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FIXED POINT THEOREMS OF SOME MAPPINGS VIA INTERPOLATION IN QUASI
2-BANACH SPACES
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ABSTRACT. In this paper, we demonstrate a fixed point theorem for contraction mappings in quasi 2-
Banach spaces which is a generalization of a Banach contraction mapping principle. On the other hand,
we introduce Kannan type contraction mappings and Chatterjea type contraction mappings on a quasi
2-Banach space. In particular, we prove the existence and uniqueness of a fixed point of such mappings
in 2-Banach spaces. However, we introduce generalized Chatterjea type contraction mappings on quasi
2-Banach spaces. In particular, we prove the existence and uniqueness of a fixed point of such map-
pings in quasi 2-Banach spaces. Furthermore, we present common fixed points of mappings in a quasi
2-Banach space. Moreover, we introduce interpolative Kannan type contraction mappings, interpola-
tive Reich-Rus-Ciri¢ type contraction mappings, interpolative Hardy-Rogers type contraction mappings,
interpolative Kannan-Ciri¢ type contraction mappings and interpolative Kannan-Meir-Keeler type con-
tractions on quasi 2-Banach spaces. As a result, we prove the existence of a fixed point of such mappings
in quasi 2-Banach spaces.
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1. INTRODUCTION

Park [17] introduced and studied quasi 2-Banach spaces. Recently, Czerwik in [1, 2] presented a
generalization of the well known Banach’s fixed point theorem in so called b-metric spaces. However,
Kir and Kiziltunc [14] proved that Kannan type and Chatterjea type contractive mappings have a unique
fixed point in b-metric spaces. For more details on metric spaces and fixed point theorems on b-metric
spaces, we refer to [9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20].

The fixed point theory played a crucial role in functional analysis. Moreover, it is used in many
branches of science such as biology, chemistry, economics, engineering and computer science. For
more details on 2-Banach spaces and fixed point theorems on 2-Banach spaces, we refer to [3, 4, 5, 6,
7,8, 15, 21].

In this paper, we establish a fixed point theorem for contraction mappings in quasi 2-Banach spaces
which is a generalization of a Banach contraction mapping principle. On the other hand, we intro-
duce Kannan type contraction mappings and Chatterjea type contraction mappings on quasi 2-Banach
spaces. As a result, we prove the existence and uniqueness of a fixed point of such mappings in 2-
Banach spaces. On the other hand, we present common fixed points of mappings in a quasi 2-Banach
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space. Moreover, we introduce interpolative Kannan type contraction mappings, interpolative Reich-
Rus-Ciri¢ type contraction mappings, interpolative Hardy-Rogers type contraction mappings, inter-
polative Kannan-Ciri¢ type contraction mappings and interpolative Kannan-Meir-Keeler type contrac-
tions on quasi 2-Banach spaces. In particular, we prove the existence of a fixed point of such mappings
in quasi 2-Banach spaces.

2. PRELIMINARIES
We begin with preliminaries:
Definition 2.1 ([17]). Let X be a real vector space with dim X > 2. A quasi 2-norm on X is a function

||l : X x X = R, such that

(i) ||z, y|| = 0if and only if = and y are linearly dependent.
(ii) Forall z,y € X, ||z, y|| = ||y, =]
(iii) Forany z,y € X and A € R, || Az, y| = |||z, y]|-
(iv) There is a constant C' > 1 such that for each z,y, 2z € X, ||z + y, 2| < C(||z, 2| + ||y, z])-

The pair (X, ||-, -||) is called a quasi 2-normed space.

Definition 2.2 ([17]). Let X’ be a quasi 2-normed space. A sequence {z,,} C X is said to be a Cauchy
sequence if lim ||z, — Ty, y|| = 0foranyy € X.
m,n—00

Definition 2.3 ([17]). Let X be a quasi 2-normed space. A sequence {z,,} C X converges in X’ if there
exists an element z € X such that forally € X, lim ||z, — z,y|| = 0. If {z,,} converges to =, we
n—oo

write x,, — x as n — oo.

Definition 2.4 ([17]). A quasi 2-normed space in which every Cauchy sequence converges will be
called a quasi 2-Banach space.

Throughout this paper, we suppose that §(F) = sup, , .c 7 ||z — y, 2|| > 0 where F is a nonempty
closed and bounded subset of a 2-Banach space X'.

3. MAIN REsSULTS
In this section, we start with the following definition.

Definition 3.1. A self-mapping S on a quasi 2-normed space X is called a contraction if there exists
A € [0,1) such that
Sz — Sy, 2|l < Aoy, 2] (1)

for each x,y,z € X.

Theorem 3.2. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X . If
S+ F — F is a contraction mapping such that \C' < 1, then S has a unique fixed point.

Proof. Let 9 € F. We will set a constructive sequence {z,} C F by z,41 = Sz, for each n € Ny.
Putting x = x,, and y = x,,—1 in (3.1), we obtain for all z € F,
[#n = Tns1, 2| = [[Szn — Sz, 2||

< AMl@n — zp—1, 2|

then
|xn — Tnt1, 2| < A||z1 — xo, 2. (3.2)
From A < 1 and (3.2), we get

lim |z, — Tpt1, 2| =0. (3.3)
n—oo
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Next, we demonstrate that {z,,} is a Cauchy sequence. Let m,n > 0 with m > n. Putm = n + [,
hence for any z € F,

[#n — Zm, 2| = [|2n — Tptu, 2
= [[(@n — Tpt1) + (Tn41 — Tpg2) + - + @ngi-1 — Tpga), 2|
S O(lzn = znpall + 1 (@nr — Tng2) + -+ (@npir —2n) 21) - (3.9)
< Cllzn — Tpgr, 2] + CzH‘Tn-&-l — Tn2, 2||
+o A O gy — @, 2
Utilizing (3.4), we get
|Zn — Tm, 2| < A"Cllzo — 21, 2|| + \"TLC?||zg — 21, 2| + - - - + ATLC |29 — 4, 2|

= N'C(1+CA+ -+ CINN|zg — 21, 2|

< 2 g,z
- 1-XC ’
whenever A\C' < 1. We get
lim ||zp, — zm, 2| = 0.
m,n— 00

Hence {z,} C F is Cauchy. Then {z,} converges to certain * € F. Now, we demonstrate that
x* € F is a fixed point of S. Hence for each z € F,

[52* —a® 2 < CO(lla™ = znyr, 2l + [2nga — 527 2]))
= Clz* — zpyt1, 2| + C||Sxy — Sz, 2||
< Olla” = znga, 2] + AC|2™ — i, 2]

Taking n — oo, we get
|Sz* —2*,z|| =0 foreachz e F.

Hence Sx* = «*, thus z* is a fixed point of S. g
We introduce the following definition in a quasi 2-Banach space.

Definition 3.3. A self-mapping S on a quasi 2-normed space X’ is called a Kannan type contraction if
there exists A € [0, 1) such that

|52 — Sy, 2]l < Alllz — Sz, 2I| + |y — Sy, 2I| (35)
foreach z,y,z € X.

Theorem 3.4. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X . If
. . . . 1 . .
S+ F — F is a Kannan type contraction mapping such that A < 17, then S has a unique fixed point.

Proof. Let xg € F. We define a sequence {z,,} C F by x,,+1 = Sx,, for each n € Ny. Putting =z = z,,
and y = z,_1 in (3.5), we obtain for all z € F,

[en = 2nt1, 2 = (1520 = Swn-1, 2|

< AMllen = @ngr, 2l + 201 — s 2]l]

then
|z — Tnt1, 2|| < pllTn—1 — xn, 2|| (3.6)
where ;1 = ﬁ Hence
[#n — Tpt, 2| < p"l|ler — 2o, 2. 3.7)
From p < 1 and (3.7), we get
lim |z, — Tnt1, 2| =0. (3.8)

n—oo
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We deduce, in similar manner to that in the proof of Theorem 3.2 that {x,, } is a Cauchy sequence. Then
{x,} converges to certain z* € F. Now, we demonstrate that * € F is a fixed point of S. Hence for
each z € F,

152" —a®, 2| < C(lla™ = an, 2] + [l#n — 527, 2]])
Cllz* — zp, 2| + C||Sxp_1 — Sz*, 2|
Cllz* — zp, z|| + AC||Tp—1 — Zn, 2| + AC||z™ — Sz™, z||.

IN

Taking n — o0, we get
|Sz* —z*, z|| < AC||z* — Sz*,z|| foreach z € F.
Hence Sz* = z*, thus z* is a fixed point of S. 0
We introduce the following definition in a quasi 2-Banach space.

Definition 3.5. A self-mapping S on a quasi 2-normed space X is called a Chatterjea type contraction
if there exists A € [0, 1) such that

182 — Sy, 2| < Alllz — Sy, 2I| + 1y — Sz, 2]] (39)
for each x,y,z € X.

Theorem 3.6. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X
If S : F — F is a Chatterjea type contraction mapping such that A < ﬁ, then S has a unique fixed
point.

Proof. Let xy € F. We construct a sequence {z,} C F by x,,41 = Sz, for each n € Ny. Putting
r = xpy and y = 1 in (3.9), we obtain for all z € F,

Hxn_xn+1az|| = ||S£Un—SCEn71,Z||
< AMllzn =, 2| + lzn—1 — zp4a, 2|]]
< AC[H‘TTL—l — Tn, ZH —+ ||w7’b — Tn+1, ZH]

then
|z — nt1, 2| < pllzn — Tn—1, 2|| (3.10)
where p = 5 ig{c Hence
[0 = Zni1, 2| < p"llzr — o, 2] (3.11)
From i < 1 and (3.11), we get
nh_}rrolo |z — Tnt1,2|| = 0. (3.12)

Next, we demonstrate that {z,,} is a Cauchy sequence. Let m,n > 0 with m > n. Putm = n + [,
hence for any z € F,

[0 = @m, 2|| = [|2n — Tn; 2|
= [(xn = Tnt1) + (Tnt1 — Tng2) + -+ (Tngi-1 — Tpg), 2]
< Clllon = 2ot + W@t = Tns2) + o+ @nsict —20sd ) (313)
< Cllen — Tpgr, 2| + CQHxn-i-l — Tn42, 2|

44 Cn+l||$n+l_1 — Tn+lis ZH
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Utilizing (3.13), we get

|0 — Ty 2| < p"Cllze — 1, 2|| + " TC|wo — x1, 2| + -+ p" IO 2 — 21, 2|

= p'CA+Cp+-+Cplwo — a1, 2

p"c
< xTo— 1,2
< 7o MCH 0 — 71, 2|l
whenever pC' < 1. We get
lim ||y — @, 2] = 0.
m,n—00

Hence {x,} is Cauchy. Then {z,,} converges to some z* € F. Now, we demonstrate that z* € Fisa
fixed point of S. Hence for each z € F|

152" —a*, 2 < O(a" = znsr, 2l + onta — 527, 2]))
= Clz* — zpy1, 2| + C||Szy, — Sz™, 2||
< Cllz* — xpy1, 2| + AC||zy, — Sz, 2| + AC||x™ — zpt1, 2.
Taking n — o0, we get
|Sz* — x*, z|| < AC||Sx™ — z*, z|| foreachz € F.
Hence Sz* = 2™ since \C' < H%’ thus 2* is a fixed point of S. g

In this section, we prove a generalization of Kannan and Chatterjea fixed point theorems in a quasi
2-Banach space.

Theorem 3.7. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X. If
A F — F is a mapping satisfying forall x,y, z € F,

Az — Ay, z|| <ki1[[|z — Az, 2| + |ly — Ay, 2]]]
+ kallz —y, 2|
where k1 > 0, ko > 0 such that 0 < (1 4 C)ky + Cka < 1, then A has a unique fixed point in F.

(3.14)

Proof. Let xg € F and {x}} be a sequence in F defined by xy1 = Az, for any k € Ny. We have

lox — zg1, 2| = ||[Azgp—1 — Az, 2||

A

killlze— — 2x, 2l + llox — 2x4, 2]

+k2ka—1 — Tk, ZH

then

|2k — 2kt1, 2|l < pllzk—1 — zx, 2|| (3.15)
where 1 = ]“11_72’“12 From p = % < 1 and (3.15), we have

|2k — Tpat, 2| < pFl|lzo — 21, 2||. (3.16)

We deduce, in similar manner to that in the proof of Theorem 3.2 that {x} is a Cauchy sequence. Then
{x}} converges to some u € F. Now, we show that u € F is a fixed point of A.

JAu—u 2l < Cllu—rsn, 2l + larsr — Au,2])
= Cllu—xpq1, 2| + Cl|Azy, — Au, 2||
< Cllu =z, || + Ckal||zr — Azg, ||

Hllu = Au, 2[|] + Cha|lu — 2%, 2|

IA

Cllu — g1, 2|| + Cha[llog — g1, 2]
+|u — Au, 2||] + Challu — zy, 2||.
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Letting kK — 00, we have
| Au — u, 2| < Cky||Au — u, 2.

Since Cky < 1, it is true that ||Au — u, z|| = 0. So u = Aw. This implies that u is a fixed point of A.
Now, suppose that x; is another fixed point of A. Then, we have Ax; = x; and

lu—z1,z|| < |Au— Axy,z||
< kafllu = Au, 2] + [Jor — Azy, 2]
+kal|u — x1, 2|
= kollu—=z1,z2|.
Since k2 < 1, it is true that ||u — 21, z|| = 0. Then v = x;. This completes the proof. O

Corollary 3.8. Let X’ be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying for allz,y,z € F,

1
| Az — Ay, 2| < Al — A, 2] - lly — Ay, 2I| - |l — v, 2[5 (3.17)

where A € (0,1) and 0 < @ < 1, then A has a unique fixed point in F.

Proof. The inequality stated in (3.17) and the arithmetic-geometric mean inequality imply that

1
|Az — Ay, z|| < M|z — Az, 2| - ||y — Ay, 2| - |z — y, 2[|]3
)\||:c — Az, 2| + |ly — Ay, 2| + ||z — v, 2|

5 :

Finally, the statement is implied by Theorem 3.7 for k1 = ky = % g

IN

Corollary 3.9. Let X’ be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .

IfA: F — F is a mapping satisfying forall z,y,z € F,||x — Az, z|| + ||y — Ay, z|| # 0,

lo — Az, 2||* + [ly — Ay, z||?
| — Az, 2| + ||y — Ay, z||

where k1 > 0, ko > 0 such that 0 < (1 4+ C)k1 + Cka < 1, then A has a unique fixed point in F.

|Az — Ay, z|| < ky + ko|lx — vy, 2| (3.18)

Proof. The inequality (3.18) implies the inequality (3.14). By Theorem 3.7, we get the desired result. [

Theorem 3.10. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying forallx,y, z € F,

Az — Ay, z|| < kafllz — Ay, z[| + lly — Az, 2[[] + kalz — v, 2] (3.19)
where k1 > 0, ko > 0 such that 0 < (C + C?)k; + Cka < 1, then A has a unique fixed point in F.
Proof. Let xg € F and {x}} be a sequence in F defined by Picard iteration scheme. We have

ok — xpprs 2l = [[Azg—y — Az, 2|
Ckill|xg—1 — Axg, 2| + ||z — Azg—1, 2]|]

IN

_"kQka—l — Tk, ZH

Ckillxp—1 — Tpg1, 2| + kal|lzp—1 — =, 2|

IN

Ckilllwk—1 — 2k, 2| + |7 — 2h11, 2]
+hollxg—1 — 2k, 2|

then

k1C + ko

_ 1 — . 3.20
1— klc ka 1 xk,ZH ( )

2k — Tprr, 2| <
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Seta = kfg:g?, then « < 1. By (3.20), we have

k1C + ko
1—-FkC
We deduce, in similar manner to that in the proof of Theorem 3.2 that {x}} is a Cauchy sequence. So
the sequence {z}} is convergent, i.e., it exists z* € F, x, — 2. Now, we show that 2* € F is a fixed
point of A. From

[k = 2pprs 2] < ( ) llzo — a1, 2. (321)

|4z — o™ 2 < O™ — wpsn, 2l + lowss — Az”, 2]
< C|l&* — xp41, 2| + C|| Az, — Az™, 2|
< Clla* = 24, 2|
+k1Cll|z), — Az™, 2||
a7 = 2, 2] + kaClla” — g, 2.
Letting K — o0, we have
|Ax™ — z*, z|| < k1C||Az™ — ™, 2||. (3.22)

Since k1C' < 1, we obtain * = Az™* and implies that 2™ is a fixed point of A. Now, suppose that x; is
another fixed point of A. Then, we have Az, = x; and

|l* —x1,2|| < ||Az™ — Azq, 2||

< klla” — Az 2|+ [loy — Az 2]
+kol|lx* — 1, 2|
= (2k1 + ko)||lz* — 1, 2|
Since 2k; 4 ko < 1, we have z* = 1. This completes the proof. O

Corollary 3.11. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X
IfA: F — F is a mapping satisfying forall x,y, z € F,
1
[Az — Ay, 2| < Mlle — Ay, 2| - [ly — Az, 2| - [z — y, 2[]]3 (3.23)

where A € (0,1) and 0 < w < 1, then A has a unique fixed point in F.

Proof. The inequality stated in (3.23) and the arithmetic-geometric mean inequality imply that
1
|4z — Ay, 2l < M|z — Ay, 2l| - |1y — Az, 2] - & — 3, 2]

PN P N |
3 3
Finally, the statement is implied by Theorem 3.10 for k = k1 = % g

Corollary 3.12. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X

IfA: F — F is a mapping satisfying forall z,y,z € F,||x — Ay, z|| + ||y — Az, z|| # 0,

lz — Ay, 2|1* + ||y — Az, 2||?
le — Ay, 2| + [ly — Az, 2|

where k1 > 0,k > 0 such that 0 < (C + C?)k; + Cka < 1, then A has a unique fixed point in F.

|Azx — Ay, z|| < ky

+ kellz — y, 2| (3.24)

Proof. The inequality (3.38) implies the inequality (3.19). By Theorem 3.10, we get the desired result. [J

Theorem 3.13. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying forall x,y, z € F,

Az — Ay, 2| < Kafllz — Az, 2] + |y — Ay, z[)%)
+hallz —y, 2|
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where k1 > 0, ko > 0 such that 0 < (1 + C?)ky + C?ky < 1, then A has a unique fixed point in F.
Proof. Let xg € F and {x}} be a sequence in F defined by xy+1 = Axy, for all k € Ny. We have

|2k — zpyr, 2P = [[Azp_y — Azy, 2|

IN

killlzi—1 — zn, 2)* + o) — 2, 2017

+ho|lTp_1 — k, 2|

then
k1 + ke
lze — T, 2| < T |zr—1 — xg, 2. (3.25)
From 4/ klljkl? < 1.Seta = 1611%:12 By (3.25), we have
2k — 2p11, 2] < @F[lzg — 21, 2] (3.26)

Now, we demonstrate that {x } is a Cauchy sequence in . Similarly to the proof of Theorem 3.2, {z}
is a Cauchy sequence in F. Then {x} } converges. Since there exists 2* € F, x — 2*. Now, we show
that * € F is a fixed point of A. Using triangle inequality of the quasi 2-norm, we arrive at

|Az* — 2" 2| < Clla® — 2per, 2 + Cllagsr — Aa, 2]
< Clla* — 2.2
+O/Ealller = Az 2P + 27 — Az, 2IP] + Kalle* — ap, 2]
< Clla - 2per, 2]

+CVk1 |2k — Thp1, 2)|2 + [Jo* — Az*, 2||2] + Ealz* — ap, 2]|2.
Letting kK — 00, we have
|Az* — 2*, 2| < CVky | Ax* — a*, 2. (3.27)
Since C'vky < 1, itis true that ||Az* — 2*, z|| = 0. Therefore Az* = z*. This implies that z* is a fixed
point of A. Now, suppose that z; is another fixed point of A. Then, we have Az; = x; and
Jo* — 22 = |2 — Azy, 2|
< kyfl|at — Azt z|)? 4 oy — Az, 27
tholl2* — 1, 2|
= kollz* — x1, 2%
Since v/k2 < 1, it is true that ||z* — 21, 2|| = 0. We get * = 1. This completes the proof. O
Corollary 3.14. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying for allz,y, z € F,
JAz — Ay, 2|2 < kalllz — A, 2[12 + |y — Ay, 2| (3.28)
where k1 € (0, 1—&-%)’ then A has a unique fixed point in F.
Proof. For ko = 0. By Theorem 3.13, we get the desired result. g

Now, we present common fixed points of mappings in a quasi 2-Banach space.

Theorem 3.15. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA, B : F — F are mappings satisfying forall x,y,z € F,

Az — By, z|| < hkallz — Az, 2| +[ly — By, =[]
+hallz —y, 2|
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where k1 > 0, ka > 0 such that 0 < (14 C)k; + Cka < 1, then A and B have a unique common fixed
point.

Proof. Let xg € F and {1} be a sequence in F defined by zoy 11 = Axgy and xop19 = B for all
k € Ny. If there exists k& € N such that z;, = xr11 = T2, then it is easy to prove that w = x, € F
is a common fixed point of A and B. Therefore, let suppose that it does not exist three equivalent
consecutive terms of the sequence {z}. Then
llzort1 — on, 2| = | Azor — Brop_1, 2|
< kifllwor — Azor, ]| + [|w2r—1 — Brog_1, 2||]

+kol|zor — Tok—1, 2|

IN

ki[l|lzox — Tok+1, 2] + ||wor — To—1, 2]|]

+ko|| ok — xok—1, 2|

Analogously,
|lwop—1 — Tok, 2| < kl[”332k:—2 — o1, 2| + [[Tak — Tak—1, Z||]
+kol|zokp—2 — Tag—1, 2||-
Then " L
1+ Ko
|k — v, 2|| < lxk—1 — =k, 2||. (3.29)
1-k
From ﬁlfk’? <1.Seta= kll_ikklz By (3.29), we have
k1 + ko
ok — 2, 2 < (2o g — 2 (330)

11—k
Similarly to the proof of Theorem 3.2, {x} is a Cauchy sequence in F. Since F is complete, then there

exists * € F such that lim,,_,. x, = x*. Now, we show that 2* € F is a fixed point of A. Using
triangle inequality of the quasi 2-norm, we arrive at

= C||z" — xopt2, 2| + C||Brog+1 — Az™, z||

|Az® — 2%, 2| < C|lz* — zakro, 2| + Cllrog+2 — Az™, 2|

< Cllz” — wapi0, 2l + k1C[[|v2k41 — T2pt2, 2|
+x* — Az™, z||] + k2C|x™ — xog+1, 2]|

< COllr" — zonq2, 2l + F1C[||72p 411 — T2rq2, 2]
Fla* — A", 2] + kaClla” — 2ok, 2]l
Letting K — o0, we have
|Az*® — a*, z|| < k1C||Az™ — 2™, 2||. (3.31)

Since k1C < 1, it is true that ||Az* — x*, z|| = 0. Therefore z* = Ax*. This implies that z* is a fixed
point of A. Analogously, we prove that z* is a fixed point of B. So z* is a fixed point of A and B. Now,
we will show that A and B have a unique common fixed point. Let z; € F be another fixed point of
A and B Then, we have Ax; = x1 and Bz1 = x1 and

% —z1, 2| = [|A2z" — By, 2|
< kallle” = Azt 2| + oy — 2, 2]]]

+kol|lx* — 21, 2|

= kollz* —x1,2|.

Since k2 < 1, it is true that ||z* — 21, z|| = 0. So 2* = z;. This completes the proof. O
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The Lemma 6 of [20] is extended in a quasi 2-normed space as follows:

Lemma 3.16. Let X' be a quasi 2-normed space and let {x,,} be a sequence in X'. Suppose that there exists
A € (0,1) satisfying

|Tnt1 — Tn, 2|| < Al — zp—1, 2|| (3.32)
forallz € X andn € N. Then {x,} is a Cauchy sequence.

By using Lemma 3.16, we prove the following results without the factor C'.

Theorem 3.17. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfS : F — F is a contraction mapping, then S has a unique fixed point.

Proof. The proof is similar to the proof of Theorem 3.2 by using Lemma 3.16. g

Theorem 3.18. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
If S : F — F is a Kannan type contraction mapping, then S has a unique fixed point.

Proof. The proof is similar to the proof of Theorem 3.4 by using Lemma 3.16. O

Theorem 3.19. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
If S : F — F is a Chatterjea type contraction mapping, then S has a unique fixed point.

Proof. The proof is similar to the proof of Theorem 3.6 by using Lemma 3.16. g

Theorem 3.20. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying for allz,y,z € F,

[Az — Ay, z|| < kaflle — Az, 2| + [ly — Ay, 2[]] + kalz — v, ]| (333)
where k1 > 0, ko > 0 such that 0 < 2k; + ky < 1, then A has a unique fixed point in F.
Proof. The proof is similar to the proof of Theorem 3.7 by using Lemma 3.16. g

Corollary 3.21. Let X' be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X
IfA: F — F is a mapping satisfying for allz,y, z € F,

1
| Az — Ay, 2| < Alllz — Az, 2] - lly — Ay, 2] - | — y, 2]} (334)

where \ € (0, 1), then A has a unique fixed point in F.

Proof. The proof is similar to the proof of Corollary 3.8 by using Lemma 3.16. 0

Corollary 3.22. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .

IfA: F — F is a mapping satisfying forallx,y,z € F, ||z — Az, 2| + ||y — Ay, z|| # 0,

|z — Az, 2| + |ly — Ay, 2||?
l — Az, 2| + |ly — Ay, z||

where k1 > 0, ko > 0 such that 0 < 2k; + ko < 1, then A has a unique fixed point in F.

| Az — Ay, 2| < ks + kallz -y, ] (3.35)

Proof. The proof is similar to the proof of Corollary 3.9 by using Lemma 3.16. g

Theorem 3.23. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying forallx,y, z € F,

Az — Ay, z|| < ka[llz — Ay, z|| + |ly — Az, z[|] + k2|2 — y, 2| (3.36)
where k1 > 0, ky > 0 such that 0 < 2k1C + ko < 1, then A has a unique fixed point in F.

Proof. The proof is similar to the proof of Theorem 3.10 by using Lemma 3.16. g
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Corollary 3.24. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying forall x,y,z € F,
1
[Az — Ay, 2| < M|z — Ay, 2| - ly — Az, 2| - [z — v, 2[]]3 (337)

where m < 1, then A has a unique fixed point in F.

Proof. The proof is similar to the proof of Corollary 3.11 by using Lemma 3.16. g

Corollary 3.25. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .

IfA: F — F is a mapping satisfying forall x,y, z € F,

HJI — Ay7 ZH2 + Hy — A.’L’, ZH2
H‘T - Aya Z” + Hy - A.Z', Z”

|Az — Ay, z|| < k1 + kollz — v, #|| (3.38)

where k1 > 0,ka > 0 such that 0 < 2k1C + kg < 1, then A has a unique fixed point in F.
Proof. The proof is similar to the proof of Corollary 3.12 by using Lemma 3.16. g

Theorem 3.26. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying forall x,y, z € F,

|Az — Ay, 2[* < ki[|lz — Az, 2| + |ly — Ay, 2|°] + kallz -y, 2|
where k1 > 0, ky > 0 such that 0 < 2k; + ko < 1, then A has a unique fixed point in F.
Proof. The proof is similar to the proof of Theorem 3.13 by using Lemma 3.16. O

Corollary 3.27. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X
IfA: F — F is a mapping satisfying forall x,y, z € F,

Az — Ay, 2|1* < ka[llz — Az, 2|]* + [ly — Ay, z||”] (3.39)
where k1 € (0,3), then A has a unique fixed point in F.
Proof. The proof is similar to the proof of Corollary 3.14 by using Lemma 3.16. g

Theorem 3.28. Let X be a quasi 2-Banach space and F be a nonempty closed and bounded subset of X .
IfA: F — F is a mapping satisfying forall x,y, z € F,

|Az — By, z|| < kil|x — Az, z|| + |ly — By, 2] + k2l|z — v, 2|
where k1 > 0, ko > 0 such that 0 < 2k; + ky < 1, then A and B have a unique common fixed point.

Proof. The proof is similar to the proof of Theorem 3.15 by using Lemma 3.16. g

Now, we introduce an interpolative Kannan type contraction in a quasi 2-normed space as follows.

Definition 3.29. A self-mapping S on a quasi 2-normed space X’ is called an interpolative Kannan
type contraction if there exist A € [0,1) and « € (0, 1) such that

15z — Sy, z[| < Alllz — Sz, z[]]* - [|ly — Sy, =[]~ (3.40)
for each x,y € X\Fix(S) and z € X where Fix(S) = {u € X' : Su = u}.

Theorem 3.30. Let X' be a quasi 2-Banach space and let S be an interpolative Kannan type contraction
on X. Then S has a fixed point in X.
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Proof. Let zp € X'. We will set a constructive sequence {x,} C X by z,+1 = Sz, for each n € Ny.
Without loss of generality, we suppose that x,,+1 # x,, foralln € N.Indeed, if there exist a nonnegative
integer ng such that z,,, = xp,4+1 = Sxp,, then x,, forms a fixed point. Hence

l2n = ng1, 2| > 0 (3.41)

for all n € Ny and z € X. Putting x = z,, and y = z,,—1 in (3.40), we obtain for all z € X,

|zn — Zpt1, 2| = [[Szn — STp—1, 2|
< AMllzn = Sz, 2[]* - [llzn-1 — STn-1, Z”]lia
= Mllzn —zpa1, 2% [zt — 20, 2] 74,
then
|Zn — Zngt, 2|17 < M|2zp — 201, 2|17 (3.42)

Thus, we deduce that the sequence {||x,, — Zn11, 2||} is decreasing. Indeed, by (3.42), we derive that
lzn — Tnt1, 2]| < A|xp—1 — zn, 2]| < AN*||z0 — 21, 2] (3.43)

Letting n — o0 in (3.43), we obtain lim,, 0 ||, —2n—1, || = 0. By (3.43) and Lemma 3.16, {z,} C X
is Cauchy. Then {z,} converges to some z* € X'. Now, we demonstrate that z* € X’ is a fixed point
of S. Hence for each z € X,

1041 — Sa*, 2|l = 1Sz — Sz*, 2| < ||z — S, 2[]]* - [l — Sz*, 217

Taking n — o0, we get
|Sz* —x*,z|| =0 foreachz e X.

Then Sz* = x* thus z* is a fixed point of S. g

Now, we introduce an interpolative Reich-Rus-Ciri¢ type contraction in quasi 2-normed spaces as
follows.

Definition 3.31. A self-mapping S on a quasi 2-normed space X is called an interpolative Reich-Rus-
Cirié type contraction if there exist A € [0,1) and v, 8 € (0, 1) such that for each z,y € X'\Fix(S) and
z € X,

1Sz — Sy, 2| < Mlle —y, 2Il)° - [llx — Sz, 2[]* - [ly — Sy, 2[[]' 7. (3.44)

Theorem 3.32. Let X be a quasi 2-Banach space and let S be an interpolative Reich-Rus-Cirié type
contraction on X. Then S has a fixed point in X .

Proof. Let xp € X'. We will set a constructive sequence {x,,} C X by z,+1 = Sz, for eachn € Ny. If
there exist a nonnegative integer ng such that x,,, = x,,+1 = Sxp,, then z,,, forms a fixed point. The
proof is complete. Henceforth, suppose that x,,+; # x,, for all n € Ny. Putting x = x,, and y = x,,—1
in (3.44), we have for all z € X,

|Zn — Tn1, 2| = [|STn — STn-1, 2|
< Mllwn = 2n—1, 2[)° - [l2n = San, 2l)* - [l2n-1 — Sza_1, 2[]' 7
P o 1—a—f (3.45)
= Ml|zn — zn—1,2[17 - [[|£5 — Tnt1, 2[1% - [[|2n-1 — 0, ][]
= Mllzn — Tni1, 2% - (|1 — 2, 2]
then
|xn — Tpi1, z||1_0‘ < Mzp — -1, z”l_a. (3.46)

From (3.45), we deduce that the sequence {||;, — 2,41, ||} is decreasing. Also, by (3.46), we derive
that
lxn — Tnt1, 2|| < Al|zn—1 — @n, 2|| < A*||xo — 21, 2]| (3.47)
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Letting n — oo in (3.47), we obtain lim,,_,« ||z, — Zn_1, 2|| = 0. Now, we demonstrate that {x,, }
is Cauchy. By (3.47) and Lemma 3.16, {z,,} C X is Cauchy. Then {z,,} converges to certain z* € X.
Now, we demonstrate that ™ € X is a fixed point of S. Hence for each z € X,

201 = Sa*, 2| = |Szn — S2*, 2]l < Alllzn — 2, 2017 [len = 2nra, 2] - [l2* — Sz*, 2|77,
(3.48)
Letting n — o0 in (3.48), we obtain
|Sz* —2*,z|| =0 foreachze X.
Then Sz* = x*, thus z* is a fixed point of S. O

We introduce an interpolative Hardy-Rogers type contraction in quasi 2-normed spaces as follows.

Definition 3.33. A self-mapping S on a quasi 2-normed space X is called an interpolative Hardy-
Rogers type contraction if there exist A € [0,1) and «, 3,y € (0, 1) such that &« + 5 + v < 1 and for
each z,y € X\Fix(S) and z € X,

a 1 —a—f—
1Sz~ Sy, z|| < Alllz—y, z[l]°- [l — Sz, 2] '[Hy—Sy,le]”[%(!\x—sy,Z\|+|ly—Sx,ZH)}1 .
(3.49)

Theorem 3.34. Let X' be a quasi 2-Banach space and let S be an interpolative Hardy-Rogers type con-
traction on X. Then S has a fixed point in X

Proof. Let xy € X. We will set a constructive sequence {x,,} C X by 2,41 = Sz, for each n € Ny. If
there exist a nonnegative integer ng such that x,,, = xp,+1 = Sxp,, then z,,, forms a fixed point. The
proof is complete. Henceforth, suppose that z,,+; # x, for all n € Ny. Putting = x,, and y = x,,1
in (3.49), we have for all z € X,

Ty, — Tnt1, 2|| = ||STn — Szp_1, 2|

< Mllzn = @1, 207 - [llen — Sz, 2[)% - [l2n-1 — Szn-1, 2[|]”

Tagillen = @n, 2l + lan s = zg, 2] (3.50)
= Ml2n — 2nms, 200° - [ln — @npr, 20% - [lznos — 20, 2|7
[ (7o =z, 2D,
If || zp—1 — Zn, 2|| < ||Tn — Tpt1, 2||, then from (3.50), we obtain
I = @t 21 < At — 0, 2 (3:51)

which is a contradiction. Then {||x,, — 25,41, 2|} is decreasing. By (3.50), we derive that
lzn — Zng1, 2|| < A||zp—1 — zp, 2| < Ao — 1, 2] (3.52)

Letting n — o0 in (3.52), we obtain lim,,_, ||2r, — Zn—1, 2| = 0. Now, we demonstrate that {z),}
is Cauchy. By (3.52) and Lemma 3.16, {z,,} C X is Cauchy. Then {z,,} converges to certain z* € X.
Now, we demonstrate that z* € X is a fixed point of S. Hence for each z € X,

|Xnt1 — Sx*, z|| = || Sy — Sz*, 2|
< Ml — 2%, 2[)° - [lon — Sz, 2)|]* - [[l2* — Sz, 2(]" (3.53)
1

5 (llen = 827, 2 + [|l27 — San, 1)) e
Letting n — o0 in (3.53), we obtain
|Sz* —x*,z|| =0 foreachz e X.
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Then Sz* = x* thus z* is a fixed point of S. g

Now, we introduce an interpolative Kannan-Ciric type contraction in a quasi 2-normed space as
follows.

Definition 3.35. A mapping .S on a quasi 2-normed space X is called an interpolative Kannan-Cirié
type contraction if there exists « € (0, 1) such that for each z,y € X'\Fix(S) and z € X, we have
(i) given e > 0, there exists § > 0 such that

e < [llz — Sz, 21[ly — Sy, 21" < e +6 = ||Sz — Sy, 2] <<, (3.54)
(i)
ISa — Sy, 2]l < [lo — Sz, 21|}y — Sy, 2/~ (3.55)

Theorem 3.36. Let X be a quasi 2-Banach space and let S be an interpolative Kannan-Cirié type con-
traction on X. Then S has a fixed point in X.

Proof. Let xg € X'. We will set a constructive sequence {z,,} C X by x,, 11 = Sz, for each n € Ny.
Putting x = z,—1 and y = x,, in (3.55), we have for all z € X,
[#n = Tns1, 2] = [[STn—1 — San, 2||
< [lzn-1 — Szp-1, 2[]*[l2n — Sz0, 2[]' 7 (3.56)
= [lzn—1 = zn, 2|]*[llzn — Tns1, 2117
Then ||z, — Tpt1, 2||* < [|[Tn—1 — Tn, 2||%, thus {||zy, — Tp41, 2|} is strictly decreasing. As a result,
there exists M € R, such that lim,,_, ||z, — Z—1,2|| = M for all z € X'. We claim that M = 0.
Indeed, if we suppose that M > 0, we can find N € N such that
M < ||xn — Tpt1,2|| < M +6(M) (3.57)

for all n > N. Then since M < ||z, — Tpi1, 2| < [|#n-1 — Zn, 2]l — Tni1, 2[|]1 ™% keeping
in mind (3.54). It follows that ||z, — zp+1,2|| < M for any n > N which is a contradiction. So
M = 0. Now, we demonstrate that {x,} is Cauchy. Let € > 0 be fixed and we can consider that §(¢)
can be choose such that §(¢) < e. Since lim,,— o || Ty, — Tpnt1, 2|| = 0, we can find N; € N such that
|2 — Zni1, 2| < 55 for n > Ny and we claim that
€

[z = Tnip, 2]| < 20 (3.58)
for all p € N. Of course, the above inequality holds for p = 1. Supposing that for some p, (3.58) holds,
then for any z € X,

[#n = Zpipr1, 2] < Clllzn — Tngr, 2)| + l2nt1 — Tngpta, 2[)

C(Hxn — Tnt1, 2| + stn — STnip, z||)

IN

Cllzn = ns1, 2l + Clllzn — 21, 21 |1@nsp = Tagprr, 2117

5 €
Cle=+-—) ==
(36 T a0) =*
Hence {z,,} C X is Cauchy. Then {z,, } converges to some z* € X. Now, we demonstrate that z* € X

is a fixed point of S. Hence for each z € X,

A

lens1 — 82%, 2] < Cllanst — o 21| + |ns1 — 52, 2[)
= Cllzpt1 — =%, 2| + C||Szy, — Sz™, 2||
< Cllzn1 — 2%, 2] + Clllzn — Sz, 2l]*[|l2* — Sz*, 2]~

= Cllanss — o, 2l + Clllzn — znt, 2l]*[lla* — Sz, 2l

(3.59)
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Letting n — oo in (3.59), we obtain
|Sz* —x*,z|| =0 foreachz e X.
Then Sz* = x* thus z* is a fixed point of S. g

We introduce an interpolative Kannan-Meir-Keeler type contraction in quasi 2-normed spaces as
follows.

Definition 3.37. A mapping S on a quasi 2-normed space X is called an interpolative Kannan-Meir-
Keeler type contraction if there exists « € (0, 1) such that for each z,y € X\Fix(S) and z € X, we
have

(i) given e > 0, there exists § > 0 such that
e <[llz = Sz, z||*lly — Sy, z||]' ™ < e+ 6 = ||Sz — Sy, 2| <e, (3.60)
(ii)
1Sz — Sy, z|| < [l = Sz, 2[]*[lly — Sy, []' . (3.61)
We finish with the following theorem.

Theorem 3.38. Let X be a quasi 2-Banach space and let S be an interpolative Kannan-Meir-Keeler type
contraction on X. Then S has a fixed point in X .

Proof. The proof is similar to the proof of Theorem 3.36. g

4. CONCLUSION

In this article, we prove a fixed point theorem for contraction mappings in quasi 2-Banach spaces
which is a generalization of a Banach contraction mapping principle. However, we establish the ex-
istence and uniqueness of a fixed point of Kannan contraction mappings, Chatterjea type contraction
mappings and generalized Chatterjea type contraction mappings in quasi 2-Banach spaces. Further-
more, we present common fixed points of mappings in a quasi 2-Banach space. Moreover, the existence
of a fixed point of interpolative Kannan type contraction mappings, interpolative Reich-Rus-Ciri¢ type
contraction mappings, interpolative Hardy-Rogers type contraction mappings, interpolative Kannan-
Ciri¢ type contraction mappings and interpolative Kannan-Meir-Keeler type contractions on quasi 2-
Banach spaces is established.
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