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ABSTRACT. In this paper, we first introduce a viscosity iteration method for finding a common solution
of a countable family of quasi-variational inclusion problems, an equilibrium problem (for short, EP)
and a fixed-point problem of a nonexpansive mapping on Hadamard manifolds. Then, under some mild
conditions, we prove that the iterative sequence generated by the suggested algorithm converges to a
common solution. As applications, we utilize our main result to deal with the minimization problem
with EP constraint and the variational inequality problem with EP constraint on Hadamard manifolds,
respectively.
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1. INTRODUCTION

In the early 1960s, Hartman and Stampacchia [25] first introduced and considered variational in-
equalities, which have been extended and generalized in several directions for studying a wide class
of equilibrium problems arising in financial, economics, transportation, elasticity, optimization, pure
and applied sciences. This field is dynamic and is experiencing an explosive growth in both theory and
applications: as a consequence, within the period of past 20 years, a large number of results have been
established for the existence and algorithm study of variational inequalities, related optimization prob-
lems and related fixed-point problems; see, e.g., [4]-[20],[23, 26, 31, 32, 34, 40, 41] and the references
therein.

Suppose that C' is a nonempty subset of a Hadamard manifold M. Consider the following equilib-
rium problem (EP) of finding «* € C' such that

d(z*,y) >0 Vyel, (11)

where @ : C' x C — R (:= (—00, 00)) is an equilibrium bifunction. Calao et al. [22] first studied the
existence of an equilibrium point for the bifunction ®, and applied their results to solve mixed varia-
tional inequalities, fixed point problems and Nash equilibrium problems on M. Via Picard’s iteration
approach they designed an iterative algorithm for finding a solution of EP (1.1). Later, Wang et al. [37]
found out some gaps in the existence proof for mixed variational inequalities and the domain of the
resolvent involving EP (1.1) in [22].

Recently, Ansari et al. [2] and Al-Homidan et al. [1] investigated the problem of finding an element
x* € Fix(S) N (A + B)~'0, where S is a nonexpansive mapping, B is a maximal monotone vector
field and A is a continuous and monotone vector field on a Hadamard manifold M. They invented
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some Halpern-type and Mann-type iteration methods. Under some suitable conditions, they proved
the convergence of the sequences generated by the suggested algorithms to a common solution of the
fixed-point problem (FPP) of S and the variational inclusion problem (VIP) for A and B.

On the other hand, suppose that C' is a nonempty closed and bounded geodesic convex subset of a
Hadamard manifold M, T;I) : M — C is the resolvent of equilibrium bifunction ® for » > 0, and the
exp, ! is the inverse of the exponential map exp,, : T, M — M at z € M. Very recently, Chang et al.
[21] studied the problem of finding an element

N
r* € Q:=Fix(S) NEP(®) N ((")(Ai + B)10),

i=1
where Fix(.5) is the fixed-point set of a quasi-nonexpansive mapping S : C' — C, EP(®) is the set
of equilibrium points of ®, B : C' — 2TM is a maximal monotone vector field, 4; : C — TM is a
continuous and monotone vector field for ¢ = 1,..., N, and ﬂi\il(Ai + B)710 is the set of common
singularities of a system of quasi-variational inclusion problems. They suggested the following splitting
iterative algorithm, that is, for any given x¢ € C, {x,} is the sequence constructed by

u% = JABeprn(_)\Aixn)’ 1=1,2,..., N,

yn = Sulr withi, € {1,2,..., N} s.t. d(uin, z,) = lléliagjcvd(ua,xn), (1.2)

Tnt+l = expxnanexp;nl (TPyn) ¥n >0,

where {a,} C (0,1), a, = 1, 300 (1 — @) = 00, and JPexp;(—A4;) : C — M is the mapping
defined by B, A; and A > O fori = 1,2,..., N. Under some appropriate conditions they proved the
convergence of the sequence {x,} generated by (1.2) to an element z* € (.

Let C' be a nonempty closed and geodesic convex subset of a Hadamard manifold M, S : C — C be
a nonexpansive mapping, ® : C' x C' — R be an equilibrium bifunction, B : C' — 27" be a maximal
monotone vector field, and A; : C — T M be a continuous and monotone vector field for each 7 > 0.
Inspired and motivated by the above research works, we are devoted to studying the problem of finding

an element
o

r* € Q:=Fix(S) NEP(®) N ((")(4i + B)'0), (1.3)
i=0

where Fix(.S) is the fixed-point set of S, EP(®) is the set of equilibrium points of ®, and (72, (A; +
B)~'0 is the set of common singularities of a countable family of quasi-variational inclusion problems.
The purpose of this paper is to study the iterative algorithms for finding a solution of problem (1.3)
without the boundedness assumption of C. We suggest a viscosity iteration method and prove the
convergence of the sequence generalized by the designed algorithm to a solution of problem (1.3). As
applications, we utilize our main result to deal with the minimization problem with EP constraint and
the variational inequality problem with EP constraint on Hadamard manifolds, respectively. Our main

result improves, extends and develops Chang et al. [21, Theorem 3.1] in some aspects.

2. PRELIMINARIES

First of all, we recall some notations, definitions and basic properties on the geometry of manifolds,
which can be found in many introductory books on Riemannian and differential geometry (see, e.g.
[35]).

Let M be a finite dimensional differentiable manifold. Suppose that for x € M, T, M is the tan-
gent space of M at x, which is a vector space of the same dimension as M. We denote by TM =
Uzea TeM the tangent bundle of M, which is naturally a manifold. An inner product R(-,-) on
T, M is called a Riemannian metric on 7;;M. A tensor field R(, -) is said to be a Riemannian metric
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on M if for every x € M, the tensor R(-,-) is a Riemannian metric on 7, M. The corresponding
norm to the inner product R;(-,-) on T, M is denoted by || - ||;. We omit the subscript x if there is
no confusion. A differentiable manifold M endowed with a Riemannian metric R (-, ) is called a Rie-
mannian manifold. Let y : [0, 1] — M be a piecewise smooth curve joining z to y (i.e., 7(0) = = and
v(1) = y). Then the length of + is defined as

1
I(y) = /0 I/ (8)]dt.

The Riemannian distance d(z, y), which induces the original topology on M, is defined by the minimal
length over the set of all such curves joining z to y. A Riemannian manifold M is complete if, for any
x € M, all geodesics emanating from z are defined for all t € R := (—00, 00). A geodesic joining z to
y in M is known as a minimal geodesic if its length equals d(x, ). A Riemannian manifold M endowed
with Riemannian distance d is a metric space (M, d). By Hopf-Rinow Theorem [35], we know that, in
case M is complete, any pair of points in M can be joined by a minimal geodesic. Moreover, (M, d) is
a complete metric space and any bounded closed subsets are compact. Given a complete Riemannian
manifold M, we define the exponential map exp,, : T, M — M at x by

exp,v =Y(l,z) Yv e T,M,

where v(-) = 7, (+, ) is the geodesic starting from x with velocity v, i.e., 7, (0, z) = x and 7, (0, z) = v.
Then, exp,tv = 7,(t, z) for each real number ¢. It is clear that exp,,0 = ~,(0,2) = z, where 0 is the
zero tangent vector. It is worth mentioning that the exponential map exp,, is differentiable on 7, M
for each z € M.

A complete simply connected Riemannian manifold of nonpositive sectional curvature is called a
Hadamard Manifold. In the rest of this paper, unless otherwise specified, we always assume that M is
a finite dimensional Hadamard Manifold.

We recall the following fact. For any two points xz,y € M, we know from [35] that there exists a
unique normalized geodesic v : [0, 1] — M joining x = v(0) to y = 7(1), which is actually a minimal
geodesic denoted by

v(t) = exp,texp, 'y YVt € [0,1].
Moreover, for any sequence {x,,} C M satisfying x,, — ¢ € M, there hold the relationships:
exp;nly — exp;oly and exp;lxn — exp;lxo Yy € M.

Lemma 2.1. (see [33]). If A(u, v, w) is a geodesic triangle in a Hadamard manifold M, then there exist
o, v, w € R? such that

d(u,v) = [[u' =), d(v,w)=|]v/ —| and d(w,u)=|w" —u].

The triangle A(u/, v’, w') is called the comparison triangle of the geodesic triangle A(u, v, w), which
is unique up to isometry of M.

Lemma 2.2. (see [28]). Suppose that A(u, v, w) is a geodesic triangle in a Hadamard manifold M and
A(u' v w') is its comparison triangle.

(@) If o, B,y (resp., ', B',+') are the angles of A(u,v,w) (resp., A(u',v',w’)) at the vertices u, v, w
(resp., u', v’ w'), then the inequalities hold: o/ > «, 8’ > 8 and ' > ~.

(b) Let x be a point on the geodesic joining u tov and x’ be its comparison point in the interval [u', v'].
Ifd(z,u) = ||z’ — || and d(z,v) = ||z’ — V'||. Then, d(z,w) < ||z’ — w']|.

We present comparison theorem for triangles in the setting of Hadamard manifolds.

Proposition 2.3. (Comparison theorem for triangle [35, Proposition 4.5]). Suppose that A(p1,p2, p3)
is a geodesic triangle on a Hadamard manifold M. For each i = 1,2,3 (mod 3), v; : [0,l;] — M is
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the geodesic joining p; to p;y1 and set l; = {;(7;) and o; == Z(v}(0), —7,_1(li—1)) (the angle between
74(0) and —~,_{(l;—1)). Then, (i) a1 + a2 + a3 < m, (i) 2 + l?+1 — 211 cos iy < 12 4, and (iii)
liv1cosayio +lijcosa; > liyo.

The conclusion (ii) in the above Proposition 2.3 can be written according to Riemannian distance and
exponential map since

d*(pi, pit1) + d*(piy1, piva) — 2R(exp, i, expy,t piv2) < d(pio1, i),
where
R(exp,,} pirexpy,t piva) = d(pi pit1)d(pit1, Pita) cos ait1.

It is easy to check that the following lemma is valid.
Lemma 2.4. (i) Ify : [0,1] — M is a geodesic joining x toy, then we have
d(y(t1),v(t2)) = [t1 — ta|d(z,y) Vt1,t2 € [0,1].

(From now on d(z,y) indicates the Riemannian distance).
(ii) For any x,y, z,u,w € M andt € [0, 1], the following inequalities hold:

d(exp texp, 'y, z) < (1 - t)d(z, 2) + td(y, 2);
d?(exp texpy ty, 2) < (1 —t)d*(z, 2) + td*(y, 2) — t(1 — t)d?(z, y);
d(exp,texpy 1y, exp,texpy, fw) < (1 — t)d(z,u) + td(y, w). (2.1)
A subset C' C M is said to be geodesic convex if for every z,y € C, the geodesic joining z to y
lies in C'. The geodesic convex hull of a subset D C M is the smallest geodesic convex subset of M
containing D, and denoted by co(D).
In what follows, unless otherwise specified, we always assume that C' is a nonempty, closed and

geodesic convex set in a Hadamard manifold M and Fix(S) is the fixed point set of a mapping S. The
metric projection onto C, denoted by Pg, is defined by

Po(x)={z€C :d(z,z) < d(z,y)Vy € C} Vxe M.

It is known from [38] that for any x € M, Pc(x) is a singleton set, and the following characterization
inequality of the projection Pc holds:

R(exp;é(x)x,exp;é(m)y) <0 vyedC.

A function f : C — R U {400} = (—00, 0] is said to be geodesic convex if, for any geodesic
v(t) (0 <t < 1) joining x,y € C, the function f o v is convex, i.e.,

fFOy@) <tf(v(0) + (1 =) f(v(1)) = tf(x) + (1 =) f(y)-

A mapping S : C' — C is said to be
(i) contractive if there exists a constant k € (0, 1) such that

d(Sz,Sy) < kd(z,y) Vz,yeC

(in particular, if £ = 1, then S is said to be nonexpansive);
(ii) quasi-nonexpansive if Fix(S) # () and

d(Sz,p) < d(x,p) VreC, peFix(S);
(iii) firmly nonexpansive (see [29]) if for all x,y € C, the function ¢ : [0, 1] — [0, co] defined by
H(t) := d(exp,texp, ' St, expytexpyley) vt € 10, 1]

is nonincreasing.
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Proposition 2.5. (see [29]). Let S : C' — C be a mapping. Then the following statements are equivalent:
(i) S is firmly nonexpansive;
(ii) forallz,y € C andt € [0, 1]

d(Sz, Sy) < d(exp,texp, 'Sz, expytexpyley); (2.2)
(iii) forallx,y € C
R(expg, Sy, expg, ) + R(expgyle, expgjy) <0.

Lemma 2.6. (see [21]). IfS : C — C is a firmly nonexpansive mapping and Fix(S) # (), then for any
x € C and p € Fix(9), the following inequality holds:

d2(5$,p) < d2(l‘,p) - d2(Sl’, l‘)
From (2.1) and (2.2), it is easy to check that if Fix(S) # (), then the following implications hold:
S is firmly nonexpansive = S is nonexpansive = .S is quasinonexpansive.

However, the converse is not true.

Definition 2.7. A mapping S : C' — C is said to be demiclosed at zero if for any sequence {z,,} C C
with z,, — z* € C and d(z,,, Sx,,) — 0, then z* € Fix(S).

Next, we use {2(M) to indicate the set of all single-valued vector fields A : M — T M such that
Az € TyM for all z € D(A), where D(A) denotes the domain of A defined by

D(A) ={z e M : Az € T, M}.

Denote by X'(M) the set of all set-valued vector fields B : M — 27M such that Bz C T, M for all
x € D(B), where D(B) denotes the domain of B defined by D(B) = {z € M : Bz # (}.

Definition 2.8. (see [24]). (i) A single-valued vector field A € 2(M) is said to be monotone if
R(Az,exp, 'y) < R(Ay, —exp;lx) Ve,y € M.

(ii) A set-valued vector field B € X' (M) is said to be
(a) monotone if for any x,y € D(B)

R(u,exp;'y) < R(v, —expy_lw) Yu € Bz, v € By;
(b) maximal monotone if it is monotone and for given z € D(B) and u € T, M, the condition
R(u,exp, 'y) < R(v, —exp, 'z) Vy € D(B), v By

implies v € Bz.
(iii) For given A > 0, the resolvent of B for A > 0 is a set-valued mapping J& : M — 2TM defined
by
JP(x):={zeM:zcexp A\Bz} Vze M.

The following result states that the resolvent .J /{9 of B is single-valued if B is monotone.

Proposition 2.9. (see [29]). A set-valued vector field B € X (M) is monotone if and only if JP is
single-valued and firmly nonexpansive for all A > 0.

Lemma 2.10. (see[1]). Let B : C' — 27M be a maximal monotone set-valued vector field on a nonempty
closed subset C' of M. Let {\,} C (0,00) be a positive sequence with lim,_soc A\, = A > 0 and a
sequence {x,,} C C withlim,,_,o x, = x € C such that lim,,_, an () =y. Then, y = Jf(aﬁ).
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Lemma 2.11. (see [2]). Let A € §2(M) be a single-valued monotone vector field, B € X (M) be a
set-valued maximal monotone vector field. For any x € M, the following assertions are equivalent:

(i)x € (A+ B)~10;

(i) v = JP (exp,(—AAz)) VA > 0.

Calao et al. [22] introduced the concept of the resolvent of a bifunction on a Hadamard manifold M.
Suppose that C'is a nonempty closed geodesic convex set of M and ® : C x C — R (:= (—00,0))
is a bifunction. The resolvent of a bifunction ® is a multivalued operator 7> : M — 2¢ such that

r

1
T®(z)={z€C:®(z,y) — ;R(expz_lm,expzly) >0VyeC} VeeM.

Lemma 2.12. (see [22, 37]). Assume that ® : C' x C' — R is a bifunction satisfying the following
conditions:

(A1) ®(z,z) =0Vx € C;

(A2) (x,y) + P(y,z) < 0Vx,y € C, ie, P is monotone;

(A3) x — ®(z,y) is upper semicontinuous for eachy € C;

(A4) y — D(x,y) is geodesic convex and lower semicontinuous for each x € C;

(A5) there exists a compact set D C M such that

x€C\D = 3Jye Cn Dsuchthat &(z,y) < 0.

Then for any r > 0, the following conclusions hold:
(i) the resolvent T is nonempty and single-valued;
(ii) the resolvent T)® is firmly nonexpansive;
(iii) Fix(T)®) = EP(®), i.e., the fixed point set of T is the equilibrium point set of ®;
(iv) the equilibrium point set EP(®) is closed and geodesic convex.

We now present an important result, which will be used in the sequel. Via adopting the inference
technique in Aoyama et al. [3], we demonstrate it.

Lemma 2.13. Let A, : C — TM be a single-valued, continuous and monotone vector field for each
n > 0. Suppose that > 7 | sup{d(Apz, An_1z) : © € C} < oo. Then for eachx € C, {A,x} con-
verges to some point of C'. Moreover, let A be a mapping of C' into M defined by Ax = limy, o, Apx
forallz € C. Then A : C — TM is a single-valued, continuous and monotone vector field and
lim,, o0 sup{d(Az, Apz) : x € C} = 0.

Proof. First of all, we show that for each z € C, {A,,z} converges to some point of C. In fact, since
oo sup{d(Apz, A1) : & € C} < 00, we know that for any given £ > 0, there exists a positive
integer N > 1 such that the following inequality holds:

m—1

Z sup{d(A;41z,A;x) :x € C} <e ¥Ym>n> N.

=n

This immediately implies that for each z € C

m—1
d(Apz, Anz) < Z d(Aip1z, Ajx)
= (2.3)

m—1
< Z sup{d(Ajy1z,Aix) :x € C} <e ¥Ym >n> N.
i=n
So it follows that for each x € C, the sequence { A,z } is a Cauchy sequence in M. Because Hadamard
manifold M is a complete metric space, we deduce that { A,z } converges to some point of C.
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Next we show that if A is the single-valued vector field of C' into T M defined by
Ar = lim A,xVz € C,

n—oo
then lim sup{d(Ax,A,x):z € C} =0.
n—oo
Indeed, taking the limit in (2.3) as m — ©0, we obtain that for each x € C

d(Ax, Apz) = li_r>n d(Apz, Apx)

m—1
< n%gnoo : d(AiJrll’, All')
m—1
< n}gnooz sup{d(A;y1z,Aix) :x € C} <e ¥Yn> N,
which hence yields
sup{d(Az, Apx) 2 € C} <e Vn> N. (2.4)

Taking into account that the positive number € > 0 is independent on each z € C, we conclude from
(2.4) that

li_>m sup{d(Ax, A,x):x € C} =0.

Since A, : C — T'M is a single-valued, continuous and monotone vector field for each n > 0, we
infer that A : C' — T'M is also a single-valued, continuous and monotone vector field. g

It is easy to check that the following lemma is true.

Lemma 2.14. IfS : C' — C'is a nonexpansive mapping, then S is demiclosed at zero, i.e., for any sequence
{zp} C C withx, — z* € C and d(xy, Sxy) — 0, one has z* € Fix(95).

Remark 2.15. It was proven in [1, Page 631] that the fixed point set Fix(S) of each nonexpansive
mapping S : C' — C'is closed and geodesic convex.

3. ALGORITHMS AND CONVERGENCE CRITERIA

In this section, we always assume the following conditions:

M is a finite dimensional Hadamard manifold and C' is a nonempty closed geodesic convex subset
of M, f : C' — C is a contraction with coefficient 6 € (0,1) and S is a nonexpansive self-mapping on
C;

B : C — 2TM i a set-valued maximal monotone vector field, A4; : C — TM is a single-valued,
continuous and monotone vector field for each i > 0, and JZ (exp;(—A4;)) : C — M is the mapping
defined by B, A; and A > 0 for each i > 0;

Yoneysup{d(A,z, Ap_1x) : © € D} < oo for any bounded subset D of C, A is a mapping on C
defined by Az := lim,,_,c0 Apx Vz € C such that (A + B)7'0 = N2, (A, + B)~!0;

® : C' x C — R is a bifunction satisfying the conditions (A1)-(A5) in Lemma 2.12 and T)¥ : M — C
is the resolvent of ® for r € (0, 00) such that Fix(T}* o S) = Fix(S) N Fix(T,?);

Q := Fix(S) NEP(®) N (N2, (A4; + B)~10) # 0, and there exist constants p € [0,1) and x,£ > 0
such that

d(exp, (=AUz), exp, (=uVy)) < (1 = p)d(z,y) + KA — p| + £d(Uy, Vy) (3.1)
forallz,y € C,U,V € {A; :i>0}and A\, € [\, A] C (0, 00).
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Lemma 3.1. (see [1, Lemma 4.4]). Let B : C — 27 be a set-valued monotone vector field on C. Then,
forpu > 0andn > 0,

|
(T, (u), Iy (u)) < ’M’d(u, JB(u) VuecC.
Lemma 3.2. The set Q) is nonempty, closed and geodesic convex in M, where ) := Fix(S) N EP(®) N

(NZo(Ai + B)710) # 0.

Proof. By Lemma 2.12 we know that 7% is firmly nonexpansive with Fix(T/*) = EP(®) for r > 0.
Since J )]\3 is firmly nonexpansive (due to Proposition 2.9), this together with assumption (3.1), ensures
that JZ (exp;(—AA;)) is nonexpansive for each A € [A,A] and i > 0. By Lemma 2.11 we get (A; +
B)710 = Fix(JP(exp;(—AA4;))) for each i > 0. So, it follows from Remark 2.15 that EP(®) and
(A; + B)710 are closed and geodesic convex in M for each i > 0. Thus, €2 is nonempty, closed and
geodesic convex in M. This completes the proof. g

Lemma 3.3. (see [39]). Let {a,} be a sequence of nonnegative real numbers such that a,11 < (1 —
an)an + anfp Yn > 0 where {a,} C [0,1] and {$,} C R such that (i) > >" o, = 00, and (ii)
limsup,, o Bn < 00rd 02 an|Bn| < 00. Then lim,, o a,, = 0.

It is easy to see that for any =,y € R"™ and A € [0, 1],
Az + (1= Nyl = Al + (1 = Nyl = A1 =Nz - y]*.
Theorem 3.4. Choose arbitrary xo € C and define the sequences {z,}, {u,} and {y,} as follows:

Uy = Jﬁexpxn(—AnAnxn),
Yn = Stn, (3.2)
Tnt1 = XPy(a,) (L= an)exppe,  (Tya)  Vn >0,

(zn
where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
(1) limy o0 0y = 0, >0 oy =00 and Y 7 |an — 1| < 00;
(i) 02, Pesetl < oo
Then x,, — x* € Q < d(xp,u,) — 0 where z* = Po f(z*).

Proof. By Lemma 3.2, we know that () is a nonempty closed geodesic convex set in M where (2 :=
Fix(S) N EP(®) N (N2y(A4; + B)7'0) # 0. Since f : C — C is a contraction, the composite
mapping Poo f : C'— C'is also a contraction. By the Banach contraction mapping principle, we know
that there exists a unique fixed point z* of Pqf in C, that is, z* = Pqo f(z*). This together with the
characterization inequality of the projection Pq, implies that * € (2 satisfies

R(exp,d f(x*),explw) <0 Vw € Q. (3.3)

By Lemma 2.12 we know that 7/ is firmly nonexpansive, and hence nonexpansive. Since .J fi is firmly
nonexpansive (due to Proposition 2.9), this together with assumption (3.1), implies that
J{ (expr(—AnA4;)) is nonexpansive for each i > 0 and A, € [\, A]. Noticing Y 77
and {\,} C [\, A] C (0, c0), we may assume, without loss of generality, that lim,, oo Ay = A* € [A, A
In order to show that z, — z* € Q < d(zp,u,) — 0, where z* = Pqf(z"), we shall prove
that the necessity and sufficiency hold, respectively. We first claim that the necessity is valid. Indeed,
suppose that z,, — 2* € Q = Fix(S) NEP(®) N (N2, (A; + B)710). Then z* = Sa*, 2* = T22*
(due to Lemma 2.12) and x* = J/{Bn (exp,« (—A\pAnz™)) Vn > 0 (due to Lemma 2.11). Hence, for each
n > 0, using (3.2) and the nonexpansivity of .J /{Bn (exp;(—AnAp)), we obtain

d(up,x*) = d(Jﬁ (expmn(f)\nAn:cn)), an (expy« (—AnAnz™))) < d(zp, z¥). (3.4)
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So, from (3.4) and x,, — z*, it follows that
d(Un, ) < d(up,z*) +d(z*, x,) < 2d(z",2,) >0 (0 — 00).

Next we show that the sufficiency is also valid. To the aim, we assume lim,, o d(zy, y,) = 0 and
divide the rest of the proof into several steps.

Step 1. We claim that the sequences {z,,}, {yn}, {exp,, (—AnAnzn)}52 0, {Sus} and {T}Fy,,} all
are bounded in C.

Indeed, take a fixed p € 2 = Fix(S) NEP(®) N (N2 (A; + B)~10) arbitrarily. Thenp = Sp, p =
T®pandp = J /{Bn (exp,(=AnAnp)) ¥n > 0 (due to Lemma 2.11. Using (3.2), the nonexpansivity of S
and the nonexpansivity of J )i (expr(—AnAy)), we obtain

d(up,p) = d(in (expxn(—)\nAnacn))7 an (expp(—)\nAnp))) < d(xn,p) Vn >0,

and hence
d(Yn,p) = d(Stn,p) < d(un,p) < d(zn,p). (3.5)
Using (3.2) and Lemma 2.4(ii), we deduce from the nonexpansivity of /¥ that

d(CEn_H,p) d(epr(:cn)(l an)epr(zn)(Tréyn%p)

< Oznd(f(xn) p) (1 - an)d(TT(pyT“p)

< opld(f(zn), f(p)) +d(f(p),p)] + (1 — an)d(yn, p)
< anléd(zn,p) +d(f(p),p)] + (1 — an)d(xn,p)

= [1_0%(1 _6)]d<mn7p)+an<1 )({(f)(;p)

< max{d(zn,p), dif(p )5 )}

By induction, we get

d
np) < max{d(ao, p), “TLy — K v 0
This implies that {z,,} is bounded. Also from (3.5), we have d(y,,p) < d(z,,p) < K, which hence
implies that {y,, } is bounded. Further, we have
(T yn,p) < dyn,p) < K,

which implies that {T)*y,, } is bounded. Let us show that {exp, (—A,A,zy)}is bounded. In fact, from
(3.1) we obtain that for all m,n > 0

d(exp, (—AAnz), expy (—pAmy)) < (1 — p)d(z,y) + KA — p| + Ed(Any, Any) Vz,y € C.
Taking the limit as m — oo, we have

d(expy (—AAnz), exp, (—pAy)) < (1 — p)d(z,y) + KA — p| + Ed(Any, Ay) Yo,y € C. (3.6)
So it follows from Lemma 2.13 that
d(exp,, (—AnAnty), exp,, (—A*Ax,))
(1 = p)Yd(xn, ) + KAy — X¥| + Ed(Apxn, Axy)
Kl p — X + &€d(Anxn, Axy) - 0 (n — 00).

Also, taking the limit as n — oo, we obtain from (3.6) that

d(exp, (—AAz), exp, (—pdy)) < (1 — p)d(z,y) + &[A —p| Vz,y € C. (3.7)
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This implies that exp;(—A*A) is nonexpansive. Hence, from the boundedness of {z,}, we know that
{exp,, (=A*Ax,)} is bounded. Consequently, {exp, (—A,Azy)} is bounded.

Step 2. We claim that lim,,_,oc d(Zp+1,%,) = 0. Indeed, from the nonexpansivity of each J fi and
Lemma 3.1, we obtain that for each n > 1,

d(Jy, (vn), 5, (vn-1))
< d(JX, (vn), I%,_, (vn) +d(T5 _ (0a), I%,_, (Un-1))
[An

.
20 0, I, (0) + i, v0),

d(una unfl)

IN

where v, := exp, (=AnAnz,) Vn > 0. This together with assumption (3.1), implies that for each
n>1,

d(vn,vn—1) = d(exp,, (—A\nAnTyn),exp,  (—A—14n_12n-1))
< (1 - P)d(ﬂfn, xn—l) + H’An - )\n—1| + Ed(Anxn—la An—lxn—l)y

and hence
d(yn7yn—1) = d(Su’mSUn—l) < d(unyun—l)

An — An—
= |)\1‘d(vn7 J)\B; (Un)) + d(’Un, 'Unfl)
An — An—
< P 2otly,, g8 () + (- p)d(en, 0 )

_Hi’)\n - )\n—1| + fd(Anxn—la An—lxn—l)

with constants p € [0,1) and x,£ > 0. From Step 1, we know that {u,,} and {v,, } are bounded. Thus,
there exists a constant K1 > 0 such that

d(vp, Jﬁ(vn)) = d(vp, up) < Kj.

From the last two inequalities, we get

)\n - An—l
Po = Anztl ey 78 (0,))

d(ynvynfl) < d(wnyxnfl) + /‘€|)\n - )\n71| + b\

+ &d(Anxn_1, Ap_12Tp_
el 1 An-1Zn-1) - (3.8)
< d(l‘n’xn—l) + K|>\n - )\n—1| + = —

+ ‘Sd(An-xn—ly An—lxn—l)-
Since {z, } is bounded, we have
d(@n, Tn-1) < d(zn,p) + d(zn-1,p) < 2K,

and because {yy, } is bounded, we have

d(f(xn), T yn) < d(f(xn),p) + (T yn, p)
d(f(xn), f(p)) +d(f(p);p) + d(Yn,p) (3.9)

p)
 f(
6d(xn,p) +d(f(p),p) + d(zn, p) < 3K.

IN NN
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Using (3.2) and Lemma 2.4 we infer from (3.8) and (3.9) that
d(zny1,7n)
= d(exp (g, (1 = an)expyly (1Y), exp e, (1 — an—1)expyl (TP ya-1))
< d(expp(z,) (1 — an)exp i, (T Yn), exPp(a, ) (1 — an)expr, (T Yn-1))
+ d(expy(g, (1 — an)eXP;(znfl)(T?yn—l)a eXPy(z,_,)(1 — Oénfl)eXP;(lmnfl)(T?yn—l))
< ad(f(zn), f(@n-1)) + (L = an)d(T Yo, T Y1)
+d(expy(y, (1 — an)exp;(lmnil)(Tf)yn_l), eXp f(z, 1) (1 — an_l)exp;(lznil)(Tf’yn_l))

(3.10)
< ap6d(Tn, Tn-1) + (1 — ) d(Yn, Yn-1) + lan — an—1|d(f (@n-1), T yn-1)
)\TL - An—
stmnad(xn,wn1)4—(1—-an)kﬂwn7xn1)*-“an“*n1'*“Alkﬁ

+ gd(Anwn—la An—1$n—1)] + |an - O471—1‘3I<

An — An—
< []. — Oén(l — (S)]d(.’ﬂn,fﬁn_l) + K/‘)\n — )\n—l’ + |)\1|K1

+ £d(An$n—17 An—lxn—l) + ‘an - an—1|3K-

Since {\,} C [A,A] C (0,00) and 32, w < 00, we obtain

= i — A
ZMM—MM+L——Jﬁm<w
n=1 )\n

So, from Y > | | — 1| < occand 7 | d(Apzp_1, An_12p—1) < oo it follows that

= A — A
Z{Hp\n - )\n71| + ‘)\I‘Kl + §d(x4n33n—1, Anfl-fnfl) + |an - an71|3K} < 00.
n=1 n

Therefore, from {a,(1 — 6)} C [0,1] and Y .7 | o (1 — §) = oo, applying Lemma 3.3 to (3.10) we
conclude that
li_)m d(xpy1,2n) = 0.

Step 3. We claim that lim,, 0 d(un, T 0 Su,) = 0 where Fix(T)® 0 ) = Fix(SoT.?) = Fix(S) N
EP(®). Indeed, from lim,,_,» vy, = 0, it follows that o, € (0,1 — 9] Vn > ng for some integer ng > 0.
Also, from (3.2) we get

Tnt1 = €XPy(y,) (1 — an)exp;(lwn)(Tf’ o Stuy).
This together with Lemma 2.4(ii), implies that
d(T? 0 Sup,un) < d(T 0 Stn, Zpi1) + d(Tng1, tn)

d(T?® o Suy, eXP (g, (1 — ozn)expji(lggn)(T;ID o Sup)) + d(Tni1, un)
and(TE o Sy, f(x,)) + (1 — a)d(T2 0 S, T2 0 Suy) + d(xpy1, un)
anld(TE o Stp, un) + d(tn, 1) + d(zp, f(2))] + d(Tni1, un)
and(TE 0 Stp, up) + d(tn, ) + and(@n, f(@0)) + d(Tns1, un),
Noticing {ay, }n>n, C (0,1 — 0], we obtain that for all n > ng

Sd(TE o Sup,up) = (1= (1=08)d(T® o Sup,uy) < (1 — an)d(T® o Sup, uy,)
d(Un, Tn) + and(xp, f(22)) + d(Tpi1, un)
2d(zp, un) + and(xp, f(xn)) + d(Tpt1, Tn)-

INIA A

<
<
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Since § € (0,1), d(zpn,un) — 0, and(zn, f(x,)) — 0and d(xy41, z,) — 0, we have
lim d(T® o Suy,u,) = 0. (3.11)

n—oo
Note that
d(T? o Sz, 1) d(T® 0 Sz, T2 0 Sup) + d(T2 0 Sty un) + d(tin, )
A(xp, up) + AT 0 Stp, uy) + d(un, )
= 2d(2pn, un) + d(T 0 Sty uy).
Thus, from d(z,, u,) — 0 and (3.11) we get

lim d(T® o Sz, ,) = 0. (3.12)
n—oo

<
<

Step 4. We claim that 0 # w({z,}) C Q = Fix(S) N EP(®) N (N:2,(4; + B)~10), where
w({zn}) = {w € C: z,, — wforsome {n;} C {n}}. Since {,} is bounded and C is closed, we
obtain w({xy}) # (. Take an arbitrary w € w({z,}). Then there exists a subsequence {n;} of {n}
such that z,,; — w as j — co. We now claim that w € Q = Fix(S) N EP(®) N (2, (4; + B)10).
We first show that w € (;2,(A; + B)7!0. Indeed, we define u* = JP(exp,,(—A*Aw)) and u}, =
JE (exp,, (—A*Azy)) foreachn > 0. Since A, — A* € [\, A], d(un, zn) — 0and d(A,zp, Azy) — 0
(due to Lemma 2.13, from (3.6) we obtain that for alln > 0

d(uy,zy) = d(Jﬁ(eXpmn(—/\*Axn)),xn)

d(an (expy, (—A"Azy)), J)i (expg, (—AnAnzn))) + d(J)i (expy, (= AnAnzn)), Tn)
d(exp,, (=" Axy),exp, (—A\Anzy)) + d(un, ,)

KA — X 4+ &€d(Anxn, Axy) + d(up, 2,) = 0 (n — 00).

IN N IN

Let us show d(exp,, (—A"Axy;),exp,(—A*Aw)) — 0as j — oo. In terms of (3.7), we deduce that
J
d(expznj (—)\*A:cnj),expw(—)\*Aw)) < d(aznj,w) =0 (j— o0).
This together with Lemma 2.10, ensures that
0 = lim d(zy,,uy,)
j—o0 J
= lim lim d(a:nj,J,{Bn_(expxn_(—)\*A:cnj)))
j—r00j—00 J J
— d(w, JE (expy (~X"Aw))).

Thus, w = JE (exp,,(—A*Aw)). By Lemma 2.11 we have w € (A + B)~10, and hence w € (4 +
B)710 = N2, (A+ B;)~10. Also, by Lemma 2.12 we know that 7* is firmly nonexpansive, and hence
nonexpansive. Thus, ¥ o S : C' — C is nonexpansive. Using Lemma 2.14, we know that 7> 0 S :
C — C is demiclosed at zero. Note that d(z,,, T.¥ o Sz,) — 0 (due to (3.12)) and Tp; — w (j — 00).
So the demiclosedness of T)¥ o S at zero guarantees w € Fix(T.? o S) = Fix(S) N EP(®). Therefore,
w € Q = Fix(S) NEP(®) N (N2, (A4i + B)~10). Since w is an arbitrary element in w({z,,}), we have

oo

w({zn}) C Q@ =Fix(S) NEP(®) N ((")(4i + B)~'0).

=0
Step 5. We claim that z,, — 2* € Q = Fix(S)NEP(®)N (N2, (A;+ B)~'0) where 2* = Py f(z*).
Indeed, by Step 1, {T}* o Su,,} is bounded, and hence {R(exp. f(z*), exp ! T;¥ o Su,,)} is bounded.
Thus, its superior limit exists. So, we can choose a subsequence {T" o Suy, } of {T;* o Suy} such that

lim sup R(exp,.! f(2*), exp T o Suy,) = lim R(exp,. f(z*), exp i T2 o Sty ). (3.13)
j—00

n—oo
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As in Step 4, we may assume that x,; — w € Qas j — oo. Hence, by using d(zy,u,) — 0 and
d(T?® o Sup, u,) — 0 (due to (3.11)), we deduce that 7% o Sup; — w as j — oo. Therefore, from (3.3)
we obtain

lim R(exp,: f(z*),exp, T o Suy,;) = R(exp,. f(z*), explw) <0,

]—}OO

which together with (3.13), yields

lim sup R(exp,. f(z*), exp i T, o Su,) < 0. (3.14)
n—oo
Now, we define w,, := expf(m*)(l )expf(x*) o Suy, for each n > 0. Then it follows from (3.4)

and Lemma 2.4(ii) that

d(wy, z*) = d(exps(py(1 = an)expy T 0 Suy, z*)
< and(f(z"),2%) + (1 — an)d (T(I> 0 Stp, ") (3.15)
< apd(f(2%), 2%) 4+ (1 — an)d(un, z7)
< ond(f(27),2") + (1 — an)d(zn, z7).

Next, we fix n > 0 and set u = z*, v = f(2*) and ¢ = T o Su,,. Then we have w, = exp, (1 —
a,)exp, 1q. Consider a geodesic triangle A(v,u,q) and its comparison triangle A(v', 4/, q"). Then,
from Lemma 2.1 we get

d(v,u) = |/ = /|| and d(T® o Suy,u) = d(q,u) = ||¢ — ]

Moreover, the comparison point of wy, is w], = a,v' + (1 — @, )q’. Let 3 and 3’ be the angles at ¢ and
¢, respectively. Then, 8 < (3’ by Lemma 2.2(a), and so cos 8’ < cos 3. Hence, by Lemma 2.2(b) we
obtain
d?(wy, z*) = dQ(expf(x*)(l — an)exp;(lx*)Tf’ o Stp, ")

= d*(exp, (1 — an)expy g, u) = [lan (v —u') + (1 = an)(¢ — /)|

= apllv = [ + (1= an)?lg" = /| + 200 (1 — )| = u'[[|¢" — o' cos B’

< 2d*(v,u) + (1 — an)?d?(q, u) + 20, (1 — ay,)d(v, u)d(g, u) cos B (3.16)

= and®(v,u) + (1 — an)?d*(q, u) + 205 (1 — an) R (expy v, expy 'q)

= apd®(f(a*),2*) + (1 — a)?d* (T} © Suy, *)

+ 200, (1 — a)R(exp it f (%), exp i T o Suy,).

Also, using (3.2) and Lemma 2.4(ii), we have

d*(nt1,2") < [d(@nt1,wn) + d(wn, 7))
= {d(expy(y,)(1 = an)e><pj7(1M)quI> 0 S, €XP f(ze) (1 — an)exp;(lz*)T? 0 Suy) + d(wn, 2*)}?
<Aand(f(zn), f(x*) + (1 = an)d(T® o Sup, T o Suy) + d(w,, *)}?
= [ond(f(z). () + d(wn, 2")]? 17
= apd®(f(zn), f(2")) + d*(wn, ) + 205d(f(xn), f(2"))d(wn, &*).
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Therefore, combining (3.15), (3.16) and (3.17) guarantees that
d*(nt1,2%) < afd?(f(an), [(2*)) + d*(wp, %) + 200d(f (), f(2"))d(wn, 2¥)
< and®(f(zn), f(2")) + and®(f(z*),2") + (1 = ap)?d* (T, © Suy, )
+ 200, (1 — o) R(exp, f (%), exp i T o Sup) + 20nd(f(20), f(z*))
X lond(f(z"),2") + (1 — ap)d(zp, z")]
< and®(f(zn), f(a%)) + and®(f(z*), &) + (1 = 200)d* (wn, ) + afd? (2, )
+ 200, (1 — o) R(exp, f (%), exp i T2 o Suy) + 2025d (w0, x*)d(f(z*), ™)
+ 20,0d%(xp, ¥)
= [1 =20 (1 = O))d*(xn, %) + ap[d®(f (xn), f(27)) + d*(f(2*), 2") + d*(zp, )
+ 26d(xp, %) d(f (2*), 2%)] + 200 (1 — ) R(exp,t f(x*), exp, “IT? 6 Suy,)
~ 1= 21 = 00, 2%) + 200(1 = O} (o). Fa™) + (7))
1—-oa,
1-0
Since v, — 0 and § € (0, 1), there exists an integer n, > 0 such that {2a,(1 — §)}n>n, C (0,1].

Noticing » 2 o, = 00, we know that ) ° (2a,(1 — §) = oo. From (3.14), a;, — 0 and the
boundedness of {x,}, {f(zy)}, it is easy to see that

hmsup{%(s)[dz(f(fﬁn)vf(x*))+d2(f(90) &) + d*(an, )

* * * 1— Qn

28, ")/ (o), )] +
Consequently, applying Lemma 3.3 to (3.18) we deduce that

lim d(z,,2") =0.

n—oo

(3.18)

+ d* (2, %) + 28d (2, %) d( f(2¥), 2%)] +

R(exp,t f(*),expt T o Suy)}.

R(exp, f(x*), expt T2 o Suy)} < 0.

r

This completes the proof. g

Remark 3.5. Compared with Theorem 3.1 in Chang et al. [21], our Theorem 3.4 improves, extends and
develops it in the following aspects.

(i) The problem of finding an element of Fix(S) NEP(®)N (ﬂfv 1(A;+ B)710) in [21] is extended to
develop our problem of finding an element of Fix(S) N EP(®) N (5, Fix(S;)) where B : C — 2TM
is a set-valued maximal monotone vector field and A; : C — T'M is a single-valued, continuous and
monotone vector field for each 7 > 0.

(if) The boundedness assumption of the nonempty closed and geodesic convex subset C C M in
[21, Theorem 3.1], is dropped by our Theorem 3.4, and there is only the assumption of the nonempty
closed and geodesic convex subset C' C M in our Theorem 3.4.

(iii) Because M is diffeomorphic to an Euclidean space R™, M has the same topology and differential
structure as R"". Moreover, Hadamard manifolds and Euclidean spaces have some similar geometrical
properties. Therefore, the convergence statement of the sequence {x,} in our Theorem 3.4 is more
general.

(iv) The splitting iterative algorithm in [21, Theorem 3.1] is extended to develop the viscosity iteration
method in our Theorem 3.4, that is, the iterative steps uf, = erxpmn(f)\Aixn), t=1,2,..,N,y, =
Suir withi, € {1,2,..., N} s.t.d(ulr, z,) = maxi<j<n d(ul, ), and &, 11 = exp,, anexpy (T Fyy)
in [21, Theorem 3.1], are extended to develop the ones u,, = Jﬁexpxn(—)\nAn:z:n), Yn = Suy,, and
Tpt1 = €XPy(y,) (1 — an)exp;(lzn) (T'®y,,) in our Theorem 3.4, respectively.
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Next we give some special cases of Theorem 3.4.

If in Theorem 3.4, we put A,, = A : C — TM a single-valued, continuous and monotone vector
field for each n > 0, then by Theorem 3.4 we obtain the following convergence result for finding an
element z* € Q = Fix(S) NEP(®) N (A + B)~10 # 0.

Corollary 3.6. Choose arbitrary o € C and define the sequences {xy}, {un} and {y,} as follows:

Uy = inexpm”(—)\nAwn),
Yn = Sum
Tny1 = XDy (1 — an)expjf(lxn)(Tf’yn) Vn > 0,

where {a,} C (0,1) and {\,} C [A,A] C (0, 00) such that
() limy, o0 0y = 0, Y07 oy =00 and Y7 |y, — ap—1| < 00;
(i) 302y Podntl < o,

Then z, — z* € Q & d(xy,,un) — 0 where x* = Pqf(z").

Ifin Corollary 3.6, we put S = I the identity map on C|, then by Corollary 3.6 we derive the following
convergence result for finding an element z* € Q = EP(®) N (A + B)~10 # 0.

Corollary 3.7. Choose arbitrary xo € C and define the sequences {x,,} and {u,} as follows:

Uy = Jﬁexpxn(—)\nAxn),
Tn+1 = expf(xn)(l - an)exp;(lxn)(vabun) Vn >0,

where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
() limy, 00 @, = 0, > 07 jay =00 and Y 7 |oy, — 1] < 00;
(i) ooy Pt < oo

Then x,, — x* € Q < d(xp,u,) — 0 where z* = Po f(z*).

If in Corollary 3.6, we put ®(x,y) = 0 on C' x C, then by Corollary 3.6 we obtain the following
convergence result for finding an element * € Q = Fix(S) N (A + B)~10 # 0.

Corollary 3.8. Choose arbitrary xy € C and define the sequences {x,,} and {u,} as follows:

Up = Jﬁexpzn(—)\nAa:n),
Tpal = expf(wn)(l — an)exp;épn)(Sun) VYn >0,

where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
() limy o0 0, = 0, Y07 oy =00 and Y7 oy, — ap—1] < 00;
(i) 302y Podnmtl < o,

Then z, — z* € Q < d(xy,,un) — 0 where x* = Pqof(z").

4. APPLICATIONS

4.1. Minimization problems on Hadamard manifolds. Let g : M — RU{+00} be a proper lower
semicontinuous and geodesic convex function on a Hadamard manifold M. Consider the minimization
problem:

min g(z). (4.1)

We denote by S* the solution set of the minimization problem (4.1), that is,
St={z e M:g(x) <g(y) Vy € Mj}.
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The subdifferential Jg(x) of g at = [36] is defined by
dg(x) := {v € ToM : R(v,exp,'y) < g(y) — g(x) ¥y € D(g)}. (4.2)
It is easy to check that Jg(x) is closed and geodesic convex, see [36].

Lemma 4.1. (see [27]). Let g be a proper lower semicontinuous geodesic convex function on a Hadamard
manifold M and D(g) = M. Then, the subdifferential Og of g is a maximal monotone vector field.

It is easy to see that
re S & 0€dg(x).

If in Corollary 3.7 we put C' = M, A = 0 and B = 0g, then by Corollary 3.7 we derive the following
convergence result for finding an element z* € Q = S* N EP(®) # ().

Theorem 4.2. Choose arbitrary o € M and define the sequences {x,} and {u,} as follows:

Uy = Jffmn,
Tp41 = €XPy(y,) (1 — an)exp;(lxn)(Tﬁbun) Vn > 0,

where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
()limy ooy =0, Y07 oy =00 and Y 7 oy, — ap—1| < 00;
(i) 200y Podnstl < o,

Then z,, — z* € Q < d(xy,un) — 0 where x* = Pqo f(z").

If in Theorem 4.2 we put ® = 0, then by Theorem 4.2 we obtain the following convergence result for
finding an element 2* € S* # ().

Corollary 4.3. Choose arbitrary vo € M and define the sequences {x,,} and {u,} as follows:

Uy = Jffxn,
Tn1 = €XPf(y,) (1 — am)expyi, yun  Vn >0,

where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
() limy, 00 @, = 0, > 07 gy =00 and Y~ |o, — 1| < 00;

(i) >0y ‘/\nj\nﬂ’_l‘ < 0.
Then z,, — z* € S* & d(xy,un) — 0 where x* = Pg« f(z*).

4.2. Variational inequalities on Hadamard manifolds. Németh [30] defined the variational in-
equality (VI) in the setting of Hadamard manifolds. For a single-valued vector field A € 2(M) on a
closed geodesic convex subset C of a Hadamard manifold M, the variational inequality (VI), is to find
x* € C such that
R(Az*, exply) >0 Vy e C.

We denote by VI(C, A) the solution set of the VL.

Let C' be a nonempty closed geodesic convex subset of M. The normal cone to C' at u € C'is defined
as

Ne(u) := {v € TuM : R(v,exp,'y) < 0Vy € C}.
Let i¢ be the indicator function of C, that is,

{o ifz €O,

ic(x) = (4.3)

+oo ifzxgC.

It is easy to see that i¢ is a proper lower semicontinuous geodesic convex function on M. Then by
Lemma 4.1, we know that 0i¢ is a maximal monotone set-valued vector field.
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By (4.3), i¢(x) = 0 Va € C, and hence, from (4.2), we get
dic(z) = {v € TupM : R(v,exp, ty) <ic(y) —ic(z) Vy € C}
= {v € TuM : R(v,exp, ly) <0Vy € C}.
Thus, dic(x) = No(x). Hence, for all z € C'and A € 2(X) from (4.4), we get
x € (A+0ic) 10 & —Ax € dig(x)
& R(—Az,exp;ly) <0VyeC
& 2z e VI(C,A).

(4.4)

The resolvent operator inc of ic for A > 0 is defined as

inc(:x) ={zeM:x€exp,\ic(z)} Yre M.
For all z € M, we get

u = inc (x) & x € exp,Aic(u)

1
& Xexpijlx € Jic(u) = Ne(u)

1
& XR(exp[Ll:U,exp;ly) <0vVyeCl
& Po(x) = u.

If in Corollary 3.7, we replace B and JP by dic and Pc, respectively, then by Corollary 3.7 we get the
following convergence result for finding an element 2* € Q = EP(®) N VI(C, A) # (.

Theorem 4.4. Choose arbitrary xo € C and define the sequences {x,,} and {uy} as follows:
up, = Po(exp, (—AnAxy)),
Tnt+l = epr(xn)(l - an)exp;(lzn)(T;I’un) Vn >0,

where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
()limy o0 0y =0, Y07 oy =00 and Y7 g, — ap—1] < 00;
(i) 200y Podnmtl < o,

Then z, — z* € Q < d(xy,,un) — 0 where x* = Pqo f(z").

If in Theorem 4.4, we put ®(z,y) = 0 on C' x C, then by Theorem 4.4 we derive the following
convergence result for finding an element 2* € Q = VI(C, A) # (.

Corollary 4.5. Choose arbitrary o € C and define the sequences {xy} and {uy} as follows:
up = Po(exp, (—AnAzy)),
Tpp1 = expf(xn)(l - ozn)exp]?(lxn)un Vn >0,

where {a,} C (0,1) and {\,} C [\, A] C (0, 00) such that
() limy o0 0y = 0, Y07 oy = 00 and Y07 oy, — ap—1| < 00;
(i) 200, Ponctl < o,

Then x,, — z* € Q < d(xy,u,) — 0 where 2* = Pqo f(x*).
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