), (3.25)

which is a contradiction, hence Tyu = u. Again, from inequality (3.1), we have

G
WY (Trw, Tox3n41, T323042)
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u w§ (Tyu, Towant1, TsTans2) a w§ (Ty, Tow 341, TsTanta)
0 s U )
1+ w§ (Toxsni1, Tiu, Thw) ' 14 W (Tsxsnt1, Toxsnt1, Tiu)t

w§ (Tyu, Toxznt1, TsTan12) w§ (Tyu, T6x3n+1, Ts3n42)

ag s U3 )
14w (Thu, Towsnt1, Toxant1)? 1+ WS (Toxans1, Toxsntt, Tiu)?

" w§ (Tyu, Towznt1, TsTan12) w§ (Tyu, Tex3n+1, TsTan42)

4 s U5 )
1 + ng(Tﬁxign_A'_l, Tlu, T1U)3 1 + wf(T6x3n+1, T6x3n+1, Tlu)Q
a w§ (Tyu, Tozsnt1, TsTan12) . WS (Tyu, Towznt1, TsTan12)

? )
1+ W)C\TY (T6$3n+17 T1u7 T1U)4 1+ wf(Tlu, T6x3n+1, T6$3n+1)

" w§ (Tuw, Toxapi1, TsTanio)
8 y
1+ w§ (Tsxsns1, Tiu, Tyu) + w§ (T, Tswsn+1, Tsxan+1)

" w§ (Tuw, ToTant1, TsTanta)
9 y
1+ w§ (Toxsnr1, Tiw, Thu)? + w§ (Thw, Towgng1, ToTant1)?

" w§ (Tuw, Towant1, TsTanta)
10 y
14+ w§ (Towsnt1, Tru, Tiu)? + w§ (T, Toxsni1, Toxang1)?

" w§ (Tyu, Tsxsn+1, Tssn+2)
11
1+ w§ (Tozsnt1, Tiw, Thu)? + w§ (Thw, Towgnst, Towgni1)?
Y Y

G
WY (Tyu, Tox3n+1, Tsx3n42)

ai19 .
1+ w§ (Towsnt1, Tru, Tiu)* + w§ (T, Toxsni1, Toxsng1)? )

so that letting n — oo, inequality (3.26) becomes;

w§ (Tyu, u,u) < max

( . wg(Tw,u,u) X wf(ﬂu, u, u)
14w (u, Thu, Thu) 1+ wf (u, u, Thu)t
w$ (Tyu, u, u) w (Tyu, u, u)
11 w§ (Thu,u,u)?’ 47 + w§ (u, u, Thu)?’
w§ (Tyu, u, u) w§ (Tyu, u, u)
41 + w§ (u, Tyu, Tiu)?’ 1 + w§ (u, u, Thu)?’
w§ (Tyu, u, u) w§ (Tyu, u,u)

a ) )

1 + w§ (u, Tyu, Tyu)* " + w§ (Thu, u, w)
w§ (Tyu, u,u)

Q Y

"1+ w§ (u, Tyu, Thu) + w§ (Thu, u, u)

w)c\:(T4u7 u, U)
a Y
1+ w§ (u, Thu, Thu)? + w§ (Thu, u, u)?

w)?(Tﬁlu’ u, ’LL)
a a9
YT w§ (u, Tyu, Tyw)? + w§ (Thu, u, u)?

w}?(T4u> u, U)
a )
S w§ (u, Tyu, Tyu)3 + w§ (Thu, u, u)?

" W (Tyu, u, u)
P1y w§ (u, Tyu, Tyw)* + w§ (T, u, u)*

N

(3.26)

(3.27)
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using the fact that Tjyu = wu, thus inequality (3.27) becomes
w§ (u, u,u) w§ (u, u,u)
O Wl T, Tow)” M T+ €, w, Tru)d
by 1u, Thu) + wy (u, u, Tyu)
w§ (u,, ) o (u,u, )
7a )
1 + W (Thu, u, u)? 1 + w§ (u, u, Thu)?
o (1,1, 0) o (0,1, 0)
Q 7a )
1 + w§ (u, Thu, Thu)? °1 + w§ (u, u, Tyu)?
wg\;(u, U, u) g;(u,u, u)
7a/ )
1 + w§ (u, Thu, Thu)? 1 + w§ (Thu, u, u)
w§ (u, u, u)

G
wy (Thu, v, u) < max
x (T ) 1+w)\(u Tyu, Tyu) + w§ (Tiu, u,u)’

w§ (u, u, u)
7 + w§ (u, Thu, Tiu)? + W (Thu, u, u)?’

w§ (u, u, u)
1 + w§ (u, Thu, Tiu)? + W (Thu, u,u)3’

w§ (u, u, u)
" + w§ (u, Thu, Tru)? + W (Thu, u,u)3’
w§ (u, u, u)

T
1 + w§ (u, Tru, Tru)? + W (Thu, u,u) )

(3.28)

From inequality (3.28), we see clearly that T4 = u. Therefore, u = Tyu = Tju. Secondly, we show
that Tou = Tgu = u. Since {T», T} is weakly commuting mappings, thus we have for all A > 0,

W (ToTo23n+1, TeToran+1, TeTorant1) < wf (Toxant1, Towant1, ToTani1)- (3.29)
Taking the limit of inequality (3.29) as n — oo and noticing that 75 or Tg is w®

then we get

continuous mappings,

WS (ToTsx3ns1, TeToxzni1, TeToxzni1) < WS (T6x3ni1, Tosni1, Totzni1) — 0. (3.30)

So since T§ is w% continuous, then T621:3n+1 — Tguasn — oo, TgToxsnt1 — Tsu asn — oo.

But we can see clearly from inequality (3.29) that T5Tsx3,4+1 — Tgu as n — oo recall that 75 or T is
w& continuous and the pair {T%, T} is weakly commuting, the pairs {T}, T4} and {73, T5} are weakly
compatible. From inequality (3.1), we have

G
WY (T1x3n, ToTew3n+1, T3T3n+2)
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< max
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G
WX (T4363n7 TeT6x3n+1, T5:r3n+2)

G G
a2 (Tuxzn, TsTox3n i1, T523n12) W (Tazan, TsTewsn+1, T5T3n+2)
’ )
1+ w (TsTowsn+1, T1xsn, Tizsn) 1+ w§ (TsToxsn+1, T6T6T3nt1, T123n)4
< G
a Wy (Tszsn, TeTox3n+1, T5T3n+2) u WY (Taz3n, TeTowsn+1, TsTant2)
2 s 3 )
1+ w§ (Th@sn, TsToxant1, TeToxant1)?” 14 w§ (T6Tow3n+1, TeToxant1, Tiwan)?
G G
s wX (Tuzsn, TsT6xsn+1, TsTan+2) as wx (Tuzsn, TeT6xsn+1, TsTan+2)
1+ w)c\:(TGTGZ’Sn-Ha T1x3n, Tlen)S ’ 14 wf(TeTax;;n.H , T6T6x3n+1, T1$3n)2 ’

G
WX (Ta3n, T6T6T3n 11, TsT3n12)

a6

1 + wg(T6T6$3n+1, T1$3n, T1$3n)4 ’

7 b
1+ w§(Th23n, TeT6x3n+1, T6T6T3n+1)

G
WX (Ta3n, T6T6T3n+1, TsT3n12)

as ,
14 w§ (TeT6xsnt1, T1xsn, T1xsn) + w§ (11230, TeT6Tsn+1, T6T6T3n+1)

G
WY (Ta3n, T6T623n41, T5sT3n42)

9 ’
1+ WAG (T6T6-T3n+17 T1x3n, Tlx3n)2 + W)C\:(Tll‘gn, TeTex3n+1, T6T6$3n+1)2

G
wX (Tazsn, TeT6x3n+1, T523n12)

10 )
14+ w§ (TeTozsn+1, T1x3n, T1xsn)? + w§ (T123n, T6T6T3n+1, T6T6T3n+1)3

G
WY (Ta3n, T6T6x3n11, T5T3n42)

1 b
1+ w§ (TsTexsnt1, Tiasn, Tizsn)? + w§ (Ti1wsn, T6T6xant1, Te TTan+1)?

G
WX (Tuzsn, TeTex3n+1, TsT3n4+2)

so that letting n — oo, inequality (3.31) becomes;

w)cf (uv Tﬁuv U)

2 .
1+ wf (T6T6-T3n+l7 ,1_'1{133n7 T1.’1337L)4 + (JJ)C\: (Tlmg,“ T6T6373n+1 y T6T6.’E3,,L+1 )4

a b
1 + w§ (Tou, u, uw)

cuA & (u, Tu, u) w§ (u, Tou, u)

“1 + wy & (u, Tou, Tou)?’

wy (u, Tou,u)

,as

1+ w§ (Tou, u,u)3 w?( 65U, T6u u)?’
w§ (u, Tou, u) w§ (u, Tou, u)

61 +w)C\J(T6u7u7u)4 1 +W>\ ('LL TGU, T6U)7

w§ (u, Tou, u)

w)c\"(u, Tou, u) < max

By w (Tou, u, u) + w§ (u, Tou, Teu)’

~—

w§ (u, Tou, u

a

1+w>\(T6u u,u)? + wf

/\

w, Tou, Tou)?

~—

w§ (u, Tﬁu u

RSt w§ (Tou, u,u)? +

& (u, Tou, Teu)3’

\/’\

w§ (u, Tﬁu u

ai

11—H«)AG(T6U u,u)3 + wf

/\

u, Tou, Teu)3

~—~—

w§ (u, Tou, u

1—|—w/\(T6u u,u)t + w§

/\

u, Tou, Teu)t

(3.31)

(3.32)
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Therefore, using condition (3) of Proposition 2.12, condition (4) of Definition 2.5 and the fact that

1
Y <
S Tyu) = 1, we have

w§ (u, Tou, u) < max

ae

a

a

wg(u, Tou, u) wf(u, Tou, u) wg(u, Tou, u)
@07 + w§ (Tou, u, u)’ Tt w§ (Tou, u, u)t’ 1+ w§ (Tou, u,u)?’
wf(u, Tou, u) wf(u, Tou, u) wf(u, Tou, u)
437 + w§ (Tou, u, u)?’ Nt w§ (Tou, u, u)3’ 1+ w§ (Tou, u,u)?’
wf(u, Tou, u) wg\;(u, Tou, u) wg(u, Tou, u)
1+ wg(Tﬁu, u, u)t’ 5 + w)cf(T@-u, u,u)’ a8 1+ wf(Tfju, u,u) + wf(T(ju, u,u)’
w§ (u, Tou, u) w§ (u, Tou, u)
1+ w§ (Tou, u, u)? + w§ (Tou, u,u)?’ “oy w§ (Tou, u, u)? + w§ (Tou, u,u)3’
w§ (u, Tou, u) w§ (u, Tou, u)

7a .
R w§ (Tou, u,u)? + w§ (Tou, u, u)3 Py w§ (Tou, u, u)* + w§ (Tou, u, u)*

thus, r = max{ag, - ,a12} < 1 and for all A > 0, we get w/\G(u, Tou,u) < rwf(u, Tsu,u), which is
a contradiction, hence u = Tgu. Now, using inequality (3.1), we get

,

< max

G
Wy (Th23n, Tou, T3x3n12)

G G
WY (Tuxsn, Tow, Tsxzn42) WY (Taxsn, Tou, Tsw3n42)

aq , @ )
1+ wg; (Tgu, T 23y, Tlxgn) ! 1+ wg(Tﬁu, Tsu, T1£L’3n)4

a ’a/ )
2 1+ wf (Tlxgn, Tsu, Tﬁu)2 5 1+ wf(Tﬁu, Tsu, T1£L'3n)3

w§ (Tuxsn, Tou, Tswsni2) W (Tuxsn, Tou, Tsranso)

WS (Tywsn, Tou, Tsxsn+2) w§ (Tyxsn, Tou, Tsxsn+2)

a4
14+ w§ (Tou, Tix3n, T173,)3
)

7a Y
° 1+ W)C\:(Tﬁu, TGU, Tl.’L'gn)2

w§ (Tyxsn, Tou, Tssn42 w§ (Tyxsn, Tou, Tsxsn42)

a6 ) A7 s
1+ (Tou, Tywsn, Tizsn)t ' 14 w§ (Thasn, Teu, Tu)

ag wf (T4x3n, TGU, T5l‘3n+2)
1+ w§ (Tou, Tysn, Tizsn) + w§ (12, Teu, Tou) " [

a WS (Tywsn, Tou, Tsan+2)
1+ w§ (Tow, Tiasn, Tizsn)? + w§ (T123n, Tou, Tou)?’

ato W (Tywsn, Tou, Tsxan+2)
1+ w§ (Tou, Tiasn, Tizsn)? + w§ (T123n, Tou, Tou)?’

an WS (Tywsn, Tou, Tsan+2)
1+ wf(Tgu, T1 230, T123,)3 + wg;(Tlxgn, Teu, Teu)3’
a1y w§ (Tyzsn, Tou, Tsz3m-12) '

1+ w§ (Tou, Tiasn, Tizsn)* + w§ (1230, Tou, Tou)*

(3.33)
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S0 as n — 00, inequality 3.33 becomes;

,

w§ (u, Tou, u) < max

But v = Tgu, then we have

w§ (u, Tou, u) < max

D. FRANCIS

w§ (u, Tou, u) " w§ (u, Tou, u)

a 5 9
s wg(TGU, u,u) ¥ wf(T(gu, Tou, u)*

w§ (u, Tou, u) w§ (u, Tou, u)

? 1+ w}C\?(u’ Tsu, T6u)2 7

a M
1+ w?(T(gu, Tou, u)3

wg(u, Teu, u) wf(u, Tou, u)

a 7a )
1 + w§ (Tou, u, u)? °1 + w§ (Tou, Tou, u)?
G

wf(u,Tﬁu,u) wy (u, Teu, u)
7a )
1 + w§ (Tou, u, u) 1 + w§ (u, Tou, Tou)

w?(u, Tou,u)
Q 9y
"1+ w)cf(Tﬁu, u,u) + w)(\;(u, Tou, Teu)

" wf(u, Teu, u
9
1+ w§ (Tou, u, u)? + w§

~—

u, Tou, Tou)?’

~~

" wf(u, Teu, u
10
14 w§ (Tou, u, u)? + wf

u, Teu, Tou)3’

~_

wg\;(u, Teu, u

11
14 wf (Tou, u, u)® + wf
w§ (u, Tou, u

Py w§ (Tou, u,u)* + wf

a
u, Tou, Tou)3’

~_

a 1
u, Teu, Teu)

—~

o o)
T4 wf (uyu,u)’ 14+ wf (u, u, u)t’

. w§ (u, u, u) w§ (u, u, w)
R PR o)

\ w§ (u, u,u) w§ (u, u,u)
1+ w§ (u, u, u)?’ 51+w§(u,u,u)2’

w§ (u, u,u) w§ (u,u,u)

Q ? Y
1+ w§ (u, u,u)? 1+ w§ (u, Tou, u)

o5 wf(u,u,u)
1+ wf (u,u,uw) + w§ (u,u,u)’

w§ (u,u, u)
1+ w§ (u, u,u)? + w§ (u, u, u)?’

a

wf(uju,u)

a
Y1y w (u, u,u)? + w§ (u, u,u)3’

. w§ (u, u, )
14 w§ (u, u, u)? 4+ wf (u, u, w)?’

a

Wy (u, u, u)

a9 .
1+ w?(u, w,u)t + w)cf(u, w,u)?

(3.34)

(3.35)
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then, from inequality (3.35), we see clearly that wg(u, Tou,u) = 0, that is u = Tou. Therefore, u =
Teu = Thu. This can be reach by the following procedure; recall that 77(X ,¢) C T4(X,¢) and
u = Tu € T1(X,c) C Ts(X,c), there is a point ¢ € X ¢ such that u = Thu = Tgs. Now we
have that for any A > 0, w?(Tlu, T5s, T3x3,42) # 0. From inequality (3.1), take x = u,y = ¢ and
Z = X3p+2, thus we have after some algebra we have u = Thu = Tgu. Lastly, {T3,T5} is weakly
commuting mappings, thus we have for all A\ > 0, we show that Tsu = Tsu = u. Since {T3,7T5} is
weakly commuting mappings, thus we have for all A > 0,

WS (T3Tsx3n 12, TsT3%3n 19, Ts T30 12) < WS (Ts3n12, T3T3n12, T3T3n12)- (3.36)

Taking the limit of inequality (3.36) as n — oo and noticing that T3 or T is w®

then we get

continuous mappings,

WS (T3Ts w3012, TsT3%3n4 9, Ts T30 12) < WS (Ts3n 12, T3T3n 12, T3T3n12) — 0. (3.37)

So since 75 is w® continuous, then T521,‘3n+2 — T5u asn — oo, T51323,42 — T5u as n — oo.

But we can see clearly from inequality (3.36) that T37T5x3,+2 — T5u as n — 0o and without loss of

generality, we know that from inequality (3.37), lim T575%3,42 = T5u and T3 or T is w continuous
n—oo

and the pair {T3,75} is weakly commuting, the pairs {T1,74} and {T3,7Ts} are weakly compatible.
From inequality (3.1), we have

G
WX (T1x3n, Toxsnt1, T3T5230+2)

el G
WY (Tuxsn, Toxsni1, T5T523n42) WY (Taz3n, T6x3n+1, T5T5T3n42)

0 s A1 ’
14+ w§ (Toxsns1, Tisn, Tizsn) - 1+ w§ (Towsnt1, Towant1, Tizan)?

G G
WY (Ty3n, Toxsns1, T5T523n42) WY (Tyx3n, Toxant1, T5T523n42)

Y

2 3
14w (Th23n, Toxan+1, T6x3n11)% 1+ w§ (Tozsnt1, Tsxsnt1, T1Tan)?

G G
WY (Ty3n, Toxsns1, T5T523n42) WY (Tyx3n, Toxant1, T5T523n42)

4 , a5 ’
14w (Towsnt1, Tizan, Tizsn)? 14+ 0§ (Towsnt1, Toxant1, T123n)?

G G
WY (Tax3n, Toxans1, T5T523n42) WY (Taz3n, Toxant1, TsT523n42)
6 s A7 )
1+ Wl (Tsxsnt1, T1xan, T1z3n)* ' 1+ W (Thasn, Toxsn+1, ToTant1)

w§ (Tuxsn, Towsni1, TsTsT3n42)
< max

O Tizan, T, G(Tyz3m, T T, ’
+ WS (T6x3n+1, T1230, T1235) + W5 (T1230, ToT3nt1, T623n+1)

w§ (Taasn, Tssnt1, T T503n42)

ag )
1+ WS (Tsxsnt1, T1xan, T123n)2 + w§ (T30, T6x3n+1, ToTan41)?

WS (T43n, Towsni1, T5T5T3n42)

aio )
1+ WS (Tsxsnt1, T1wan, T123n)? + w§ (T30, T623n+1, ToTan41)?

WS (Ty3n, Towgni1, T5T5T3n42)

aiil )
14+ W (Toxsnt1, T1zsn, Tixsn)? + w§ (T123n, T623n41, T6T3n41)?

.
W (Tuxsn, Toxsni1, T5T5T3n42)

(3.38)

ai12 .
14wl (Tszsnt1, T1xsn, Tizsn)* + w§ (Tizsn, Tsxsnt1, ToTan+1)?

Taken n — oo, inequality (3.38) and simplifying becomes; r = max{ag,--- ,a12} < 1 and for all
A > 0, we get

wf(u, u, Tsu) < rwf(u, u, Tsu), (3.39)

which is a contradiction, hence u = Tsu. Again, from inequality (3.1), we get

a
wY (Thxgn, Toxant1, Tau)
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< max

\
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w§ (Tywsn, Toxsni1, Thu) w§ (Tywsn, Toxsni1, Tru)

0 s U
14wl (Tsxsnt1, T1wan, Tizsn)” 1+ w§ (Tszsnt1, Toxsnt1, Tizan)?

w§ (Ty3n, Tox3n+1, Tsu) w§ (T, Tox3n+1, Tsu)

, a3
14w (T123n, Towans+1, T6x3n11)2 1+ w§ (Tozsnt1, T6xsnt1, T1T3n)3

w§ (Tayzsn, Toxsns1, Tsu) w§ (Tazsn, Toxsn+1, Tsu)

4 , a5
1+ w§ (Toxsns1, Tizsn, Tizsn)? 1+ w§ (Tsxsnt1, T6xsn+1, T123n)?

w§ (Tuxsn, Towanit, Tsu) WS (Tuxsn, Toxsni1, Thu)

)

Y

I

6 , A7 )
14w (Toxsnt1, Tizsn, Tizsn)* ' 14+ WS (T123n, ToTan+1, T6T3n+1)

WS (Taz3n, Towgni1, Thu)

1T w§ (Tswsn+1, T1xsn, T123n) + W (T1@3n, T6x3n+1, T6T3n+1)

WS (Tyzzn, Towani1, Thu)

1+ w§ (Tsxsnt1, Tixsn, Tixsn)? + W (T123n, ToTan+1, T6T3n+1)>

w§ (Tyzsn, Tox3ns1, Tsu)

aio

w§ (Tyxsn, Toxsni1, Tu)

" w§ (Tsxant1, Tixsn, Tixsn)® + W (T123n, Toxan+1, T6T3n41)3

w§ (Tyxsn, Toxsnt1, Tu)

1+ w§ (Tszant1, Tixsn, Tisn)* + WS (T123n, ToTan+1, T6T3n+1)*

Taken n — 0o, inequality (3.40) becomes

" w§ (u, u, T5u) w§ (u, u, Tsu)
01+w§(u,u,u)’ 11—i—cu/\(uuu)47
w§ (u, u, Tsu) e 95 & (u,u, Tsu)
21—|—w§(u,u,u)27 31—i—cu>\(uuu)‘°’7
w§ (u, u, Tsu) w§ (u, u, Tsu)
41+w§(u,u,u)3’ 51+w>\(uuu)2’
w§ (u, u, T5u) w§ (u, u, Tsu)

61—&—w)c\"(u,u,u)‘l7 1 + w§ (u,u,u)’

G
wY (u, u, Tsu
w§ (u,u, Tyu) < max x 5¢)

1+w/\ (s u, u) + w§ (u, u,u)’
w§ (u, u, Tsu)

a
1+ w§ (u, u, u)? + w§ (u, u, u)?’

wf(u’ u, T5’LL)

a
Y1y w§ (u, u,w)? + w§ (u, u,u)3’

w}?(ua u, T5U)
ai

1+ wf(u, u,u)’ + wf(u, u, u)3’

O.J)C\:(U, u, TSU)

a12

14 w§ (u, u, u)* + wf (u, u, u)t )

Using the fact that u = Tyu, we get

)
1+ Wl (Tsxsnt1, T1%3n, T123n)? + w§ (T30, T623n41, To2an41)?

Y

(3.40)

(3.41)
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UJ?(U, u, T3u) S

a7 + w§ (u, u,u)’ "1 + w§ (u, u, u)?’ 1+ w§ (u, u,u)?’

14+ wf(u,u,u)d’ 1T+ w§ (u,u,u)?” 71+ w (v, u, u)?’
14w (u,u,u)?’ 1+ w§ (u,u,u)’
max

a WS (u, u, u) a w§ (u, u, w)
1+ w (u, u, u) + w§ (u,u,u)’ 1+ w§ (v, u,u)? + w§ (u, u, u)?’

oS () . oS ()
14 w§(u,u,u)? + wl(u,u,u)d’ 1+ w§ (v, u,u)® + wf (u, u,u)d’

G
WX ('LL, u, U)

a

P14 w§ (u, u, u)* + w§ (u, u, u)*’

247

we can see clearly that w = Tyu. Hence, u = Tzu = Tsu. Recall that T5(X,_¢) C T5(X,c) and
u="Tou € Tr(X,c) C T5(X,c), there is a point o € X ¢ such that u = Thu = T50. Now we have
that for any A > 0, w?(Tlu, Tou,T30) # 0. From inequality (3.1), take * = u,y = u and z = o, thus

we have;

WS (Tyu, Tyu, Tso)

wf(ﬂ;u7 Tsu, Ts50) o.zf(T;;u,Teu7 Ts0) w,\G(T4u, Tsu, T50)

aol

< max

+w§ (Tou, Tru, Thu)’ “ 1+ w§ (Tou, Teu, Tyu)*’ 42 1+ w§ (Tvu, Teu, Teu)?’
a wg(T4u, Teu, Ts50) “ w§ (Tyu, Teu, Ts0)
1+ w§ (Tou, Teu, Tiu)3’ TF w§ (Tow, Thu, Thu)3’
a wf(T4u, Tsu, T50) “ w§ (Tyu, Teu, Ts0)
"1+ w§ (Tou, Tou, Tru)?’ °1+ w§ (Tou, Thu, Thu)t’
a (JJ}C\;(T4U7 Tsu, T50) a w§ (Tyu, Teu, Ts0)
T+ w§ (Tvu, Teu, Tou)’ 1+ w§ (Tou, Tru, Thu) + w§ (Tyu, Teu, Teu)’
“ wf(T;;u, Tsu, Ts50)
T+ w§ (Tou, Tru, Thw)? + w§ (T, Tou, Teu)?’
“ wf(T;;u, Tsu, Ts50)
Ty w§ (Tou, Tru, T1w)? + w§ (T, Tou, Teu)3’
“ wf(T;;u, Tsu, Ts50)
1T w§ (Teu, Tru, Tiuw)3 + w§ (Tiu, Tou, Teu)3’
a wf(T;;u, Tgu, T5(J’)
Py w§ (Tou, Thu, Tvu)* + w§ (Thu, Teu, Tou)*”

using the fact that v = Tiu = Tyu and v = Thu = Teu = T50, then inequality (3.42) reduced into

w§ (u,u, T30) < max

;

; w§ (u, u, ) X w§ (u, u, u) ) w§ (u, u,u)
1 —I—wf(u,u,u)’ 1+w§(u, u, u)d’ 1+wf(u,u,u)2’

, w§ (u,u, ) \ W (u, u,u) ) w§ (u, u,u)
l—i—wg\;(u, w, u)3’ 1+w§(u, w,u)3’ 1+(«J§\’Y(u,u,u)27

) w/\G(u,u,u) o wf(u,u,u) o5 wf(u,u,u)
1+ wf(u,u,u)‘“ 1+ wf(u,u, u) 1+ wf(u,u,u) + w?(u, u,u)’
ag w§ (u, u, u) a1 w§ (u,u, )

1+ w)c\"(u, u,u)? + wg(u, u,u)2’ 1+ wg(u, u,u)? + w)c\"(u, u,u)3’
o w§ (u, u, u) oo w§ (u,u,u) ‘
1+ w)C\"(u, u,u)3 + wg(u, u,u)3’ 1+ wf(u, u,u)t + wf(u, w,u)?

(3.42)
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thus wf\;(u,u,Tga) = 0 for all A > 0. This shows that u = T30, so T30 = u = Ts0. But {T3,T5} is
weakly compatible, we get Tsu = T3T50 = 15150 = Tsu which implies that Tsu = Tsu.

Again form inequality (3.1), take x = y = z = uandforall A > 0, we have that w§’ (Tyu, Tou, Tyu) #
0, thus

/

Wy F(Tyu, Teu, Tsu) o wg(T4u,T6u,T5u)
Ty w§ (Tou, Tyu, Tyu) ' 1+ w§ (Tou, Tou, Tru)?’
w§ (Tyu, Tou, Tsu) a3 w§ (Tyu, Tou, Tsu)
21T w§ (T, Tou, Teu)?” 1+ wf (Tou, Tou, Tru)?’
wy (T4u Tgu T5u) . as wf(T4u, Teu, T5u)
“IT W& (Tou, Ty, Tyu)3" 1+ wC (Teu, Tou, Tru)?’
Wy G (Tyu, Tgu, Tsu) wf(T4u,T6u,T5u)

Y1 Wl (Tou, Tyu, Tru)™ 1 + wG (T, Tou, Tyu)
Wy G (Tyu, Tgu, Tyu)
51+ w§ C(Tou, Thu, Tyu) + w§ C(Tyu, Tou, Teu) [
wy C(Tyu, Tgu, Tyu)
1 + WS C(Tou, Tyu, Tyu)? + WS G(Tyu, Tou, Tou)?’
w§ (Tyu, Tou, Tsu)
07 + w§ C(Tou, Tyu, Tyu)? + w§ S(Tyu, Tou, Teu)3’
w§ (Tyu, Tou, Tsu)
1y WS (Tou, Tyu, Tyu)3 + w§; S(Tyu, Tou, Teu)3’
w§ (Tyu, Tou, Tsu)
\ 1+w)\ (Tou, Tyu, Tyu)* + w§ (Tlu,Tgu,Tbﬂu)‘*')
using the fact that v = Thu = Tyu, u = Tou = Tsu and Thu = Thu, we get

w)Cf(Tlu, Tou, T3u) < max

(3.43)

)

( X )

( S )

w§ (u,u, Tsu) < max{  agw (u, u, Tyw), arw§ (u, u, Tsu)
( S )

$(u, )

algwg(u, u, Tsu). |

Thus u = Tsu. Therefore, T5u = u = Tsu. Therefore, u is the common fixed point of 17,75, T5, Ty, T5
and Tg when T is continuous and the pair {77, 7y} is weakly commuting, and the pairs {75, T} and
{T3,T5} are weakly compatible.

Next, we suppose that T} is continuous, the pair {77,7,} is weakly commuting, and the pairs
{T,Ts} and {73, T5} are weakly compatible mappings. We claim that u = T7u. Now for all A > 0,

WS (T Tywsn, TaTi23n, TaT123,) < WS (Thxzn, Ty x3n, Ti3,)- (3.44)

Taking the limit of inequality (3.44) as n — oo and noticing that 77 are continuous mappings, then we
get

WS (T Tywsn, TaTi3n, TaT123,) < W (Tax3n, Tisn, Tixz,) — 0. (3.45)
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So since 17 is continuous, then T12:U3n — Thuasn — oo, TyT1x3, — Tiu as n — oo. But we can
see clearly from inequality (3.21) that T Tyxs, — Tiu as n — oo and the pair {71,Ts} is weakly
compatible. From inequality (3.1), we have

G2
WX (T{z3n, Toxsn+1, T3T3n+2)

G G
a W (TyT13n, T6x3n+1, TsT3n42) a wx (TaT1x3n, TeTan+1, TsTan+2)
0 , A1 )
1+ w§ (Tswantt, 1T1x3n, TiThiw3n)” 1+ w§ (Tezant1, ToTant1, T1T1w3n)*
G G
X (TuTr@3n, Tex3ni1, T5x3n12) WS (TyT1 230, Toxsn+1, TsTant2)
2 , 3 )
1+ w (T Tiwan, Toxsntt, Towant1)? 1+ WS (Towant1, Tewan+1, T1T1x3n)?
G G
> (TyT1x3n, Texsn+1, TsTan+2) S (TuTix3n, Toxsn+1, T5T3n+2)
4 » 5 )
1+ w§ (Tswsnt1, TiThasn, Ti1Tiesn)?’ 14+ w§ (Texsnt1, Texsnt1, T1T1T3n)2
G G
wy (TuTrws3n, Tsxznt1, TsTant2) WS (TuT1 230, Toxsn+1, TsTanr2)

ae ar
1+ w§ (Tsxant1, 1T1T3n, T1T1230)4 " 1+ w§ (1111230, TeTant1, TeTant1)
G
a wy (TuT123n, Tex3n+1, T5T3n+2)
8
1+ w§ (Tswant1, 111230, TiT12sn) + WS (T1T1%3n, TeTant1, TeTant1)

el
o wy (TyT123n, Tex3nt1, TsT3n+2)
9
1+ w§ (Tszant1, T1TiT3n, T1T1730)% + WS (T1T1%3n, ToTan+1, ToTan41)?’

< max

1o WS (TuTiz3n, Toxsnt1, TsTant2)
1+ w§ (Tszant1, T1TiT3n, T1T1730)% + WS (T1T1%3n, TeTan+1, ToTan41)3’
" UJ? (T4T11'3n, T6‘$3n+1 y T5CC3n+2) K
1+ w§ (Tszant1, 11 TiT3n, T1T1230)? + w§ (T1T1%3n, TeTan+1, ToTan41)3
s WS (TuTz3n, Toxant1, TsTant2) .
1+ wS(TGl':;nJA, T1T1:E3n, T1T1£173n)4 =+ wf (T1T1:l?3n7 T6:C3n+1, T6m3n+1)4
as n — oo, inequality (3.46) , we have that r = max{ag,--- ,a12} < 1 and for all A > 0,
we get w{ (Thu, u,u) < rw§ (Tiu, u,u), which is a contradiction, hence T} u = u.
Next, we show that u = Thu = Tsu. T1(X,¢) C Ts(X,c¢) and u = Tiu € T1(X,c) C
Ts(X,c), there is a point 0 € X ¢ such that u = Tyu = Tgo. Now we have that for any A > 0,
wg(Tfu, T50,T323,41) # 0. From inequality (3.1), take © = z3,,,y = 0 and z = x3,41, thus we have;

a

(3.46)

G2
WY (TTx3n, Too, T323n41)

a0 WS (TyT1 @30, Tso, TsTan11) @ W (TyT1 230, Tso, TsTanr1)
14+ w§ (Tso, TiThzsn, T1Tiz3n) 1+ w§ (Teo, Teo, T1 Tixsn)t’

o w§ (TuTy w3, Too, TsTsni1) o w§ (TyTy23n, Too, Ts@an41)
1+ w$ (T T 230, To0, T60)2 " 1+ w$ (Too, Too, T1 T1x3n)3”

as wf (TuThx3n, Too, TsT3n+1) as wAG(T4T1x3",T60, T5x3n+1)
1+ w§ (Tso, T1Tix3n, T1T1x3,)3 " 1+ w§ (Teo, Too, TiT173n)?’

w§ (TyTyasn, Too, Tssni1) W (TyT1 230, Tso, TsTan11)

Y WG (Too, Ty Tvaan, T Traan) " 1 + wG (Th Tiwsn, Teo, Teo)

a MS(T4T1$3»,L,T60', T5£Ii’3n+1)
1+ w§ (Tso, T1T1x3n, T1T1%30) + WS (11 T1 330, Teo, Too) ' [

a w§ (TuThxsn, Too, TsT3n+1)
o 1+ wf(Tij', T1T11'3n, T1T1:E3n)2 + wg(T1T1I3n, TGO', T@O’)2 ’

a w§ (TyThxsn, Too, TsT3n+1)
1o 1+ wf(Tij', T1T11'3n, T1T1:E3n)2 -+ wf(TlTﬂL‘gn, T@O’, T@O’)3 ’

a w§ (TuThxsn, Too, TsT3n+1)
1 1+ wf(Taa, T1T1333n, T1T1:E3n)3 -+ wf(TlTﬂL'gn, T@O’, T@O’)3 ’

a WS (TaTvw3n, Too, Tswant1)
1+ 0§ (Too, TiTiwsn, TiTvasn)t + w@ (11 T1@3n, To0, Too )t

as n — 0o, and using the fact that u = Thu = Tso we get

< max
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wf(Tlu, Tso,u) wf (Thu, Tso, u) “ wf (Thu, Teo, u)
T+ wS(Too, u,u)’ 1+ wS(Too, Too,u)* 1 + wC (u, Too, Teo)?’
wf (Thu, Tso,u) wf (Thu, Tso,u) wf(Tlu, Tso,u)
437 €] 304 G 3035 G 27
+ w{ (Tso, Too, u) 14+ w§ (Ts0,u,u) 14+ w§ (Tso, Tso, u)
w,\G (Thu, Tso,u) w,\G (Thu, Tso,u) wf(Tlu, Tso,u)
1 T WO(T, YT L 08 (u, Teo, Teo) ' 1 + w0 (T, G ’
BN 607u7u) +w)\ ('U‘, 60, 60) +w)\ ( GU,U,U) +w)\ (U,Tga', TGJ)
“ wg(Tlu, Tso,u) “ w,\G(Tlu, Tso,u)
T+ w§ (To0, u,u)? + wf (u, Teo, Tso)?’ T r w§ (Too, u, u)? + w§ (u, Teo, Teo )3’
a WS (Thu, Tso, u) a WS (Tyu, Tso, w)
Y1y w§ (To0, u,u)3 + w§ (u, Teo, Tso)®’ Py w§ (Too, u, u)* + w§ (u, Teo, Teo)*

w§ (u, Teo, 1) < max

Using the fact that u = Tyu = Tgo, we ave

I+ w§(u,u,u)’ T+ w§(u,u,u)t’ 1T+ w§ (u,u,u)?’ 7 1+ 0 (u,u,u)?’
B { R R { UV M { R
1+ w§(u,u,u)?’ 71+ w§ (u,u,u)?’ 1+ wf (u,u, u)t’

w§ (u, u, u) w§ (u, u, v) WS (u, u, v)

G
wy (u, Tho,u) < max < a a a R
X (u, Tooyu) < 71+wf\;(u,u,u)’ 81—l—o.zf(u,u,u)—|—u.;§f(u,u,u)7 91+wf(u,u,u)2+w§(u,u,u)2 ’

" S (0, ,) - S (0,0,
1+ w§ (u,u,u)? + w§ (u, u,u)?’ 1+ w§ (u, u, u)? + w§ (u,u, u)?’

WS (u, u, u)

a .
Py w§ (u, u, )t + w§ (u, u, u)?

so we can see clearly that for all A > 0, w/\G(u, Tyo,u) = 0 which implies that Too = u, thus Tho =
u = Tgo. Recall that the pair {T», T} is weakly compatible, thus Thou = ThTs0 = TeTro = Teu,
which implies that Thu = Tgu.

Again, for all A > 0, wf(Tla:gn,Tgu,Tga?gnH) # 0, taken x = z3,,y = u and z = x3,42, then
inequality (3.1) becomes;

a0 wf(T4:r3n,T6u, T5x3n+2) @ wf(T4x3n,T6u,T5:c3n+2)
14 w§(Tou, T1x3n, T12s,)” 1+ w§ (Teu, Tou, Tizsn)t’

w§ (Tuxsn, Tou, Tsxant2) w§ (Tuxsn, Tou, Tsxsn+2)
1+ w§ (Tr@sn, Tou, Teu)?’ a7 + w§ (Tou, Tou, Ty z3n)3’

o W (Taxzn, Tou, TsTan+2) o WS (Tuxzn, Tow, Tsx3n2)
14 w§(Tou, T1w3n, Ti2sn )3’ 1+ w§ (Tou, Tou, T123n)2’

wf(T41:3n,T6u,T5x3n+2) wf(T4x3n,T6u,T5x3n+2)

T w§ (Tou, Thzzn, Trxan)*’ T w§ (T1z3n, Tou, Tou) ’
. WS (Tyz3n, Tow, T5x3n42)
14+ w§ (Tou, Tixsn, Tixsn) + w§ (T12sn, Teu, Tou) " [

ao WS (Tuzsn, Tou, Tsani2)

1+ w§ (Tsu, T1zan, T1x30)? + W (11230, Tou, Tou)?’
a0 WS (Tuzsn, Tou, Tsant2)

1+ w§ (Tsu, T1z3n, T1x30)? + W (11230, Tou, Tou)3’
an WS (Tuzsn, Tou, Tsant2)

1+ w§ (Tsu, T1z3n, 1230 )? + W (11230, Tou, Tou)3’
a1s WS (Tuzsn, Tou, Tsani2) ‘

1+ w§ (Tsu, T1zan, T1wsn)* + w§ (11230, Tou, Tou)t

G
wy (T3, Tou, T3x3n+1) < max a

(3.47)

as n — 00, using Tou = Tgu, inequality (3.47) . After some algebraic simplifications, we get u = Thu.
Therefore, u = Thu = Tyu.
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Furthermore, we show that u = Tzu = Tsu. T2(X ¢) C T5(X ¢) and u = Thu € TH(X,¢) C

w

w
T5(X ), there is a point ( € X, such that u = Thu = T5(. Now we have that for any A > 0
wg(Tlxgn, Tou, T3¢) # 0. From inequality (3.1), take = = x3,,y = v and z = (, thus we have;

a LU)C\'V(T41,‘3H,T6’LL,T5C) a U.))C\'V(T4x3n7T6uyT5C)
1T+ w§ (Tou, Thx3n, T123n) "1+ w§ (Tou, Tou, T1x3, )4
s WS (Tazn, Tou, T5C) as W (Tyzzn, Tou, T5C)

1 —i—wf(Tlmg,ngu, Tﬁ’u,)Q7 1 +wf(T6u,T5u,T1:c3n)37
@ WS (Taxsn, Tou, T5C) as W (Tyz3n, Tou, T5C)
1+ w§ (Tou, Thwsn, Tixsn)? " 1+ w§ (Tou, Tou, T1z3n)?’
w§ (Tazzn, Tou, T5C) w§ (Tuxsn, Tou, T5C)

a6 1+ (IJAG(TGU7 Tix3n, T1$3n)4 47 1+ w§ (Tlmgm, Teu, Ta’u,) ’
o w¥ (Tuzsn, Tou, Ts()
1+ w§ (Tsu, T1zan, Tiwsn) + w§ (11230, Tou, Tou) " [
a wf(Tz;xgn,TGu, T5¢)
1+ w§ (Tau, Thzsn, Tlmgn)2 + wf (T1$3n, Tsu, T@u)2 ’
@ WS (Taxzn, Tou, T5C)
1+ w§ (Tou, T1xan, T1wsn)? + w§ (11230, Tou, Tou)3’
o w¥ (Tuzsn, Tou, T5C)
1+ wg (Tau, Tizsn, T1$3n)3 + wf (T1$3n, Teu, Tgu)?’ ’
i w¥ (Tuzsn, Tou, T5C) '
1+ w§ (Tou, T1xan, T17an)* + w§ (T123n, Tou, Tou)t

wf (Thx3n, Tou, T30) < max

(3.48)

as n — 0o, and using the fact that u = Tou = Tyu = T5(, inequality (3.48) becomes;

wg(u, U, u) wf(m U, u)

@07 + w§ (u,u,u)’ "1 + w§ (u, u,u)t’

w§ (u, u, 1) as w§ (u, u, v
1+ w§ (uyu, )2’ 1+ w§ (u, u, u)3’
4 (JJ}? (u7 u7 u) = wAG(u7 u7 u)

1+ wS (u,u,u)3’ 1+ w§ (u, u,u)?’

B (URIRD S (R

1+ w§ (u,u,u)t’ 1+ w§ (u,u,u)’

az

a

ae

wg; (u7 u? u)

G
wY (u,u, T30) < max a
X (u,u, To) < 81+w§(u,u,u)+wf(u,u,u)’

wg; (u7 u? u)

a
1 + w§ (v, u, u)? + w§ (u, u, u)?’

wg; (u7 u? u)

a
Ty w§ (v, u,u)? + w§ (u, u, u)3’

wg; (u7 u? u)

a
U1t w§ (v, u, u)® + w§ (u, u, u)3’

1w (u, u, u)* + wf (u, u, u)*”

a (3.49)

Inequality (3.49) shows that u = T30, thus T30 = u = T5(. Recall that the pair {13, 75} is weakly
compatible, we get Tu = T375¢ = T513¢ = Tsu. Now, for all A > 0, wg;(leL“gn,Tgu,Tgu) from
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inequality (3.1), we get;

a wg(T4$3n7 Tgu, Tsu) a wAG (T4$3n, T6'LL7 T5u)
0 1+ wf(Tau T1£C3n, T1£C3n) 1 1+ w/\G(Teu Te,u T1173n)4’
Wy (T4a:3n7T6u T5’U,) Wy (T41‘3n, T6u T5u)
1F w§ (T3, Tou, Tou)?’ 437 + w§ (Tou, Tou, Ti w3 )3’
Wy (T4m3n,T6u, T5’U,) Wy (T4x3n,T6u,T5u)
a4 G 3 as Iel 2
14+ w§ (Tou, T123n, T13n) 14+ w§ (Tou, Teu, T1x3n)
as wf (T4J}3n, T@LL7 T5u) wf (T4J,‘3n, T@’LL7 T5’LL)

1+ w§ (Tou, T1T3n, T173n)* ar 1+ w§ (T3, Tou, Tou)’
Wy (T4:E3n, T@U T5u)
81 + w§ G (Tou, Trw3n, Tian) + w§ C(Tvz3n, Tou, Teu)’
Wy (T4l'3n, Teu T5'LL)
T+ w§ (Tou, T13n, T123n)? + w§ (Tixsn, Tou, Teu)?’

w?(Tlx3n7T2'U‘7 Tgu) < max

Wy (T4l'3n, TG'LL7 T5'LL)

1+ w§ (Tou, T1x3n, Tixsn)? + w§ (T123n, Teu, Tou)3’
wy, (T4m3n,T6u Tsu)

' + Wy G (Tou, ThT3n, T1w3n)3 + WS G (Thzsn, Tou, Tou)3’
Wy (T4.I'3n, TGLL7 T5'LL)

aio

“27 + w§ (Tou, Thx3n, T123n)* + w§ (Thxsn, Tou, Tou)* (3.50)
as n — 0o, and using the fact that v = T1u = Thu = Tgu and Tzu = Tsu, we get
aowy (u u, Tgu),alwf(u u, Tsu),
azwf(u U T5u),a5wf(u u, Tsu),
aqwy (u u Tgu),a5wf(u u, Tsu),
WS (u,u, Tyu) < max{ aews (u,u, Tsu), arws (u, u, Tyu),
aswy (u U Tgu),agwf(u u, Tsu),
amwf(u, u, Tsu), a11wf(u, u, Tsu),
arow (u, u, Tsuw) (3.51)
Inequality (3.51) implies that for all A > 0,
w§ (u, u, Tau) < max{ag - - - a12}w§ (u, u, Tau). (3.52)

which is a contradiction as max{ag - - - a12} < 1, hence w (u, u, Tyu) = 0 which implies that u = Tsu,
thus u = T3u = Txu.

We next show that u = Tyu, now recall that T5(X ) C Ty(X ¢) and u = Tsu € T3(X,c) C
T6(X,c), there is a point ¥ € X ¢ such that u = Tyu = T4Y. Now we have that for any A > 0
wf(Tlﬁ, Tou, Tsu) # 0. From inequality (3.1), take x = ¥,y = u and z = u, thus we have;
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w§ (119, Tou, Thu) < max

\

wy Ty, Teu, Tyu) wf(T419,T6u, Tsu)

1 WG (Teu, 10, Tv9) 1 + w§ (Tow, Tyu, T9)"

Wy G(Tyd, Teu, Tsu) wf(T4197T6u, Tsu)

WG, Tou, Tow)2” "1 + w§ (Tow, Tou, T19)3°

WY F(Ty, Teu, Tsu) w?(T419,T6u, Tsu)

1t G (Tou, 119, T10)3” 1 + w8 (Tou, Tyu, T19)2’

w§ (Ty?, Tou, Tsu) w§ (Ty9, Tou, Tsu)
1 + wy (Tgu 19, Tl’l9)4’ a 1+ wy (T119 Tsu, Tﬁu)
w§ (Ty9, Tou, Tsu)

1 + wy (T6u 119, T119) + wy (T1’19, Tsu, Tﬁu)7

Wy (T419 Tﬁu T5u)

1 + wy (Tgu 19, T1’L9) + wy (Tl’l9, Teu, Tﬁu)Q’

Wy (T419 Tﬁu T5u)

1 + wy (TGU 119, T1’19) + wy (T119, Teu, Tgu)?”

Wy (T419 T6u T5u)

1 + wy (Tﬁu 19, T119) + wy (T119, Teu, Tﬁu)3’

Wy (T419 TG'LL T5u)

1 + w§ (Tou, T19, Ti9)* + W (110, Teu, Tou)t "

Using u = Tou = Tgu, u = Tyu = Ty9 and v = Tyu = Tsu, inequality (3.53) becomes;

w§ (119, u,u) < max

wg(u u, ) w§ (u, u, u)

O WG, 19, T10) T+ WG (u, w, Ty9) Y
w§ (u, u, w) w§ (u, u, u)
@21 w§ (119, u, u)2’a31 + w§ (u, u, T19)3
wf(u u, u) w§ (u, u, u)

T4 wC(u, 110, T19)3" 1+ WS (u, u, T10)?
w§ (u, u,u) wf(u u, )
1+w/\ (u, T19, T19)*’ 1 + w§ (110, u,u)’
w§ (u, u, u)

1 + WS (u, T19, Tyd) + w§ (19, u,u) [
w§ (u,u, )

“7 + w§ (u, T19, T19)? + Wl (T19, u, u)?’
w§ (u,u, )

1 + w§ (u, T19, T19)? + Wl (T19, u, u)3’
w§ (u,u, )

" + w§ (u, T19, T19)3 + Wl (T1d, u, u)3’

w§ (u,u, )

1 + w§ (u, Th9, T19)* + w§ (ThY, u, u)t |

253

(3.53)

(3.54)
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therefore, for all A > 0, inequality (3.54) shows that wf(Tlﬁ, u,u) = 0, thus T1¥ = u, therefore,
119 = u = Ty¥. Since T} is continuous, we get Tyu = 11Ty = TyT19 = Tyu = u. Therefore, u is
the common fixed point of T} for i = 1,2, --- ,6 when either T} or T is w“ continuous and the pair
{T1, T4} is weakly commuting, the pairs {T%, Ts} and {73, T5} are weakly compatible. Since u is true
for Tj,i = 1,2,--- ,6 when T} is continuous, it is also true when T, or Tg is w®
pair {T», Ts} is weakly commuting, the pairs {71,T4} and {13, 75} are weakly compatible. Also the
result hold if T3 or T is w® continuous and the pair {T3, T5} is weakly commuting, the pairs {77, T} }
and {T», Ts} are weakly compatible.

To prove uniqueness, suppose, if possible that there exists two common fixed points of 17, 15, T5, T4, T5
and T that is, there is a v,7 € X e such that Tyv = Tov = Tzv = Tyv = Tyv = Tgv = v and
Ty =Toy =Tsy = Tyy = Tsy = Ty = 7. If p # v # v which implies that wf(p, v,7) > 0 for all
A > 0, again inequality (3.1) becomes wf(p, v,y) = wf(Tlp, Tov, Ts)

continuous and the

a0 WS (Tup, Tov, Tsy) @ WS (Tup, Tov, Tsy) @ w§ (Tup, Tov, Tsy)
1+ w$ (Tev, Tip, T1p) 1+ w§ (Tev, Tev, Tip)* 1+ w§ (Tip, Tov, Tv)?’
a5 w§ (Tup, Tov, Tsy) ay w§ (Tup, Tov, Tsy) as w§ (Tup, Tov, Tsy)
14 w§(Tev, Tov, Tip)®’ 14w (Tev, Tip, Tip)® 1+ w§ (Tev, Tev, Tip)?’
a6 WS (Tup, Tov, Tsy) a w§ (Tup, Tev, Tsy)
1 +wf(T6’U,T1p, T‘1p)47 1 +wf(T1p, T‘(;’U,j})'t})7
a w§ (Tup, Tov, Tsy)
8 )
1 —+ wf(Tgv, T‘lp7 Tlp) =+ wf(Tlp, TG’U, TG’U)
a w§ (Tap, Tov, T57)
1+ wf (Tev, Tip, Tip)? + w? (Tip, Tov, Tov)?’
- wf (Tap, Tov, T57)
1+ w)c\; (Tev, Trip, Tip)? + wf (Tip, Tov, Tov)3’
ol WS (Tap, Tev, Ty)
1+ w§(Tsv, Tip, Tip)® + w§ (Thp, Tov, Tev)?’
o1 WS (Tap, Tev, Ty)
14 w§ (Tev, Tip, Tip)* + w§ (Tip, Tev, Tev)*'

< max

(3.55)

which simplifies to
oS vy) W) o wl(pv)
L+wi(v,p,p) 1+wi(v,v,p)* " 14+ wf(p,v,0)%

o w¥ (p,v,7) o w¥ (p,v,7) o wy (p,v,7)
L4+ w§(v,0,p)? " 14+w§(v,p,p)? "1+ w§(v,v,p)%

. ws (p,v,7) ] wy (p,v,7) o wy (p,v,7)
L4+ w§(v,p,p)* 14+ w§(pv,0) " 14w (v,p,p) +w§(p,v,v)’

o ws (p,v,7) a1o wy (p,v,7)
1+ w§(v,p,p)? + w§(p,v,v)2" " 14w (v,p,p)? +wf(p,v,v)3’

. WS (p,v,7) i WS (p,v,7)
14w (v,p,p)3 +w§(p,v,0)3" "1+ wf(v,p,p)* + w§ (p,v,v)*

Using the condition (3) of Proposition 2.12 we get several cases and in all the cases, take
d = max{ag,--- ,ai2} < 1andforall A > 0, we get
WS (p,0,7) < 8§ (p,v,7), (3.57)

which is a contradiction, hence p = v = ~. Therefore, T; for : = 1,2, 3,4, 5,6 have a unique common
fixed point in X .

wf(p,v,’y) < max< a

(3.56)

g

Remark 3.3. 3.2 is a generalization of Corollary 3.11, Theorem 4.2 in [33, 31] and results in [14, 15] and
results in [10].
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Corollary 3.4. Let X c be a w®-complete modular w®-metric space. Let T; : X o — X, e fori =
1,2,3,4,5,6, be six continuous self-mappings and let {11, T4}, {12, T} and {13, T5} be weakly commut-
ing pairs of self-mappings such that T3(X ¢ ) C Ty(X ), T2(X, ) € T5(Xa), T1 (X o) C Ts(X, )
there are x, T1, 72,0, &1, &2 € X6, A > 0, such that w§ (€0, £1,61) < 00 and w§ (&1, €1, &) < oo, for
which the following condition hold for some positive integer, m > 1;

gy X (I Ty T52)  w{(T, T3y, T3 2)
14+ w§(Ty, Tre, Tz) 1+ w§ (Tgy, Tety, Tra)t’
Wi (17", T8y, T3" 2) WS (11", T8y, T3 2)
a 7a b
1 +w§ (T, Ty, Teny)? 1 + w§ Ty, Ty, Tha)?
WS (T, Ty, T 2) WS (T2, Ty, T3 2)
a. ,a )
1 +w§(Tey, Tre, T )3 °1 +w§ Ty, Ty, Tra)?
WS (T, T8y, T3 2) WS (T, Ty, T3 2)

a7 +w§(Tgy, Tra, Tx)t’ 1 +w§ (T, Ty, Tity)
o WS (T3, Tg"y, T5" 2)
L4 S (Tgy, T, T ) + S (T1, Ty, Ty)
o ws (T7" =, T§"y, T3" 2)
L+ w(Tgy, T, Ti ) + o (T2, T8y, Tg"y)*
- ws (T7" =, T§"y, T3" 2)
14+ w§(Tgy, Tya, T e)? + w§ (T, Ty, Tg'y)®’
o Wi (1", Tg"y, 15" 2)
14+ w§(Tgy, Ta, T e)? + w§ (T, Ty, Tg y)®’
o Wi (T4, Ty, T3 2) ‘
14+ w§(Tgy, Ta, T e)t + w§ (T, Ty, Te y)*
forallx > 0,z,y,z € X ¢ withe # y # z # z, fora, € [0,00)r =0,1,2,3,--- ,12, witha; € (0,1)
forj =0,1,2,3,--- ,12. Suppose, u is the common fixed point of T; fori = 1,2,--- ,6 when either T}
or Ty is w© continuous and the pair {T1, Ty} is weakly commuting, the pairs {Ts, Tg} and {T3,Ts} are
weakly compatible. Again, suppose that u is true for Tj, i = 1,2,--- ,6 when Ty is w® continuous, it is
also true when Ty or Tg is w® continuous and the pair {Ty, Tg} is weakly commuting, the pairs {T1, Ty}
and {T3,Ts} are weakly compatible. Furthermore, if Ty or Ty is w" continuous and the pair {T3, Ty} is
weakly commuting, the pairs {T1,Ty} and {I»,Ts} are weakly compatible. Define sequences {xy }necn
and {&, }nen in X ¢ so that for x3, in X ¢, choose x3,4+1 such that &3, = Thx3, = TeT3n11; again
for x3p41 in X ,a, choose T3,19 such that 3,41 = Tox3n+1 = T523n+2 and, for a point 3,12 in X a,
choose x3n43 such that £3,,120 = T3x3n492 = Tyx3p+s forn =0,1,2,---. ThenT; fori =1,2,3,4,5,6
have a unique common fixed point in X c.

W§ (T z, TSy, T 2) < max

(3.58)

Proof. By 3.2, 17", 15", 15", T, T and T¢" has a common fixed point say u* € X ¢ for some positive
integer m > 1 by using inequality (3.58). Now Ty (Tyu*) = T]""'u* = Ty (T u*) = Tyu*, so Tyu* is
a fixed point of 71" u*. Similarly, Tou™ is a fixed point of 75" u* , T3u" is a fixed point of 13" u*, Tyu™ is
a fixed point of T} u*, Tsu™ is a fixed point of T5"u* and Tsu* is a fixed point of 7" «*. For the unique-
ness, suppose, if possible that there exists other common fixed points of 77", 135", T3", T", 5", T¢" say
v, w* € X, ¢ thatis T{"v* = T)"v* = T3"* = Tj"v* =T = Tg"v* = v* and TT"w* = Ty"w* =
T3"w* = T"w* = Ti"w* = T{w* = w*. We want to show that u* = v* = w*. Indeed, suppose that
u* # v* # w* which implies that for any A > 0, w{ (u*,v*, w*) > 0, from inequality (3.58), and after
some algebraic simplifications we take 6 = max{ag, - ,a12} < 1 and for all A > 0, we get

wf(u*,v*,w*) < (5w/€(u*,v*,w*), (3.59)

which is a contradiction, hence v* = v* = w*.
Therefore, in all the cases, u* = v* = w*. Then T; fori = 1,2, 3,4, 5, 6 have a unique common fixed
point for some positive integer, m > 1in X . g



256 D. FRANCIS

Remark 3.5. 3.4 is a generalization of Corollaries 3.12, 4.4 in [33, 31] and results in [10, 14] and [15].

4. APPLICATIONS TO THREE DIMENSIONAL NONLINEAR SYSTEM OF INTEGRAL EQUATIONS

In this section, we will solve simultaneous nonlinear integral equations in modular G-metric space.
LetT; : X,c — X o fori=1,2,3,4,5,6, be six continuous self-mappings and let {75, Ty },{13, 15}
and {1, Ts } be weakly commuting pairs of self-mappings such that 73(X,¢) C Tu(X ), Ta(X ) C
T5(X,¢), T1(X ) C Te(X ) thereisan xg € X, ¢, A > 0.

B. G. Pachpatte [38] considered the three dimensional nonlinear integral equation of the form

w(z,y,2) = ho(z,y,2) + (Lu)(z,y, 2) + (Mu)(z,y, 2), (4.1)

where,
(Lu)(z,y, 2z / / / (z,y, 2,8, t,r,u(s,t,r))drdtds, (4.2)
(Mu)(z,y, 2z / / / H(z,y,z,s,t,r,u(s,t,r))drdtds, (4.3)

where, hg € C(G,R), F € C(F3 x R,R) and H € C(G? x R,R), where £ =R2 x [ for z,y € Ry,
z€I=]la,b],(b>a)and B3 = {(z,y,2,5t,7) €G?:0<s<x<00,0<t<y<o0,zr€l}
Now for any A > 0 and for all x # y # z # «x, we define

1
———— sup |z —y| +|ly —z| +|lrv—z|5 <o, (4.4)
20+ N W’ZGE{H I+ 1lly =zl + 1}

Suppose that there exists operators so that 7; : X ¢ — X, ¢ for: = 1,2,3,4,5,6 for which we
have the following system of nonlinear integral equations

wf(x,y, z) =

(Thu)(z,y, 2) = ho(z,y, 2) + (Lu)(2, y, 2) (4.5)
(Tou)(z,y,2) = (Lu)(z,y, 2) (4.6)
(Tsu)(z,y,2) = (Mu)(z,y,2) 4.7)
(Tyu)(z,y,2) = ho(z,y,2) + (Mu)(z,y,2) (4.8)
(Tsu)(z,y,2) = (Lu)(z,y, 2) + (Mu)(z,y, 2) (4.9)
(Tou)(x,y, z) = ho(x,y, 2) + (Lu)(z,y, 2) + (Mu)(z,y, 2). (4.10)

We can easily see that
(Tu)(z,y, 2) € (Tau)(z,y, 2), (Tau)(z,y, 2) € (Tsu)(z,y, 2), (T1u)(z,y, 2) € (Teu)(z,y, 2).

Now, we state various conditions in which the method is possible.
(C1) there exists a positive constant, a; < 1 such that ||ho(z, y, Z)—i—foz foy f; F(x,y,z,s,t,r,u(s,t,r))
drdtds+[;° [~ fab H(z,y,z,s,t,r,u(s, t,r))drdtds|| < a1||Q1(z,y, 2)||, where, Q1 (2,9, 2) €

(Cy) there exists functions f € C(F3,R;) and h € C(G?,R,) such that
|F(z,y, 2,8, t,r,u(s, t,r)) — F(z,y, 2,8, t,1,0)]| <|f(z,y,z s t7r)||uls,tr)| and
|H(x,y,z,s,t,r,u(s, t,r) — H(x,y, z,s,t,r,0)|| < ||h(z,y, 2,s,t,7)||||u(s,t,r)|.

(C'3) there exists N > 0, b > a such that

x Yy b % N
</ / / ||“(8’t77")||2d7“dtd8> <
0 0 Ja b—a
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(Cy4) there exists N > 0, b > a such that

00 00 b 1
N
(/ / /||u(s,t,r)||2drdtds>2§
0o Jo a b—a

(Cs) there exists a; < 1forl =1,2,3,4,--- ,n, f € C(FE3,Ry)and h € C(G%,Ry) such that

z pry b % oo poo b %
( I/ ||f<:c,y,z,s,t,mu?drdtds) +< [ ||h<w,y,z,s,t,mu?drdtds)
0 0 a 0 0 a

b—a

<

I{IES‘IX{CLZQZ(xv Y, Z)},

where, Q(z,y,2) € Eforl =0,1,2,3,4,--- ,n
Our aim here is to find the common unique fixed point solution of Equations (4.5)-(4.10). Following
[31], we have that T; for ¢ = 1,2, 3,4, 5, 6 maps into itself.
Now for any A > 0, by definition, we have

S (Thu)(@,y, 2), (Tou)(2,y, 2), (T3u) (2, y, 2)) :=2(11+A) sup_{[[(Thu)(z,y,2) = (Tau)(z, y, 2)]|

T,Y,2€EE

+ [(Tou)(z, y, 2) — (Tsu)(z,y, 2|
+ [(Thw)(2, y, 2) — (Tsu)(z, y, 2)[[}, (4.11)
So that

2(11"i_)‘)leiI;E{H<Tlu>(x7y7Z) - (TQU)(.%’,:I/,Z)H + H(TQU)(wvyaz) - (T3u)(w7yaz)”

+ [(Tvw)(2,y, 2) = (Tsu)(2,y, 2)|}

:2(1::‘)\)33211225{‘“&0(1.72/72> + (Lu)(x,y, Z) - (L'LL)(QZ,:{/, Z)H + H(Lu)(x,y, Z) - (Mu)(xvyaz)”

+ lho(2,y, 2) + (Lu)(2, y, 2) — (Mu)(z,y, 2)|}

zz(lz_i_)\)xzuzl;a{“ho(:c,y,z) + (Lu)(z,y, 2) — (Mu)(z,y, 2)||}

sup_{||ho(z,y, 2 / / / (x,y, 2,8, t,r,u(s, t,r))drdtds

2
21+ A) pyse=

/ / / H(z,y,z,s,t,r,u(s,t,r))drdtds| }
<7(1+)\) sup {Hhoxy, / / /F$y,ZStTOdetdS+/ / /ny,zstrO)drdtdsH

T,Y,2€EE

+/ / / |F(z,y, 2,8, t,m,u(s, t,r)) — F(z,y, 2, s,t,1,0)|drdtds
0 0 a
[e%s) 0o b
—/ / / |H(z,y,z,s,t,r,u(s, t,r)) — H(z,y, z,s,t,7,0)| drdtds

0o 00 b
<||ho(x,y, 2 / / / (z,y,2,8,t,1,0) drdtds—}—/ / / H(z,y,z,s,t,r 0)drdtds|
0 0 a
0o 00 b
/ / / | f(z,y, 2,8, t,7)||[|u(s, t,r Hdrdtds—i—/ / / h(z,y, 2z, s, t,7)||||u(s, t,r)|drdtds
o Jo
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oo poo b
=||ho(x,y, 2 / / / (z,y,2,8,t,7,0) drdtds+/ / H(z,y,z,s,t,r 0)drdtds|
0 0 a

/ / / |f(x,y, 2, s,t,7)||||u(s, t,7 Hdrdtds—i—/ / \h(z,y, 2, s, t,7)||||u(s, t,7)||drdtds
o Jo

oo o0 b
<||ho(zx,y, 2 / / / (z,y,2,s,t,1,0) drdtds—i—/ / H(z,y,z,s,t,r, 0)drdtds|
2 0 0 %
+ (/ / / Hf(x,y,z,s,t,r)\2drdtds> (/ / / ||u(s,t,r)||2d7“dtds>
0 JO Ja 0 JO Ja
o) 0o b % 00 o] b %
+ (/ / / \h(z,y,z,s,t, r)]2drdtds> (/ / / \|u(s,t,r)\|2drdtds>
<||ho(z,y, = / / / (x,y, 2, s,t,7,0) drdtds+/ / / H(x,y,z,s,t,7,0)drdtds||
2 >
(/ / / Hf(x,y,z,s,t,r)Herdtds> —1—(/ / / \h(z,y,z,s,t, T)]erdtds)
=||ho(x,y, z / / / (z,y,2,8,t,7,0) drdtds+/ / / H(z,y,z,s,t,7,0)drdtds||
2 ;
e L [ iszsanaaas) o ([ 7 [ in st Paaas) )
b-a 0 JOo Ja 0 0 a

SQOQO(:Ev Y, Z) + I{l_%lX{alQl(l', Y, Z)}

<

—s{aiu(z.0. )} 412)
forl =0,1,2,3,--- ,n, where

Qo(x,y,2) =(Tau)(z,y, 2) — (Tew)(z, y, 2)|| + [|(Tou)(x, y, 2) — (Tsu)(z, y, )|
+ [(Tww)(2,y, 2) — (T5u) (2, y, 2|

X (1 + H(TG’LL)(.%',y,Z) - (Tlu)(x,y,z)H + H(Tlu)(xaya Z) - (Tlu)(xaya Z)”

-1
(T, 2) — <T1u><m,y,z>||) |

O (z,y, 2) — Qa(z, y, z) takes similar computation.

'Iheorem 4.1. Let X c be a G-complete modular G-metric space. Let T; : X ¢ — X, ¢ fori =

2,3,4,5,6 be six continuous self-mappings and let {T5, T4} {13, T5} and {T1,Ts} be weakly com-
mutmg pairs of self-mappings such that T5(X ) C Ty(X c), Ta(X, o) C T5(Xe), Th(X o) C
T6(X,c) and there exists xo,x1,x2 € X, ,a,\ > 0, such that wg(Tlxo,Tgscl,Tgxl) is finite and
w§ (Towy, Toxn, Tsx2) is also finite, for which the conditions (Cy — Cs) and inequality (4.12) hold and
forall X > 0, z,y,2 € X, ¢ withe # y # z # x, so that fora; € [0,00) 1 = 0,1,2,3,---,9,
witha; € (0,1) forj = 1,2,3,---,9. Suppose, u is the common fixed point of T; fori = 1,2,--- ,6
when either T} or Ty is w© continuous and the pair {T1, Ty} is weakly commuting, the pairs {Ts, Tt}
and {T3,Ts} are weakly compatible. Again, suppose that u is true for T;, i = 1,2,--- ,6 when T} is w®
continuous, it is also true when Ty or Ty isw® continuous and the pair {Ty, Tg} is weakly commuting, the
pairs {Ty, Ty} and {T3, Ts} are weakly compatible. Furthermore, if Ty or Ts isw® continuous and the pair
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{T3,T5} is weakly commuting, the pairs {T1,Ty} and {T»,Ts} are weakly compatible. Then Equations
(4.5)-(4.10) has a unique common fixed solution in X ,c.

Proof. LetT; : X o — X, cfori=1,2,3,4,5,6,besix continuous self-mappings and let {75, T4 } {13, T5 }
and {71, T} be weakly commuting pairs of self-mappings such that 75(X ,¢) C T4(X ), To(X,e) C
T5(X ), T1(X o) C Te(Xe). Let T; : X o — X, ¢, fori=1,2,3,4,5,6 be defined by the follow-

)+ (Mu)(z,y, 2).

sup_{[lho(z,y,2) + (Lu)(x,y, 2) — (Lu)(z,y, 2)||

ing;
(Thu)(z, y,2) =ho(,y,2) + (Lu)(z,y, 2),
(Tou)(z,y, z) =(Lu)(z,y, 2),
(Tyu)(x,y, 2) =ho(z,y,2) + (Mu)(z,y, 2),
(Tsu)(z,y, 2) =(Lu)(x,y, z) + (Mu)(z,y, z)and
(Tou)(x,y, 2) =ho(x,y, 2) + (Lu)(z,y, 2

Then for all A > 0 we have

WS (M) (2, y, 2), (Tou) (2, y, 2), (Tyu) (2, y, 2)) 22(11+/\) S

and

+ [[(Lu) (2, y, 2) = (Mu)(z,y, 2|
+ ||h0(x,y, Z) + (Lu)(x,y, Z) - (MU)($7yvz)|’}

WS (Tou) (2, y, 2), (Tsu) (x, y, 2), (Tyu)(z,y, 2))

=llho(z,y, 2) + (Lu)(z, y, 2) + (Mu)(x,y, 2) — (Lu)(z,y, 2) + (Mu)(z,y, 2)|

+ ||h0({E,y, Z) + (Lu)(xvyaz) + (MU)(QZ,y,Z) -
+ [[(Lu)(z,y, 2) + (Mu)(z,y,2) — ho(z,y, 2) +

ho(CC, Y, Z) + (MU)(xv Y, Z)”
(Mu)(x,y, z)| ete.

So from inequality (4.12) and Equation (4.4), we have the following component-wise;

WS (Tyz, Toy, Ts2)

WS (Tyz, Toy, T 2)

W)?(T;;"I?, T6y7 T5Z)

a 7a )
o1+ w§ (Tey, Tha, Ty ) "1+ w§ (Tey, Tey, T1x)*

w§ (Tazx, Toy, Tsz)

wS(Tle) T6y7 T5Z)

a , @ ;
21 +W)C\;(T1$»T6y7T6y)2 31 +W)C\¥(T6yaT6yaTlx)3

w}C\; (T4$, Tﬁya T5Z)

a

W (Tyz, Toy, Ts2)

1t w§ (Tey, Tha, Tyz)3’

"1+ w§ (Tey, Tey, T1x)?’
W (Tyz, Toy, Ts2)

a 7a b
1+ w{(Toy, Tia, Ti)* " 1+ w (Thz, Tey, Toy)
w§ (Tyx, Tey, Ts 2)

w§(Thz, Toy, T3z) < max

a s
® 1 + WS(TGM T1$7 Tlm) + W)C\;(T1$7 T6y7 Tﬁy)
w)c\:(T4xaT6yaT5Z)

“TF w§ (Toy, The, Tyz)? + w§ (Tha, Tey, Toy)?’
w§ (Tux, Ty, Tsz)

a10

1 + CU)C\:(T&y, Tll‘, Tll‘)z + wf(Tlx, T6y7 T6y)3 ’
w (Tyz, Toy, Ts 2)

a 5
H 1 + w)C\;(TGya T]fﬂ, Tlx)s + (.d)C\:(Tl.’E, Tﬁyu TGy)3
W (Tax, Ty, Ts2)

a .
P14 w§ (Toy, The, Tyz)* + w§ (Tha, Tey, Toy)*

(4.13)
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forall A > 0, z,y,2 € X,o withz # y # z # z,fora; € [0,00) 1 =0,1,2,3,---,9, with a; € (0,1) for
j=1,2,3,---,9. Then by 3.2, Equations (4.5)-(4.10) have a unique common fixed solution in X ,c.
O

Corollary 4.2. Let (X,,,w") be a G-complete modular G-metric space. Let T; : X ¢ — X,c for
i = 1,2,3,4,5,6, be six continuous self-mappings and let {To, T4 },{T5,T5} and {T1,Ts} be weakly
commuting pairs of self-mappings such that T5(X ,c) C Ty(X c), To(X o) C T5(X,0), Th(X,e) C
T6(X ) therexy, z1, 22 € X, > 0, such thatwf(Tlx(b Toxy, Thxy) andw?(TQxl, Toxq, T3x2) are
finite, for which the conditions (Cy — C5) and inequality (4.12) hold and for all A > 0, z,y, z € X ¢ with
xr #y# 2 #x, forar; > 0 withayy < 1. Suppose, u is the common fixed point of T; fori =1,2,--- ,6
when either T} or Ty is w© continuous and the pair {T1, Ty} is weakly commuting, the pairs {Ts, Tg}
and {T3,Ts} are weakly compatible. Again, suppose that u is true for T;, i = 1,2,--- ,6 when T} is w®
continuous, it is also true when Ty or Tgs is w© continuous and the pair {Ty, T} is weakly commuting, the
pairs {Ty, Ty} and {T3,Ts} are weakly compatible. Furthermore, if Ty or Ts isw® continuous and the pair
{T5,T5} is weakly commuting, the pairs {11, Ty} and {T»,Ts} are weakly compatible. Then Equations
(4.5)-(4.10) has a unique common fixed solution in X ,c.

Proof. LetT; : X ¢ — X cfori=1,2,3,4,5,6,besix continuous self-mappings and let {75, T4 } {13, T5 }
and {77, T} be weakly commuting pairs of self-mappings such that 73(X ,¢) C T4(X ¢), To(X¢) C
T5(X,e), T1(X ) C To( X e)-

LetT; : X,c — X, o fori=1,2,3,4,5 6bedefined by (Thu)(z,y, 2) = ho(z,y, 2)+(Lu)(x,y, 2),
(TQU)(J"’ Y, Z) = (Lu)(xv Y, Z)> (T3u)($7 Y, Z) = (Mu)(:v, Y, Z)’ (T4’LL)(:L‘, Y, Z) = h()(aj, Y, Z)+(MU)(JJ, Y, Z)
(T5U)($,y, Z) = (Lu)<x7 Y, Z) + (Mu)(m'v Y, Z) and (T6u)<m7 Y, Z) - h0($, Y, Z’) + (Lu)('xv Y, Z) +
(Mu)(z,y,2).

Then for all A > 0 we have

w)?((Tlu)('%? Y, Z)? (TQU)(‘rv Y, Z)? (T3’U,)(.’L‘, Y, Z))

:2(11_1_)\) leiIéEﬂ'ho(:E’ y,2) + (Lu)(z,y, 2) — (Lu)(x,y, 2)|

+ H(LU)(%,y, Z) - (Mu)($7yvz)|’
+ [[ho(z,y, 2) + (Lu)(z,y, 2) — (Mu)(z,y, 2)||}

and

WS (Tou) (2, y, 2), (Tsu) (2, y, 2), (Tyu) (2, y, 2))

=|ho(z,y, 2) + (Lu)(z,y, 2) + (Mu)(z,y, 2) — (Lu)(z,y,2) + (Mu)(z,y,2)|
+ |lho(z,y, 2) + (Lu)(z,y, 2) + (Mu)(x,y, 2) — ho(z,y, 2) + (Mu)(x,y, 2)||
+ [(Lu)(z, y, 2) + (Mu)(z, y, 2) — ho(z,y, 2) + (Mu)(z,y, 2) | etc.

So from inequality (4.12) and Equation (4.4), we have the following;

w§ (Tyz, Tey, Ts2)

G
wy (Tz, Thy, T52) < a .
X (T, Ty, T52) < " W8 (Toy, Tow, Tia ) + wC (Tvx, Toy, Toy)?

(4.14)

Therefore, by 4.1, Equations (4.5)-(4.10) have a unique common fixed solution in X .
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We can deduce several Corollaries from the 4.1 as the following result shows, if maximum of in-
W (Tyx, Toy, T52)

, then we have;
1+ w§ (Toy, Ty, Tiz)* + w§ (Thx, Tey, Toy)*

equality (4.13) is a1

Corollary 4.3. Let (X,,,w%) be a G-complete modular G-metric space. Let T; : X, — X_c for
i = 1,2,3,4,5,6, be six continuous self-mappings and let {T>,T4},{13,T5} and {T1,Ts} be weakly
commuting pairs of self~mappings such that T5(X c) C Tu(X c), To(X c) C T5(X,6), T1(X,e) C
Ts(X ¢ ) therexy, x1, 2 € X, a,\ > 0, such thatwf(Tlxo, Toxq, Toxq) andwf(ngcl, Toxq, T5x2) are
finite, for which the conditions (Cy — C5) and inequality (4.12) holds and for all A > 0, z,y,z € X ¢ with
x #yF# z#x, foraia > 0 withaja < 1. Suppose, u is the common fixed point of T; fori =1,2,--- ,6
when either Ty or Ty is w© continuous and the pair {T1,T,} is weakly commuting, the pairs {T5,Ts}
and {T3,Ts} are weakly compatible. Again, suppose that u is true for T;, i = 1,2,--- 6 when T} is w®
continuous, it is also true when Ty or T is w© continuous and the pair {Ty, T} is weakly commuting, the
pairs {Ty, Ty} and {Ts, Ts} are weakly compatible. Furthermore, if T3 or Ts isw® continuous and the pair
{T3,T5} is weakly commuting, the pairs {T1, Ty} and {T»,Ts} are weakly compatible. Then Equations
(4.5)(4.10) has a unique common fixed solution in X ,c.

Proof. LetT; : X o — X cfori=1,2,3,4,5,6,besix continuous self-mappings and let {75, Ty } {15, T5 }
and {71, T} be weakly commuting pairs of self-mappings such that T5(X ¢) C Ty(X e ), To(X ) C
T5(X6), Th1(X o) C Ts(X0).

LetT; : X,c — X o fori=1,2,3,4,5 6bedefined by (Thu)(z,y, 2) = ho(z,y, 2)+(Lu)(x,y, 2),
(TQU)(J") Y, Z) = (Lu)(xv Y, Z)’ (T3u)($v Y, Z) = (MU)(QZ7 Y, Z)’ (T4’LL)(:L‘, Y, Z) = ho(aj, Y, Z)+(MU)(JI, Y, Z)’
(Tsu)(z,y,2) = (Lu)(x,y,2) + (Mu)(z,y,2) and (Teu)(x,y,z) = ho(z,y,2) + (Lu)(z,y,z) +
(Mu)(z,y, 2).

Then for all A > 0 we have

wf((Tlu)(ma Y, Z)? (TQU)($7 Y, Z), (Tgu)(l', Y, Z))

—2(11)\) szZI;E{Hho(a:, y,2) + (Lu)(z,y, z) — (Lu)(z,y, 2)||

+ [[(Lu) (@, y, 2) — (Mu)(z,y, 2)||
+ Hho(l’,y,Z) + (LU’)(x7y7 Z) - (MU)(Q?,y, Z)H}

and

S (Tou) (2, y, 2), (Tsu)(z,y, 2), (Tau) (2, y, 2))

=[lho(z,y, 2) + (Lu)(z,y, 2) + (Mu)(z,y, 2) — (Lu)(x,y, 2) + (Mu)(z,y, 2)||
+ lho(z,y, 2) + (Lu)(, y, 2) + (Mu)(2,y, 2) — ho(x,y, 2) + (Mu)(z,y, 2)||
+ [I(Lu)(z,y, 2) + (Mu)(z,y, 2) — ho(2,y, 2) + (Mu)(x, y, z)| etc.

So from inequality (4.12) and Equation (4.4) we have the following;

w§ (Tyz, Tey, Ts2)

G
w§ (Tyz, Toy, Ts2) < a '
x (T, Toy, Tsz) 2y w§ (Toy, Tiz, Tyz)* + w§ (Thz, Toy, Tey)*

(4.15)

Therefore, by 4.1, Equations(4.5)-(4.10) have a unique common fixed solution in X .
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5. CONCLUSION

In this work, we construct three pairs of weakly commuting quasi-contractive self-mappings within
modular w®-metric spaces and establish fixed-point results in complete modular w-metric spaces.
Additionally, we provide their applications to nonlinear Pachpatte integral equations. Our findings
generalize and refine results from [14, 15, 31] Cho et al. [10], Abbas et al [1], Abbas et al [2] and
Mustafa and Sims [26], Azadifar et al. [3], Azadifar et al. [5], and some results in Okeke et al. [33]. The
approach opens several avenues for future research, including multivalued extensions and applications
to ordered modular spaces and boundary-value problems.
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