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Abstract. Some new classes of the harmonic-like preinvex equilibrium equations are introduced and
investigated. Using fixed point formulation, we discuss the existence of the solution and analyze some
multi-step iterative methods for solving the harmonic-like peinvex equilibrium equations. Convergence
analysis of these methods is investigated under suitable conditions. Various special cases are discussed as
applications of the main results. Several open problems are suggested for future research.
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1. Introduction

It is known that a wide class of complex and complicated problems, which arise in different branches
of mathematical and engineering sciences such as physical, biomedical, regional, optimization, ecology,
economics and engineering sciences, can be studied in the general and unified framework of nonlinear
equations. Different techniques including Taylor series, quadrature formulas, Trapezoidal rule, vari-
ation iterations, homotopy perturbation, decomposition methods and Lax-Milgram lemma are being
suggested and analyzed in recent years to find the approximate solutions of the nonlinear equation.
For more detail, see [7, 8, 11, 16, 22, 25, 31, 35] and the references therein. It has been proved that the
general nonlinear equations are equivalent to the fixed point problems. This equivalent formulation
has been exploited to suggest and analyze several multi-step explicit and implicit iterative methods
for solving nonlinear nonlinear equations. In particular, these multi-step methods can be viewed as
novel modifications and generalizations of Noor (three step) iterations, the origin can be traced back
to Noor [21]. These Noor(three-step) iterations include Ishikawa(two-step) iterations, Mann(one-step)
iteration and Picard method as special cases. Noor iterations, a powerful three-step method general-
izing Mann/Ishikawa, offer novel aspects like generating complex fractal structures (Julia/Mandelbrot
sets) with unique boundaries resembling natural forms and improved convergence for solving nonlin-
ear problems, finding applications in signal recovery, image inpainting, polynomiography, solar energy
optimization and controlling chaotic systems (cardiac arrhythmia) [3]. These orbits reveal richer dy-
namics than simpler methods, linking fixed-point theory to engineering and climate modeling, with
recent work focusing on faster convergence and applications in quantum/computational fields. For the
applications, generalizations, modifications, extensions and other aspects of Noor (three-step) itera-
tions, see [2, 3, 4, 8, 13, 14, 24, 27, 30, 31, 32, 33, 34, 37] and the references therein.
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Equilibrium problems were introduced by Blum et al. [5] and Noor et al.[29] provides us with a
unified, natural, innovative and general framework to study a wide class of problems arising in eco-
nomics, finance, transportation, network, cooperative game, Nash equilibrium, data sciences, structural
analysis, elasticity and optimization. Equilibrium problems theory has witnessed an explosive growth
in theoretical advances, algorithmic aspects and applications across all disciplines of pure and applied
sciences. This theory provides a novel and unified treatment of problems arising in pure and applied
sciences. The ideas and techniques of this theory are being used in a variety of diverse areas and proved
to be productive and innovative. Equilibrium problems have been extended and generalized in many
directions using novel and innovative techniques, see [6, 12, 28, 29] and the references therein.

A significant generalization of convex functions is that of invex functions introduced by Hanson
[10]. Hanson’s initial result inspired a great deal of subsequent work which has greatly expanded the
role and applications of invexity in nonlinear optimization and other branches of pure and applied
sciences. Weir et al. [36], Noor et al. [23] and Noor [20] have studied the basic properties of the prein-
vex functions and their role in optimization and variational-like inequalities. It is well-known that the
preinvex functions and invex sets may not be convex functions and convex sets. Noor [20] has proved
that the minimum of the differentiable preinvex invex functions on the invex sets in normed spaces can
be characterized by a class of variational inequalities, known as variational-like variational inequalities.
Thus it is clear that the concept of invexity plays exactly the same role in variational-like inequalities
as the classical convexity plays in variational inequalities. This shows that the variational-like inequal-
ities are well-defined only in the setting of invexity. In brief, we would like to emphasize the fact that
the variational-like inequalities must be studied in the setting of invexity. There is a very delicate and
subtle difference between the concepts of invexity and convexity, which should be taken into account
while considering variational-like inequalities, equilibrium problems and related optimization prob-
lems. Related to the variational-like inequalities, called the invex equilibrium problems, was studied
by using the auxiliary principle technique for solving invex equilibrium problems. It is shown that the
invex equilibrium problems include variational-like inequalities, equilibrium problems and variational
inequalities as special cases.

Anderson et al. [1] have investigated several aspects of the harmonic convex sets and harmonic
convex functions, which can viewed as important generalizations of the convex functions and convex
sets. The harmonic means have novel applications in electrical circuits theory, stock excange and fi-
nancial mathematics. Noor et al. [17, 19, 25] introduced the new concepts of harmonic-like convex
sets and harmonic-like convex functions, which can be viewed as an important novel generalization of
harmonic convex sets and functions. They have discussed the applications of the harmonic-like con-
vex functions by establishing the equivalence between the general harmonic-like nonlinear equations
and the fixed point problem. The harmonic mean plays a crucial role in numerous scientific and en-
gineering fields, particularly in semiconductor physics. In this context, the effective mass of charge
carriers within a semiconductor is often computed using the harmonic mean of its crystallographic
directions. Beyond electrical circuits and semiconductor physics, harmonic convexity has implications
in signal processing. Functions that exhibit harmonic convexity are associated with higher frequency
components that can distort fundamental waveforms, leading to undesired oscillations. This property
is particularly relevant in applications involving waveform stability and signal transmission, where
minimizing undesirable frequency components is essential.

Motivated and inspired by the research activities in this fast developing field, we introduce and study
some new harmonic-like preinvex equilibrium equations. involving some arbitrary nonlinear opera-
tors and bifunctions. We establish the equivalence between the harmonic-like preinvex equilibrium
equations and the fixed point problem. This alternate equivalence is used to prove the existence of the
solution as well as to suggest multi step methods. Convergence criteria is also analyzed under some
weaker conditions. Some open problems are indicated for future researchWe have only discussed the
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theoretical aspects of the iterative methods. The implemental of efficients and comparions with other
techniques is an open problems.

2. Formulations and Basic Facts

Let H be a real Hilbert space and K ⊆ H be a closed convex set. We denote by ⟨·, ·⟩ and ∥ · ∥ be the
inner product and norm, respectively. We also need the some basic concepts from the convex analysis
[9, 15] and Noor et al. [27].
Let f : K ⊆ H and η(., .) : K ×K −→ H be a continuous function.

Definition 2.1. The set µ ∈ Khp ⊆ His said to be a harmonic-like preinvex set with respect to the
bifunction η(., .) if

(
2wµ

w + µ
) + tη(ν, µ) ∈ K, ∀w, µ, ν ∈ Khp, t ∈ [0, 1]

The harmonic-like invex set is also called the hη-connected set.

Definition 2.2. The function f on the harmonic-like invex set Khp ⊆ H is said to be harmonic-like
preinvex function, if

f((
2wµ

w + µ
) + tη(v, u)) ≤ (1− t)f(µ) + tf(ν), ∀w, µ, ν ∈ Khp, t ∈ [0, 1].

Applying the technique of Noor [27], one can prove that the minimum of the differentiable harmonic-
like preinvex function on the harmonic-like invex set Khp ⊆ H can be characterized by the inequality
of the type:

⟨
(︁
f(

2wµ

wµ
)
)︁′
, η(ν, µ)⟩ ≥ 0, ∀w, µ, ν ∈ Khp,

which is called the harmonic-like variational-like inequality.

These facts motivated us to cnsider the problem of harmonic-like preinvex equilibirum equations
and this the main motivation of this paper.
For a given nonlinear operator T : H −→ H and continuous bifunctions E(., .), η(., .) : H×H −→ H,
consider the problem of finding µ ∈ H such that

ρE(T (
2wµ

w + µ
), η(ν, µ)) = 0, ∀w, µ, ν ∈ H, (2.1)

which is called the harmonic-like preinvex equilibrium equation, where ρ is a parameter.

Special Cases. We now point out some very important and interesting problems, which can be ob-
tained as special cases of the problem (2.1).

(I). If w = ν, then the problem (2.1) reduces to finding µ ∈ H, such that

ρE(T (
2wµ

w + µ
), η(ν, µ)) = 0, ∀w, ν ∈ H, (2.2)

which is the harmonic mean preinvex equilibrium equation.

(II). If E(T ( 2wµ
w+µ), η(ν, µ)) = T (µ), then the problem (2.1) reduces to finding µ ∈ H such that

ρT (µ) = 0, ∀ν ∈ H, (2.3)
which is called the nonlinear equation.
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(III). For E(T ( 2wµ
w+µ), η(ν, µ)) = ⟨T (µ)− f, ν−µ⟩, the problem (2.2) is equivalent to finding µ ∈ H

such that

⟨T (µ), ν − µ⟩ = ⟨f, ν − µ⟩, ∀ν ∈ H, (2.4)

is called the generalized Lax-Milgram Lemma. It is shown [16, 29] that the symmetric and posi-
tive boundary value problems can only be studied in the frame work of the Lax-Milgram Lemma.

We need the following definitions and results in obtaining our results.

Definition 2.3. An operator T : H → H is said to be:

(1) Strongly monotone, if there exists a constant α > 0, such that

⟨T (µ)− T (ν), µ− ν⟩ ≥ α∥µ− ν∥2, ∀µ, ν ∈ H.

(2) Lipschitz continuous, if there exist a constants β > 0, such that

∥T (µ)− T (ν)∥ ≤ β∥µ− ν∥, ∀µ, ν ∈ H.

(3) Monotone, if

⟨T (µ)− T (ν), µ− ν⟩ ≥ 0, ∀µ, ν ∈ H.

Definition 2.4. ∀ζ, w, µ, ν ∈ H, the bifunction E(T (.), .) : H×H → H is said to be:

(1) Strongly harmonic-like monotone, if there exists a constant α > 0, such that

⟨E(T (
2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
)), η(ν, ζ), µ− ζ⟩ ≥ α∥µ− ζ∥2.

(2) harmonic-like Lipschitz continuous, if there exists a constant β > 0, such that

∥E(T (
2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ))∥ ≤ β∥µ− ζ∥.

(3) harmonic-like monotone, if

⟨E(T (µ), η(ν, µ))− E(T (ζ), η(ν, ζ)), µ− ζ⟩ ≥ 0.

Remark 2.5. Every strongly monotone operator is a monotone operator and monotone operator is a
pseudo monotone operator, but the converse is not true.

3. Main Results

In this section, we use the fixed point formulation to suggest and analyze some new implicit methods
for solving the harmonic-like preinvex equilibrium equations
Let µ ∈ H be the solution of (2.1). Then

µ = µ− ρE(T (
2wµ

w + µ
), η(ν, µ)), ∀w, ν ∈ H, (3.1)

This implies that the harmonic-like preinvex equilibrium equation (2.1) is equivalent to the fixed point
problem. (3.1). We define the operator Φ associated with (3.1) as

Φ(µ) = µ− ρE(T (
2wµ

w + µ
), η(ν, µ)),

¯
∀w, ν ∈ H, (3.2)

To prove the unique existence of the solution of the problem (2.1), it is enough to show that the operator
F defined by (3.2) has a fixed point.
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Theorem 1. Let the the bifunction E(T (.), .) be strongly harmonic-like monotone with constant α >
0 and harmonic-like Lipschitz continuos with constant β > 0, respectively. If there exists a parameter
ρ > 0, such that

ρ <
2α

β2
, (3.3)

where

θ =
√︁

1− 2ρα+ ρ2β2, (3.4)

then there exists a unique solution of the problem (2.1).

Proof. Since the preinvex equilibrium equations (3.1) and (2.1) are equivalent, so it is enough to show
that the operator Φ(µ), defined by (3.2 has a fixed point.
∀ ζ ̸= µ ∈ H, we have⃦⃦⃦⃦

Φ(µ)− Φ(ζ)

⃦⃦⃦⃦2
≤

⃦⃦⃦⃦
µ− ζ − ρ

(︁
E(T (

2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ))

)︁⃦⃦⃦⃦2
≤

⟨︃
µ− ζ − ρ

(︁
E(T (

2wµ)

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ)

)︁
,

µ− ζ − ρ
(︁
E(T (

2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ)

)︁⟩︃
=

⟨︁
µ− ζ, µ− ζ

⟩︁
− 2ρ

⟨︁
(E(T (

2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ)), µ− ζ

)︁⟩︁
+ρ2

⟨︃
E(T (

2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ)),

E(T (
2wµ

w + µ
), η(ν, µ))− E(T (

2wζ

w + ζ
), η(ν, ζ))

⟩︃
≤ ∥µ− ζ∥2 − 2αρ∥µ− ζ∥2 + ρ2β2∥µ− ζ∥2 = (1− 2αρ+ ρ2β2)∥µ− ζ∥2,

(3.5)

where β > 0, α > 0 are harmonic-like Lipschitz continuity and strongly harmonic-like monotonicity
constants of the bifunction E(., .)
From (3.5) , we have⃦⃦⃦⃦

Φ(µ)− Φ(ν)

⃦⃦⃦⃦
≤ {

√︁
(1− 2αρ+ β2ρ2}

⃦⃦⃦⃦
µ− ζ

⃦⃦⃦⃦
= θ

⃦⃦
µ− ζ

⃦⃦
,

where θ is defined in (3.4). From (3.3), it follows that θ < 1, which implies that the operator Φ(µ)
defined by (3.2) has a fixed point, which is the unique solution of (2.1). □

We now suggeste and analyze the three step iterative methods for solving the harmonic-like preinvex
equilibrium equations (2.1).
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Algorithm 1. For a given µ0, compute the approximate solution {µn+1} by the iterative schemes

yn = (1− γn)µn + γn
[︁
µn − ρE(T (

2wµn

w + µn
), η(ν, µn))

]︁
(3.6)

zn = (1− βn)µn + βn

[︃
yn − ρE(T (

2wyn
w + yn

), η(ν, yn))

]︃
(3.7)

µn+1 = (1− αn)µn + αn

[︃
zn − ρE(T (

2wzn
w + ν

), η(ν, zn))

]︃
. (3.8)

which are known as the modified Noor iterations.
We now study the convergence analysis of Algorithm 1, which is the main motivation of our next result.

Theorem 2. Let the the bifunction E(T (.), .) satisfy all the assumptions of Theorem 1. If the condition
(3.3) holds and 0 ≤ αi ≤ 1, then the approximate solution {un} obtained from Algorithm 1 converges
to the exact solution µ ∈ H of the harmonic-like preinvex equilibrium equations (2.1) strongly in H.

Proof. From Theorem 1, we see that there exists a unique solution µ ∈ H of the harmonic-like
preinvex equilibrium equations (2.1). Let µ ∈ H be the unique solution of (2.1). Then, using the fixed
point problem (3.1), we have

µ = (1− αn)µ+ αn

[︃
µ− ρE(T (

2wµ

w + µ
), η(ν, µ))

]︃
= (1− βn)µ+ βn

[︃
µ− ρE(T (

2wµ

w + µ
), η(ν, µ))

]︃
= (1− γn)µ+ γn

[︃
µ− ρE(T (

2wµ

w + µ
), η(ν, µ))

]︃
. (3.9)

From (3.8) and (3.9), we have

⃦⃦⃦⃦
µn+1 − µ

⃦⃦⃦⃦
=

⃦⃦⃦⃦
(1− αn)(µn − µ) + αn

{︃[︃
µn − ρE(T (

2wµn

w + µn
), η(ν, µn))

]︃
−
[︃
µ− ρE(T (

2wµ

w + µ
), η(ν, µ))

]︃}︃⃦⃦⃦⃦
≤ (1− αn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+αn

{︃⃦⃦⃦⃦
µn − µ− ρ

(︁
E(T (

2wµn

w + µn
), η(ν, µn))− E(T (

2wµ

w + µ
), η(ν, µ))

)︁⃦⃦⃦⃦}︃
≤ (1− αn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+ αn

√︁
1− 2αρ+ ρ2β2

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
= (1− αn)

⃦⃦⃦⃦
un − µ

⃦⃦⃦⃦
+ αnθ

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
, (3.10)
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where θ is defined by (3.4).
In a similar way, from (3.6) and (3.9), we have⃦⃦⃦⃦

zn − µ
⃦⃦
≤ (1− βn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+βn

⃦⃦⃦⃦
yn − µ− ρ

(︁
E(T (

2wyn
w + yn

), η(ν, yn))− E(T (
2wµ

w + µ
), η(ν, µ))

)︁⃦⃦⃦⃦
≤ (1− βn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+ βn(

√︁
1− 2αρ+ ρ2β2)

⃦⃦⃦⃦
yn − µ

⃦⃦⃦⃦
,

≤ (1− βn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+ βnθ

⃦⃦⃦⃦
yn − µ

⃦⃦⃦⃦
, (3.11)

where θ is defined by (3.4).
From (3.6) and (3.9), we obtain⃦⃦⃦⃦

yn − µ

⃦⃦⃦⃦
≤ (1− γn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+ γnθ

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
≤ (1− (1− θ)γn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
≤ ||µn − µ||. (3.12)

From (3.11) and (3.12), we obtain⃦⃦⃦⃦
zn − µ

⃦⃦⃦⃦
≤ (1− βn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+ βnθ

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
= (1− (1− θ)βn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
≤ ||µn − µ||. (3.13)

Form the above equations, we have⃦⃦⃦⃦
µn+1 − µ

⃦⃦⃦⃦
≤ (1− αn)

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
+ αnθ

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
= [1− (1− θ)αn]

⃦⃦⃦⃦
µn − µ

⃦⃦⃦⃦
≤

n∏︂
i=0

[1− (1− θ)αi]

⃦⃦⃦⃦
µ0 − µ

⃦⃦⃦⃦
.

Since
∑︁∞

n=0 αn diverges, 0 ≤ αi ≤ 1, and 1−θ > 0, we have limi→0[1−(1−θ)αi] = 0. Consequently
the sequence {un} convergence strongly to µ. From (3.12), and (3.13), it follows that the sequences {yn}
and {zn} also converge to µ strongly in H. This completes the proof. □

We suggest new perturbed iterative schemes for solving the harmonic-like preinvex equilibrium
equations (2.1).

Algorithm 2. For a given µ0, compute the approximate solution {µn+1} by the iterative schemes

yn = (1− γn)µn + γn

[︃
µn − ρE(T (

2wµn

w + µn
), η(ν, µ))

]︃}︃
+ γnhn

zn = (1− βn)µn + βn

[︃
yn − ρE(T (

2wyn
w + yn

), η(ν, yn))

]︃}︃
+ βnfn

µn+1 = (1− αn)µn + αn

[︃
zn − ρE(T (

2wzn
w + zn

), η(ν, zn))

]︃}︃
+ αnen
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where {en}, {fn}, and {hn} are the sequences of the elements of H introduced to take into account
possible inexact computations and the sequences {αn}, {βn} and {γn} satisfy

0 ≤ αn, βn, γn ≤ 1; ∀n ≥ 0,

∞∑︂
n=0

αn = ∞.

For γn = 0, we obtain the perturbed Ishikawa iterative method and for γn = 0 and βn = 0, we obtain
the perturbed Mann iterative schemes for solving the harmonic-like preinvex equilibrium equations
(2.1).

Also, we can suggest the following iterative methods for the harmonic-like preinvex equilibrium
equations.
Algorithm 3. For a given µ0, compute µn+1 by the iterative scheme

µn+1 = µn − ρE(T (
2wµn+1

w + µn+1
), η(ν, µn+1)),

which is equivalent to the following two-step method.
Algorithm 4. For a given µ0, compute µn+1 by the iterative scheme

zn = µn − ρE(T (
2wµn

w + µn
), η(ν, µn))

µn+1 = µn − ρE(T (
2wzn
w + zn

), η(ν, zn)).

Applying the predictor-corrector technique, we suggest the following inertial iterative method for
solving the problem (2.1) .
Algorithm 5. For a given µ0, compute µn+1 by the iterative scheme

zn = µn − ρE(T (
2wµn

w + µn
), η(ν, µn))

µn+1 = (
zn + µn

2
)− ρE

(︁
T (

2w(zn + µn)

2w + zn + µn
), η(ν,

zn + µn

2
)
)︁
.

We now suggest multi-step inertial methods for solving the harmonic-like preinvex equilibrium
equations (2.1).
Algorithm 6. For given µ0, µ1, compute µn+1 by the recurrence relation

zn = µn − θn (µn − µn−1) , n = 1, 2, ... . . .

yn = (1− γn)zn + γn

[︃(︁zn + µn

2

)︁
− ρE

(︁
T (

(︁ 2w(zn + µn)

2w + zn + µn
), η(ν,

zn + µn

2
)
)︁]︃
,

tn = (1− βn)yn

+βn

[︃(︁yn + zn + µn

3

)︁
− ρE

(︁
T (

(︁ 2w(yn + zn + µn)

3w + yn + zn + µn
), η(ν,

yn + zn + µn

3
)
)︁]︃
,

µn+1 = (1− αn)zn + αn

(︁
tn − g(tn)

)︁
+αn

[︃(︁zn + yn + tn + µn

4

)︁
− ρE

(︁
T (

(︁ 2w(yn + zn + tn + µn)

4w + yn + zn + tn + µn
), η(ν,

yn + zn + tn + µn

4
)
)︁]︃
,

where αn, βn, γn, θn ∈ [0, 1], ∀n ≥ 1.

We can rewrite the equation (3.1) as:
µ = µ+

[︁
(1− α)µ+ αµ)

−ρE
(︁
T (

2w(1− α)µ+ αµ)

w + (1− α)µ+ αµ
), η(ν, (1− α)µ+ αµ)

)︁]︁
, ∀w, ν ∈ H,

where α is a constant. This form is used to suggest the following iterative method.
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Algorithm 7. For given µ0, µ1, compute µn+1 by the iterative scheme

µn+1 = µn +
[︁
(1− α)µn−1 + αµn)

−ρE
(︁
T (

2w((1− α)µn−1 + αµn)

w + (1− α)µn−1 + µn
), η(ν, (1− α)µn−1 + αµn)

)︁]︁
.

which is equivalent to the following inertial iterative method.

Algorithm 8. For given µ0, µ1, compute µn+1 by the iterative scheme

yn = (1− α)µn−1 + αµn) n = 1, 2, ... . . .

zn = µn +
[︁
yn − ρE

(︁
T (

2wyn
w + yn

), η(ν, yn)
)︁]︁
,

tn = µn +
[︁
(yn + zn)− ρE

(︁
T (

2w(yn + zn)

w + yn + zn
), η(ν, yn + zn)

)︁]︁
µn+1 = µn +

[︁
(yn + zn + tn)− ρE

(︁
T (

2w(yn + zn + tn)

w + yn + zn + tn
), η(ν, yn + zn + tn)

)︁]︁
.

Using the above technique, one can investigate the convergence analysis of these inertial iterative methods.
We would like to mention that Algorithm 6 and Algorithm 8 can be viewed as the new generalizations of Noor
(three-step) iterations [21] for solving the fixed point problem. Similar multi-step hybrid iterative methods can be
proposed and analyzed for solving the harmonic-like preinvex equilibrium equations (2.1), which is an interesting
problem.

Conclusion and Applications

In this paper, we have introduced and investigated a class of harmonic-like preinvex equilibrium equations. It
is shown that the harmonic-like preinvex equilibrium equations are equivalent to fixed point problems. This al-
ternative equivalent formulation is used to discuss the unique equations existence of the harmonic-like preinvex
equilibrium equations. Some multi-step hybrid implicit and explicit iterative methods for solving the harmonic-
like preinvex equilibrium equations along with convergence criteria. These multi step methods can be viewed as
novel modifications of the well known Noor three step iterations. These new methods include Noor(three step)
iterations, Ishikawa (two step)itrations, Mann Iteration and Picard method as special cases. Exploring the tech-
nique and ideas of Ashish et. al. [2, 3, 4], Negi et al.[14], Suantai et al.[33] and Yadav et al. [37], one can explore the
applications of these Algorithms in the fixed point theory, financial methematical sciences, fractal geometry[34],
chaos theory, coding, number theory, spectral geometry, dynamical systems, complex analysis, nonlinear pro-
gramming, inverse quasi variational inequalities, graphics, transportation, solar penal optimization [13], sensing
singal [30], epidemiology [4], graphics signal recovery, logistic maps [37], data science [14], complex problems
in artificial intelligence and computer aided designs. It is woth mentioning these methods can be extended for
harmonic-like absolute value equations, difference of two operators equations and heminonlinear equilibrium
equations with suitable and approriate choice of the operators. We have only considered the theoretical aspects
of the harmonic-like preinvex equilibrium equations. The implemntable and dvelopments of numerical efficient
methods for solving such type of nonlinear bifunction equations need further research efforts. These are some
interesting open problems for future research.
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