
 

FIXED POINT METHODS AND OPTIMIZATION
Volume 3 (2026), No. 3, 166–173
DOI: https://doi.org/10.69829/fpmo-026-0303-ta03 Tulipa Opera Scholarum

EXISTENCE AND OPTIMALITY FOR MATRIX OPTIMIZATION PROBLEMS

GWI SOO KIM1, MOON HEE KIM2, GUE MYUNG LEE1, AND JEN-CHIH YAO3,∗

1Department of Applied Mathematics, Pukyong National University, Busan 48513, Korea
2College of General Education, Tongmyong University, Busan 48520, Korea
3Center for General Education, China Medical University, Taichung, Taiwan

Abstract. To calculate the closed cone induced by epigraph of conjugate functions of sum of linear
mappings and matrix norms, we give the formula of the subdifferential of matrix norm ∥ · ∥1 at 0. We
consider a sublinear matrix optimization problem (P) involving a matrix norm ∥ · ∥1. and then we show
that the existence of optimal solutions for (P) is closely related to its zero solution. Moreover we consider
a convex matrix optimization problem (CP) involving matrix norm ∥ · ∥1, and establish an optimality
theorem (CP) which holds without any constraint qualification and expressed with the subdifferential.
We give an example illustrating the optimality theorem.
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1. Introduction and Preliminaries

Kim and Lee [3] considered a sublinear optimization problem, and showed that the existence of
optimal solutions for the problem is closely related to its zero solution. It is well known that to get
optimality theorems for convex optimization problems, we need constraint qualifications for the prob-
lems. We usally use the Slater condition as the constraint qualification for the problems. Jeyakumar,
Lee and Dinh [2] established optimality theorems for convex optimization problem, which held without
any constraint qualification and which were expressed in terms of sequences. Such optimality theo-
rems have been studied for many kinds of convex optimization problems. In particular, Lee and Lee
[8] studied optimality theorems for efficient solutions of an abstract convex vector optimization prob-
lems which held without any constraint qualification. Kim, Kim and Lee [5] investigated optimality
theorems for semidefinite linear fractional optimization problems which held without any constraint
qualification. Kim and Lee [6] studied optimality theorems for a semidefinite linear fractional vector
optimization problems which held without any constraint qualification.

In this paper, to calculate the closed cone induced by epigraph of conjugate functions of sum of
linear mappings and matrix norms, we give the formula of the subdifferential of matrix norm ∥ · ∥1 at
0. We consider a sublinear matrix optimization problem (P) involving a matrix norm ∥ · ∥1 and then
we show that the existence of optimal solutions for (P) is closely related to its zero solution. Moreover
we consider a convex matrix optimization problem (CP) involving matrix norm ∥ · ∥1, and establish an
optimality theorem for (CP) which holds without any constraint qualification and expressed with the
subdifferential. We give an example illustrating the optimality theorem.
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TrA is the trace of n×nmatrix A. For a symmetric n×nmatrix A, A ⪰ 0means that A is positive
semidefinite. Let Sn

+ = {X ∈ Sn | X ⪰ 0}. Let Sn be the space of n × n symmetric matrices. Then
Tr(· ·) is the inner product on Sn and Sn is the finite-dimensional Hilbert space with Tr(· ·).

LetX be a Hilbert space with inner product ⟨·, ·⟩. For a subsetD ⊂ X , the closure ofD, induced by
the norm topology on X , is denoted by clD.

Let C be a closed convex cone in X . Then the positive dual cone of C is defined by

C∗ := {z ∈ X : ⟨x, z⟩ ≧ 0 ∀x ∈ C}.

The indicator function δA : X → R ∪ {+∞} is defined by

δA :=

{︃
0 if x ∈ A,
+∞ otherwise.

Let h : X → R∪{+∞} be a function. The conjugate function of h, h∗ : X → R∪{+∞}, is defined
by

h∗(v) := sup{⟨v, x⟩ − h(x) | x ∈ domh}
where domh := {x ∈ X | h(x) < +∞}.

The epigraph of the function h is defined by

epih := {(x, r) ∈ X × R : h(x) ≦ r}.

We say that h is proper if h(x) > −∞ for all x ∈ X and domh ̸= ∅. Moreover if lim infy→xh(y) ≧
h(x) for all x ∈ X , we say that h is lower semicontinuous. A function h : X → R ∪ {+∞} is said to
be convex if for all λ ∈ [0, 1],

h(λx+ (1− λ)y) ≦ λh(x) + (1− λ)h(y) for all x, y ∈ X.

The subdifferential of the convex function h at x̄ ∈ X is defined by

∂h(x̄) := {ξ ∈ X | h(x)− h(x̄) ≧ ⟨ξ, x− x̄⟩ ∀x ∈ X}.

Lemma 1.1. [11] Let h1, h2 : X → R ∪ {+∞} be proper lower semicontinuous convex functions.
Then epi(h1 + h2)

∗ = cl(epi h∗1 + epi h∗2). If, in addition, one of h1 and h2 is continuous at some
x0 ∈ dom h1 ∩ dom h2, then

epi(h1 + h2)
∗ = epi h∗1 + epi h∗2.

Lemma 1.2. [11] Let I be an arbitrary index set and let hi : X → R ∪ {+∞} be proper lower semicon-
tinuous convex functions. Suppose that there exists x0 ∈ X such that supi∈I hi(x0) < ∞. Then

epi(sup
i∈I

hi)
∗ = clco

⋃︂
i∈I

epi h∗i

where supi∈I hi : X → R ∪ {+∞} is defined by (supi∈I hi)(x) = supi∈I hi(x) for all x ∈ X .

2. Existence Theorems

Consider the following sublinear matrix optimization problem:

(P) Minimize TrCX

subject to TrAiX + ∥X∥1 ≦ 0, i = 1, · · · ,m.

We assume that the feasible set F := {X ∈ Sn | TrAiX + ∥X∥1 ≦ 0, i = 1, · · · ,m} is nonempty,
where ∥X∥1 = max1≤j≤n

∑︁m
i=1 |xij |. ∥ · ∥1 is one of matrix norms .

We give a theorem which shows that the existence of optimal solution for (P) is closely related to
zero solution and that a condition for the existence can be expressed in terms of subdifferentials of the
functions involved in (P).
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First, to calculate the closed cone induced by epigraph of conjugate functions of sum of linear map-
pings and martrix norms, we give the formula for the subdifferential for the function defined by ∥X∥1.

Proposition 2.1. Let (xij) ∈ Sn. Define g : Sn → R by ∀(xij) ∈ Sn,
g((xij)) = ∥(xij)∥1 = max{|x11| + |x12| + · · · + |x1n|, |x12| + |x22| + · · · + |x2n|, · · · , |x1n| +

|x2n|+ · · ·+ |xnn|}. Then

∂g(0) = co

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · a1i 0 · · · 0
0 0 · · · a2i 0 · · · 0
· · · · · · · · ·
0 0 · · · ai−1i 0 · · · 0
a1i a2i · · · aii aii+1 · · · ain
0 0 · · · aii+1 0 · · · 0
· · · · · · · · ·
0 0 · · · ain 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
|

i = 1, 2, · · · , n, aij =

{︃
−1

2 or 1
2 , j ̸= i

−1 or 1, j = i

}︃
.

Proof.

∂g(0) = {(ξij) ∈ Sn | g((xij)) ≧ g(0) + Tr(ξij)((xij)− 0) ∀(xij) ∈ Sn}
= {(ξij) ∈ Sn | g((xij))− g(0) ≧ ξ11x11 + 2ξ12x12 + 2ξ13x13 + · · ·

+2ξ1nx1n + ξ22x22 + 2ξ23x23 + · · ·+ 2ξ2nx2n + · · ·+ ξnnxnn

∀(x11, x12, · · · , x1n, x22, · · · , x2n, · · · , xnn) ∈ R
1
2
n(n+1)}

= {(ξij) ∈ Sn | (ξ11, 2ξ12, 2ξ13, · · · , 2ξ1n, ξ22, 2ξ23, · · · , 2ξ2n, · · · , ξnn)
∈ co{∂g1(0) ∪ · · · ∪ ∂gi(0) ∪ · · · ∪ ∂gn(0)}}

where gi(x11, x12, · · · , x1n, x22, · · · , x2n, · · · , xnn) = |x1i|+ |x2i|+ · · ·+ |xii|+ |xi i+1|+ · · ·+ |xin|.
The third equality holds by the formula of subgradient for maximum function. We can check

∂gi(0) = {0} × · · · × {0} × [−1, 1]× {0} × · · · × {0}
×{0} × · · · × {0} × [−1, 1]× {0} × · · · × {0}
· · ·
×[−1, 1]× [−1, 1]× · · · × [−1, 1]

×{0} × · · · × {0}.

So,

∂g(0) = {(ξij) ∈ Sn | (ξ11, 2ξ12, 2ξ13, · · · , 2ξ1n, ξ22, 2ξ23, · · · , 2ξ2n, · · · , ξnn)

∈ co

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · b1i 0 · · · 0
0 0 · · · b2i 0 · · · 0
· · · · · · · · ·
0 0 · · · bi−1i 0 · · · 0
b1i b2i · · · bii bii+1 · · · bin
0 0 · · · bii+1 0 · · · 0
· · · · · · · · ·
0 0 · · · bin 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
|

i = 1, · · · , n, bji = −1 or 1, j = 1, · · · , n}}.
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Thus ∂g(0) = co

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · a1i 0 · · · 0
0 0 · · · a2i 0 · · · 0
· · · · · · · · ·
0 0 · · · ai−1i 0 · · · 0
a1i a2i · · · aii aii+1 · · · ain
0 0 · · · aii+1 0 · · · 0
· · · · · · · · ·
0 0 · · · ain 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
|

i = 1, 2, · · · , n, aij =

{︃
−1

2 or 1
2 , j ̸= i

−1 or 1, j = i

}︃
.

For n = 2,

∂g(0) = co

{︃(︃
a11 a12
a12 0

)︃
,

(︃
0 a12
a12 a22

)︃
| aij =

{︃
−1

2 or 1
2 , j ̸= i

−1 or 1, j = i

}︃
= co

{︃(︃
−1 −1

2
−1

2 0

)︃
,

(︃
−1 1

2
1
2 0

)︃
,

(︃
1 −1

2
−1

2 0

)︃
,

(︃
1 1

2
1
2 0

)︃
,(︃

0 −1
2

−1
2 −1

)︃
,

(︃
0 1

2
1
2 −1

)︃
,

(︃
0 −1

2
−1

2 1

)︃
,

(︃
0 1

2
1
2 1

)︃}︃
.

For n = 3,

∂g(0)

= co

⎧⎨⎩
⎛⎝ a11 a12 a13

a12 0 0
a13 0 0

⎞⎠ ,

⎛⎝ 0 a12 0
a12 a22 a23
0 a23 0

⎞⎠ ,

⎛⎝ 0 0 a13
0 0 a23
a13 a23 a33

⎞⎠ |

aij =

{︃
−1

2 or 1
2 , j ̸= i

−1 or 1, j = i

}︃

= co

⎧⎨⎩
⎛⎝ −1 −1

2 −1
2

−1
2 0 0

−1
2 0 0

⎞⎠ ,

⎛⎝ −1 −1
2

1
2

−1
2 0 0

1
2 0 0

⎞⎠ ,

⎛⎝ −1 1
2 −1

2
1
2 0 0
−1

2 0 0

⎞⎠ ,

⎛⎝ −1 1
2

1
2

1
2 0 0
1
2 0 0

⎞⎠ ,

⎛⎝ 1 −1
2 −1

2
−1

2 0 0
−1

2 0 0

⎞⎠ ,

⎛⎝ 1 −1
2

1
2

−1
2 0 0

1
2 0 0

⎞⎠ ,

⎛⎝ 1 1
2 −1

2
1
2 0 0
−1

2 0 0

⎞⎠ ,

⎛⎝ 1 1
2

1
2

1
2 0 0
1
2 0 0

⎞⎠ ,

⎛⎝ 0 −1
2 0

−1
2 −1 −1

2
0 −1

2 0

⎞⎠ ,

⎛⎝ 0 −1
2 0

−1
2 −1 1

2
0 1

2 0

⎞⎠ ,

⎛⎝ 0 1
2 0

1
2 −1 −1

2
0 −1

2 0

⎞⎠ ,

⎛⎝ 0 1
2 0

1
2 −1 1

2
0 1

2 0

⎞⎠ ,

⎛⎝ 0 −1
2 0

−1
2 1 −1

2
0 −1

2 0

⎞⎠ ,

⎛⎝ 0 −1
2 0

−1
2 1 1

2
0 1

2 0

⎞⎠ ,

⎛⎝ 0 1
2 0

1
2 1 −1

2
0 −1

2 0

⎞⎠ ,

⎛⎝ 0 1
2 0

1
2 1 1

2
0 1

2 0

⎞⎠ ,

⎛⎝ 0 0 −1
2

0 0 −1
2

−1
2 −1

2 −1

⎞⎠ ,

⎛⎝ 0 0 −1
2

0 0 1
2

−1
2

1
2 −1

⎞⎠ ,

⎛⎝ 0 0 1
2

0 0 −1
2

1
2 −1

2 −1

⎞⎠ ,

⎛⎝ 0 0 1
2

0 0 1
2

1
2

1
2 −1

⎞⎠ ,

⎛⎝ 0 0 −1
2

0 0 −1
2

−1
2 −1

2 1

⎞⎠ ,

⎛⎝ 0 0 −1
2

0 0 1
2

−1
2

1
2 1

⎞⎠ ,

⎛⎝ 0 0 1
2

0 0 −1
2

1
2 −1

2 1

⎞⎠ ,

⎛⎝ 0 0 1
2

0 0 1
2

1
2

1
2 1

⎞⎠⎫⎬⎭ .
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We denote the solution set of (P) by sol(P ).

Theorem 2.2. The following statements hold:
(i) if sol(P ) ̸= ∅, then sol(P ) = {X ∈ F | TrCX = 0}.
(ii) if sol(P ) ̸= ∅, then 0 ∈ sol(P ).
(iii) sol(P ) ̸= ∅ if and only if 0 ∈ C+

⋃︁
λi≧0

(︂∑︁m
i=1 λiAi+

∑︁m
i=1 λi∂g(0)

)︂
, where g(X) = ∥X∥1.

Moreover, if sol(P) is a sinleton, the solution is 0.

Proof. (i) Suppose that sol(P) ̸= ∅. Let X̄ ∈ F be a solution of (P). Then for any X ∈ F , TrCX̄ ≦
TrCX . Since X̄ ∈ F ,TrAi(αX̄)+∥αX̄∥1 = Tr(αAiX̄)+α∥X̄∥1 = αTrAiX̄+α∥X̄∥1 = α(TrAiX̄+
∥X̄∥1) ≦ 0, ∀α ≧ 0. Thus αX̄ ∈ F for any α ≧ 0, and hence

TrCX̄ ≦ TrC(αX̄) = αTrCX̄ for any α ≧ 0.

Since 0 ∈ F , TrCX̄ ≦ TrC · 0 = 0. If TrCX̄ < 0, TrC(αX̄) = αTrCX̄ → −∞ as α → ∞. This is
impossible since (P) has a solution. ThereforeTrCX̄ = 0. So, we have sol (P) = {X ∈ F | TrCX = 0}.

(ii) Suppose that sol(P) ̸= ∅. Then by (i), sol(P ) = {X ∈ F | TrCX = 0}. Since TrC · 0 = 0 and
hence 0 ∈ sol(P ).

(iii) Suppose that 0 ∈ sol(P ). Let f(X) = TrCX and g(X) = ∥X∥1. Then f(X)+δF (X) ≧ f(0)+
δF (0) ∀X ∈ F . HenceTr(0·X)−[f(X)+δF (X)] ≦ −f(0), ∀X ∈ F . Since sup{Tr(0·X)−[f(X)+
δF (X)]|X ∈ F} ≦ −f(0). Then (f + δF )

∗(0) ≦ 0. Since (0, 0) ∈ epi(f + δF )
∗ = epif∗ + epiδ∗F ,

epif∗ = {C} × R+, and g is sublinear,

epi
(︂ m∑︂
i=1

λig(·)
)︂∗

= ∂
(︂ m∑︂
i=1

λig(·)
)︂
× R+

=
m∑︂
i=1

λi∂g(·)× R+

and

epiδ∗F = epi
(︂
supλi≧0

m∑︂
i=1

λi(TrAi ·+g(·))
)︂∗

= cl
⋃︂
λi≧0

epi
(︂ m∑︂
i=1

λi(TrAi ·+g(·))
)︂∗

(by Lemma 1.2)

= cl
⋃︂
λi≧0

[︂
epi

(︂ m∑︂
i=1

λiTrAi·
)︂∗

+ epi
(︂ m∑︂
i=1

λig(·)
)︂∗]︂

(by Lemma 1.1)

= cl
⋃︂
λi≧0

[︂ m∑︂
i=1

λiAi × R+ +

m∑︂
i=1

λi∂g(0)× R+

]︂
,

and so (0, 0) ∈ {C} × R+ + cl
⋃︁

λi≧0

[︂∑︁m
i=1 λiAi × R+ +

∑︁m
i=1 λi∂g(0)× R+

]︂
. Therefore

0 ∈ C + cl
⋃︂
λi≧0

(︂ m∑︂
i=1

λiAi +

m∑︂
i=1

λi∂g(0)
)︂
.

Let Λ :=
⋃︁

λi≧0

(︂∑︁m
i=1 λiAi +

∑︁m
i=1 λi∂g(0)

)︂
. Then, by Proposition 2.1, we can easily show that

Λ is a finitely generated cone, and so, Λ is closed by using a result from Rockafellar [9]. Thus 0 ∈
C +

⋃︁
λi≧0

(︂∑︁m
i=1 λiAi +

∑︁m
i=1 λi∂g(0)

)︂
.

The converse can be easily proved.
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3. Optimality Theorems

We give an optimality theorem for a convex matrix optimization problem involving a matrix norm
∥ · ∥1, which holds without any constraint qualification.

Consider the following convex optimization problem:

(CP) Minimize TrCX

subject to TrAiX + ∥X∥1 ≦ bi, i = 1, · · · ,m.

We assume that the feasible set F1 := {X ∈ Sn | TrAiX + ∥X∥1 ≦ bi, i = 1, · · · ,m}, where
∥X∥1 = max1≤j≤n

∑︁m
i=1 |xij |. To get the optimality theorem for (CP), we need the Slater condition,

but we get the following optimality theorem which holds without any constraint qualification.

Theorem 3.1. Suppose that the F1 ̸= ∅. Let X̄ ∈ F1. Then X̄ is a solution of (CP) if and only if there
exist λi ≧ 0, i = 1, · · · ,m, such that

C +
m∑︂
i=1

λi

(︂
Ai + ∂g(0)

)︂
= 0

TrCX̄ +
m∑︂
i=1

λibi = 0,

where ∂g(0) is the matrix in Proposition 2.1.

Proof. Let X̄ be solution of (CP). Let f(X) = TrCX and g(X) = ∥X∥1. Then f(X) + δF1(X) ≧
f(X̄) + δF1(X̄) ∀X ∈ F1. Hence Tr(0 · X) − [f(X) + δF1(X)] ≦ −f(X̄), ∀X ∈ F1. Since
sup{Tr(0 · X) − [f(X) + δF1(X)]|X ∈ F1} ≦ −f(X̄). Then (f + δF1)

∗(0) ≦ −f(X̄). Since
(0,−f(X̄)) ∈ epi(f + δF1)

∗ = epif∗ + epiδ∗F1
and epif∗ = {C} × R+,

epiδ∗F1
= epi

(︂
supλi≧0

m∑︂
i=1

λi(TrAi ·+g(·)− bi)
)︂∗

= cl
⋃︂
λi≧0

epi
(︂ m∑︂
i=1

λi(TrAi ·+g(·)− bi)
)︂∗

(by Lemma 1.2)

= cl
⋃︂
λi≧0

[︂ m∑︂
i=1

λi(Ai, bi) + {0} × R+ +
m∑︂
i=1

λi∂g(0)× R+

]︂
(by Lemma 1.1)

and so

(0,−f(X̄)) ∈ {C} × R+ + cl
⋃︂
λi≧0

[︂ m∑︂
i=1

λi(Ai, bi) + {0} × R+ +

m∑︂
i=1

λi∂g(0)× R+

]︂
.

Let Λ :=
⋃︁

λi≧0

[︂∑︁m
i=1 λi(Ai, bi) + {0} × R+ +

∑︁m
i=1 λi∂g(0) × R+

]︂
. Then, by Proposition 2.1, we

can easily check that Λ is a finitely generated cone, and so this set is closed by using a result from
Rockafellar [9]. Thus

(0,−TrCX̄) ∈ {C} × R+ +
⋃︂
λi≧0

[︂ m∑︂
i=1

λi(Ai, bi) + {0} × R+ +

m∑︂
i=1

λi∂g(0)× R+

]︂
.



172 GWI SOO KIM, MOON HEE KIM, GUE MYUNG LEE, JEN-CHIH YAO

Hence there exist λi ≧ 0, r ∈ R+ such that

C +
m∑︂
i=1

λi

(︂
Ai + ∂g(0)

)︂
= 0

−TrCX̄ =
m∑︂
i=1

λibi + r.

Hence there exist λi ≧ 0 such that

C +
m∑︂
i=1

λi

(︂
Ai + ∂g(0)

)︂
= 0

TrCX̄ +
m∑︂
i=1

λibi ≦ 0.

From the the above equality, TrCX̄ +
∑︁m

i=1 λibi ≧ 0. So, from the the above inequality,

TrCX̄ +
m∑︂
i=1

λibi = 0.

We can easily prove the converse.
We give an example illustrating Theorem 3.1.

Example 3.2. Let C =

(︃
−1 0
0 0

)︃
, A1 =

(︃
1 0
0 0

)︃
and b1 = 1. Consider the following convex

matrix optimization problem:
(CP) Minimize TrCX

subject to TrA1X + ∥X∥1 ≦ b1.

Then (CP) becomes

(CP) Minimize Tr

(︃
−1 0
0 0

)︃(︃
x1 x2
x2 x3

)︃
subject to Tr

(︃
1 0
0 0

)︃(︃
x1 x2
x2 x3

)︃
+max{|x1|+ |x2|, |x2|+ |x3|} ≦ 1.

Let F be the feasible set of (CP). By Theorem 3.1,
(︃

x̄1 x̄2
x̄2 x̄3

)︃
∈ S2 is an optimal solution of (CP) if

and only if Tr
(︃

1 0
0 0

)︃(︃
x̄1 x̄2
x̄2 x̄3

)︃
+max{|x̄1|+ |x̄2|, |x̄2|+ |x̄3|} ≦ 1 and there exist λ ≧ 0 such

that (︃
−1 0
0 0

)︃
+ λ

[︂(︃ 1 0
0 0

)︃
+ ∂g(0)

]︂
= 0

Tr

(︃
−1 0
0 0

)︃(︃
x̄1 x̄2
x̄2 x̄3

)︃
+ λ = 0,

where g
(︃

x̄1 x̄2
x̄2 x̄3

)︃
= max{|x̄1|+ |x̄2|, |x̄2|+ |x̄3|}. That is,

x̄1 +max{|x̄1|+ |x̄2|, |x̄2|+ |x̄3|} ≦ 1

λ =
1

2
x̄1 ≧ λ.
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Hence x̄1 = 1
2 , λ = 1

2 , x̄2 = 0, −1
2 ≦ x̄3 ≦ 1

2 . Thus
{︃(︃

1
2 0
0 x3

)︃
| − 1

2 ≦ x3 ≦ 1
2

}︃
is the solution

set of (CP).
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