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EXISTENCE AND OPTIMALITY FOR MATRIX OPTIMIZATION PROBLEMS
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ABSTRACT. To calculate the closed cone induced by epigraph of conjugate functions of sum of linear
mappings and matrix norms, we give the formula of the subdifferential of matrix norm || - ||1 at 0. We
consider a sublinear matrix optimization problem (P) involving a matrix norm || - ||1. and then we show
that the existence of optimal solutions for (P) is closely related to its zero solution. Moreover we consider
a convex matrix optimization problem (CP) involving matrix norm || - ||1, and establish an optimality
theorem (CP) which holds without any constraint qualification and expressed with the subdifferential.

We give an example illustrating the optimality theorem.
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1. INTRODUCTION AND PRELIMINARIES

Kim and Lee [3] considered a sublinear optimization problem, and showed that the existence of
optimal solutions for the problem is closely related to its zero solution. It is well known that to get
optimality theorems for convex optimization problems, we need constraint qualifications for the prob-
lems. We usally use the Slater condition as the constraint qualification for the problems. Jeyakumar,
Lee and Dinh [2] established optimality theorems for convex optimization problem, which held without
any constraint qualification and which were expressed in terms of sequences. Such optimality theo-
rems have been studied for many kinds of convex optimization problems. In particular, Lee and Lee
[8] studied optimality theorems for efficient solutions of an abstract convex vector optimization prob-
lems which held without any constraint qualification. Kim, Kim and Lee [5] investigated optimality
theorems for semidefinite linear fractional optimization problems which held without any constraint
qualification. Kim and Lee [6] studied optimality theorems for a semidefinite linear fractional vector
optimization problems which held without any constraint qualification.

In this paper, to calculate the closed cone induced by epigraph of conjugate functions of sum of
linear mappings and matrix norms, we give the formula of the subdifferential of matrix norm || - ||; at
0. We consider a sublinear matrix optimization problem (P) involving a matrix norm || - ||; and then
we show that the existence of optimal solutions for (P) is closely related to its zero solution. Moreover
we consider a convex matrix optimization problem (CP) involving matrix norm || - ||1, and establish an
optimality theorem for (CP) which holds without any constraint qualification and expressed with the
subdifferential. We give an example illustrating the optimality theorem.
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TrA is the trace of n x n matrix A. For a symmetric n X n matrix A, A = 0 means that A is positive
semidefinite. Let ST = {X € S | X = 0}. Let S™ be the space of n X n symmetric matrices. Then
Tr(- -) is the inner product on S™ and S™ is the finite-dimensional Hilbert space with Tr(- -).

Let X be a Hilbert space with inner product (-, -). For a subset D C X, the closure of D, induced by
the norm topology on X, is denoted by clD.

Let C be a closed convex cone in X. Then the positive dual cone of C' is defined by

C*:={ze€X : (z,2) 20 Vx € C}.
The indicator function d4 : X — R U {400} is defined by

a4 m 0 if xe€A,
47\ 400 otherwise.

Leth : X — RU{+o0} be a function. The conjugate function of h, h* : X — RU {400}, is defined
by
h*(v) :=sup{(v,x) — h(x) | z € domh}
where domh := {z € X | h(z) < 4o00}.
The epigraph of the function h is defined by
epih ;= {(z,7) € X xR : h(z) S}

We say that h is proper if h(x) > —oo for all z € X and domh # (). Moreover if lim inf,_,;h(y) =
h(z) for all x € X, we say that h is lower semicontinuous. A function i : X — R U {400} is said to
be convex if for all A € [0, 1],

h(Az 4+ (1 = N)y) < Ah(z) + (1 — AN)h(y) forallz,y € X.
The subdifferential of the convex function i at * € X is defined by
Oh(z) :={{ € X |h(z) —h(z) 2 ({,x — ) Vo € X}.

Lemma 1.1. [11] Let hy,he : X — R U {400} be proper lower semicontinuous convex functions.
Then epi(h1 + ha)* = cl(epi h] + epi h3). If, in addition, one of hy and hy is continuous at some
zo € dom hi N dom ho, then

epi(h1 + ha)* = epi h] + epi hs.
Lemma 1.2. [11] Let I be an arbitrary index set and let h; : X — R U {400} be proper lower semicon-
tinuous convex functions. Suppose that there exists xo € X such that sup;cr hi(xo) < co. Then

epi(sup h;)* = clco U epi hy
el iel

where sup;c; hi : X — RU {400} is defined by (sup,;c; hi)(x) = sup;cs hi(z) forallz € X.

2. EXISTENCE THEOREMS

Consider the following sublinear matrix optimization problem:
(P) Minimize TrCX
subjectto TrA;X + | X1 =0, i=1,--- ,m.
We assume that the feasible set F' := {X € S" | TrA; X + || X1 £0, i =1,---,m} is nonempty,
where || X |1 = maxi<j<n > oy |Zij] || - ||1 is one of matrix norms .
We give a theorem which shows that the existence of optimal solution for (P) is closely related to

zero solution and that a condition for the existence can be expressed in terms of subdifferentials of the
functions involved in (P).
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First, to calculate the closed cone induced by epigraph of conjugate functions of sum of linear map-
pings and martrix norms, we give the formula for the subdifferential for the function defined by || X|1.

Proposition 2.1. Let (z;;) € S". Defineg : S™ — R by V(z;;) € S",

9((wi5)) = (i)l = max{|zn1] + [z12| + -+ + 210, [212| + [222| + -+ + |T20], - -+ |T10| +
|Ton| + -+ + |Tnn|}. Then
(/0 0 - ay 0 .- 0
0 0 - ay 0o .- 0
99(0) = co 0 0 - a_y; 0 - 0 |
ay; a2, - Qi Q41 - Qin
0 0 - ags1 0 - 0
0 0 - ap 0o .- 0
S ) —gorg, j#F
0=12,00m, ay { —lorl, j=i1 }
Proof.

99(0) = {(&j) € S" | g((zij)) 2 9(0) + Tr(&;)((zi;) — 0) V(zi5) € S"}
= {(&;j) € 5" | g((zi)) — 9(0) 2 &11w11 + 2812212 + 2613713 + - - -
+281n 010 + 2222 + 2823723 + - -+ + 2820 Ton + -+ + EunTan
V(T11, 12, - L1y @22, + 3 Tany -+ 3 Tnm) € REVOHDY
= {(&;j) € 8™ (&11,2612, 2813, -+ 5 2810, 622, 2823, - -+, 282n, - -+, nn)
€ co{9dg1(0)U---Udg;(0)U---Udg,(0)}}

where g;(11, 12, , T1n, T22, 0 T2, 0 Ton) = |Tul + T2+ A @] 4 [z [+ 4 [T
The third equality holds by the formula of subgradient for maximum function. We can check

0gi(0) = {0} x---x {0} x [-1,1] x {0} x --- x {0}
x{0} x -+ x {0} x [-1,1] x {0} x --- x {0}

x[—1,1] x [-1,1] x -+ x [~1,1]
x{0} x --- x {0}.

So,

09(0) = {(&j) € 8™ | (&11,2812,2813, -+, 261n, €22, 2803, -+, 280n, -+ &)

(/0 0 --- by 0 - 0
0 0 - by 0 ... 0
e 0 0 - by 0 - 0 |
bii by - by b1 -0 bin
0 0 -« bysr 0 -+ 0
0 - Dby 0O - 0

i=1,---,n,bj=—1lorl, j=1,--- ,n}}
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We denote the solution set of (P) by sol(P).

Theorem 2.2. The following statements hold:
(i) if sol(P) # 0, then sol(P) = {X € F | TrCX = 0}.
(ii) if sol(P) # (), then O € sol(P).
(iii) sol(P) # 0 ifand only if 0 € C+,.>o (Zﬁl NAi+300 )\iag(O)), where g(X) = || X||1.

Moreover, if sol(P) is a sinleton, the solution is 0.

Proof. (i) Suppose that sol(P) £ 0. Let X € Fbe a solution of (P). Then for any X € F, TrC)_{ <
TrCX. Since X € F, TrA;(aX)+|aX|1 = Tr(ad; X)+ao| X1 = aTrA; X +o| X1 = o(Tr4; X+
| X|l1) £ 0,Va = 0. Thus aX € F for any o = 0, and hence

TrCX < TrC(aX) = aTrCX for any a 2 0.

Since 0 € F, TrCX < TrC -0 = 0. f TrCX < 0, TrC(aX) = aTrCX — —oco as a — oo. This is
impossible since (P) has a solution. Therefore TrC'X = 0. So, we have sol (P) = {X € F'| TrCX = 0}.

(ii) Suppose that sol(P) # (). Then by (i), sol(P) = {X € F | TrCX = 0}. Since TrC' - 0 = 0 and
hence 0 € sol(P).

(iii) Suppose that 0 € sol(P). Let f(X) = TrCX and g(X) = || X||1. Then f(X)+dr(X) = f(0)+
dr(0) VX € F.Hence Tr(0-X)—[f(X)+0p(X)] < —f(0), VX € F. Since sup{Tr(0-X)—[f(X)+
Ir(X)]|X € F} £ —f(0). Then (f + d)*(0) = 0. Since (0,0) € epi(f + dr)* = epif* + epidy,
epif* = {C} x Ry, and g is sublinear,

(3 ne0) = o(Xnat0) xR
=1

= i)\zﬁg XR+
=1

and

epidy = epi(sup)\izo Z Ai(TrA; - +9())>*
i=1

= U epi(i Ai(TrA4; - —l—g()))* (by Lemma 1.2)
M0 =l

3

= U [epi(z )\iTrAi> +epl<z Aig(: ) } (by Lemma 1.1)

A.>0 =1

m

= dy [Z)\ZA,XR++Z/\(9Q xR@,

Ai=0 =1

and so (0,0) € {C} x Ry +cllUy > [2211 Nid; x Ry 4377 Adg(0) x ]R_,_] Therefore

OGC’—i—clU(Z)\A +Zxag )

220 =1

Let A := (U0 (2111 XA + >0 )\iag(O)). Then, by Proposition 2.1, we can easily show that
A is a finitely generated cone, and so, A is closed by using a result from Rockafellar [9]. Thus 0 €

C 4+ Uxzo (2111 Nidi + 300, )\iﬁg(O)).

The converse can be easily proved.
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3. OPTIMALITY THEOREMS

We give an optimality theorem for a convex matrix optimization problem involving a matrix norm
1, which holds without any constraint qualification.
Consider the following convex optimization problem:

(CP) Minimize TrCX
subjectto TrA;X + [| X1 S b, i=1,---,m.
We assume that the feasible set '} := {X € S™ | TrA;X + || X|1 = b;, @ =1,---,m}, where

| X1 = maxi<j<n Y v, |xij|. To get the optimality theorem for (CP), we need the Slater condition,
but we get the following optimality theorem which holds without any constraint qualification.

Theorem 3.1. Suppose that the Iy # (). Let X € Fy. Then X is a solution of (CP) if and only if there
exist \; 2 0,7 =1,--- ,m, such that

C+ iAZ(Ai +ag(0)) =0

i=1
TrCX + > Aibi =0,
i=1
where 0g(0) is the matrix in Proposition 2.1.
Proof. Let X be solution of (CP). Let f(X) = TrCX and g(X) = || X||1. Then f(X) + 6p (X) =
f(X) +6p(X) VX € Fy. Hence Tr(0 - X) — [f(X) + dp(X)] £ —f(X), VX € Fy. Since

Sup{Tx(0 - X) — [f(X) + 6p (X)X € R} £ —f(X). Then (f 1 61)"(0) < —f(X). Since
(0,—f(X)) € epi(f + )" = epif™ + epidy, and epif” = {C} x Ry,

epidy, = epi(sup)\izo Z Xi(TrA; - +g(-) — bl)>
1=1

= U epi(i Ni(TrA; - +g(-) — b,))* (by Lemma 1.2)
A0 =1

= d Y [Z (A, bi) + {0} x Ry + 37 Xidg(0) x R@ (by Lemma 1.1)
>0 i=1 i=1
and so

(0, —f(X)) S {C} x Ry +cl U [i )\I(Al,bl) + {O} xRy + i)\lag((]) x R4 |.

A20 =1 i=1

Let A := Uy.>o {Z;’;l Ni(Ai, b)) + {0} x Ry + 37", Xi0g(0) x ]RJ. Then, by Proposition 2.1, we
can easily check that A is a finitely generated cone, and so this set is closed by using a result from
Rockafellar [9]. Thus

(0, —TI‘CX) S {C} X R+ + U [i )\1(147,, bz) + {0} X R+ + i )\,E)g(O) X R+] .

A0 =1 i=1



172 GWI SOO KIM, MOON HEE KIM, GUE MYUNG LEE, JEN-CHIH YAO

Hence there exist A; = 0, 7 € Ry such that

C+ ixi(/xi +ag(o)) ~0

i=1
m
~TrCX =) Aibi + -
i=1
Hence there exist \; = 0 such that

C+ i A (AZ- + ag(0)> =0
=1

m
TrCX + > Aib; £0.
i=1
From the the above equality, TrCX + Y%, A;b; = 0. So, from the the above inequality,

m
TrCX + > Aibi =0.
i=1
We can easily prove the converse.
We give an example illustrating Theorem 3.1.

0 O 0 0

matrix optimization problem:
(CP) Minimize TrCX
subjectto  TrA; X + || X1 < b1.

Example 3.2. Let C = ( -10 >, Ay = ( 10 > and b; = 1. Consider the following convex

Then (CP) becomes

o -1 0 T1 Ta
(CP) Minimize Tr( 0 0 > ( vy 3 >

. 1 0 Tr1 I2 <
subject to Tr< 0 0 ) < R > + max{|z1| + |22, [x2| + |23]} = 1.

Let F be the feasible set of (CP). By Theorem 3.1, ( T

) € S? is an optimal solution of (CP) if
o I3

and only if Tr < 10 > < oL > + max{|Z1| + |Z2|, |Z2| + |Z3|} < 1 and there exist A = 0 such

0 0 Tro I3
that
-1 0 1 0
( ; 0>+>\[< . 0>+ag(o)] =0
-1 0 r1 T2 .
Tr< 0 O)(a_cg 5:3>+)\_0’
T1 T2 _ _ _ _ .
whereg( I ) = max{|Z1| + |Z2|, |Z2| + |Z3|}. That is,
Ty T3
Ty + max{|Z1| + [Z2], [Z2| + 23]} = 1
1
A=5
T1 2 A\



Hencei’lzé,)\:%, iQ:O,—égiggé.Thus{( 2

EXISTENCE AND OPTIMALITY FOR MATRIX OPTIMIZATION PROBLEMS 173

1
1 1

— 1 <29 < 1% s the solution
0 .’E3)’ 2 = 3—2}

set of (CP).
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