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THE ITERATIVE METHOD FOR INVERSE STRONGLY-MONOTONE MAPPINGS
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ABSTRACT. In this paper we study the iteration process introduced by Takahashi and M. Toyoda (2003)
for solving a a variational inequality problem generated by inverse strongly-monotone mapping. We ob-
tain an approximate common solution of a finite family of variational inequalities and of a finite family of
fixed point problems under the presence of computational errors. Our results are established under sum-
mable and nonsummable computational errors. We show that the method generates a good approximate
solution, if the sequence of computational errors is bounded from above by a constant.

Keywords. Hilbert space, iteration, nonexpansive mapping, variational inequality.
© Fixed Point Methods and Optimization

1. INTRODUCTION

In their work [9] W. Takahashi and M. Toyoda analyzed an algorithm which finds a common ele-
ment of the collection of fixed points of a nonexpansive operator and the collection of solutions of a
variational inequality problem for an inverse strongly-monotone operator. They established the weak
convergence of that algorithm. Such weak convergence results are interesting from a point of view of
the theory but practically are not useful because in practice one can do only a finite number of iter-
ates. Hence it is important to know that the algorithm produces approximate solution and how many
iterations is needed in order to reach such approximate solution. This is the goal of our recent work
[11] where we proved that for the algorithm of [9] most of its exact iterates are approximate common
solutions of a variational inequality corresponding to an inverse strongly-monotone operator. In [12]
we proved that the iteration process for solving the variational inequality problem corresponding to an
inverse strongly-monotone operator generates approximate solution in the presence of small computa-
tional errors and estimated a number of iterates needed in order to reach such approximate solutions.
One result of [12] shows that our iteration process generates approximate solutions under the presence
of summable errors. Such results are very important in the superiorization theory [3, 4, 5]. Another
result of [12] shows that our iteration process generates approximate solutions under the presence of
nonsummable computational errors. It has prototype in [10] obtained for a variational inequality with
a Lipschitz operator but for another iteration process based on the extragradient method [7]. Each iter-
ation of that process has two steps. In [12] and in the present paper for the variational inequality with
an inverse strongly-monotone mapping we use the algorithm of [9] for which each iteration has only
one step.

In this paper we continue to study the iteration process introduced by Takahashi and M. Toyoda
[9]. Our goal is to extend the results of [12] obtained for a single variational inequality to a finite
family of variational inequalities generated by inverse strongly-monotone mappings. We obtain an
approximate common solution of a finite family of variational inequalities and of a finite family of fixed
point problems under the presence of computational errors. Our results are established under summable
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and nonsummable computational errors. We show that the method generates a good approximate
solution, if the sequence of computational errors is bounded from above by a constant.

2. PRELIMINARIES

Assume that (H, (-, -)) is a real Hilbert space equipped with an inner product with induces the Eu-
clidean norm

|z = (z,2)"/?, = € H,
U C H is a nonempty, convex, closed set,
a, ce (0,1)
and
0<a<b<2a (2.1)

For every point z € H and every positive number r put

B(z,r)={ue H: |lu—z| <r}.
Define I(z) = z, z € H and for each set D C H and x € X set,

d(z, D) = inf{[lz —y|| : y € D}.

In the sequel we use the following result [1, 6, 10].
Lemma 2.1. Assume that a set D C H is nonempty, convex and closed. Then for any x € H there exists
a unique element Pp(x) € D for which
lx — Pp(z)|| = inf{||lx —v| : v e D}.

Moreover, the following assertions hold.

1.
1Pp(z) = Pp(y)ll < ||z — yl| forallz,y € H
and for everyx € H and every z € D,
(z — Pp(x),x — Pp(x)) <0,
Iz = Pp(2)|* + ||lz — Pp(2)|* < ||z — ||
2. Assume that x € H, £ € D and that for every z € D,
<Z—€,ﬂ’j—§> <0.
Then & = Pp(x).
3. Foreveryx,y € H,
1Pp(x) — Po)|I* + I = Pp)(z) — (I = Pp)(u)lI* < |« — g,
1Pp(x) = Po)|* < (Pp(z) = Pp(y),= - y).
For each nonempty, closed and convex set D C H denote by Pp : H — D the metric projection on
D.
Let £ be a finite set of pairs (F, K') where K is a nonempty closed convex subset of U, and F' :
U — H and L, be a finite set of mappings 7" : U — U. We suppose that the set £1 U L2 is nonempty.

(Note that one of the sets £1 or L2 may be empty.)
We suppose that for each (F, K) € £ each u,v € K, each e > 0,

(F(u) = F(v),u—v) > a| F(u) - F(v)|? (2.2)

and set

S(F,K)={2€e K: (F(2),u—2) >0, ue K}, (2.3)
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S(F,K)={z€U, B(z,e) N K # (),
(F(2),6 —2z) > —€||§ — z|| —eforall§ € K}. (2.4)

If (F,K) € L, then the operator F is called a-inverse strongly monotone [2, 8, 9]. Some examples
of inverse strongly-monotone mappings were considered in [9]. In particular, if K is a closed, convex
subset of U and an operator 7" : K — K is nonexpansive, then the operator A = I — T is (1/2) inverse
strongly monotone and S(F, K) is the collection of fixed points of 7.

For every mapping T' € L9 and every € > 0 set

Fix(T) :=={z € U: T(z) =z},
Fix(T):={z€U: [|[T(z) — z|| <€}

and assume that
|z — 2| > ||z = T(2)||* + élla — T(z)|?

forall x € U and all z € Fix(T). (2.5)
Set
S = [N(rKr)ec, SUF, K)] N [Nrec, Fix(T)). (2.6)
For each A > 0 and each (F, K) € L; set
Prix = Px(I — \F). (2.7)
Let a natural number
[ > Card(Lq U Ly). (2.8)

Denote by R the set of all mappings
A: {0,1,2,...} — Lo U{PF,K,/\ : (F,K) €L, e [a,b]}

such that the following properties hold:

(P1) for every nonnegative integer p and every mapping 7' € Lo there exists an integeri € {p,...,p+
[ — 1} such that A(i) = T}

(P2) for each integer p > 0 and every pair (F, K') € L there exist an integer i € {p,...,p+1—1}
and \ € [a, b] such that A(i) = Pp ».

We are interested to find solutions of the inclusion € S. In order to meet this goal we apply
algorithms generated by A € R. More precisely, we associate with any A € R the algorithm which
generates, for any starting point 29 € X, a sequence {x}7°, C X, where

Th+1 = [A(k‘)]({l:k), k= 0, 1, cees

In this paper, we study the behavior of the sequences generated by A € R taking into account compu-
tational errors which are always present in practice. Namely, in practice the algorithm associate with
A € R generates a sequence {x},}7° ; such that for each integer k£ > 0,

| zpg1 — A(k)(zp)|| <6

with a constant § > 0 which depends only on our computer system. Surely, in this situation one cannot
expect that the sequence {1 }7° , converges to the set S. Our goal is to understand what subset of U
attracts all sequences {x},}7° , generated by algorithms associated with A € R.

It is shown that the algorithm generates a good common approximate solution after a certain number
of iterations. This number is calculated. We study exact iterates of the algorithm as well as its inexact
iterates with summable and nonsummable computational errors.
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3. AUXILIARY RESULTS
In the sequel we use the following results proved in [11].
Proposition 3.1. Let (F,K) € L1, A > 0,u € K. Thenu € S(F, K) if and only if
Pr(u— AF(u)) = u.
Let (K, A) € {(K;,A): i=1,...,m}.
Proposition 3.2. Let (F,K) € L1, u,v € U and A > 0. Then
I = AF)(w) — (I = AF)@)] < [lu— ol]? + A\ — 20)[[F(w) — F()]2
If A < 2q, then I — AF is a nonexpansive operator.
Lemma 3.3. Assume that (F,K) € L;,
xeU, X€la,b], ue K,
u= Pg(u—AF(u)), y = Pg(z — A\F(x)).
Then
ly —ul® < [lz = ull® + A = 20) || F(u) — F(2)],
ly = ull® < o —ul|* = |y — & + MF(z) — F(u))|

and
ly — ull?* < ||z — ul]* — 47|y — =[] min{1, b a(2a — b)}.

Lemma 3.4. Assume that (F,K) € £1,6 € (0,1), My >0, M > 1,
A € [a,b],

u € K,x €U satisfy
Jull <M, u= Pg(x = AF(u)),

]l < M,
[1F(u)l| < Mo, ||F(z)]| < Mo,

y € B(Px(z — AF(x)),9).
Then
ly —ull? < llz = ull* = A2a = N)||F(w) = F(2)|* + §(4M + 1),

ly = ull* <l — ul|* = 47|y — 2|* min{1,b7%a(2a — b} + 26(8M + 2),
ly —ull® < [lz — ul® — ||y — 2+ X(F(z) — F(u))||? + 6(12M + 2 + 2\M).
Lemma 3.5. Assume that (F,K) € L1,e9 > 0,z € U, A € [a,b] and
[ = Pr(z — AF(2))]| < €o.
Then for each & € K,
(Fa,& —x) > —A"leol|é — x| = A7 e — [|F(2)] eo-
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4. ExAact ITERATES

We prove the following result which shows that most exact iterates of our algorithm are approximate
common solutions of the family of variational inequalities and approximate common fixed points for
the family of mappings Ls.

Theorem 4.1. Lete € (0,1], My > 1 be such that
{€€ SN BO,My) : T(€) € B(O, My), (T,C) € L1} £0
and a positive number
eo < min{lte, 47 tae, (4Mp) (1 420717 te}.

Assume that

AeR, {z}i2y C U, ||zo| < Mo, (4.1)
for each integer k > 0,
ifA(t) =T € Lo, then 441 = A(t)(x¢) (4.2)
and if
A(t) = Pr ) with X € [a,b], (F,L) € Ly,
then
Ti41 = A(t)ZCt = PF,K,)\(xt)- (4.3)
Then
llxe]] < 3Mp, t=0,1,...
and

Card({p € {0,1,...} : max{||lxt — z¢41]|: i=p,...,p+1—1} > €o})
< 4Miey?lmin{e, b 2a(2a —b)} .
Moreover, if p > 0 is an integer and
lwi — zivi1|| <€, i=p,...,p+1—1,
then for eachi € {p,...,p+ 1}, eachT € L9 and each (F,K) € Ly,
d(x;, Se(F, K)) < € and d(z;, Fix.(T)) < e.

Proof. Clearly, there exists

usx € B(0,Mp) NS (4.4)
such that
F(uy) € B(0,My), (F,C) € L;. (4.5)
It follows from (4.1) and (4.4) that
|us — o] < 2Mop. (4.6)
Assume that a nonnegative integer ¢ satisfies
|us — z4|| < 2Mp. (4.7)
Then one of the following two cases hold:
A(D) =T € Lo (4.8)
A(i) = Prpcowith X € [a,b], (F,C) € L;. (4.9)

Assume that (4.8) is valid. Then it follows from (2.5), (4.1), (4.4) and (4.8) that

i1 = wel® + Ellzier — 2l < [z — w?, (4.10)
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[zipr = wal| < [l — wl| < 2Mo.
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(4.11)

Assume that (4.9) holds. By (4.1), (4.3), (4.4), (4.9), Proposition 3.1 and Lemma 3.3 applied with

U= Uxy, T=2T5, Y = Ti+1,

we have
i1 — el < s — w2 = |12 — w2 mind1, b~2a(2a — b)},

i1 — wal| < i — wa]| < 2Mo.
Thus by (4.10)-(4.13), in both cases

[@it1 — ws|l < [l@s — usl| < 2Mo,

i+t = well < flri = ue|® = [l; — @i || minfe, b~2a(2a — b)}.
Thus by induction and (4.4) we showed that for each integer ¢ > 0.
||l < 3Mo,
and that (4.14), (4.15) hold for each integer ¢ > 0. Set
E={ie{0,1,....,}: ||zi — zit1]| > €0}-

Let () be a natural number. Set
Eq=En{0,...,Q —1}.
By (4.14), (4.15), (4.17) and (4.18),

AMG > w0 — wil|® > [0 — ua]|® = ||lzg — w]®
Q-1
= (i = wal* = wia — w]?)
i=0

> {llzi = wel® = llziss —usl? : i € EQ}
>e2Card(Eg) min{é, b ?a(2c — b)}
and
Card(Eg) < 4Mey? min{c, b 2a(2a — b)} 1.
Since () is any natural number we conclude that
Card(FE) < 4Mgey* min{¢, b 2a(2a —b)} .
Set
Eo={pe{0,1,....}: {p,....,p+1—1}NE} #0}.
By (4.11), (4.19) and (4.20),

Card(p € {0,1,...}: max{||z; —zi11||: i=p,...,p+1—1} > €})

= Card(F) < ICard(E) < 4IMey? min{é, b %a(2cc — b)} 1.
Assume that p > 0 is an integer and
||l'i—IL‘i+1H < €, i:p,...,p+l—1.
By the choice of ¢y and (4.21), for each i,5 € {p,...,p + 1},

|lzi — ;]| <lep <e.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Let
ie{p,...,p+1—1}

Then one of the following two cases hold:

A()) =T € Lo, (4.23)

A(i) = Pr g with X € [a,b], (F,K) € L;. (4.24)
Assume that (4.23) holds. By (4.2), (4.21) and (4.23),

€0 > ||s — zppr|| = |z — T(z4) ],

x; € Fixe, (T). (4.25)
Assume that (4.24) holds. By (2.2), (4.4) and (4.14),

1F (i) = Fu)l| < a7l — el < 2Moa™",

| F ()| < Mo(1+2a71). (4.26)
In view of (4.3) and (4.21),
€0 2 [lzi — i || = [Joi — P (@i — AF ()] (4.27)
It follows from the choice of €, (4.24), (4.26), (4.27) and Lemma 3.5 that for each £ € K,
(Fw:),€ —xi) 2 = A ell€ — ail] = A71eg — | F(xs) o
> —a teol¢ — @il — a7 e§ — [ F(ai)eo

—a e — mil| - ae% — Myeo(1+2a71h)

and

Thus the following property holds:
(a) if (4.23) is valid, then

x; € Fixe,, (T)
and if (4.24) holds, then
x; € Se(F, K)
and in both cases
@i = Tig1]] < €0(1+77L).

Properties (a), (P1), )P2) (see the definition of R} and (4.22) imply that for each i € {p,...,p + 1},
eachT € L9 and each (F, K) € L4,

d(x;,Fixc(T)) <€, d(zi, Se(F, K)) < e.

Theorem 4.1 is proved. g



THE ITERATIVE METHOD FOR INVERSE STRONGLY-MONOTONE MAPPINGS 83

5. INEXACT ITERATES WITH SUMMABLE ERRORS

We prove the following result which shows that most inexact iterates of our algorithm with summa-
ble computational errors are approximate common solutions of the family of variational inequalities
and approximate common fixed points for the family of mappings Ls.

Theorem 5.1. Lete € (0,1], My > 1 be such that
{€e 5N B0, M) : T(¢) € B(0, M), (T,C) € L1} #0,
{Ai}2o € (0,1) satisfy
A= i A; <00
and a positive number -
eo < min{(20) e, 47 tae, (4Mp)T (1 4+ 207t +atA) e,

Assume that

AeR, {zi}iZo C U, |lzol < Mo, (5.1)
for each integert > 0,
if A(t) =T € Lo, then ||zir1 — A(t)(z1)] < Ay, (5.2)
and if
A(t) = Pr ) with X € [a,b], (F,K) € Ly,
then
[#e11 — Prga(@)|| < Ay (5.3)
and a natural number ng satisfies for each integert > ny,
Ay < eo/2. (5.4)
Then
||xtH §3MO+A7 t:0717
and

Card({p € {no,no +1,...} : max{||zt —ze41]|: t=p,...,p+1—1} > €0})
< e 21((2Mo + A)? + A(12Mp + 4A + 1)) max{4, ¢!, 4b%a~ " (2a — b) 7'},
Moreover, if p > ng is an integer and
lxy — x4l < €0, t=p,....0+1—1,
then for eachi € {p,...,p+ 1}, eachT € L9 and each (F,K) € Ly,
d(x;, Se(F,K)) < € and d(z;, Fix.(T)) < e.

Proof. Clearly, there exists

usx € B(0,My) NS (5.5)
such that
F(ux) € B(0, My), (F,C) € L. (5.6)
Set
My = a ' (2My + A) + M. (5.7)
It follows from (5.1) and (5.5) that
|us — 0| < 2Mp. (5.8)

Assume that ¢ is a nonnegative integer. Then one of the following two cases holds:
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A(i) =T € Ly; (5.9)

A(i) = Prcawith A € [a,b], (F,C) € L;. (5.10)
Assume that (5.9) is valid. Then it follows from (5.2), (5.5) and (5.9) that
@it — well < [[wipr = T(@s) || + 1T (@) — wal] < Ai o+ [ — us]-
Assume that (5.10) holds. Proposition 3.2 and (5.3), (5.5), (5.10) imply that
[Zis1 — uall <l wigs — Proa(@i)|l + [[Proa(@i) — uxl
<A; + [|Proa(mi) — Proa(us) || < Ai+ [z — ul-

Thus in both cases

it — el < Ai + o — ) (5.11)
By (5.1) and (5.11),
l2is1 — el < llzo — wal| + ) Ay < 2Mo + > Ay < 2My + A, (5.12)
t=0 t=0
In view of (5.5) and (5.12),
|z |l < 3Mp + A. (5.13)
Let 7 > 0 be an integer. Equations (2.5), (4.5) and (4.9) imply that
1AG) (23) = usl? + el A@) (i) — @il® < |2 — ] (5.14)
It follows from (5.2), (5.12) and (5.14) that
s — w2 = JAG)(@:) — 2] =i — wall = AG) @) — wall (s — wall + [AG) @) - wal)
Sz = A@) (@) CIAG) (@) — well + [[wigr — A (@a)])
<A (2w — ui| + Ag) < Ai(4My + 2A). (5.15)

By (5.2), (5.12) and (5.14),

llier = ill® = A (1) = il *] =@ — zill = 1AG) (@) = @illl (e — zill + [|A@) (2:) — 2il])
<llwiv1 — A@) (@) 1(2(| A (2:) — zill + [lzie1 — A (20))]
<AGIAG) (:) — @il + Ag) < Ay(287 2l — w]| + A)
<NE V2 (4My 4 2A). (5.16)
Equations (5.14) and (5.15) imply that
i = ws® 2] A@) (27) — wel* + el (@) () — i
> @i — ]| — A (4Mo + 2A) 4 &l|mi — 24]]2 — Ai(4My + 2A)
and
llzi — we||* > ||Zig1 — we||® + El|@ipr — 4]|? — 24:(4Mg + 2A). (5.17)
Assume that (5.10) holds. In view of (2.2), (5.6), (5.7) and (5.12),
1F (i) = F(u)|| <o uw — 2]l < @71 (2Mo + A),
[F ()| <a™t(2Mo + A) + Mo = M;. (5.18)
By (5.3), (5.5), (5.10), (5.13), (5.18), Proposition 3.1 and Lemma 3.4 applied with
M =3My+ A, My= M, u=us, x=212;, y=xiy1, 0 =0;, (A4, K)=(F,C)
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we have
lzicr — well® < |2 — wal|? — 472 — 21 ||* min{1, b%a(2a — b)} + (12Mg +4A + 1), (5.19)
In view od equations (5.17) and (5.19), in both cases
ie1 = uell® <lwi = wl® = |27 = ziga||* min{e, 471, 47707 2a(2a - b)}
+ (12Mp + 4A + 1) A, (5.20)
Set
E={ie{nogno+1,...;}: ||l&; — ziz1|| > €0}- (5.21)
Let Q > ng be a natural number. Set
Eg=En{0,...,Q—1}. (5.22)
By (5.12), (5.20) and (5.21),
(2My + A)?

>|2ng = usl® = flng — sl = o — s

Q-1
= (lzi = well® = g1 — wal|?)
i:no
Q-1
>3 (i = wia|?min{e, 471, 4710 %a(2a — b)} — (12My + 4A + 1)A)
’i:ng
Q-1
>(Y " (|l#i — wipa||*) min{e, 477, 4710 2a(2a — b)}

i=ng
— (12My +4A + 1A, ((2Mg + A)? + (12Mp + 4A + 1)A) min{e, 471, 470 %a(2a — b)}
Q-1

>3 e — @i ||* > egCard(Eg)

i:no
and
Card(Eq)

< g ?((2Mo + A)? + A(12Mj + 4A + 14)) max{c ", 4, 4b%a" (2o — b) 7'},
Since @) is any natural number larger than ny we conclude in view of (5.22) that
Card(E) < €5 2((2Mo + A)? + A(12My + 4A + 14)) max{c !, 4, 4b%a~'(2a — b)~'}. (5.23)
Set
Ey={pe{no,no+1,....}: {p,...,p+1—1}NE} # 0} (5.24)
By (5.21), (5.23) and (5.24),
Card({p € {no,no+1,...,}: max{||x; — xip1]|: i=p,...,p+1—1} >€})
= Card(Ey) < ICard(FE)
<leg?((2Mo + A)? + A(12Mj + 4A + 1)) max{c ', 4, 4b%a~(2a — b) 7'}
Assume that p > ng is an integer and
lei — x| < e, i=p,...,p+1—1. (5.25)
By the choice of € and (5.25), for each i,j € {p,...,p+ 1},
|z; — x| < e <e (5.26)
Let
te€{p,...,p+1—-1}

Then one of the following two cases hold:
A(i) =T € Ly, (5.27)
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A(Z) = Prc with \ € [a, b], (F, C) € Ly. (528)
Assume that (5.27) holds. By (5.2) and (5.4),
[zs = T(@i)|| < [ — iga || + (i1 = T(@3)]] < €0 + A <,
x; € Fix (T). (5.29)
Assume that (5.28) holds. By (2.2), (5.5) and (5.12),
1F (i) = Flud)]| < a7z — w| < (2Mo + A)a™,
| F ()] < Mo(1+2a71) +a A, (5.30)
In view of (5.3), (5.4) and (5.25),
|2; = Po(xi — AF(2:))|| < | — @il + i1 — Po(@i — AF(:))[| < €0 + A < 2¢o. (5.31)
It follows from the choice of g, (5.26), (5.30), (5.31) and Lemma 3.5 that for each £ € C,
(F(x:), & —ai) 220 eol|€ — ail| — AN eg — [|F (i) [leo — 2™ eol|€ — @] — 4a™ €5
—2¢0(Mo(1 +2a7 1) +a™1A)
> —ell§¢ —aill — €

and
T; €8S, (f77 C)
Thus the following property holds:
(a) if (5.27) is valid, then
x; € FiX607 (T)
if (5.28) holds, then
x; € Se(F‘7 C)
Properties (a), (P1), )P2) (see the definition of R} and (5.26) imply that for eachi € {p,...,p+1},each T € Lo
and each (F, K) € Ly,
d(z;, Fix (T)) <€, d(x;, Sc(F, K) < e.
Theorem 5.1 is proved. O

6. INEXACT ITERATES WITH NONSUMMABLE COMPUTATIONAL ERRORS

We will prove the following result (Theorem 6.1), which shows that an e-approximate common solu-
tion can be obtained after nyl iterations of the algorithm and under the presence of computational errors
bounded from above by a constant d, where § and ng are constants depending on € (see (6.3)-(6.5)).

Theorem 6.1. Let

e€ (0,1, My >1 (6.1)
be such
{£€ SN B(0,My) : T(€) € B(0,My), (T,C) € L1} # 0, (6.2)
a positive number
€0 < emin{8'a, 4710, 27N (Mo + 1) (1 +4a )TN, (6.3)
a positive number § satisfy
§ <1 'e (247 "My + 1272 min{é, b 2a(2a — b)}), (6.4)
an integer
ng > 64M?* min{¢, b 2a(2cc — b)} 'l (6.5)

Assume that
A€R, (e} C U, ol < Mo (6.6)
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and that for each integeri > 0,
i1 — AG) ()] < 6. (6.7)
Then there is an integer g € [0,n9 — 1] such that
lzil| <3Mo+1,i=0,...,(¢+1)I
and for each integeri € {ql,...,(¢+ 1)l — 1},
”:BZ — xi—HH S €0- (6.8)
Moreover, if an integer ¢ > 0 be such that for each integeri € [ql, (¢ + 1)l — 1] relation (6.8) holds and
lzqll < 3Mo + 1,
then for each pairi,j € {ql,...,(q+ 1)l},
[ =z <€
and foreachi € {ql,...,(q¢+ 1)l},
d(x;, Fix.(T)) < € forall T € Lo,
d(zi, Se(f,C)) < eforall (f,C) € L;.

Note that Theorem 6.1 provides the estimations for the constants § and ng, which follow from rela-
tions (6.3)-(6.5). Namely, § = c1€? and ng = coe 2, where ¢; and ¢y are positive constants depending
only on Mj.

Let € € (0, 1], a positive number ¢ be defined by relations (6.3) and (6.4), and let an integer ng > 1
satisfy inequality (6.5). Assume that we apply an algorithm associated with a mapping A € R under
the presence of computational errors bounded from above by a positive constant ¢ and that our goal
is to find an e-approximate solution. According to Theorem 6.1, we should find the smallest integer
q € [0,n9 — 1] such that for every integer i € [gl, (¢ + 1)l — 1] (6.8) holds and ||z 4|| < 3Mq + 1. Then
the inclusion x; is an e-approximate common solution for all integers i € [ql, (¢ + 1)I].

Proof of Theorem 6.1
In view of (6.2), there exists

usx € B(0,Mo) NS (6.9)
such that
F(uy) € B(0,My), (F,C) € L;. (6.10)
It follows from (6.6) and (6.9) that
[[ws = @ol| < 2Mo. (6.11)
Assume that ¢ > 0 is an integer and for each p € {0, ...,q},
max{||z; — x| s i €{pl,...,(p+ 1)l —1}} > €. (6.12)
Lemma 6.2. Assume that a nonnegative integer p satisfies
| — xp|| < 2Mp. (6.13)
Then for eachi € {pl, ..., (p+ 1)l},
|lus — 24]] < 2Moy + €o(i — pl), (6.14)
foreachi € {pl,...,(p+ 1)l — 1},
s — 4]|% = |Jus — 2441 ||> > —26(24Mg + 9) (6.15)
and if

| — zita] > eo,
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then
e — 2% = Jus — zig1]|* > 167 2 min{e, b 2a(20c — b)}.
Moreover, ifp € [0, q|, then
[ws = @pi|* = s = 2ppayl|* > 167 g min{e, b %a(2a —b)}.

Proof. We prove Lemma 6.2 by induction. Assume that ¢ € {pl,...,(p+ 1)l — 1} and (6.15). (In view
of (6.13), our assumption holds for ¢ = pl.) Then one of the following two cases hold:

A(Z) =T € Lo; (6.16)

A(l) = PF,C,A with \ € [a, b], (F, C) € L. (617)
Assume that (6.16) is valid. Then it follows from (2.5), (6.4), (6.7), (6.9), (6.14) and (6.16) that

i — wll < llziss — AG) @]l + [AG) () - w
<6+ |2 — ui| < 2Mo + (i + 1 — pl)eo.
Assume that (6.17) is valid. Then it follows from (6.7), (6.9), (6.14), (6.17) and Proposition 3.2 that
@1 = el Sllivr — AQ@) (i) || + [[AG) (@) — |
<0+ [|1Prea(@i) — usl| < 6+ [|Prepa(wi) — Propa(us)|]
<O+ ||wi — us|| <0+ 2Moy + €o(i — pl) < 2Mo + eo(i — pl + 1).

Thus in both cases

|xit1 — uxl] < 2Moy + €o(i — pl + 1). (6.18)
Assume that (6.16) holds. Equations (2.5), (6.9) and (6.16) imply that
1AG) (27) = wal|* < i — w]|? = @l AG) (i) — | (6.19)
In view of (6.19),
1A (i) = well < [z = wall, [AG@) (3) — ]| < &2 ||2i = wel. (6.20)
It follows from (6.3), (6.7), (6.14) and (6.20) that
s — w2 = JAG)(@:) — 2] =llir - wall = [AG) @) — wall (s — wall + AG) @) - wal)
Sllivr — AG@) () [ 2IAG@) (20) — vl + i1 — AG) (@)
<6(2||ws — ua|| +1) < 8(4Mo + 2e0l + 1) < §(4My + 2). (6.21)

By (6.19) and (6.21),
i1 — wal[? <[[A() (2:) — ual” + 6(4Mo + 2)
i — wa||* = JAG) (z5) — x5]|*¢ + 6(4Mo + 2). (6.22)
In view of (6.22),
27 — | = |21 — ue]|® > —6(4Mo +2)
and (6.15) holds. Assume that
Hxi-i-l — xz” > €. (623)
Equations (6.4), (6.7) and (6.23) imply that
e — A@@)(@:)|| = [|wipr — @il = [[AG) (@) — @igal] > €0 — 6 = €0/2. (6.24)
By (6.4), (6.22) and (6.24),
s = wl|® = llwien — ual* =+l AG) () — 2]|* — 6(4Mo + 2)
>ced /4 — 6(4My + 2) > cea /8. (6.25)
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Assume that (6.17) is valid. In view of (6.14),
e — @il| <2Mo + leg < 2Mo + 1,
|ill <3Mo + leg < 3Mp + 1.
In view of (2.2), (6.10) and (6.14) ,
1P @)l <IF(2s) = Flud)| + [ F(w)l < Mo+ o™ uw — i
<My +a 1(2Mo + 1).
Set
My = My + o~ (2My +1).
By (6.7), (6.9), (6.26)-(6.28) and Lemma 3.4 applied with
M =3My+1, My= M, u=u. x=21u; y=211, (4, K)=(F,C)
we have
lzivt — wal|? < N|lzs — we||* =47 2s — 21 ||* min{1, b2a (20 — b)} + 25(24 My + 9).
In view of (6.29),
l2i — wa||® = |1 — ue]|® > —20(24Mp +9).
Assume that
|zit1 — ;]| > €o-
By (6.4), (6.29) and (6.31),
l2i — wael|? = ||wics — wa||? >4 2 min{1, b~2a(2a — b)} — 25(24M; +9)
>8 12 min{1, b~ 2a(2a — b)}.

Thus by induction we showed that (6.14) holds for all i € {pl, ..., (p+1)l}, (6.15) holds for each i € {pl, .

1)l — 1} (see (6.30)) and if ||z;41 — ;]| > €o, then (see (6.25))
2 — wal|? = [|wic1 — ua||* > 87 L min{e, b 2a(2a — b)}.
Assume that an integer p € [0, g|. Then by (6.12), there exists k € {pl, ..., (p+ 1) — 1} such that
|zkt1 — 2kl > €o,
(6.33) holds with i = k and by (6.4), (6.15),

(p+1)l—1

e = 2ptl® = e = eyl = Y [l = @ll* = e — ziga ]
i=pl

89

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)
S (p+

(6.33)

= Al =@l = lue =@ i € {pl,.... (p+ DI\ {k}}

+llus = 2l = uw = 2
>216(24Mj + 9) 4+ 8 'e2 min{é, b%a(2a — b)}
>16" 2 min{¢, b~2a(2a — b)}.
Lemma 6.2 is proved.
By (6.11), (6.12) and Lemma 6.2 applied by induction we have
lus —xp]] <2Mo, p=0,...,¢+1,

e — 2ifl <2Mo+1, i =0,...,(G+ 1)l
and forallp =0,...,q,

e = 2yl = e = 2 1l® > 167 minfe, b%a(2a — b)}.

(6.34)

(6.35)

(6.36)
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In view of (6.5), (6.11) and (6.36),

AMG > Jlus = zo* =lus — 20| — [Jux — 2 gyl

q
=3 e = 2l® = lu = 2ppayll?]
p=0

>16"1(¢ + 1)e2 min{¢, b 2a(2ac — b)},
G+ 1 <64MZey? min{c, b 2a(2a —b)} ' < ny.

We assumed that ¢ > 0 is an integer and that for every integer p € [0, ¢ relation (6.12) is true and
obtained that § < ng — 1 and (6.34)-(6.36) hold. This implies that there exists an integer ¢ € [0, ng — 1]
such that for every integer p satisfying 0 < p < ¢ relation (6.12) holds,

|lx; — ziva|| < e i=ql,...,(¢g+ 1) —1,
s =zl < 2Mo, ||zl < 3Mo, j=0,...,4,
lus — 24l <2Mo+ 1, ||lai|| <3Mp+1, i =0,...,ql.
Lemma 6.2 and (6.4) imply that
llus — zig1]] <2Mo+ 1, ||zi]| <3Mo+1, i =ql,...,(¢+ 1)L

Assume that ¢ > 0 is an integer,

[zq]l < 3Mo (6.37)
and
|lvi — x| < e, i=4ql,...,(g+ 1)l — 1. (6.38)
By (6.3), (6.37) and (6.38), for each i, j € {ql,..., (¢ + 1)l},
i — 2]l < e0 <e, (6.39)
”3:%” < 3Mjy + 1. (6.40)
Let

ie{ql,...,(¢g+ 1)l —1}.
Then one of the following two cases hold:

A()) =T € Lo, (6.41)

A(’L) = PF,CJ\ with \ € [a, b], (F, C) € L. (6.42)
Assume that (6.41) holds. By (6.3, (6.4), (6.7), (6.38) and (6.41),
@i = T(@:)[| < ||@wi — @i ]l + wigr — T(@i)|| < €040 < 2e0 <,
x; € Fix(T). (6.43)
Assume that (6.42) holds. By (2.7), (6.7), (6.38) and (6.42),
i = Po(zi — AF (%)) || < llwi — zia || + |lwigr — Polzi — AF(2:))[| < €0 + 6 < 2e,
sz — Pc'(xi — /\F(l‘z))H < 260. (6.44)
In view of (2.2), (6.10), (6.40),
[E (i) || <[1F(2i) = F(u) | + [1F(u) |
<a |z — ual| + My < (4Mp + 1)a™ ! 4 M.
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It follows from (6.3), (6.42), (6.44), the relation above and Lemma 3.5 applied with €y replaced by 2e,
x =w;, (A, K) = (F,C) that for each ¢ € C,
(F(x), € — ) 22X Yeo||€ — 24| — 41t — 2e0((Mo + o™ (4My + 1))
>2a" Ve |€ — zi|| — da” g — 2e0(Mo(1 + o (4Mj + 1))
> —ell§ =z —e
and
x; € S(F,C). (6.45)
Properties (P1), )P2) (see the definition of R) and (6.39), (6.43) and (6.45) imply that for each j €
{ql,...,(g+ 1)}, each T € Ly and each (F,C) € Ly,

d(x;, Fix.(T)) < €, d(zi, Se(F,C) <e.

Theorem 6.1 is proved.

7. AN EXTENSION OF THEOREM 6.1

In Theorem 6.1 we assume that the set S is nonempty which means the existence of a point belonging
to S(f,C) for each (f,C) € L1 and to Fix(T') for each T' € L9. Now we prove its extension where
instead of this assumption we assume only the existence of a point u, such that for each 7" € £ and

each (f,C) € L,
B(ux, 65) NFix(T) # 0

B(us,0,) NS(f,C) # 0,
where §, is a small positive number.
Theorem 7.1. Lete € (0,1/2), My > 1, positive numbers €y, 0, 0, satisfy
co < 7 'min{47 e, 47 ae, (2Mo +4)7 (4 +4a7h) e}, (7.1)

8, 6o < €52 min{e, b %a(2a — b)}

x min{3271(12Mp + 12)7 1™, 4871 (4My + 4o~ (2My + 3)) 7'}, (7.2)
an integer
no > 64MZey 2 min{e, b 2a(2a — b)} 1, (7.3)
u, € B(0, Mo) NU N (N(royec, F~H(B(0, My)), (7.4)
foreachT € Lo,
B(ux, 04) N Fix(T) # 0, (7.5)
and for each (f,C) € L1,
B(uy, ) NS(f,C) # 0. (7.6)
Assume that
AeER, (7.7)
{21} C U, [0l < Mo (7.)
and that for each integeri > 0,
[zipr — A(i) (i) < 6. (7.9)

Then there is an integer g € [0,ng — 1] such that
;]| <3Mo+1, i=0,...,(g+ 1)l (7.10)
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and for each integeri € {ql,...,(¢+ 1)l — 1},
lx; — ziv1|| < eo- (7.11)
Moreover, if an integer ¢ > 0 be such that for each integeri € [ql, (q + 1)l — 1] relation (7.11) holds and
|lzql < 3Mo+1, (7.12)
then for each pairi,j € {ql,...,(q¢+ 1)l},

o — 50 < € (713
and foreachi € {ql,...,(q+ 1)},

d(z;, Fix (T)) < € forall T € Lo, (7.14)

d(zi, Se(f,C)) < eforal (f,C) € L;. (7.15)

Note that Theorem 7.1 provides the estimations for the constants § and ng, which follow from rela-
tions (7.1)-(7.3). Namely, § = c1€2 and ng = coe 2, where ¢ and ¢y are positive constants depending
only on Mj.

Let € € (0, 1], a positive number ¢ be defined by relations (7.1) and (7.2), and let an integer ng > 1
satisfy inequality (7.3). Assume that we apply an algorithm associated with a mapping A € R under
the presence of computational errors bounded from above by a positive constant ¢ and that our goal
is to find an e-approximate solution. According to Theorem 7.1, we should find the smallest integer
q € [0,n9 — 1] such that for every integer i € [gl, (¢+ 1)l — 1] relation (7.11) holds and that the relation
lzgll < 3Mo+ 1is true.

Proof of Theorem 7.1

In view of (7.5) and (7.6) for each T € L, there exists

up € B(uy, 0p) NFix(T) (7.16)
and for each (F,C) € L, there exists
upc € S(F,C) N B(ux, ). (7.17)
It follows from (7.4) and (7.8) that
|us — 0| < 2Mp. (7.18)

Assume that a nonnegative integer ¢ > 0 and that for every integer p € [0, ],
max{||z; — xiy1|l : i=pl,...,(p+ 1)l =1} > €. (7.19)

Lemma 7.2. Assume that a nonnegative integer p satisfies

e — zp]| < 2M. (7.20)
Then for eachi € {pl,...,(p + 1)},
|lus — z4]] < 2Mo+ €o(i — pl), (7.21)
foreachi € {pl,...,(p+ 1)l — 1},
e = @il = e = ziga||? > — (46 + 260) (4Mo + 3) (7.22)
and if
| — @il > €o,
then

e — 24)|* = s — zig1]|* > 167 2 min{e, b 2a(2cc — b)}.
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Moreover, ifp € [0, 4], then
e = il — 2 = syl > 167 G minfe, b-2a(2a — )}

Proof. We prove the lemma by induction. Assume thati € {pl, ..., (p+ 1)l —1} and (7.21) is valid. (In
view of (7.20), our assumption holds for ¢ = pl.) Then one of the following two cases hold:

A(i) =T € La; (7.23)

A(’L) = PF,C,)\ with A € [a, b], (F, C) € L. (7.24)
Assume that (7.23) is valid. Then it follows from (2.5), (7.9), (7.16) and (7.23) that
[zivr = wal <[lwigr — AG) (o) + [[A@) (i) — ur| + lur — us|
<8+ ||lzg —up|| + do < ||zi — wi]| + [Jus — ur|| + 6 + do
<||z; — ux]| + 6 + 200. (7.25)
In view of (7.2), (7.21) and (7.25),
Hwi—i-l — ’U,*H < sz — u*H + €9 < 2My + Go(i +1 —pl). (7.26)

By (7.1) and (7.26),
lzir: — wel|, ||wi — wil] < 2Mo + el < 2My + 1. (7.27)
It follows from (7.21), (7.22) and (7.25) that

e e

= (lzit1 — well =l — wel ) (lzigr — wel| + [lzi — wil]) < (6 + 200)(4Mo + 2). (7.28)
Equations (2.5), (7.16) and (7.23) imply that
lur = A@) () |? + el — AG@) (@) ]|* < || — wr|*. (7.29)

It follows from (7.16) and (7.27) that
s = wll? = ll2i = wr | =l = usll = s = wrll[(|2: = wl| + [J2; = wr])
<[e — upl|2l|lz: — vl + llus — urpl])
§50(4M0 + 2+ 50) < 50(4M0 + 3). (7.30)
In view of (7.1), (7.2), (7.16), (7.21) and (7.29),
Jur — A(E) (@) || <[lur — @] < |25 — ws| + [Jus — url|
<2My + €o(i — pl) + 6o < 2Mp + 1. (7.31)
By (7.16) and (7.31),
114G (5) = well? = [|AGE) () — ur]?]
=1 A@@) (@:) — uall = [|AGE) (@) — url|[([[AG) (@) — well + [[AE) (%) — url])
<[lus — ur |2 A(@)(z:) — urll + lus —url]) < do(4Mo + 3). (7.32)
It follows from (7.9) and (7.27) that
it — w2 = JAG) (@) — w2211 — w2 = [AG) (@) — wll(zisn — ol + A (@5) — )

Sllwipr = A@) (@) [|2llwivr — wil| + [[[2irr — A@) (@3)]])
<6(4My + 24 6) < 6(4Mo + 3). (7.33)
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Equations (7.30), (7.32) and (7.33) imply that
e = @i |* + Ellws — AG) ()| <[lue — AG) (@) [|* + 6(4Mo + 3) + &l — A(3) (z:) ||
<lur — AG) (2:)]|* 4 S0 (4Mo + 3) + 6(4My + 3) + &l|x; — A(d) (2]
<z — ur||® 4+ (8 4 60)(4My + 3)
<li — w | + (6 + 280)(4Mo + 3). (7.34)
Assume that
lz; — i1l > €o- (7.35)
In view of (7.2), (7.9) and (7.35),
i — A@@) (@) = lzi — zita || = [[zit1 — A@D)(@i)]| > €0 — 6 > €0/2. (7.36)
By (7.2), (7.34) and (7.36),
[@ip1 — wa|® <[z — wal|* — Ced /4 + (6 + 26.)(4Mp + 3)

<ls — ui|® — ce2/8. (7.37)
Thus the following property holds:
if (7.23) is valid, then
||£L'i+1 — u*|| S 2M0 + Go(i +1-— pl), (738)
i = well® = llwigs — wa]|* > = (5 + 200) (4Mo + 2) (7.39)
and if ||z; — @iy1|| > €o, then
lits = wll* < [l — w]]* — 2eg /8. (7.40)
Assume that (7.24) is valid. By (7.4), (7.17), (7.24),
lugcll < llus] + 80 < Mo + 1. (7.41)

It follows from (2.2), (7.4), (7.17) and (7.21) that
1 (uro)ll SIF(urpc) = Fw)] + [ Fu)| < a™upe — usl + Mo
§Q*1 + My, (7.42)

[P (@)l <IF (@) = Flud| + [ F(w)]| < Mo+ a™Huw — i
<My +a "t (2My +1). (7.43)
Set
M = My + o~ (2M + 1). (7.44)
By (7.9), (7.21), (7.24), (7.41)-(7.44) and Lemma 3.4 applied with
M=2My+1, My=M, u=upc, =1, y=zi11, (A, K)=(F,C)
we have
[2it1 —urc|?
<lwi —upc|® — 47 |z — ziq1]|? min{1, b 2a(2a — b)} + 26(16 My + 10). (7.45)
In view of (7.2) and (7.43),
[zir1 —upcl® < llz; — urcll® + €/4,
[zipr —upcl <z —urcll + /2. (7.46)
Equations (7.1), (7.17) and (7.46) imply that
@i = el lwisn — urcll + lune — ull < 2 — upol + /2 + lurc — u.
<llzi —urcll + €0/2 + o
<||zs — us|| + €0/2 + 280 < ||mi — us|| + €o- (7.47)
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It follows from (7.21) and (7.47) that
||131'+1 — U*” S ||£ZEZ — U*” + €o S 2M0 + GO(i +1 7pl) (748)
By (7.17) and (7.21), for j = ¢, + 1,

llz; = upll? = lles = wal®l <llla; — ugell — ey = wll(le; —urell + llz; — )
Slww = upell@lz; = ull + e = usel)
<00(4Moy + 2+ do) < 6o(4Mo + 3). (7.49)
Equations (7.45) and (7.49) imply that
i1 — wl|? < ||wip1 — upcl® + do(4Mo + 3)
<zi —upol® — 4 o — zipa||? min{1, b2a(2a — b)} + 6(16 Mg + 10) + 5o(4Mp + 3)
s — we||? — 47 |2 — 2440 ]|* min{1, b2a(2c — b)} 4 6(16 Mg + 10) + 250(4Myp + 3). (7.50)
In view of (7.50),
2i — wa||® = [|ig1 — ua||® > —(46 + 260) (4M¢ + 3). (7.51)
Assume that
@i+ — @i = €o. (7.52)
By (7.1), (7.50) and (7.52),
< oy — ua* — 47 A min{1, b 2a(20 — b)} + (45 + 260)(4My + 3)
< lzi — us* = 87 te2 min{1, b%a (2 — b)}.
Thus if (7.24) holds, then in view of (7.48) and (7.51),

lZit1 — usl

@1 — vl < 2Mo + €o(i + 1 — pl), (7.53),
@5 = wsl|® = l|lwigr — wa||® > —(46 4 260)(4Mo + 3) (7.54)
and if
|zip1 — xi]| > €0,
then

lziv1 — ual|? < |lzs — ue|* — 8 L2 min{1, b2a(2c — b)}.

Therefore we showed that in both cases (7.53) and (7.54) hold and if
it1 — ]l = €o,

then

lziv1 — ue|* < |20 — us|)* — 87 €2 min{é, b 2a(2c — b)}. (7.55)
Thus by induction we showed that (7.21) holds for alli € {pl, ..., (p+1)i}, (7.54) holds, foreachi € {pl, ..., (p+
1)l — 1} and if ||z;41 — @3] > €0, then (7.55) is true.

Assume that an integer p € [0, ¢]. Then by (7.19), there exists k € {pl, ..., (p+ 1)l — 1} such that

||$k+1 — SCkH > €9. (756)
By (7.2) and (7.54)-(7.56),
(p+1)l—1
e = ptl? =l = 2gpayl® = D0 (e = zll® = Jus = zira]?)
i=pl

= Aluw —ail® = ue @i |® = i € {pl,..., (p+ DI\ {R})
+ s = @pl* = lus — 2ppa|f?

> — (46 + 200) (4My + 3) + 8 *e2 min{éc, b~ 2a(2a — b)}

>16"'e2 min{¢, b 2a(2a — b)}.
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Lemma 7.2 is proved. O
By (7.18), (7.19) and Lemma 7.2 applied by induction we have
lue — zp]| < 2Mo, p=0,...,¢+1,
H’U,*—JIZH <2Mp+1,i=0,...,(@g+ 1)l
andforallp=0,...,q,
et — 2l =l = 22 > 167 min{, b~%a(2a — b)}.
In view of (7.3), (7.18) and the relation above,

AMZ > lu — wo® > s — ol = [l — g1yl

q
= Ml = @pll* = s = 2 payll?)
p=0

>1671 (¢ + 1)e2 min{¢, b 2a(2cc — D)},
G+ 1 <64MZey? min{c, b 2a(2a —b)} ! < ny.
We assumed that for each integer p € [0,¢ — 1] (7.19) holds and obtained that § < ny — 1. This
implies that there exists an integer g € [0, ng — 1] such that for every integer p satisfying 0 < p < ¢

relation (7.19) holds,
HU* - l’]lH < 2M07 ||x]l|| < 3M05 .] = 07 -4,

Hu* — w,” < 2Mjy + 1, ”sz <3My+1,:=0,...,ql.
sz _$i+1|| < €0, i = qla--'v(Q+1)l - 17
In view of the relation above and Lemma 7.2,
Hu* — .%'»LH < 2My+1, szH <3My+1,1=ql,..., (q + 1)I.

Assume that p > 0 is an integer,

Jp]l < 3Mo+1, (7.57)
and
v — x| <eo, i=pl,...,(p+ 1) — 1. (7.58)
By (7.57) and (7.58), for each i,j € {pl, ..., (p+1)l},
|lzs — 2] < el <, (7.59)
lzil] < llapll +€ < 3Mo + 2. (7.60)
Let

ie{pl,....,(p+ 1)l —1}.
Then one of the following two cases hold:

A(i) =T € L, (7.61)

A(’L) = PF,C,)\ with A € [a, b], (F, C) € L. (7.62)
Assume that (7.61) holds. By (7.1), (7.2), (7.9), (7.58) and (7.61),
[ = T(@i)|| < [z — i || + [z = T(@3)]| < €0+ 0 < 260 <,
x; € Fix(T). (7.63)
Assume that (7.62) holds. By (2.7), (7.2), (7.9), (7.58) and (7.62),

| Pro(zi) — || < [[Proa(x:) — zip1|| + |21 — 2] < e0 + 9 < 26,
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In view of (2.2), (7.4), (7.60),

1F ()|l < 1F (@) = Flu) | + |Fw)ll < o Hlzi = ull + Mo < (4Mo +2)a™" + Mo, (7.65)

It follows from (7.1), (7.62), (7.64), (7.65) and Lemma 3.5 applied with €y replaced by 2¢y, x = z;,
(A,K) = (F,C) that for each £ € C,

(F(x5), € — ) 22X Yeo||€ — ai]| — 4N ed — 2e0((Mo + o H(4My + 2))
>2a eg||€ — ]| — da el — 2e0(Mo(1 + o~ (4My + 2))
> —€ll§ — il —€
and
x; € S(F,C). (7.66)
Properties (P1), )P2) (see the definition of R} and (7.59), (7.65) and (7.66) imply that for each j €
{pl,...,(p+1)l}, each T € L5 and each (F,C) € L4,

d(x;,Fix.(T)) < €, d(z;, Se(F,C) <e.

Theorem 7.1 is proved.
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