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Abstract. This manuscript develops the notion of graph convergence for Φ-accretive mappings in p-
uniformly smooth Banach spaces, proving its equivalence with convergence of associated resolvent and
Cayley mappings. A perturbed iterative procedure is then proposed for solving variational inclusions
governed by such mappings. Under suitable hypotheses, we establish both solution existence and con-
vergence of the generated sequence, complemented by an investigation of a generalized resolvent-driven
continuous-time system that elucidates trajectory behavior and equilibrium stability. Computational ex-
periments confirm the theoretical predictions and demonstrate practical applicability.
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1. Introduction

The concept of graph convergence, originally formulated by Attouch [3] for maximal monotone
mappings, establishes an essential framework for examining stability and approximation properties
of set-valued maps under perturbations. Rooted in the convergence of operator graphs, this notion
delivers a rigorous characterization of asymptotic behavior for sequences of mappings, particularly
via their associated resolvent maps. In the classical framework, maximal monotone mappings possess
resolvents that are single-valued, firmly nonexpansive, and defined on the entire space, serving crucial
roles in both theoretical developments and computational implementations within nonlinear analysis
and optimization; see, for instance, [6, 7, 9, 8, 11, 16, 17, 19, 13].

Subsequently, graph convergence has been generalized beyondmaximalmonotonicity throughweak-
er notions of set convergence and regularization techniques. Such extensions permit treatment of
broader mapping classes, including pseudomonotone, quasimonotone, and hypomonotone operators,
thereby facilitating analysis of variational inequalities, equilibrium problems, and related nonlinear
models. Consequently, graph convergence has emerged as an indispensable instrument for investigat-
ing operator approximation, stability, and iterative algorithm convergence in nonclassical contexts.

Along these lines, Fang and Huang [5] introduced Φ-accretive mappings in Banach spaces as a gen-
eralization ofm-accretive mappings [14]. The incorporation of a nonlinear mappingΦ in the definition
substantially expands the admissible mapping class, especially in Banach spaces exhibiting nonuni-
form geometry. Despite this generality, the corresponding generalized resolvent maps preserve essen-
tial properties such as nonexpansiveness, rendering them suitable for analyzing nonlinear evolution
equations and iterative solution techniques.
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On the algorithmic front, constructing efficient iterative procedures with enhanced convergence
characteristics remains a central theme in nonlinear analysis. Classical single-step methods, includ-
ing Picard, Krasnoselskii, and Mann iterations, constitute the foundation of fixed-point theory. When
expressed through resolvent mappings, these methods can be interpreted as regularized iterations fre-
quently exhibiting improved convergence behavior. In p-uniformly smooth Banach spaces, the geo-
metric structure further enables refined convergence analysis for such procedures; see [15, 10, 1, 2, 20].

Motivated by these developments, this manuscript investigates graph convergence and its exten-
sions within p-uniformly smooth Banach spaces. Building upon the theory of maximal monotone and
Φ-accretive mappings, we employ generalized resolvent, averaged, and Cayley mappings to design it-
erative procedures with improved convergence performance. By incorporating admissible error terms
into classical Picard-, Krasnoselskii-, and Mann-type iterations, we develop new algorithms exhibiting
high convergence rates. Strong convergence results are obtained under appropriate hypotheses, and
stability of the proposed procedures under perturbations is demonstrated.

2. Preliminaries

Let E denote a p-uniformly smooth Banach space equipped with norm ∥ · ∥. The duality pairing
between E and its dual E∗ is written ⟨·, ·⟩, and the power set of E is denoted 2E .

The generalized duality mapping Jp : E → 2E
∗ is defined by

Jp(w) =
{︁
g ∈ E∗ : ⟨w, g⟩ = ∥w∥p and ∥g∥ = ∥w∥p−1

}︁
, ∀w ∈ E .

When p = 2, the mapping Jp reduces to the normalized duality mapping. Furthermore, when E is
uniformly smooth, Jp becomes single-valued.

A Banach space E is termed p-uniformly smooth if its modulus of smoothness ϱE(s) satisfies

ϱE(s) ≤ κ sp,

for some constants κ > 0 and p > 1.

Definition 2.1. A mapping Φ : E → E is called
(i) accretive if

⟨Φ(α)− Φ(β), Jp(α− β)⟩ ≥ 0 ∀α, β ∈ E ;
(ii) strictly accretive if

⟨Φ(α)− Φ(β), Jp(α− β)⟩ > 0 whenever α ̸= β;

(iii) strongly accretive if there exists η > 0 such that

⟨Φ(α)− Φ(β), Jp(α− β)⟩ ≥ η∥α− β∥p ∀α, β ∈ E ;

(iv) Lipschitz continuous if there exists σΦ > 0 satisfying

∥Φ(α)− Φ(β)∥ ≤ σΦ∥α− β∥ ∀α, β ∈ E .

Definition 2.2. A set-valued mapping T : E → 2E is
(i) accretive if, for every s ∈ T (α), t ∈ T (β), and all α, β ∈ E ,

⟨s− t, Jp(α− β)⟩ ≥ 0;

(ii) m-accretive if it is accretive and (I + µT )(E) = E for every µ > 0, where I denotes the identity
mapping.

Definition 2.3. Let Φ : E → E be single-valued and T : E → 2E be set-valued. We say T is Φ-
accretive if it is accretive relative to Φ, meaning Φ(α)+ T (α) ̸= ∅ for all α ∈ E and (Φ+µT )(E) = E
for all µ > 0.
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The graph of a set-valued mapping T : E → 2E is given by

Graph(T ) =
{︁
(α, β) ∈ E × E : β ∈ T (α)

}︁
.

Definition 2.4. [12] Let T , Tn : E → 2E (n ≥ 0) be Φ-accretive. The sequence {Tn} converges
graphically to T , written Tn

G−→ T , if for every (α, β) ∈ Graph(T ), there exists (αn, βn) ∈ Graph(Tn)
with αn → α and βn → β.

Definition 2.5. [4] A mapping F : E × E → E is Lipschitz continuous in the first variable if there
exists ℓ > 0 such that

∥F(α1, ·)−F(α2, ·)∥ ≤ ℓ∥α1 − α2∥ ∀α1, α2 ∈ E .

Lipschitz continuity in the second variable is defined similarly.

Definition 2.6. [4] Let Φ : E → E and F : E × E → E be single-valued mappings on E . Then F
satisfies the following properties relative to Φ:

(1) F is γ-strongly accretive relative to Φ in its first variable if there exists γ > 0 such that⟨︁
F(α, ·)−F(β, ·), Jp

(︁
Φ(α)− Φ(β)

)︁⟩︁
≥ γ

⃦⃦
Φ(α)− Φ(β)

⃦⃦p
, ∀α, β ∈ E .

(2) F is δ-strongly accretive relative to Φ in its second variable if there exists δ > 0 such that⟨︁
F(·, α)−F(·, β), Jp

(︁
Φ(α)− Φ(β)

)︁⟩︁
≥ δ

⃦⃦
Φ(α)− Φ(β)

⃦⃦p
, ∀α, β ∈ E .

Definition 2.7. [18] A mapping B : E → E is said to be θ-averaged for some θ ∈ (0, 1) if it admits the
representation

B = (1− θ)I + θN ,

where I is the identity mapping on E and N : E → E is nonexpansive.

Remark 2.8. An averaged mapping is nonexpansive, meaning

∥B(α)− B(β)∥ ≤ ∥α− β∥.

Definition 2.9. Let Φ : E → E be strictly accretive and T : E → 2E be Φ-accretive. The generalized
resolvent mapping is defined as

P
T
Φ,µ(α) = [Φ + µT ]−1(α), ∀ α ∈ E , µ > 0. (2.1)

Definition 2.10. The generalized Cayley mapping K
T
Φ,µ : E → E is defined as

K
T
Φ,µ(α) =

[︂
2P

T
Φ,µ − Φ

]︂
(α), ∀ α ∈ E , µ > 0, (2.2)

where PT
Φ,µ is the resolvent mapping given in (2.1), Φ : E → E is single-valued, and T : E → 2E is

Φ-accretive.

Proposition 2.11. Let E be a uniformly smooth Banach space. Then E is p-uniformly smooth if and only
if there exists Dp > 0 such that for all α, β ∈ E ,

∥α+ β∥p ≤ ∥α∥p + p ⟨β, Jp(α)⟩+Dp ∥β∥p.

Proposition 2.12. [5] Let T : E → 2E be Φ-accretive, and let Φ : E → E be strongly accretive with

constant η > 0. Then, for any µ > 0, the generalized resolvent mappingP
T
Φ,µ defined by (2.1) is Lipschitz

continuous on E with Lipschitz constant 1
η . Specifically,⃦⃦⃦

P
T
Φ,µ(α)−P

T
Φ,µ(β)

⃦⃦⃦
≤ 1

η

⃦⃦
α− β

⃦⃦
∀ α, β ∈ E . (2.3)
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Proposition 2.13. [5] Let T : E → 2E be Φ-accretive, and let Φ : E → E be strongly accretive and
Lipschitz continuous with constants η > 0 and σΦ, respectively. Then, the generalized Cayley mapping

K
T
Φ,µ : E → E defined by (2.2) is Lipschitz continuous with constant ψ1 =

2
η + σΦ. Thus,⃦⃦⃦

K
T
Φ,µ(α)− K

T
Φ,µ(β)

⃦⃦⃦
≤ ψ1∥α− β∥ ∀ α, β ∈ E . (2.4)

Theorem 2.14. Let Φ : E → E be strongly accretive and Lipschitz continuous with constants η and σΦ
respectively. Suppose Tn, T : E → 2E are Φ-accretive mappings for n = 0, 1, 2, . . .. Then

Tn
G−→ T ⇐⇒ P

Tn
Φ,µ(α) → P

T
Φ,µ(α).

Proof. Assume Tn
G−→ T , i.e., for every (u, v) ∈ Graph(T ) there exists (un, vn) ∈ Graph(Tn) such

that un → u and vn → v.
Let

wn = P
Tn
Φ,µ(u) and w = P

T
Φ,µ(u).

Then,
w = (Φ + µT )−1(u)

1

µ
(u− Φ(w)) ∈ T (w).

Hence (︃
w,

1

µ

(︂
u− Φ(w)

)︂)︃
∈ Graph(T ).

By Definition 2.4 there exists (w′
n, v

′
n) ∈ Graph(Tn) such that

w
′
n → w, v

′
n → 1

µ
(u− Φ(w)) as n→ ∞ (2.5)

and
v
′
n ∈ Tn(w

′
n) =⇒ Φ(w

′
n) + µv

′
n ∈ [Φ + µTn]w

′
n

Thus,
w

′
n = P

Tn
Φ,µ[Φ(w

′
n) + µv

′
n]

∥wn − w∥ ≤
⃦⃦⃦
P

Tn
Φ,µ(u)−P

Tn
Φ,µ

(︂
Φ(w

′
n) + µv

′
n

)︂⃦⃦⃦
+ ∥w′

n − w∥

≤ 1

η

⃦⃦⃦
u− Φ(w

′
n)− µv

′
n

⃦⃦⃦
+ ∥w′

n − w∥

≤ 1

η

⃦⃦⃦
u− Φ(w)− µv

′
n

⃦⃦⃦
+

1

η

⃦⃦⃦
Φ(w)− Φ(w

′
n)
⃦⃦⃦
+ ∥w′

n − w∥

≤ 1

η

⃦⃦⃦
(u− Φ(w))− µv

′
n

⃦⃦⃦
+
σΦ
η

⃦⃦⃦
w

′
n − w

⃦⃦⃦
+ ∥w′

n − w∥

≤ 1

η

⃦⃦⃦
(u− Φ(w))− µv

′
n

⃦⃦⃦
+

(︃
1 +

σΦ
η

)︃
∥w′

n − w∥.

By (2.5), we have
∥w′

n − w∥ → 0,
⃦⃦⃦ 1
µ
(u− Φ(w))− µv

′
n

⃦⃦⃦
→ 0,

hence,
∥wn − w∥ → 0 as n→ ∞.

Conversely, suppose P
Tn
Φ,µ(u) → P

T
Φ,µ(u) for all u ∈ E .
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For given (u, v) ∈ Graph(T ), we have

Φ(u) + µv ∈ (Φ + µT )(u)

u = P
T
Φ,µ[Φ(u) + µv]

Set

un = P
Tn
Φ,µ[Φ(u) + µv]

Then,
1

µ
(Φ(u) + µv − Φ(un)) ∈ Tn(un)

Let vn = 1
µ(Φ(u) + µv − Φ(un)), then

∥vn − v∥ =
⃦⃦⃦ 1
µ
(Φ(u) + µv − Φ(un))− v

⃦⃦⃦
=

1

µ
∥Φ(un)− Φ(u)∥

≤ σΦ
µ
∥un − u∥.

Since P
Tn
Φ,µ(un) → P

T
Φ,µ(u) for any u ∈ E , we know ∥un − u∥ → 0 implies vn → v as n→ ∞. □

Theorem 2.15. Let Φ : E → E be strongly accretive and Lipschitz continuous with constants η and σΦ
respectively. Suppose Tn, T : E → 2E are Φ-accretive mappings for n = 0, 1, 2, . . .. Then

Tn
G−→ T ⇐⇒ K

Tn
Φ,µ(u) → K

T
Φ,µ(u).

Proof. From Proposition 2.13, both K
Tn
Φ,µ(u) and K

T
Φ,µ(u) are Lipschitz continuous. Assume Tn

G−→ T .
Then for any u ∈ E , let

wn = K
Tn
Φ,µ(u), w = K

T
Φ,µ(u)

Now,

∥wn − w∥ = ∥K
Tn
Φ,µ(u)− K

T
Φ,µ(u)∥

= 2∥P
Tn
Φ,µ(u)−P

T
Φ,µ(u)∥

FromTheorem 2.14 we obtain ∥wn − w∥ → 0 as n→ ∞.
Conversely, assume K

Tn
Φ,µ(u) → K

T
Φ,µ(u). For given (u, v) ∈ Graph(T ), we have

Φ(u) + µv ∈ Φ(u) + µT (u)

u = P
T
Φ,µ(Φ(u) + µv).

Set un = P
Tn
Φ,µ(Φ(u) + µv). Then we have

u =
1

2

(︂
K
T
Φ,µ +Φ

)︂
(Φ(u) + µv) (2.6)

un =
1

2

(︂
K
Tn
Φ,µ +Φ

)︂
(Φ(u) + µv) . (2.7)

From (2.7), we have
vn =

1

µ
(Φ(u)− Φ(un) + µv) ∈ Tn(un).
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Therefore,

∥vn − v∥ =
1

µ
∥Φ(un)− Φ(u)∥

≤ σΦ
µ
∥un − u∥. (2.8)

Since K
Tn
Φ,µ(u) → K

T
Φ,µ(u) for any u ∈ E and ∥un − u∥ → 0, from (2.8) it follows that

vn → v as n→ ∞,

hence Tn
G−→ T . □

3. Problem Formulation and Well-Posedness

In this section, we demonstrate that the introduced graph convergence concept forΦ-accretive map-
pings plays a significant role in addressing variational inclusion problems within Banach spaces. Let
B : E → E be a θ-averaged mapping, K

T
Φ,µ : E → E the Cayley mapping, T : E → 2E a Φ-accretive

mapping, and F : E × E → E a given mapping. We consider the problem of finding ŷ ∈ E such that:

0 ∈ F
(︂
B(ŷ),K

T
Φ,µ(ŷ)

)︂
+ T (ŷ). (3.1)

Lemma 3.1. Let Φ : E → E be strongly accretive and T : E → 2E be Φ-accretive. Suppose B : E → E
is θ-averaged and F : E × E → E is a given nonlinear mapping. Then ŷ ∈ E solves the variational
inclusion (3.1) if and only if ŷ satisfies the fixed-point equation

ŷ = PT
Φ,µ

(︁
Φ(ŷ)− µF

(︁
B(ŷ),KT

Φ,µ(ŷ)
)︁)︁
, (3.2)

where PT
Φ,µ is the resolvent mapping and KT

Φ,µ is the corresponding Cayley mapping.

We now establish existence and uniqueness of solutions for the fixed-point formulation of problem
(3.1), confirming its well-posedness.

Theorem 3.2. Let (E , ∥ · ∥) be a p-uniformly smooth Banach space and T : E → 2E be Φ-accretive.
SupposeB : E → E is θ-averaged nonexpansive, the resolventmappingPT

Φ,µ and CayleymappingKT
Φ,µ are

Lipschitz continuous with constants 1/η and ψ1 , respectively, and F : E ×E → E is Lipschitz continuous
in each variable with constants ω1, ω2 > 0 and strongly accretive in each variable with constants γ, δ > 0.
If the following condition holds

Λ =
1

η

(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ(γ + δ)σ
p

Φ

)︂ 1
p and 0 < Λ < 1,

then the variational inclusion (3.1) possesses a unique solution in E .

Proof. Define G : E → E by G(ŷ) = P
T
Φ,µ

(︂
Φ(ŷ)− µF(B(ŷ),K

T
Φ,µ(ŷ))

)︂
∥G(ŷ)− G(ẑ)∥ =

⃦⃦⃦
P

T
Φ,µ

(︂
Φ(ŷ)− µF(B(ŷ),K

T
Φ,µ(ŷ))

)︂
−P

T
Φ,µ

(︂
Φ(ẑ)− µF(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦
≤ 1

η

⃦⃦⃦ (︂
Φ(ŷ)− µF(B(ŷ),K

T
Φ,µ(ŷ))

)︂
−
(︂
Φ(ẑ)− µF(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦
≤ 1

η

⃦⃦⃦
Φ(ŷ)− Φ(ẑ)− µ

(︂
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦
.
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Applying Proposition 2.11, we obtain⃦⃦⃦
Φ(ŷ)− Φ(ẑ)− µ

(︂
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦p
≤
⃦⃦⃦
Φ(ŷ)− Φ(ẑ)

⃦⃦⃦p
+Dpµ

p
⃦⃦⃦ (︂

F(B(ŷ),K
T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦p
− pµ

⟨︂(︂
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂
, Jp((Φ(ŷ)− Φ(ẑ))

⟩︂
.

Expanding,⟨︂(︂
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂
, Jp((Φ(ŷ)− Φ(ẑ))

⟩︂
=
⟨︂(︂

F(B(ŷ),K
T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ)) + F(B(ŷ),K

T
Φ,µ(ẑ))−F(B(ŷ),K

T
Φ,µ(ẑ))

)︂
, Jp((Φ(ŷ)− Φ(ẑ))

⟩︂
=
⟨︂(︂

F(B(ŷ),K
T
Φ,µ(ŷ))−F(B(ŷ),K

T
Φ,µ(ẑ))

)︂
, Jp((Φ(ŷ)− Φ(ẑ))

⟩︂
+
⟨︂(︂

F(B(ŷ),K
T
Φ,µ(ẑ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂
, Jp((Φ(ŷ)− Φ(ẑ))

⟩︂
≥δ∥Φ(ŷ)− Φ(ẑ)∥p + γ∥Φ(ŷ)− Φ(ẑ)∥p

≥(δ + γ)σ
p

Φ∥ŷ − ẑ∥p.
Furthermore, ⃦⃦⃦

F(B(ŷ),K
T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

⃦⃦⃦
≤
⃦⃦⃦
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ)) + F(B(ŷ),K

T
Φ,µ(ẑ))−F(B(ŷ),K

T
Φ,µ(ẑ))

⃦⃦⃦
≤
⃦⃦⃦
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ŷ),K

T
Φ,µ(ẑ))

⃦⃦⃦
+

⃦⃦⃦
F(B(ŷ),K

T
Φ,µ(ẑ))−F(B(ẑ),K

T
Φ,µ(ẑ))

⃦⃦⃦
≤ω2ψ1∥ŷ − ẑ∥+ ω1∥ŷ − ẑ∥
≤(ω2ψ1 + ω1)∥ŷ − ẑ∥p.

Therefore,

∥Φ(ŷ)− Φ(ẑ)− µ
(︂
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦
≤
(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ((δ + γ)σ
p

Φ)
)︂

1
p ∥ŷ − ẑ∥. (3.3)

Hence, ⃦⃦⃦
Φ(ŷ)− Φ(ẑ)− µ

(︂
F(B(ŷ),K

T
Φ,µ(ŷ))−F(B(ẑ),K

T
Φ,µ(ẑ))

)︂ ⃦⃦⃦
≤1

η

(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ((δ + γ)σ
p

Φ)
)︂

1
p ∥ŷ − ẑ∥

(3.4)

∥G(ŷ)− G(ẑ)∥ ≤ 1

η

(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ((δ + γ)σ
p

Φ)
)︂

1
p ∥ŷ − ẑ∥ (3.5)

∥G(ŷ)− G(ẑ)∥ ≤ Λ∥ŷ − ẑ∥, (3.6)

where Λ = 1
η

(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ((δ + γ)σ
p

Φ)
)︂

1
p . By assumption 0 < Λ < 1, the mapping ŷ =

P
T
Φ,µ

(︂
Φ(ŷ)− µF(B(ŷ),K

T
Φ,µ(ŷ))

)︂
has a unique fixed point ŷ in E . Thus ŷ solves problem (3.1). □

4. Iterative Procedure and Convergence Analysis

The fixed-point formulation (3.2) enables construction of an iterative procedure for solving problem
(3.1).

Let Φ,F ,B, T ,K
T
Φ,µ be as in problem (3.1) with Φ strongly accretive, F a bifunction, and B a θ-

averagedmapping. Then for any given y0 ∈ E , we compute the sequence {sn}∞n=0 in E via the following
iterative procedure:
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Algorithm Composite Resolvent Iteration
Input: Initial point y0 ∈ E , step size µ > 0

Iteration: For n = 0, 1, 2, . . ., compute:
sn = PTn

Φ,µ(yn),

yn+1 = Φ(sn)− µF(B(sn),KTn
Φ,µ(sn)) + εn,

(4.1)

where {εn}∞n=0 ⊂ E is an error term accounting for possible inexact computation satisfying:
∞∑︂
j=1

∥εj − εj−1∥ρj−1 <∞ ∀ρ ∈ (0, 1) and lim
n→∞

εn = 0.

Theorem 4.1. Let E be a p-uniformly smooth Banach space and F : E × E → E be single-valued with
Tn, T : E → 2E being Φ-accretive mappings such that Tn

G−→ T . Suppose all hypotheses of Theorem 3.2
hold. Let {sn} and {yn} be sequences generated by Algorithm and if the following condition hold

Π =
1

η
p

√︂
σ
p

Φ − pµ(γ + δ)σ
p

Φ + µpDp(ω1 + ω2ψ1),

where 0 < Π < 1 then the sequence {sn} generated by Algorithm converges strongly to the unique
solution u ∈ E of the variational inclusion problem (3.1).

Proof. Using Algorithm , we have

∥yn+1 − yn∥ =
⃦⃦⃦(︁

Φ(sn)− µF(B(sn),KTnΦ,µ(sn)) + εn
)︁

−
(︁
Φ(sn−1)− µF(B(sn−1),K

Tn
Φ,µ(sn−1)) + εn−1

)︁⃦⃦⃦
≤

⃦⃦⃦
Φ(sn)− Φ(sn−1)− µ

[︁
F(B(sn),KTnΦ,µ(sn))

−F(B(sn−1),K
Tn
Φ,µ(sn−1))

]︁⃦⃦⃦
+ ∥εn − εn−1∥. (4.2)

Using Proposition 2.11, we obtain⃦⃦⃦
Φ(sn)− Φ(sn−1)− µ

[︁
F(B(sn), KTnΦ,µ(sn))−F(B(sn−1), K

Tn
Φ,µ(sn−1))

]︁⃦⃦⃦p
≤
⃦⃦⃦
Φ(sn)− Φ(sn−1)

⃦⃦⃦p
+Dpµ

p
⃦⃦⃦
F(B(sn),K

Tn
Φ,µ(sn))−F(B(sn−1),K

Tn
Φ,µ(sn−1))

⃦⃦⃦p
− pµ

⟨︂
F(B(sn),K

Tn
Φ,µ(sn))−F(B(sn−1),K

Tn
Φ,µ(sn−1)), Jp(Φ(sn)− Φ(sn−1))

⟩︂
. (4.3)

Using Lipschitz continuity of the accretive mapping,⃦⃦⃦
Φ(sn)− Φ(sn−1)

⃦⃦⃦
≤ σΦ∥sn − sn−1∥. (4.4)

Expanding the second term of (4.3):⃦⃦⃦
F(B(sn),K

Tn
Φ,µ(sn))−F(B(sn−1),K

Tn
Φ,µ(sn−1))

⃦⃦⃦
≤
⃦⃦⃦
F(B(sn),K

Tn
Φ,µ(sn))−F(B(sn),K

Tn
Φ,µ(sn−1))

⃦⃦⃦
+
⃦⃦⃦
F(B(sn),K

Tn
Φ,µ(sn−1))−F(B(sn−1),K

Tn
Φ,µ(sn−1))

⃦⃦⃦
+
⃦⃦⃦
F(B(sn),K

Tn
Φ,µ(sn−1))−F(B(sn),K

Tn
Φ,µ(sn−1))

⃦⃦⃦
.
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Using Theorem 2.15, Lipschitz continuity of the Cayley mapping and F(·, ·) in both variables, plus
nonexpansiveness of the averaged mapping, we have

ω2

⃦⃦⃦
K
Tn
Φ,µ(sn))− K

Tn
Φ,µ(sn−1))

⃦⃦⃦
+ ω1

⃦⃦⃦
B(sn)− B(sn−1)

⃦⃦⃦
+ ω2

⃦⃦⃦
K
T
Φ,µ(sn−1))− K

Tn
Φ,µ(sn−1))

⃦⃦⃦
≤ω1∥sn − sn−1∥+ ω2ψ1∥sn − sn−1∥
≤(ω1 + ω2ψ1)

p∥sn − sn−1∥. (4.5)

Expanding the third term of (4.3) and using Definition 2.6 with Lipschitz continuity of Φ,

⟨︂
F(B(sn),KTnΦ,µ(sn))−F(B(sn−1),K

Tn
Φ,µ(sn−1)), Jp

(︁
Φ(sn)− Φ(sn−1)

)︁⟩︂
=
⟨︂
F(B(sn),K

Tn
Φ,µ(sn−1))−F(B(sn−1),K

Tn
Φ,µ(sn−1)), Jp

(︁
Φ(sn)− Φ(sn−1)

)︁⟩︂
,

+
⟨︂
F(B(sn),KTnΦ,µ(sn))−F(B(sn),K

Tn
Φ,µ(sn−1)), Jp

(︁
Φ(sn)− Φ(sn−1)

)︁⟩︂
≤(γ + δ)σ

p

Φ∥sn − sn−1∥p. (4.6)

Combining (4.3)-(4.5):

⃦⃦⃦
Φ(sn)− Φ(sn−1)− µ

[︁
F(B(sn), K

Tn
Φ,µ(sn))−F(B(sn−1), K

Tn
Φ,µ(sn−1))

]︁⃦⃦⃦
≤ p

√︂
σ
p

Φ − pµ(γ + δ)σ
p

Φ + µpDp(ω1 + ω2ψ1)p∥sn − sn−1∥. (4.7)

From (4.2):

∥sn+1 − sn∥ ≤ Π∥sn − sn−1∥+
1

η
∥εn − εn−1∥,

where Π = 1
η

p

√︂
σ
p

Φ − pµ(γ + δ)σ
p

Φ + µpDp(ω1 + ω2ψ1)p. Now,

∥sn+1 − sn∥

≤Π ∥sn − sn−1∥+
1

η
∥εn − εn−1∥

≤Π

[︃
Π

(︃
∥sn − sn−1∥+

1

η
∥εn − εn−1

)︃]︃
+

1

η
∥εn − εn−1∥

≤Π2∥sn−1 − sn−2∥+
Π

η
∥εn−1 − εn−2∥+

1

η
∥εn − εn−1∥

≤ · · ·

≤Πn−n0∥sn0+1 − sn0∥+
n−n0∑︂
i=1

Πi−1

η
∥εn−(i−1) − εn−i∥.
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Form ≥ n > no:

∥sm − sn∥

≤
m−1∑︂
j=n

∥sj+1 − sj∥

≤
m−1∑︂
j=n

Πj−n0∥sn0+1 − sn0∥+
m−1∑︂
j=n

j−n0∑︂
i=1

Πi−1

η

⃦⃦⃦
εj−(i−1) − εj−1

⃦⃦⃦

≤
m−1∑︂
j=n

Πj−n0∥sn0+1 − sn0∥+
m−1∑︂
j=n

[︄
j−n0∑︂
i=1

1

η

∥εj−(i−1) − εj−1∥
Πj−(i−1)

]︄
.

Since Π ∈ (0, 1), for anym ≥ n > no we have |sm − sn| → 0 as n → ∞, so {sn}∞n=0 is Cauchy in
E . By completeness, there exists u ∈ E such that sn → u as n→ ∞. Using Lipschitz continuity of the
resolvent mapping: ⃦⃦⃦

P
T
Φ,µ(yn)−P

T
Φ,µ(y)

⃦⃦⃦
≤ 1

η
∥yn − y∥. (4.8)

Since Φ and F are continuous, sn → u, and εn → 0 as n→ ∞, applying the algorithm shows yn → y,
hence (4.8) tends to zero as n→ ∞:

P
T
Φ,µ(yn) → P

T
Φ,µ(y) as n→ ∞.

Therefore u = P
T
Φ,µ(y) and by (3.2), u solves problem (3.1). □

5. Generalized Resolvent-Based Continuous-Time System

In this section, we adopt a continuous-time systems perspective to investigate solvability of prob-
lem (3.1). Using formulation (3.2), we introduce and analyze the associated generalized resolvent
continuous-time system (GRCTS):

du

dt
= ν

{︂
PT

Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u))
)︁
− u

}︂
, u(t0) = u0 ∈ E , (5.1)

where u ∈ E and ν > 0 is a parameter.

Definition 5.1. The GRCTS in (5.1) converges to the solution set Ω(F , T ,Φ,B, µ) of (3.1) if its trajec-
tory, regardless of initial condition, satisfies

lim
t→∞

dist(u(t),Ω) = 0,

where
dist(u(t),Ω) = inf

v∈Ω
∥u(t)− v∥.

If u∗ is the unique point of Ω, then the trajectory converges to u∗:

lim
t→∞

u(t) = u∗.

Definition 5.2. The continuous-time system is globally exponentially stable of degree κ at u∗ if, for
any initial condition, its trajectory satisfies

∥u(t)− u∗∥ ≤ c0∥u(t0)− u∗∥ exp{−κ(t− t0)}, t ≥ t0,

where κ > 0 and c0 > 0 are constants independent of the initial point.
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Lemma 5.3. Let ũ and ṽ be real-valued nonnegative continuous functions with domain {t : t ≥ t0} and
let ϕ(t) = ϕ0(|t− t0|) where ϕ0 is monotonically increasing. If for all t ≥ t0,

ũ(t) ≤ ϕ(t) +

∫︂ t

t0

ũ(τ)ṽ(τ) dτ,

then

ũ(t) ≤ ϕ(t) exp

{︃∫︂ t

t0

ṽ(τ) dτ

}︃
.

Employing lem 5.3 together with Theorem 3.2, we establish the unique solution of GRCTS (5.1).

Theorem 5.4. Suppose Theorem 3.2 holds. Then, for any initial point u0 ∈ E , the GRCTS (5.1) admits a
unique continuous solution u(t) defined on [t0,∞) with u(t0) = u0.

Proof. Define
G(u) = ν

{︂
PT

Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u)
)︁
− u

}︂
, ∀u ∈ E .

Now,

∥G(u)− G(u∗)∥ = ν
⃦⃦⃦{︂

PT
Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u)
)︁
− u

}︂
{︂
PT

Φ,µ

(︁
Φ(u∗)− µF(B(u∗),KT

Φ,µ(u
∗))

)︁
− u∗

}︂⃦⃦⃦
≤ ν

⃦⃦⃦
Φ(u)− Φ(u∗)− µ

(︂
F(B(u),K

T
Φ,µ(u))−F(B(u∗),K

T
Φ,µ(u

∗))
)︂ ⃦⃦⃦

+ ν∥u− u∗∥.

(5.2)

By arguments analogous to (3.4):⃦⃦⃦
Φ(u)− Φ(u∗)− µ

(︂
F(B(u),K

T
Φ,µ(u))−F(B(u∗),K

T
Φ,µ(u

∗))
)︂ ⃦⃦⃦

≤ 1

η

(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ((δ + γ)σ
p

Φ)
)︂

1
p ∥u− u∗∥

(5.3)

Combining (5.2) and (5.3):
∥G(u)− G(u∗)∥ ≤ ν(1 + Λ)∥u− u∗∥, (5.4)

establishing that G is locally Lipschitz continuous on E . Hence, for any initial point u0 ∈ E , the GRCTS
(5.1) admits a unique continuous solution u(t) with u(t0) = u0 on t0 ≤ t < T .

Let [t0, T ) be the maximal interval. We show T = ∞. For any u ∈ E :

∥G(u)∥ = ν
⃦⃦⃦{︂

PT
Φ,µ

(︁
Φ(u)− µF(B(u(t)),KT

Φ,µ(u))
)︁
− u

}︂⃦⃦⃦
≤ ν

⃦⃦⃦{︂
PT

Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u))
)︁
− u

}︂
− u∗

⃦⃦⃦
+ ν∥u− u∗∥

= ν
⃦⃦⃦{︂

PT
Φ,µ

(︁
Φ(u(t))− µF(B(u),KT

Φ,µ(u))
)︁
− u

}︂
−
{︂
PT

Φ,µ

(︁
Φ(u∗)− µF(B(u∗),KT

Φ,µ(u
∗))

)︁}︂⃦⃦⃦
+ ν∥u− u∗∥

≤ ν
⃦⃦⃦
Φ(u)− Φ(u∗)− µ

(︂
F(B(u),K

T
Φ,µ(u))−F(B(u∗),K

T
Φ,µ(u

∗))
)︂ ⃦⃦⃦

+ ν∥u− u∗∥

≤ ν(1 + Λ)∥u− u∗∥
≤ ν(1 + Λ)∥u∥+ ν(1 + Λ)∥u∗∥.

(5.5)

Integrating (5.5) over [t0, t] and applying Lemma 5.3:

∥u(t)∥ ≤ ∥u0∥+
∫︂ t

t0

∥G(u(τ))∥ dτ ≤ ∥u0∥+ ϕ1(t− t0) + ϕ2

∫︂ t

t0

∥u(τ)∥ dτ, (5.6)
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for all t ∈ [t0, T ), where
ϕ1 = ν(1 + Λ)∥u∗∥, ϕ2 = ν(1 + Λ).

Hence,
∥u(t)∥ ≤ (∥u0∥+ ϕ1(t− t0)) exp {ϕ2(t− t0)} , t ∈ [t0, T ),

implying the solution is bounded on [t0, T ), thus T = ∞. □

Theorem 5.5. Suppose Theorem 3.2 holds. Then the GRCTS (5.1) converges globally exponentially to the
unique solution u∗ ∈ Ω(F , T ,Φ,B, µ).

Proof. Theorem 5.4 establishes that GRCTS (5.1) has a unique solution. Let u(t) = (t, t0;u0) denote a
solution satisfying u(t0) = u0. Define the Lyapunov function L on E by

L(u) = 1

2
∥u− u∗∥2. (5.7)

From (3.2) we have PT
Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u))
)︁
= u and using (3.3)-(3.5):

dL
dt

=
⟨︂
u− u∗,

du

dt

⟩︂
=ν

⟨︂
u− u∗,

{︂
PT

Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u))
)︁
− u

}︂⟩︂
=− ν∥u− u∗∥2 + ν

⟨︂
u− u∗,PT

Φ,µ

(︁
Φ(u)− µF(B(u),KT

Φ,µ(u))
)︁

−PT
Φ,µ

(︁
Φ(u∗)− µF(B(u∗),KT

Φ,µ(u
∗))

)︁⟩︂
≤− ν∥u− u∗∥2 + νΛ∥u− u∗∥2.

(5.8)

Thus,
d

dt

1

2
∥u− u∗∥2 = −ν(1− Λ)∥u(t)− u∗∥2, (5.9)

where
Λ =

1

η

(︂
σ
p

Φ +Dpµ
p(ω2ψ1 + ω1)

p − pµ((δ + γ)σ
p

Φ)
)︂

1
p .

Thus,
∥u− u∗∥ ≤ ∥u0 − u∗∥ exp{−ν(1− Λ)(t− t0)}. (5.10)

Under Theorem 3.2 assumptions, 1 − Λ > 0. Hence the solution trajectory of GRCTS (5.1) converges
globally and exponentially to the unique solution of problem (3.1). □

6. Computational Illustration

Example 6.1. Let E = R and consider single-valued mappings Φ,B,N : E → E and the multivalued
mapping T : E → 2E defined by

Φ(u) =
u

2
, B(u) =

(︃
1− 4θ

3

)︃
u, N (u) = −u

3
,

and
T (u) =

{︂5

4
u
}︂
,

where θ > 0 is a constant.
The mapping N is nonexpansive. Fix step-size µ = 1.
The corresponding resolvent and Cayley mappings are:

PT
Φ,µ(u) =

4u

7
, KTΦ,µ(u) =

9

14
u.
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Let F : E × E → E be defined by

F(u, v) =
u+ v

2
.

Assume F is 2
(︁
1− 4θ

3

)︁
-strongly accretive with respect to Φ in the first variable and 11

7 -strongly accre-
tive with respect to Φ in the second variable.

Using Algorithm , for initial point y0 ∈ E , define

sn = PT
Φ,µ(yn) =

4

7
yn,

and
yn+1 = Φ(sn)− µF

(︁
B(sn),KT

Φ,µ(sn)
)︁
+ εn.

Substituting explicit expressions:

yn+1 =
sn
2

− 1

2

[︃(︃
1− 4θ

3

)︃
sn +

9

14
sn

]︃
+ εn

=
(︂56θ − 27

84

)︂
sn + εn.

Using sn = 4
7yn, we obtain the recurrence:

yn+1 =
4(56θ − 27)

588
yn + εn.

Thus, for the given mappings and parameters, the sequence {yn} follows a linear recurrence depend-
ing on θ, the resolvent parameter, and error term {εn}.

Since, 0 < θ < 1, define the contraction constant

ϱ :=

⃓⃓⃓⃓
4(56θ − 27)

588

⃓⃓⃓⃓
.

Therefore,

ϱ =

⃓⃓⃓⃓
56θ − 27

147

⃓⃓⃓⃓
<

29

147
< 1.

then the iteration mapping is a strict contraction on R.
Moreover, if the error sequence {εn} satisfies

lim
n→∞

εn = 0 and
∞∑︂
n=1

∥εn − εn−1∥ρn−1 <∞ ∀ρ ∈ (0, 1),

then {yn} converges strongly to the unique fixed point

y∗ = 0,

which is the unique solution of the associated variational inclusion.
For 0 < θ < 1, all hypotheses of Theorems 3.2 and 4.1 are satisfied. Consequently, the sequence

generated by Algorithm converges strongly to the unique solution u∗ = 0 of the variational inclusion
problem. To demonstrate the effectiveness of Algorithm , we present numerical results for different
values of the averaging parameter θ. The results illustrate the convergence behavior predicted by the
theoretical analysis.
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Table 1. Convergence behavior of |yn| for different values of θ

Iteration θ = 0.2 θ = 0.9
0 1 1
1 0.097483 0.16918
3 0.0035657 0.010954
6 0.0019501 0.002858
9 0.00079223 0.0011555
12 0.0003221 0.00046978
15 0.00013096 0.000191
17 7.187e−5 0.00010482
19 3.9443e−5 5.7527e−5

20 2.922e−5 4.2617e−5

Table 1 reports iterations required to reach prescribed tolerance for different θ values. Smaller θ
values yield faster convergence, consistent with the contraction estimate from Theorems 3.2 and 4.1.

Figure 1. Comparison of convergence of Algorithm for different values of θ

Figure 1 illustrates convergence behavior for different θ values. Smaller θ produces smaller con-
traction constants and faster convergence. In particular, θ = 0.2 converges significantly faster than
θ = 0.9, consistent with theoretical analysis.
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7. Conclusion

This work develops graph convergence for Φ-accretive mappings in p-uniformly smooth Banach
spaces and establishes several equivalence results connecting graph convergence with convergence of
resolvent and Cayley mappings for sequences of such mappings. Based on these results, a perturbed
iterative procedure was proposed for solving variational inclusions involving Φ-accretive mappings.
Under appropriate conditions, solution existence and convergence of the iterative sequence were rig-
orously established. The study was further extended to include a generalized resolvent continuous-time
system, providing a continuous-time perspective for analyzing solution trajectories and their stability.
A computational illustration validated the theoretical results, confirming that the iterative procedure
converges to the solution of the variational inclusion and demonstrating the utility of the generalized
resolvent approach in computations.
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