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ABSTRACT. In the paper, we present a new approximate inversion of Volterra integral equation of first
kind by using the Taylor expansion of the unknown function about lower limit of the Volterra integral. In
this method, this Volterra integral equation is approximately transformed to a system of linear equations
for the unknown function together with its derivatives. A desired solution can be determined by solving
the resulting system according to the Cramer’s rule. This method gives a simple and closed form of
approximate Volterra integral equation of first kind, which may be able to use in computation work.
Finally, we derive approximate solutions of this Volterra integral equation for special kernels about lower
limit of Volterra integral.
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1. INTRODUCTION

The classical Taylor series [1] is an important tool to approximate the series and integrals, found in
the literature, which is defined for a single valued function of x, f(x), such that

e all the derivatives of f(z) up to n' are continuous in the closed intervala < 2 < a+h, h > 0;
o f(»*1)(z) exists in the open interval a < & < a + h.

Then, following series expansion is followed

h2 .
fla+h) = f(a) +hfOa) + 5 f" @)+ 4+ f(a) + R,
where,
(n) d" R
f(a) = - f(@)a=a¥n € NU{0}, Rpjy = Ft ) (a4 0h),0 < 0 < 1,

(n+1)!
asn — 0o, Ry11 — 0. (1.1)

For all x € [a, b] such that b > a > 0, the first kind Volterra integral equation is studied [2, 3] as

F(z) = /\/I K (x,t)u(t)dt, where A # 0,u(a) # 0. (1.2)
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Here in (1.2), K (x,t) and F(x) are known functions and u(x) is an unknown function Vx € [a, b].
To determine an approximate solution of this first kind Volterra integral equation (1.2), we set it as

2) = )\/ K(z, tyu(a + (t — a))dt, (1.3)
then, on application of Taylor expansion (1.1), the equation (1.3) is transformed into the series form as
(//
F(z) =u(a) / K (z,t)dt +u)( / K(x,t)(t —a)dt + / K(z,t)(t —a)’dt + - --
/ K(z,t)(t —a)"dt + Ry11, as nlarge, Rp+1 — 0. (1.4)
Then, an approximate formula of (1.4) is found as
(//) (a) x )
F(x) ~ u( /Ka;tdt+ /K$t a)dt+ 51 /\/ K(z,t)(t—a)dt+--
u™(a)  [*

T )\/ K(x,0)(t —a)"dt. (15)

For example, if K (z,t) = 1, by (1.5), we get

(x —a)’

2!

(1. _ a)3 n+1

3!

(z —a)

u) (a) + A NCE

F(x) = Mz —a)u(a) + A u(a) + -+ A u™(a). (1.6)

In this work, the formula (1.5) is approximately transformed into a n*”* order linear differential equa-
tion for the unknown function w(.) about lower limit of Volterra integral. Then for our computing
process, we use iterated kernels theory of Volterra integral equations [2, 3] and therefore convert it
into a system of linear differential equations by which, we determine a matrix equation that become a

useful tool to compute the given Volterra integral equation of first kind.

2. METHODS TO DERIVE APPROXIMATE SOLUTION OF FIRST KIND VOLTERRA INTEGRAL EQUATION

In this section, on application of approximate formula (1.5) we obtain the ingenious solution of first
kind Volterra integral equation (1.2) on applying following theory and methods of iterated kernels for
this Volterra integral equations about lower limit of the integral existing in this equation. Also it is
remarked that in equations (1.3) - (1.6), following equality holds

F(a) =0. (2.1)
Again, by the theory of Volterra integral equations the first iterated kernel has the relation
Ki(z,t) = K(z,t).

Also in our methods, we have to denote
poj(z,a, ) = )\'/ (t—a)! K(z,t)dt = )\'/ (t—a)! Ki(z,t)dt, where, j € {0.1,2,...,n}. (2.2)
J Ja J: Ja

Therefore, on making an appeal to the Eqns. (1.5) and (2.2), there exists a non-homogeneous differ-
ential equation given by

:U’O,n(xv a, )\)u(n) (CL) + /JJO,n—l(l', a, )‘)u(nil) (CL) +ot /11070(33, a, )\)U(CL) = F(x) (23)
The Eqn. (2.3) is a typical nP-order, linear, ordinary differential equation with variable coefficients
po,j(x,a,N),j € {0.1,2,...,n}, for u(a). Instead of solving analytically the resulting ordinary dif-

ferential equation, we may determine u(a), ...,u™ (a), by another approach, for solving a system of
linear equations. Therefore, other n independent linear equations for u(a), ..., u(" (a) are needed.
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This can be achieved by after multiplying by K (x,t) and then integrating both sides of Eqn. (1.2) with
respect to = from 0 to ¢ for n-times successively.
We perform following procedures as due to the relation K1 (x,t) = K (x,t), the Eqn. (1.2) is written

Y / " K (, Oult)dt = A / " K (s bt 2.4)

So that in both sides of (2.4), replacing z by ¢; and again in those sides multiplying by K (x,t;) and
then integrating those sides with respect to ¢; from ¢; = a to t; = x, we get
t1

A/mK(x,tl)F(tl)dtl =\? /mK(:c,tl) K (t1,t) u(t)dtdt,. (2.5)

a

Now, in right hand side of (2.5), on changing an order of integration to get it as
/\/xK (z,t1) F (t1) dt; = N\ /m u(t) {/x K (x,t) K (t1,1) dtl} dt. (2.6)
In (2.6), the iter:ted kernel is defined by [3] ' t
Kpii(z,t) = /3C K (z,t1) K, (t1,t) dt1¥m = 1,2,3, .. .. (2.7)
Then by (2.6) and (2.7), we write t
/ K (2, ) F(t)dt = )2 / ") Ko (o, 1)t = X2 / Ko Dulat (L —a)dt.  (28)

Therefore, in the last of the equation of (2.8) on making an appeal to the result (2.3), we find that

11 (2, a, Nu™ (@) + 1o (2,0, Nu™ "D (@) + - + oz, a, Nu(a) = )\/ Ky(z,t)F
where,
A2 ;
p(@,a,A) = — / (t —a)! Ka(z,t)dt¥y € {0.1,2,...,n}. (2.9)
J: Ja

For finding further results, by first two equations of (2.8), we write

T t1 T t1
Az/ K(z,t) | K (tl,t)F(t)dtdtl—/ K(Jc,tl))\3/ w(t) Koy (t1,t) dtdt, (2.10)

Therefore, on changing the order of integration both side of equation (2.10) to get as

/\Q/GxF(t){ xKl (tl,t)K(a:,tl)dtl}dt:)\3/aru(t){ xK(x,tl)Kg(tl,t)dtl}dt,

t1 t1
and in view of (2.7), we find that

A2 /x F(t)Ko(z,t)dt = A\ /x u(t)K3(x, t)dt.

Now here, on applying same techniques of the Eqn. (2.9), we get

pizn (2, a, Nu™ (@) + o1 (2, a, Nu""D(a) + - + poo(z, a, Nu(a) = )\2/ Ky(z,t)F
where,
23
poj(x,a,\) = T / (t —a) K3(x,t)dtVj € {0.1,2,...,n}. (2.11)

fnn (2, 0, Nu™ (@) + pnn1 (2, a, N (@) + -+ + pnolz, a, Nu(a) = A / F(t)K,(x, t)dt,
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where,
)\n+1 T )
pnj(x,a,\) = i / (t —a)! Kpi1(z,t)dtVj € {0.1,2,...,n}. (2.12)
oy N [PF@#)K (2, t)dt when j = 1,2, ..., n;
fi(x) = { F(z), whenj =0 (2.13)
In general, we write (2.12) in the form
)\erl T )
g (,0,0) = / (t — @) Koia (z,)d6Yj,m € {0.1,2, ... ,n}. (2.14)

Now, let us suppose that following matrices are denoted by

Mo p = [tmj(, a, )\)](n+1)x(n+1) VYm=20,1,2,...,n;7=0,1,2,...,n;

U, = [u(i)(a)} e =002 X = @]y VI =012 on (@19)
Then, making an appeal to the Eqns. (2.3), (2.9), (2.11) and up to (2.12), we form a system of n + 1
linear equations for n + 1 unknowns u(a), . . ., u(™(a), in the form
M, U, = X, (2.16)
Moreover using (2.12) - (2.14) in (2.15), we write (2.16) in following form
1o,0 (.%', a, )\) MO,I(% a, )‘) o Mo (1’, a, )‘) %ga)
T, a, \ T,a,\) - n(T,a, u)(a
My — 111,0( ‘ )l . ) p, (' ) U, | ) nd
fn0(T,a,A)  pn (@, a,A) o pnp (T, a, A) u™) (a)
fo(z)
fi(z) o . : : :
X, = ) and thus system of equations is converted into following matrix equation
fa(z)
10,0 (:Ca a, )‘> M0,1($7 a, )‘) T :u(],n(xv a, >‘) u(a) fO (‘T)
///1,0(567Q7 )‘) N171($7a7 )‘) T :U’l,n(maav/\) u(l)(a) fl(x)
. . . = . . (2.17)
Hn,O (LU, a, )‘) Mml (JU, a, )‘) e Nn,n(xy a, )\) u(n) (a) f’n (l‘)

Theorem 2.1. If a system of differential equations are non-homogeneous equations given by (2.3), (2.9),
(2.11) and up to (2.12), and the determinant of their coefficient matrix is found by

poo(x,a,X)  poi(x,a,X) -+ pon(x,a,X)
D= (Mo = m,o(lj,a, A) m,l(w',a,)\) ul,n(ff,a, A) | 218)
pn0(@, 0 A)  pina(T,a,A) - pinn (@, 0, A)
thenV(x — a) > 0, the approximate formula of u(a) is evaluated by the determinant
fo(z) poi(x,a,X) -+ pon(x,a,X)
aa) = L f@) m;(@%k) ul,n(mj,a, A) 219)

“D| : :
fn(x) /’L’ml(x? a, )\) e Mn,n(wa a, A)



158 R. C. SINGH CHANDEL AND HEMANT KUMAR

Proof. Consider the linear Eqns. (2.3), (2.9), (2.11), and up to (2.12) and then eliminating the unknowns

u(a),u) (a),...,ul™(a), we get a system of equations (2.17) by which we obtain the formula
-1
u(a) ooz, a,A)  poi(x,a,N) o pon(T,a, ) fo(x)
ul(a) pio(z,a, X)) pra(z,a,A) o (@, a, ) fi(z)
. = . : . . . (2.20)
u(n) (a) Hn,0 (:Cv a, )‘) }Ln,l(ZL’, a, )‘> “t Hnn (.T, a, )‘) fn (.1‘)
In (2.20) V(z — a) > 0, we get
M0,0(xu a, )‘) Mo,l(xa a, )\> e ,U'O,n(x7 a, )‘)
T,a, A Tya,\) - n(z,a, A
D pa,0( ' ) paa( ' ) 11,0 ( . ) 20, (2.21)
Pno(T,asA)  pin1(T,a,A) o pinn (@, a, )
therefore on using Cramer’s rule in (2.20), we derive the required result (2.19). O

3. VOLTERRA INTEGRAL EQUATION OF FIRST KIND FOR SPECIAL KERNELS AND THEIR APPROXIMATE
SOLUTIONS ABOUT LOWER LIMIT OF THE VOLTERRA INTEGRAL

On applying techniques and the methods given in the section 2, we introduce some special kernels
to obtain their solutions of different Volterra integral equations of first order in matrix form about the
lower limit of integral consisting of this first order Volterra integral equation. A recurrence relation of
gamma function [6] I'(n + 1) = nI'(n) is very applicable to compute following approximate solutions.

Approximate solution 3.1. If in the Volterra integral equation (1.2) the kernel K (z,t) = 1, then for all
m,j €40,1,2,...,n} and V(x — a) > 0, there exist following results

(x _ a)j+m+1

o A) =AMt _ 3.1
H 7](11,&, ) F(]+m+2)7 ( )
2\ x g1 . .
fi@) =4 GO [TF(t)(x—t)dt Vj=1,2, ?, NN % (3.2)
F(x), when j =0
and the approximate solution is
(z—a)? (z—a)"+!
T 2(zx—a 2 (x—a)™
i(a) = 1 A, Ft)dt AT A T s) (33)
D : : :
A T n— n r—a)nt2 n r—a)2nt1
e I O [ B N I

Proof. Here in this Volterra integral equation, the kernel K (xz,t) = 1, therefore due to formula (2.7),
the iterated kernels

(x —t)/~t

(x =)™

m!
(3.4)
Again then, making an appeal to an iterated kernel in (3.4) and the formula (2.12) and the formula
due to [2], [6, p. 86, first part of Problem 1], Vm, j € {0.1,2,...,n}, we find

)\erl x )
/ (t —a) (z —t)™dt = \™T!

Ki(z,t) = K(z,t) =1and Ky(z,t) = 2—t,..., K;(z,t) = o Ky (x,t) =

I'(j+m+2)

Hm,j(ma a,A) = (3.5)

Jlm!
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and by (2.13), we find

filz) = a I / F(t)(z —tyY vy = 1,2,3,...,n; fo(x) = F(x). (3.6)

(-1

Then by (2.18), V& > a > 0 the determinant is found as

r—a)? z—a)*t!
Az — a) )‘(r(s)) o )‘%
\2@-a)? A2@ma® 2@t
D T(3) T(4) ['(n+3) £ 0. (3.7)
" a;—a, n+1 n $‘_a n-+2 n x‘_a 2n+1
T e o A ey

Therefore, by (2.19), the approximate solution @(x) is obtained by following determinant

T—a 2 r—a)" 1
F(a) Mgl Mk
1 A [FF(t)dt alocal 2t
AT T i n— n I.—a n+2 n x.—a 2n+1
o Jo F) (@ —t)"tdt X +1(F(n—)‘,—3) A +1(r(2£+2)

g

Approximate solution 3.2. If in the Volterra integral equation (1.2) the kernel K (z,t) = “t<%lyqy ¢ R,

a+-cosx

then forallm, j € {0,1,2,...,n} and V(x — a) > 0, following formulae are followed

s (0, ) =1 | / (= )i (@ — )™ (0 + cos t)dt, (3.9)

jlm! (a+ cosx

A 1 x _ -1 S .
fi(z) = -0 reos) [T E(t)(x—t) o+ cost)dtVj =1,2, %’), g (3.10)
F(z), when j =0

Proof. Since in the Volterra integral equation (1.2), the kernel K (x,t) = 2t%lyq ¢ R, therefore, due

a+cosx
to formula (2.7), the iterated kernels Ky (x,t) = K(x,t) = g‘j:g;; and Ko(x,t) = {%} (x —t),
a+cost ) (z—t)t a+cost ) (z—t)
L Ki(x,t) = LK t) = . 3.11
K@ 1) {a—l—cosx} G—1! 77 (@ ?) a+cosz j! (3.1)
Again then making an appeal to the formulae (2.12) and (3.11), Vj € {0.1,2,...,n}, we find
)\n+1 1 x )
. — —aV(r — )"
(2,0, \) = ] (a+cosa:)/a (t —a)!(z —t)"(a+ cost)dt (3.12)
and by (2.13) and (3.11), we find
50 = e [ O - 77 ok ot = 1,2,3,...m: ole) = Flw)
(z) = x — a + cos = —ooyn; folx) = F(x).
J G—1)!(a+cosa) J, =SS0
(3.13)

g
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Approximate solution 3.3. If in the Volterra integral equation (1.2) the kernel K (z,t) = (z — t), then
forallm,j € {0,1,2,...,n} and V(2 — a) > 0, there exists following formulae

)\m+1 T ) (.%' _ t)2m+1
(T a ) = t—ay Y g 3.14
g ) =2 [ (= ap s (3.14)
2\ x _ 1\2j-1 - .
fi(z) =4 @ [ F(t)(x—1t) dtyy 1,2,3,...,m (3.15)
F(z), whenj=0
Proof. Since in the Volterra integral equation (1.2), the kernel K (z,t) = (x — ) therefore due to
formula (2.7), the iterated kernels K (z,t) = K(z,t) = (x —t) and Ka(z,t) = ( oo K, t) =
(@—t)%~1
-t e
(w _ 75)23'—5—1
K; t) = —————. 3.16
J+1($7 ) (2] + 1)| ( )
Again then making an appeal to the formulae (2.12) and (3.16), Vj € {0.1,2,...,n}, we find
tnji(x,a,N) = L(w — q)Ptit2 (3.17)
B L(2n+j+3) ' '
and by (2.13) and (3.16), we find
N z 9i1 ]
filx) = W F(t)(x — )Y dtvj = 1,2,3,...,n; fo(x) = F(x). (3.18)
Then by (2.18) and (3.17) Vx > a > 0, the determinant is found as
(:t—a)2 (x—a)3 (:C—a)"+2
/\2)\ re) 4 AQ)\ H 5 B /\2)\ L) +4
p_| tEE-9 o e )
n+1 ’ n n+1 ’ n o n+1 n
F()\2n+3) (z — a)2 +2 F(>\2n+4) (z — a)Q EEEE F()E’m—&—3) (z - a)3 +2
Therefore, by (3.19) the approximate solution % (z) is obtained as
(z—a)3 (z—a)"t?
F(x) A (r(4))5 A ( (rLJSi)Jr4
* — 2(z—a 2(z—a
a(a) = 1 A [T F(t)(x —t)dt A 6 S ¥ e  620)
D : - N :
n— n41 (z—a)?mt3 Antt n
(2n ) Ja F(t t)?r—tat At ?(2n+4) T T(3nt3) (z —a)®+?
O

4. SpeciAL CASES

Case 4.1. If in the approximate solution 3.1 on putting n = 2, then for A # 0, and V(z — a) > 0, we get
the particular approximate solution as

F(z) Aaza? oy (aa)

1 (F(3))3 (F(4))4

1l E—— T 2 2(x—a

i(a) = ) AT E(t)d AT )) M5 E |- (4.1)
)

T 4 z—a)®
N2 [T F(t)(z — )dt R )

I
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Now making an appeal to (2.18) and (3.1) here in (4.1), we obtain

Tr—a 2 r—a 3
Az — a) /\(F(3)) )\(F(4))

6 _4)\9

D= |t el iy |- X
23 (z—a)® 23 (z—a)? 23 (z—a)®
T'() T() T(6)

Therefore on applying (4.2) in (4.1), we obtain the approximate solution

3 24 60

1) = 5 F@) =55 —ap /jF(t)dt t = /:(x — ) F(t)dt.

T —a)
By (4.3), we get a relation
Mz — a)u(a) = 3F(x)(x — a)? — 24(x — a) /I F(t)dt + 60 /z(az —t)F(t)dt.

Similarly, we evaluate another problem as

161

(4.2)

(4.3)

(4.4)

Case 4.2. Particularly, if in the approximate solution 3.3 on putting n = 2, then for A # O andV(z—a) >

0, we get the approximate solution as

z—a)3 (z—a)?
. F(z) )‘(r(4) i A1) .
aa) = 5| A —t)F(B)dt N g a2l
2 rx x—a)? z—a)®
M@=t Fmd B 23
On making an appeal to (2.18) here in (4.5), we obtain
)\(x—a)Q /\(95—0)3 )\(l"—a)4
r'(3) I'(4) reG) G 15
Do | et e et | _NE-a)7
() r'(6) (7) 43545600
A3 (z—a)® A3 (z—a)” 23 (z—a)®
I(7) I'(8) r'(9)

Then on using (4.6) in (4.5), we get

Mz — )%a(a) = 3(z — a)' F(z) — 180(z — a)? / "o — ) F(1)dt + 840 / “la— 0P ()t

5. CONCLUDING REMARKS

(4.5)

(4.6)

(4.7)

The methods and theory explained in Section 3 help us to find the approximation value of unknown
function u(x) at lower limit of the interval of the integral consisting of given integral equation. In the
Section 4 some examples Cases 4.1 and 4.2 are evaluated that show u(a) is expressed in terms of the

points consisting of the interval of the integral consisting of that integral equation.

6. CONCLUSION

The Volterra integral equations are related with various biological and scientific problems of math-
ematical physics. These problems lead to differential equations with boundary conditions. This work
helps us to compute these problems through matrix inversion theory. For further directions of research
work done so far in the field of double and multidimensional Volterra integral equations, the theory

[4, 5] may be too useful to enlarge that field.

STATEMENTS AND DECLARATIONS

There is no financial or personal support or any other conflict interest. Therefore, the authors declare

that they have no conflict of interest, and the manuscript has no associated data.



162 R. C. SINGH CHANDEL AND HEMANT KUMAR

ACKNOWLEDGMENTS

We thank to Editor and the reviewers for their helpful comments on an early version of our manu-
script.

REFERENCES

[1] T. M. Apostal. Calculus Vol. I & II, John Wiley & Sons, 1975.

[2] F. B. Hildebrand. Methods of Applied Mathematics, 2nd Edition, Dover publications INC, New York, 1992.

[3] R.P.Kanwal. Linear Integral Equations, Academy Press, New York, 1971.

[4] H.Kumar and R. C. Singh Chandel. On Certain Multidimensional Symmetric Fredholm Integral Equations in the Region
Surrounded By Hyperplanes, a presentation. In 25th Annual Conference of Vijnana Parishad of India and National Seminar
on New Thrust Areas in Mathematical Sciences, NTAMS 2024, at Govt. Geetanjali Girls College (Autonomous), Bhopal,
Madhya Pradesh, India-462038.

[5] H.Kumar andR. C. Singh Chandel. A Theory of multidimensional Fredholm integral equations having separable kernels:

solvable in a region surrounding by the hyperplanes. Jnanabha, 54(1):169-179, 2024.
[6] H. M. Srivastava and H. L. Manocha. A Treatise on Generating Functions. Ellis Horwood Limited, Chichester, New York,
1984.



	1. Introduction
	2. Methods to Derive Approximate Solution of First Kind Volterra Integral Equation
	3. Volterra Integral Equation of First Kind for Special Kernels and Their Approximate Solutions About Lower Limit of the Volterra Integral
	4. Special Cases
	5. Concluding Remarks
	6. Conclusion
	Statements and Declarations
	Acknowledgments
	References

