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Abstract. This paper investigates stochastic variational inequality problems arising in large-scale op-
timization, machine learning, and network systems, where exact operator evaluations are unavailable.
Motivated by the need for computationally efficient and scalable algorithms, we propose a novel C-FISTA-
inspired single-projection method that integrates inertial acceleration, adaptive stepsize selection, and
variance-controlled stochastic approximation. Unlike classical extragradient-type methods that require
multiple projections or prior knowledge of Lipschitz constants, the proposed scheme performs only one
projection per iteration while maintaining strong convergence guarantees. The algorithm incorporates a
momentum-driven correction mechanism and a data-dependent stepsize rule, ensuring robustness under
stochastic noise. Under standard assumptions, we establish almost sure convergence of the generated
sequences to a solution of the stochastic variational inequality. Furthermore, under strong pseudomono-
tonicity, we derive linear convergence rates in both almost sure and mean-square senses. Numerical ex-
periments on stochastic complementarity problems, fractional programming models, and network band-
width allocation demonstrate the superior performance of the proposed method in terms of accuracy,
stability, and computational efficiency compared with existing algorithms.
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1. Introduction

Stochastic variational inequality (SVI) problems constitute a fundamental class of models arising
in optimization, machine learning, economics, and engineering. These problems extend deterministic
variational inequalities by incorporating randomness through stochastic oracles, thereby enabling the
modeling of large-scale systems where exact evaluations of the underlying operator are either unavail-
able or computationally prohibitive. In particular, given a nonempty closed convex set X ⊂ Rn, ξ be
a random vector with probability support on Ξ ⊂ Rn and f : Rn × Ξ → Rn be a mapping that is
integrable with respect to Ξ. The stochastic variational inequality finds a point x⋆ ∈ X such that

⟨F (x⋆), x− x⋆⟩ ≥ 0, ∀x ∈ X, (1.1)
where F (x⋆) = E[f(x, ξ)] ∈ Rn.The model (1.1) has been extensively studied in literature by different
authors, using different methods and has been applied to network bandwidth allocations, data science,
economics and many more as can be seen in [1–4]. We note that if E[f(x, ξ)] can be easily computed,
then (1.1) becomes a deterministic variational inequality problem (DVIP for short). In this case, nu-
merous iterative algorithms such as [5, 6] developed to solve variational inequality could be deployed
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to solve (1.1). However, because this is not always the case due to unknown probability distribution,
computing E[f(x, ξ)] can be reasonably difficult, the methods for VIPs might fail to work for SVIP.
Hence, there is need to develop a different method for solving (1.1).

Basically, there are two classical methods for solving SVIP: the stochastic average approximation
(SAA) and stochastic approximation (SA). The SAA has been used to investigate solutions to stochastic
generalized equations [7]. Furthermore, in the work of Liang [8], they transformed (1.1) into uncon-
strained optimization problem and applied SAA-based hybrid method Newton method. Other interest-
ing results on SAA can be found in [9, 10] and cited references contained therein. On the other hand,
SA has recently gained scientific attention because its superior scalability, online adaptability, and low
per-iteration complexity, making it particularly suitable for large-scale and oracle-based stochastic op-
timization and variational inequality problems. In the early developemnt of this method, Jiang and
Xu [11] proposed a single projection based SVIP with the update:

x0 ∈ X xk+1 = ΠX(xk − λkf(xk, ξk)), k ∈ N0, (1.2)

where N0 = N∪ {0},ΠX is a projection from Rn onto X and λk is a nonnegative sequence satisfying∑︁∞
k=0 λk = ∞ and

∑︁∞
k=0 λ

2
k < ∞. Under strong monotone condition on the cost function F and

Lipschitz continuity of F on X, the authors established that the recursive sequence generated by (1.2)
converge almost surely (a.s) to the unique solution of the SVIP defined in (1.1). Since after this devel-
opment, (1.2) has been modified incorporating extragradient method [12] (see more results on [13,14]),
subgradient extragradient method [15] (see also [5,16]). These Classical methods for solving SVIs, often
require multiple projections per iteration or rely on conservative stepsizes dictated by Lipschitz con-
stants. While these approaches are theoretically sound, their computational burden becomes significant
in high-dimensional settings or when projections onto the feasible set are expensive. Recent advances
have therefore focused on designing single-projection methods and adaptive stepsize strategies that
reduce per-iteration complexity while maintaining strong convergence guarantees [2, 3, 17].

Recently, fast iterative optimization algorithms have gained a considerable attention because of few
iterations required for convergence. The celebrated heavy-ball method of Polyak [18], popularly called
inertia method has continuously been employed to study many optimization problems in different set-
tings [1, 18–21]. Furthermore, fast iterative shrinking-thresholding algorithm (FISTA) [22] has signif-
icantly improved the convergence speed of many algorithms. This technique has been modified and
extended to enhance performance of iterative schemes. A significant variant of [22] is the C-FISTA [23],
adopted for studying composite optimization models. The C-FISTA has the following structure:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

yk = 1
1+θx

k + θ
1+θz

k

xk+1 = argminx∈X
(︁
H(ȳk) +∇H(ȳk)⊤(x− yk) + rL

2 ∥x− yk∥2 +R(x)
}︁

xk+1 = ProxR/(rL)

(︁
yk − 1

rL∇H(ȳk)
)︁

zk+1 = (1− θ)zk + θyk + α(xk+1 − yk).

(1.3)

Under standard assumptions, the authors [23] obtained a global linear convergence.

Motivation and constributions to literature
Motivated by these developments, we propose a novel C-FISTA-inspired single-projection algorithm
for stochastic variational inequalities. Our method has the following advantages:
(a) The single-projection structure reduces computational overhead, making the propsed method at-

tractive for large-scale applications. At each iteration, the algorithm computes only one projec-
tion onto the feasible set, thereby significantly reducing computational cost compared to classical
extragradient-type schemes [14], subgradient extragradient [1, 4] and cited references contained
therein.
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(b) The design of the correction direction combines both forward and backward information, enabling
the method to effectively control stochastic errors while preserving stability.

(c) The adaptive stepsize rule ensures robustness to stochastic noise without requiring Lipschitz con-
stants. This self-adaptive stepsize rule eliminates the need for prior knowledge of Lipschitz con-
stants or linesearch methods that terminates at a certain predetermined criteria. Hence, making the
proposed scheme computationally efficient in handling real-world problems and increases variance-
controlled stochastic oracle based on minibatch sampling.

(d) Incorporation of momentum provides acceleration while maintaining theoretical guarantees, mak-
ing the proposed algorithm more robust in dealing with large-scale problems.

These features distinguish the method from existing stochastic extragradient and proximal schemes.
Overall, this work contributes to the growing literature on efficient stochastic methods for variational
inequalities by providing a theoretically grounded and computationally efficient algorithm that bal-
ances accuracy, stability, and scalability.

Organization. The remaining part of this paper is designed as follows: In section 2, fundamental
definitions and already established results in the form of lemmas are presented. The proposed algo-
rithm and the required assumptions are carefully discussed in section 3. In the section 4, almost sure
convergence and rate of convergence are rigorously derived. Applications of the proposed scheme and
numerically illustration are also discussed in section 5 and conclusion of the paper is provided in section
6.

2. Preliminaries

Throughout of this paper, we shall takeX to be a nonempty closed and convex subset of Rn, ⟨, ⟩ rep-
resents the inner product, while ∥.∥ is the induced norm. Additionally, i.d.d. denotes independent and
identically distributed and a.smeans almost surely. We begin with essential definitions and terminolo-
gies. Given a σ-algebra F and a random variable ξ, we use E[ξ] to denote the expectation of ξ, E[ξ | F ]
to denote the conditional expectation, ξ ∈ F to denote that ξ is F-measurable. For p ≥ 1, the Lp-norm
of ξ is denoted by |ξ|p. Let (Ω,F , P ) be a probability space with support Ξ, and let {ξj}Nj=1 be an i.i.d.
sample from Ξ. For p ∈ [2,∞), define σp(x) =

(︁
E
[︁
∥ϵ(x, ξ)∥p

]︁)︁1/p
, ϵ(x, ξ) = G(x, ξ) − F (x),

where G(x, ξ) = 1
N

∑︁N
j=1 f(x, ξj).

Let X be a nonempty closed convex subset of Rn. For any x ∈ Rn, there exists an element z ∈ X
such that

∥z − x∥ = inf
y∈X

∥y − x∥.

The element z is denoted by ΠX(x). The mapping ΠX : Rn → X is called a projection from Rn onto
X .

Going forward from here, we consider the following definitions.

Definition 2.1. An operator T : X → X is said to be:
(1) monotone if

⟨T (x)− T (y), x− y⟩ ≥ 0, ∀x, y ∈ X.

(2) pseudomonotone if,

⟨T (x), y − x⟩ ≥ 0 ⇒ ⟨T (y), y − x⟩ ≥ 0, ∀x, y ∈ X.

Remark 2.2. We remark that, every monotone operator is pseudomonotone, but the converse is not
true in general.

The following lemmas characterize the properties of ΠX .
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Lemma 2.3. [25] Let ΠX be the projection from Rn onto X . Let x ∈ Rn. Then

z = ΠX(x) ⇐⇒ ⟨x− z, z − y⟩ ≥ 0, ∀y ∈ X.

Lemma 2.4. [27] Let F : Rn → Rn be a mapping. For any x ∈ Rn and β > 0, define

rβ(x) = x−ΠX(x− βF (x)).

Then
min{1, β} ∥r1(x)∥ ≤ ∥rβ(x)∥ ≤ max{1, β} ∥r1(x)∥.

Lemma 2.5. [26] Suppose that Assumption 2.1 holds. Then for any q ∈ [p, 2p] with p ≥ 2, there exists a
constant Cq > 0 (depending only on q and C2 = 1 if p = q = 2) such that for any z, x ∈ Rn,

∥ϵ(z, ξ)∥q ≤ Cq

(︃
σq(x) + Lq∥z − x∥√

N

)︃
,

where
Lq =

q
√︁

E[L(ξ)q] + L, with L = E[L(ξ)].

Lemma 2.6. ( [28]) Let {vk}, {αk}, {βk} and {γk} be sequences of nonnegative random variables adapted
to a filtration {Fk}. Suppose that

E[vk+1 | Fk] ≤ (1 + αk)vk − βk + γk, ∀k ∈ N.

Assume that
∞∑︂
k=0

αk <∞,
∞∑︂
k=0

γk <∞ a.s.

Then {vk} converges almost surely to a nonnegative random variable, and
∞∑︂
k=0

βk <∞ a.s.

3. Assumptions and The Algorithm

Assumption 3.1. Suppose that:
(i) X ⊂ Rn is nonempty, closed and convex.
(ii) The solution set X∗ ̸= ∅.
(iii) ⟨F (y), y − x⟩ ≥ 0, x ∈ X∗ and y ∈ X .
(iv) The mapping F is called pseudomonotone on X if for all x, y ∈ X,

⟨F (x), y − x⟩ ≥ 0 =⇒ ⟨F (y), y − x⟩ ≥ 0.

(v) The stepsizes satisfy λk > 0,
∑︁∞

k=0 γk <∞.
(vi) The relaxation parameters satisfy

θk ∈ (θ, 1), θ > 0.

(vii) The momentum parameter satisfies

0 ≤ η ≤ 1

ϕ
, ϕ =

1 +
√
5

2
.

(viii) Let (Ω,F , P ) be a probability space with support Ξ, and let f(·, ·) : Rn ×Ξ → Rn be a measurable
function. For almost every ξ ∈ Ξ,

∥f(x, ξ)− f(y, ξ)∥ ≤ L(ξ)∥x− y∥, ∀x, y ∈ Rn,

where L : Ξ → [0,∞) is a measurable function such that L(ξ) ≥ 1 for almost every ξ ∈
Ξ and E

[︁
L(ξ)p

]︁
<∞, ∀p ≥ 2.
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(ix) There exists z ∈ Rn such that

E
[︁
∥f(z, ξ)∥p

]︁
<∞.

Algorithm 1 C-FISTA-Inspired Single-Projection Algorithm for Stochastic Variational Inequalities
1: Choose x0 = z0 ∈ Rn, λ0 > 0, µ ∈ (0, 1), η ∈ [0, 1/ϕ], and {θk} ⊂ (θ, 1) with θ > 0. Choose

{γk} ⊂ (0,∞) and {Nk} ⊂ N such that
∞∑︂
k=0

γk <∞,
∞∑︂
k=0

1

Nk
<∞.

2: for k = 0, 1, 2, . . . do,
3: compute the momentum point

sk = (1− η)xk + ηzk.

4: Draw an i.i.d. sample ξk = {ξ1,k, . . . , ξNk,k} and compute

G(sk, ξk) =
1

Nk

Nk∑︂
j=1

f(sk, ξj,k).

5: Compute the single projection
yk = PX

(︁
sk − λkG(sk, ξk)

)︁
.

6: Evaluate

G(yk, ξk) =
1

Nk

Nk∑︂
j=1

f(yk, ξj,k),

and define
dk = sk − yk − λk

(︁
G(sk, ξk)−G(yk, ξk)

)︁
.

7: Compute
xk+1 = sk − θkdk.

8: Compute the auxiliary sequence

zk+1 =
η

1 + η
zk +

1

1 + η
sk + η(xk+1 − sk).

9: Update the stepsize

λk+1 =

⎧⎪⎨⎪⎩min

{︃
λk + γk,

µ∥sk − yk∥
∥G(sk, ξk)−G(yk, ξk)∥

}︃
, if G(sk, ξk) ̸= G(yk, ξk),

λk + γk, otherwise.
10: end for

Remark 3.2. To the best of our knowledge, Algorithm 1 is first algorithm constructed by integrat-
ing the acceleration mechanism of the C-FISTA framework for stochastic optimization. Its distinctive
features can be summarized as follows:

• Single-projection structure: In contrast to classical stochastic extragradient-type methods
(e.g., [27]), which require multiple projections per iteration, the proposed algorithm performs
only one projection step, thereby significantly reducing computational cost. This technique is
totally different from the recent single projection discussed in [24].



C-FISTA-INSPIRED SINGLE-PROJECTION ALGORITHM 83

• Inertial stabilization via momentum: The introduction of the momentum point sk = (1 −
η)xk + ηzk serves a dual purpose: it mitigates stochastic noise through averaging effects and
accelerates convergence via inertial extrapolation.

• Golden-ratio-type parameterization: The algorithm employs a parameter regime inspired
by the C-FISTA framework, where the inertial weight η and the update coefficients are chosen
in connection with a golden-ratio-type constant [29]. This structure ensures a delicate balance
between stability and acceleration, and plays a crucial role in guaranteeing convergence while
maintaining a single-projection architecture.

• Extragradient-type correction without extra projection: The direction dk is carefully de-
signed to capture the discrepancy between stochastic operator evaluations at sk and yk, effec-
tively avoiding additional projection steps.

• Adaptive stepsize under stochastic noise: The stepsize update rule incorporates sample-
based operator differences, allowing the method to adapt to stochastic variability without re-
quiring prior knowledge of Lipschitz constants, thus enhancing robustness and practical imple-
mentability.

Consequently, Algorithm 1 can be interpreted as a stochastic extension of the C-FISTA framework
with a single-projection architecture, offering a computationally efficient and theoretically sound al-
ternative to existing stochastic variational inequality methods.

4. Convergence Analysis

In this section, we derive almost sure convergence and convergence rate. Two theorems are stated
and proved under certain assumptions. We present preliminary results as lemmas in this section which
are used to establish the theorems.

4.1. Almost sure convergence. We begin with the following preliminary results. The a.s. conver-
gence of the iterative sequences {xk, zk} generated by Algorithm 1 is established with respect to the
following filtration. Let (Ω,F ,P) be a probability space. We define the filtration

F0 := σ(x0, z0),

and for each k ≥ 1,
Fk := σ(x0, z0, ξ0, ξ1, . . . , ξk−1).

Then, for every k ∈ N,
xk, zk, sk, λk ∈ Fk.

Moreover, after drawing ξk, the quantities yk, dk, xk+1, and zk+1 are Fk+1-measurable.
Oracle errors. Define the oracle errors at iteration k by

ϵ1,k := G(sk, ξk)− F (sk), ϵ2,k := G(yk, ξk)− F (yk), ∀k ∈ N. (4.1)

We now begin with the following lemma regarding the choice for the chosen stepsize.

Lemma 4.1. Suppose that Assumption 3.1 holds. Let {λk} be generated by Algorithm 1. Define

ˆ︁Lk :=
1

Nk

Nk∑︂
j=1

L(ξj,k), k ∈ N. (4.2)

Then, for every k ∈ N, the following hold:

λk+1 ≤ λk + γk, (4.3)

λk+1 ≥ min

{︃
λk,

µˆ︁Lk

}︃
. (4.4)
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Consequently, there exists a nonnegative random variable λ∗ such that

λk → λ∗ a.s. (4.5)

Proof. From the stepsize update in Algorithm 1, we immediately obtain

λk+1 ≤ λk + γk,

which proves (4.3).
Next, by Assumption 3.1(viii), for each j = 1, . . . , Nk,

∥f(sk, ξj,k)− f(yk, ξj,k)∥ ≤ L(ξj,k)∥sk − yk∥.

Averaging over j = 1, . . . , Nk, we get

∥G(sk, ξk)−G(yk, ξk)∥ ≤ 1

Nk

Nk∑︂
j=1

L(ξj,k)∥sk − yk∥ = ˆ︁Lk∥sk − yk∥.

If G(sk, ξk) ̸= G(yk, ξk), then the stepsize rule gives

λk+1 = min

{︃
λk + γk, µ

∥sk − yk∥
∥G(sk, ξk)−G(yk, ξk)∥

}︃
.

Since γk > 0, it follows that

λk+1 ≥ min

{︃
λk, µ

∥sk − yk∥
∥G(sk, ξk)−G(yk, ξk)∥

}︃
.

Using the previous estimate for ∥G(sk, ξk)−G(yk, ξk)∥, we obtain

µ
∥sk − yk∥

∥G(sk, ξk)−G(yk, ξk)∥
≥ µˆ︁Lk

,

and therefore

λk+1 ≥ min

{︃
λk,

µˆ︁Lk

}︃
.

If G(sk, ξk) = G(yk, ξk), then

λk+1 = λk + γk ≥ λk ≥ min

{︃
λk,

µˆ︁Lk

}︃
.

Hence (4.4) holds in all cases.
Finally, since λk is Fk-measurable, nonnegative, one obtains

E[λk+1 | Fk] ≤ λk + γk,

which is the desired result. Lemma 2.6 applies with vk = λk, αk = 0, βk = 0, and the same sequence γk.
Because

∑︁∞
k=0 γk < ∞ a.s., we conclude that {λk} converges almost surely to a nonnegative random

variable λ∗. Thus (4.5) follows. □

The next lemma forms a fundamental part in the Theorem 4.6 hypothesis and its proof.

Lemma 4.2. Suppose that Assumption 3.1 holds. Let {xk}, {yk} and {sk} be generated by Algorithm 1.
Then, for each x ∈ X∗ and each k ∈ N,

∥xk+1 − x∥2 ≤ ∥sk − x∥2 − θk

(︄
1−

µ2λ2k
λ2k+1

)︄
∥sk − yk∥2 + 2λk∥yk − x∥ ∥ϵ2,k∥. (4.6)
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Proof. Define
ωk := yk − λk

(︁
G(yk, ξk)−G(sk, ξk)

)︁
. (4.7)

Then
dk = sk − ωk,

and hence
xk+1 = sk − θkdk = (1− θk)sk + θkωk.

Therefore,
∥xk+1 − x∥2 = ∥(1− θk)(sk − x) + θk(ωk − x)∥2

= (1− θk)∥sk − x∥2 + θk∥ωk − x∥2 − θk(1− θk)∥ωk − sk∥2. (4.8)
Next, by (4.7),

∥ωk − x∥2 = ∥yk − x∥2 + λ2k∥G(yk, ξk)−G(sk, ξk)∥2

−2λk⟨yk − x, G(yk, ξk)−G(sk, ξk)⟩. (4.9)
Also,

∥yk − x∥2 = ∥sk − x∥2 − ∥sk − yk∥2 + 2⟨yk − sk, yk − x⟩. (4.10)
Substituting (4.10) into (4.9), we obtain

∥ωk − x∥2 = ∥sk − x∥2 − ∥sk − yk∥2 + 2⟨yk − sk, yk − x⟩
+ λ2k∥G(yk, ξk)−G(sk, ξk)∥2 − 2λk⟨yk − x, G(yk, ξk)−G(sk, ξk)⟩.

Since
yk = PX

(︁
sk − λkG(sk, ξk)

)︁
,

Lemma 2.3 yields
⟨sk − λkG(sk, ξk)− yk, yk − x⟩ ≥ 0,

that is,
⟨yk − sk, yk − x⟩ ≤ −λk⟨G(sk, ξk), yk − x⟩.

Hence

∥ωk − x∥2 ≤ ∥sk − x∥2 − ∥sk − yk∥2 + λ2k∥G(yk, ξk)−G(sk, ξk)∥2

−2λk⟨G(sk, ξk), yk − x⟩ − 2λk⟨yk − x, G(yk, ξk)−G(sk, ξk)⟩ (4.11)
= ∥sk − x∥2 − ∥sk − yk∥2 + λ2k∥G(yk, ξk)−G(sk, ξk)∥2

−2λk⟨yk − x, G(yk, ξk)⟩.

Now, by Assumption 3.1(iii), since x ∈ X∗ and yk ∈ X ,
⟨F (yk), yk − x⟩ ≥ 0.

Since
G(yk, ξk) = F (yk) + ϵ2,k,

we have
⟨yk − x, G(yk, ξk)⟩ = ⟨yk − x, F (yk)⟩+ ⟨yk − x, ϵ2,k⟩ ≥ ⟨yk − x, ϵ2,k⟩.

Therefore,
−2λk⟨yk − x, G(yk, ξk)⟩ ≤ −2λk⟨yk − x, ϵ2,k⟩.

On the other hand, if G(sk, ξk) ̸= G(yk, ξk), then the stepsize update gives

λk+1 ≤ µ
∥sk − yk∥

∥G(sk, ξk)−G(yk, ξk)∥
,
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and so
λ2k∥G(yk, ξk)−G(sk, ξk)∥2 ≤

µ2λ2k
λ2k+1

∥sk − yk∥2. (4.12)

If G(sk, ξk) = G(yk, ξk), then (4.12) is trivial.
Combining the above estimates, we get

∥ωk − x∥2 ≤ ∥sk − x∥2 −

(︄
1−

µ2λ2k
λ2k+1

)︄
∥sk − yk∥2 − 2λk⟨yk − x, ϵ2,k⟩.

Substituting this into (4.8), we obtain

∥xk+1 − x∥2 ≤ ∥sk − x∥2 − θk

(︄
1−

µ2λ2k
λ2k+1

)︄
∥sk − yk∥2

− 2θkλk⟨yk − x, ϵ2,k⟩ − θk(1− θk)∥ωk − sk∥2.
Since 0 < θk < 1, it follows that

−θk(1− θk)∥ωk − sk∥2 ≤ 0.

Moreover, by Cauchy–Schwarz,
−2θkλk⟨yk − x, ϵ2,k⟩ ≤ 2θkλk∥yk − x∥ ∥ϵ2,k∥ ≤ 2λk∥yk − x∥ ∥ϵ2,k∥.

Hence

∥xk+1 − x∥2 ≤ ∥sk − x∥2 − θk

(︄
1−

µ2λ2k
λ2k+1

)︄
∥sk − yk∥2 + 2λk∥yk − x∥ ∥ϵ2,k∥,

which proves Lemma 4.2. □

The next lemma deals with the stochastic error arising from Lemma 4.2.

Lemma 4.3. Suppose that Assumption 3.1 holds. Let {xk}, {yk} and {sk} be generated by Algorithm 1.
Then, for each x ∈ X∗ and each k ∈ N, there exist a constant m1,x > 0 depending on x and a constant
m2 > 0 independent of k such that

E[⟨yk − x, ϵ2,k⟩ | Fk] ≤
m1,x

Nk
+
m2

Nk
∥sk − x∥2, (4.13)

where
ϵ2,k := G(yk, ξk)− F (yk).

Proof. The proof is similar to the work of [1, Lemma 9] and [4, Lemma 3.4] so we skip it. □

Lemma 4.4. Suppose that Assumption 3.1 holds. Let {xk}, {yk} and {sk} be generated by Algorithm 1.
Define

r1(x) := ∥x− PX(x− F (x))∥, ϵ1,k := G(sk, ξk)− F (sk).

Then, for each k ∈ N,

∥sk − yk∥2 ≥
1

2

(︁
min{1, λk}

)︁2
r1(sk)

2 − λ2k∥ϵ1,k∥2. (4.14)

Proof. Since
yk = PX

(︁
sk − λkG(sk, ξk)

)︁
= PX

(︁
sk − λk(F (sk) + ϵ1,k)

)︁
,

we also have
rλk

(sk) = sk − PX

(︁
sk − λkF (sk)

)︁
.

By Lemma 2.4, (︁
min{1, λk}

)︁2
r1(sk)

2 ≤ ∥rλk
(sk)∥2. (4.15)
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Now,
∥rλk

(sk)∥2 = ∥sk − PX(sk − λkF (sk))∥2

= ∥sk − yk + yk − PX(sk − λkF (sk))∥2

≤ 2∥sk − yk∥2 + 2∥yk − PX(sk − λkF (sk))∥2.
Since PX is nonexpansive,

∥yk − PX(sk − λkF (sk))∥ = ∥PX(sk − λkG(sk, ξk))− PX(sk − λkF (sk))∥
≤ λk∥G(sk, ξk)− F (sk)∥
= λk∥ϵ1,k∥.

Therefore,
∥rλk

(sk)∥2 ≤ 2∥sk − yk∥2 + 2λ2k∥ϵ1,k∥2. (4.16)
Combining (4.15) and (4.16), we obtain(︁

min{1, λk}
)︁2
r1(sk)

2 ≤ 2∥sk − yk∥2 + 2λ2k∥ϵ1,k∥2,
which is the desired result of Lemma 4.4. □

The next technical lemma provides an essential link between the auxiliary sequence and the main
sequence introduced in the Algorithm 1 and it is a tool mostly needed for proving the first theorem of
this paper.

Lemma 4.5. Suppose that Assumption 3.1 holds. Then, for each x ∈ X∗ and each k ∈ N,

∥sk − x∥2 ≤ (1− η)∥xk − x∥2 + η∥zk − x∥2, (4.17)
and

∥zk+1 − x∥2 ≤ η∥zk − x∥2 + ∥sk − x∥2 + η(1 + η)∥xk+1 − sk∥2. (4.18)

Proof. Fix x ∈ X∗.
Since

sk = (1− η)xk + ηzk,

and 0 ≤ η ≤ 1/ϕ < 1, sk is a convex combination of xk and zk. Hence
sk − x = (1− η)(xk − x) + η(zk − x),

and by convexity of the squared norm,
∥sk − x∥2 ≤ (1− η)∥xk − x∥2 + η∥zk − x∥2.

Thus (4.17) holds.
Next, from Step 8 of Algorithm 1,

zk+1 =
η

1 + η
zk +

1

1 + η
sk + η(xk+1 − sk).

Subtracting x from both sides, we get

zk+1 − x =
η

1 + η
(zk − x) +

1

1 + η
(sk − x) + η(xk+1 − sk).

Set
ak :=

η

1 + η
(zk − x) +

1

1 + η
(sk − x), bk := η(xk+1 − sk). (4.19)

Then
zk+1 − x = ak + bk. (4.20)

Hence
∥zk+1 − x∥2 = ∥ak + bk∥2.
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Applying Young’s inequality
2⟨u, v⟩ ≤ η∥u∥2 + η−1∥v∥2

to u = ak and v = bk, we obtain

∥zk+1 − x∥2 ≤ (1 + η)∥ak∥2 +
(︃
1 +

1

η

)︃
∥bk∥2. (4.21)

Now ak is a convex combination of zk − x and sk − x, since

ak =
η

1 + η
(zk − x) +

1

1 + η
(sk − x)

and
η

1 + η
+

1

1 + η
= 1.

Therefore, by convexity of the squared norm,

∥ak∥2 ≤
η

1 + η
∥zk − x∥2 + 1

1 + η
∥sk − x∥2,

which implies
(1 + η)∥ak∥2 ≤ η∥zk − x∥2 + ∥sk − x∥2. (4.22)

Also, (︃
1 +

1

η

)︃
∥bk∥2 = η(1 + η)∥xk+1 − sk∥2. (4.23)

Substituting (4.22) and (4.23) into (4.21), we obtain
∥zk+1 − x∥2 ≤ η∥zk − x∥2 + ∥sk − x∥2 + η(1 + η)∥xk+1 − sk∥2,

that is, (4.18). This completes the proof of Lemma 4.5. □

Having obtained sufficient preliminary results in this section (see, Lemmas 4.1–4.5), we now state
and prove the first theorem of the paper.

Theorem 4.6. Let {xk}, {yk}, {sk} and {zk} be generated by Algorithm 1, and suppose that Assump-
tion 3.1 holds. Suppose that Lemmas 4.1–4.5 hold. Then the sequences {xk} and {zk} converge almost
surely to a common point x⋆ ∈ X∗.

Proof. Fix x ∈ X∗. By Lemma 4.1, there exists λ̄ > 0 such that
λk ≤ λ̄, ∀k ∈ N, a.s. (4.24)

Moreover, since λk → λ∗ a.s., and λ∗ > 0 a.s., for any µ̄ ∈ (µ2, 1) there exist λ̂ > 0 and a random
integer K0 such that, for all k ≥ K0,

λk ≥ λ̂, 1−
µ2λ2k
λ2k+1

≥ 1− µ̄, a.s. (4.25)

Next, rewrite the z-update as

zk+1 =
η

1 + η
zk +

1− η − η2

1 + η
sk + ηxk+1.

Since 0 ≤ η ≤ 1/ϕ, we have 1− η − η2 ≥ 0, and
η

1 + η
+

1− η − η2

1 + η
+ η = 1.

Hence, by convexity of the squared norm,

∥zk+1 − x∥2 ≤ η

1 + η
∥zk − x∥2 + 1− η − η2

1 + η
∥sk − x∥2 + η∥xk+1 − x∥2. (4.26)
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Let
a :=

η(1 + η)

1− η
, Vk := ∥xk − x∥2 + a∥zk − x∥2. (4.27)

Then
a

η

1 + η
=

η2

1− η
, 1 + aη + a

1− η − η2

1 + η
=

1

1− η
. (4.28)

Now, by Lemma 4.2, Lemma 4.3, Lemma 4.4, and (4.25), for all k ≥ K0,

E
[︁
∥xk+1 − x∥2 | Fk

]︁
≤ ∥sk − x∥2 − θk

(︄
1−

µ2λ2k
λ2k+1

)︄
∥sk − yk∥2 +

m1,x

Nk
+
m2

Nk
∥sk − x∥2

≤
(︃
1 +

m2

Nk

)︃
∥sk − x∥2 − θ(1− µ̄)∥sk − yk∥2 +

m1,x

Nk
.

(4.29)

On the other hand, by Lemma 4.4 and (4.24)–(4.25),

∥sk − yk∥2 ≥
1

2

(︁
min{1, λ̂}

)︁2
r1(sk)

2 − λ̄2∥ϵ1,k∥2.

Substituting the estimate from Lemma 4.4 into (4.29), we obtain

E
[︁
∥xk+1 − x∥2 | Fk

]︁
≤
(︃
1 +

m2

Nk

)︃
∥sk − x∥2 − θ(1− µ̄)

2

(︁
min{1, λ̂}

)︁2
r1(sk)

2

+ θ(1− µ̄)λ̄2E
[︁
∥ϵ1,k∥2 | Fk

]︁
+
m1,x

Nk
.

By Lemma 2.5 with q = 2,

E
[︁
∥ϵ1,k∥2 | Fk

]︁
≤ 2σ2(x)

2 + 2L2
2∥sk − x∥2

Nk
.

Hence
E
[︁
∥xk+1 − x∥2 | Fk

]︁
≤
(︃
1 +

c1
Nk

)︃
∥sk − x∥2 − c2r1(sk)

2 +
c3,x
Nk

, (4.30)

where
• c1 := m2 + 2θ(1− µ̄)λ̄2L2

2,

• c2 :=
θ(1−µ̄)

2

(︁
min{1, λ̂}

)︁2
, and

• c3,x := m1,x + 2θ(1− µ̄)λ̄2σ2(x)
2.

Multiplying (4.26) by a and adding to (4.30), we obtain

E[Vk+1 | Fk] ≤ (1 + aη)E
[︁
∥xk+1 − x∥2 | Fk

]︁
+ a

1− η − η2

1 + η
∥sk − x∥2 + a

η

1 + η
∥zk − x∥2

≤
(︃
1 + aη + a

1− η − η2

1 + η

)︃
∥sk − x∥2 + a

η

1 + η
∥zk − x∥2

+ (1 + aη)
c1
Nk

∥sk − x∥2 − (1 + aη)c2r1(sk)
2 + (1 + aη)

c3,x
Nk

.

Substituting (4.30) into the preceding inequality, we obtain

E[Vk+1 | Fk] ≤ (1 + aη)

(︃
1 +

c1
Nk

)︃
∥sk − x∥2 − (1 + aη)c2r1(sk)

2

+ (1 + aη)
c3,x
Nk

+ a
1− η − η2

1 + η
∥sk − x∥2 + a

η

1 + η
∥zk − x∥2.

Using

1 + aη + a
1− η − η2

1 + η
=

1

1− η
, a

η

1 + η
=

η2

1− η
,
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it follows that
E[Vk+1 | Fk] ≤

1

1− η
∥sk − x∥2 + η2

1− η
∥zk − x∥2

+
(1 + aη)

(︁
m2 + 2θ(1− µ̄)λ̄2L2

2

)︁
Nk

∥sk − x∥2

− (1 + aη)
θ(1− µ̄)

2

(︁
min{1, λ̂}

)︁2
r1(sk)

2

+
(1 + aη)

(︁
m1,x + 2θ(1− µ̄)λ̄2σ2(x)

2
)︁

Nk
.

(4.31)

Now Lemma 4.5 gives
∥sk − x∥2 ≤ (1− η)∥xk − x∥2 + η∥zk − x∥2.

Therefore,
1

1− η
∥sk − x∥2 + η2

1− η
∥zk − x∥2 ≤ ∥xk − x∥2 + η(1 + η)

1− η
∥zk − x∥2 = Vk.

Since also ∥sk − x∥2 ≤ Vk, we deduce from (4.31) that

E[Vk+1 | Fk] ≤
(︃
1 +

c4
Nk

)︃
Vk − c5r1(sk)

2 +
c6,x
Nk

, ∀k ≥ K0, (4.32)

where
• c4 := (1 + aη)

(︁
m2 + 2θ(1− µ̄)λ̄2L2

2

)︁
.

• c5 := (1 + aη) θ(1−µ̄)
2

(︁
min{1, λ̂}

)︁2
.

• c6,x := (1 + aη)
(︁
m1,x + 2θ(1− µ̄)λ̄2σ2(x)

2
)︁
.

Because
∑︁∞

k=0N
−1
k <∞, Lemma 2.6 applied to (4.32) yields that {Vk} converges almost surely and

∞∑︂
k=0

r1(sk)
2 <∞ a.s. (4.33)

Hence
r1(sk) → 0 a.s. (4.34)

Since {Vk} converges a.s., the sequences {xk} and {zk} are almost surely bounded, and so is {sk}.
Let ω belong to a full-measure set on which (4.34) holds and {sk(ω)} is bounded. Then there exists a
subsequence {skj (ω)} converging to some x̄. By continuity of r1, (4.34) implies

r1(x̄) = 0,

hence
x̄ = PX(x̄− F (x̄)),

which is equivalent to x̄ ∈ X∗ by Lemma 2.3.
It remains to show that {xk} and {zk} have the same cluster points as {sk}.
Since

yk = PX

(︁
sk − λkG(sk, ξk)

)︁
,

we have
∥sk − yk∥ ≤

⃦⃦
sk − PX(sk − λkF (sk))

⃦⃦
+ λk∥ϵ1,k∥.

By Lemma 2.4, ⃦⃦
sk − PX(sk − λkF (sk))

⃦⃦
≤ max{1, λk} r1(sk).

Hence
∥sk − yk∥ ≤ max{1, λk} r1(sk) + λk∥ϵ1,k∥.
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Therefore, using (4.34), the boundedness of {λk}, and the fact from Lemma 4.2 and 4.3, we obtain

∥sk − yk∥ → 0 a.s.

Since
dk = sk − yk − λk

(︁
G(sk, ξk)−G(yk, ξk)

)︁
,

we have
∥dk∥ ≤ ∥sk − yk∥+ λk∥G(sk, ξk)−G(yk, ξk)∥.

By Assumption 3.1(viii),

∥G(sk, ξk)−G(yk, ξk)∥ ≤ ˆ︁Lk∥sk − yk∥, ˆ︁Lk :=
1

Nk

Nk∑︂
j=1

L(ξj,k), k ∈ N.

Hence
∥dk∥ ≤

(︁
1 + λkˆ︁Lk

)︁
∥sk − yk∥.

Using (4.24)–(4.25), we have λk ≤ λ̄ and ˆ︁Lk ≤ µ/λ̂ for all k ≥ K0, and therefore

∥dk∥ ≤
(︃
1 +

µλ̄

λ̂

)︃
∥sk − yk∥, ∀k ≥ K0, a.s.

Thus one may take

c7 := 1 +
µλ̄

λ̂
,

so that
∥dk∥ ≤ c7∥sk − yk∥, ∀k ≥ K0, a.s.

Therefore, we get from the Algorithm 1 that

∥xk+1 − sk∥ = θk∥dk∥ → 0 a.s. (4.35)

Also, from the z-update,

zk − sk−1 =
η

1 + η
(zk−1 − sk−1) + η(xk − sk−1),

and (4.35) gives xk − sk−1 → 0 a.s. Since η/(1 + η) ∈ [0, 1), it follows that

zk − sk−1 → 0 a.s. (4.36)

Consequently,
xk − zk = (xk − sk−1)− (zk − sk−1) → 0 a.s.

Hence
xk − sk = η(xk − zk) → 0, zk − sk = (1− η)(zk − xk) → 0 a.s. (4.37)

Therefore, every cluster point of {xk} and {zk} is also a cluster point of {sk}, hence belongs to X∗.
Let x⋆ be one such cluster point. Since Vk(x⋆) = ∥xk − x⋆∥2 + a∥zk − x⋆∥2 converges a.s., and along
a subsequence converging to x⋆ it tends to 0, we conclude that

Vk(x
⋆) → 0 a.s.

Thus
xk → x⋆, zk → x⋆ a.s.

Since
sk = (1− η)xk + ηzk,

it follows that
sk → x⋆ a.s.
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Moreover, from ∥sk − yk∥ → 0 a.s., we have

∥yk − x⋆∥ ≤ ∥yk − sk∥+ ∥sk − x⋆∥ → 0 a.s.

Hence
yk → x⋆ a.s.

This completes the proof of Theorem 4.6. □

4.2. Rate of convergence. In this section, we discuss the convergence rate of the proposed method.
To achieve this, we introduce a new assumption.

Assumption 4.7. The cost function F : X → H is said to be strongly pseudomonotone on X if there
exists a constant δ > 0 such that

⟨F (y), y − x⟩ ≥ δ∥y − x∥2, ∀x ∈ X∗, y ∈ X. (4.38)

The constant δ is called the modulus of strong pseudomonotonicity.

Now, let {xk} be a sequence in Rn. Then
(i) The sequence {xk} is said to converge R−linearly to x∗ with rate ρ ∈ [, 0, 1) if there exists a

constant c > 0 such that ∥xk − x∗∥ ≤ cρk, ∀n ∈ N.
(ii) {xk} is said to converge Q−linearly to x∗ with rate ρ ∈ [0, 1) if ∥xk+1 − x∗∥ ≤ ρ∥xk −

x∗∥, ∀n ∈ N.

Theorem 4.8. Suppose that Assumption 3.1 and Assumption 4.7 hold. Let {xk}, {yk}, {sk} and {zk} be
generated by Algorithm 1. Let µ̄ ∈ (µ2, 1) and choose λ̂ > 0 such that, almost surely, λk ≥ λ̂ for all
sufficiently large k. Define

∆ := min

{︃
1− µ̄

2
, λ̂δ

}︃
. (4.39)

Assume that there exist a constant ρ ∈ (0, 1) and an integerK ∈ N such that

τk :=
1− θk∆

1− η
+

η2

1− η
< ρ, ∀k ≥ K. (4.40)

If, in addition,
∞∑︂
i=0

1

ρiNK+i
<∞, (4.41)

then the sequences {xk} and {zk} converge almost surely and in mean square to the same point x⋆ ∈ X∗,
and there exists a constantMx > 0 such that

E
[︁
Vk+1(x

⋆)
]︁
≤ ρ k−KMx, ∀k ≥ K, (4.42)

where

Vk(x) := ∥xk − x∥2 + η(1 + η)

1− η
∥zk − x∥2. (4.43)

Proof. Let x⋆ ∈ X∗ be the almost sure limit given by Theorem 4.6. Define

a :=
η(1 + η)

1− η
, Vk := Vk(x

⋆) := ∥xk − x⋆∥2 + a∥zk − x⋆∥2. (4.44)

By Lemma 4.1, there exists λ̄ > 0 such that

λk ≤ λ̄, ∀k ∈ N, a.s. (4.45)
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Moreover, since λk → λ∗ a.s. and λ∗ > 0 a.s., for each µ̄ ∈ (µ2, 1) there exists an integer K0 ∈ N such
that

λk ≥ λ̂, 1−
µ2λ2k
λ2k+1

≥ 1− µ̄, ∀k ≥ K0, a.s. (4.46)

We now derive the key estimate. From the proof of Lemma 4.2, for each k ≥ K0,

∥ωk − x⋆∥2 ≤ ∥sk − x⋆∥2 −

(︄
1−

µ2λ2k
λ2k+1

)︄
∥sk − yk∥2 − 2λk⟨yk − x⋆, G(yk, ξk)⟩, (4.47)

where
ωk := yk − λk

(︁
G(yk, ξk)−G(sk, ξk)

)︁
.

Since
G(yk, ξk) = F (yk) + ϵ2,k,

we have
⟨yk − x⋆, G(yk, ξk)⟩ = ⟨yk − x⋆, F (yk)⟩+ ⟨yk − x⋆, ϵ2,k⟩.

By Assumption 4.7,
⟨F (yk), yk − x⋆⟩ ≥ δ∥yk − x⋆∥2,

and hence
−2λk⟨yk − x⋆, G(yk, ξk)⟩ ≤ −2λkδ∥yk − x⋆∥2 − 2λk⟨yk − x⋆, ϵ2,k⟩. (4.48)

Substituting (4.48) into (4.47) and using (4.46), we obtain

∥ωk − x⋆∥2 ≤ ∥sk − x⋆∥2 − (1− µ̄)∥sk − yk∥2 − 2λ̂δ∥yk − x⋆∥2 − 2λk⟨yk − x⋆, ϵ2,k⟩. (4.49)

Now define
∆ := min

{︃
1− µ̄

2
, λ̂δ

}︃
. (4.50)

Then
1− µ̄ ≥ 2∆, 2λ̂δ ≥ 2∆,

so (4.49) gives

∥ωk − x⋆∥2 ≤ ∥sk − x⋆∥2 − 2∆∥sk − yk∥2 − 2∆∥yk − x⋆∥2 − 2λk⟨yk − x⋆, ϵ2,k⟩. (4.51)

Since
sk − x⋆ = (sk − yk) + (yk − x⋆),

we have
∥sk − x⋆∥2 ≤ 2∥sk − yk∥2 + 2∥yk − x⋆∥2,

that is,
∥sk − yk∥2 + ∥yk − x⋆∥2 ≥ 1

2
∥sk − x⋆∥2. (4.52)

Combining (4.51) and (4.52), we get

∥ωk − x⋆∥2 ≤ (1−∆)∥sk − x⋆∥2 − 2λk⟨yk − x⋆, ϵ2,k⟩. (4.53)

Next, since
xk+1 = (1− θk)sk + θkωk,

we have

∥xk+1 − x⋆∥2 = (1− θk)∥sk − x⋆∥2 + θk∥ωk − x⋆∥2 − θk(1− θk)∥ωk − sk∥2.

Dropping the last nonpositive term and using (4.53), we obtain

∥xk+1 − x⋆∥2 ≤ (1− θk∆)∥sk − x⋆∥2 − 2θkλk⟨yk − x⋆, ϵ2,k⟩, ∀k ≥ K0. (4.54)
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Taking conditional expectation in (4.54) and using Lemma 4.3, together with

0 < θk < 1, λk ≤ λ̄,

we get, for all k ≥ K0,

E
[︁
∥xk+1 − x⋆∥2

⃓⃓
Fk

]︁
≤ (1− θk∆)∥sk − x⋆∥2 + 2λ̄E[⟨yk − x⋆, ϵ2,k⟩ | Fk]

≤
(︃
1− θk∆+

2λ̄m2

Nk

)︃
∥sk − x⋆∥2 + 2λ̄m1,x⋆

Nk
.

(4.55)

On the other hand, from the z-update,

zk+1 =
η

1 + η
zk +

1− η − η2

1 + η
sk + ηxk+1.

Since 0 ≤ η ≤ 1/ϕ, we have 1− η − η2 ≥ 0, and

η

1 + η
+

1− η − η2

1 + η
+ η = 1.

Hence, by convexity of the squared norm,

∥zk+1 − x⋆∥2 ≤ η

1 + η
∥zk − x⋆∥2 + 1− η − η2

1 + η
∥sk − x⋆∥2 + η∥xk+1 − x⋆∥2. (4.56)

Multiplying (4.56) by a and adding to (4.55), we obtain

E[Vk+1 | Fk] ≤ (1 + aη)E
[︁
∥xk+1 − x⋆∥2

⃓⃓
Fk

]︁
+ a

1− η − η2

1 + η
∥sk − x⋆∥2 + a

η

1 + η
∥zk − x⋆∥2.

(4.57)
Using

a
η

1 + η
=

η2

1− η
, 1 + aη + a

1− η − η2

1 + η
=

1

1− η
, (4.58)

Substituting (4.55) into (4.57), we obtain

E[Vk+1 | Fk] ≤ (1 + aη)

(︃
1− θk∆+

2λ̄m2

Nk

)︃
∥sk − x⋆∥2

+ (1 + aη)
2λ̄m1,x⋆

Nk
+ a

1− η − η2

1 + η
∥sk − x⋆∥2 + a

η

1 + η
∥zk − x⋆∥2.

Using

1 + aη + a
1− η − η2

1 + η
=

1

1− η
, a

η

1 + η
=

η2

1− η
,

it follows that

E[Vk+1 | Fk] ≤
(︃
1− θk∆

1− η
+

η2

1− η

)︃
∥sk − x⋆∥2 + η2

1− η
∥zk − x⋆∥2 + k1

Nk
∥sk − x⋆∥2 + k2

Nk
, (4.59)

where
k1 := (1 + aη) 2λ̄m2, k2 := (1 + aη) 2λ̄m1,x⋆ .

Now Lemma 4.5 gives

∥sk − x⋆∥2 ≤ (1− η)∥xk − x⋆∥2 + η∥zk − x⋆∥2. (4.60)

Using (4.60) and the definition of τk, we obtain, for all k ≥ K ,

E[Vk+1 | Fk] ≤ τkVk +
k1
Nk

Vk +
k2
Nk

≤ ρVk +
k1
Nk

Vk +
k2
Nk

. (4.61)
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Since Theorem 4.6 yields Vk → 0 a.s., the sequence {Vk} is almost surely bounded. Thus there exists
a finite random variable Γ such that

Vk ≤ Γ, ∀k ∈ N, a.s.

Taking expectation in (4.61), we obtain

E[Vk+1] ≤ ρE[Vk] +
k1
Nk

E[Vk] +
k2
Nk

, ∀k ≥ K.

Now set
MV := sup

k≥K
E[Vk].

Since {Vk} is nonnegative and convergent almost surely, it is bounded almost surely; moreover, under
the standing moment assumptions we may assume that MV <∞. Therefore,

E[Vk+1] ≤ ρE[Vk] +
k1MV + k2

Nk
, ∀k ≥ K.

Thus, by defining
k3 := k1MV + k2,

we arrive at

E[Vk+1] ≤ ρ,E[Vk] +
k3
Nk

, ∀k ≥ K (4.62)

Applying (4.62) to E[Vk], we obtain

E[Vk] ≤ ρE[Vk−1] +
k3

Nk−1
. (4.63)

Substituting (4.63) into (4.62) yields

E[Vk+1] ≤ ρ

(︃
ρE[Vk−1] +

k3
Nk−1

)︃
+
k3
Nk

= ρ2E[Vk−1] + ρ
k3

Nk−1
+
k3
Nk

. (4.64)

Applying the same argument once more, we get

E[Vk+1] ≤ ρ3E[Vk−2] + ρ2
k3

Nk−2
+ ρ

k3
Nk−1

+
k3
Nk

. (4.65)

Continuing this recursion inductively up to the index K , we obtain

E[Vk+1] ≤ ρk−KE[VK ] + k3

k−K∑︂
i=0

ρi
1

Nk−i
. (4.66)

Re-indexing the sum,
k−K∑︂
i=0

ρi
1

Nk−i
= ρk−K

k−K∑︂
i=0

1

ρiNK+i
.

It follows that
E[Vk+1] ≤ ρk−KMx⋆ , ∀k ≥ K, Mx⋆ > 0. (4.67)

Finally, since Vk → 0 a.s. by Theorem 4.6, it follows that

xk → x⋆, zk → x⋆ a.s.

Hence the sequences {xk} and {zk} converge almost surely and in mean square to the same point
x⋆ ∈ X∗. This completes the proof. □
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Table 1. Numerical parameter settings for the stochastic complementarity problem

Algorithm Assigned Parameter Values

Proposed λ0 = 0.005, µ = 0.5, η =
1

2φ
, φ =

1 +
√
5

2
,

θk = 0.9 +
1

50k
, γk =

1

k2
, Nk = ⌊0.99 1−k⌋.

SDIM λ1 = 0.005, µ = 0.5, α = 0.01, β = 1,

θk = 0.9 +
1

50k
, ζk = χk =

50

(k + 100)2
,

γk =
1

k2
, Nk = ⌊0.99 1−k⌋.

NFPM λ1 = 0.005, µ = 0.5, τ =

√
2

4
, γ = 1, ϕ =

1 +
√
5

2
,

τk = 0.5 +
1

k
, pk =

100

k
, qk =

1

k2
, γk = 0.1 +

1

k
,

Nk = ⌊0.99 1−k⌋.

SASSEM λ0 = 0.1, τ = 0.1, Nk = ⌊0.99 1−k⌋.

5. Applications and Numerical Illustratons

In this section, we apply the proposed algorithm to solve some real-word problems and carry out
numerical experiments to justify the superiority of our algorithm. To be precise, the performance
Algorithm 1 will be compared with [3, Algorithm 3.1] which will be denoted with the code SDIM,
[2, Algorithm 3.1] with the code NFPM, [4, Algorithm 3.1] with the code SASSEM. Experiments are
conducted on a 64-bit Windows platform equipped with an Intel(R) Core(TM) i7-6600U CPU @ 2.60GHz
(2 cores, 4 threads) and 8 GB of RAM. All numerical computations, data analysis, and visualizations are
implemented in a Python 3.9 environment using standard scientific libraries, including NumPy, SciPy,
Pandas, Scikit-learn, and Matplotlib.

Example 5.1. ( [2, 3]) Consider the stochastic complementarity problem defined by

x ∈ Rn
+, E[f(x, ξ)] ≥ 0, x⊤E[f(x, ξ)] = 0,

where the mapping f : Rn × Ω → Rn is given by

f(x, ξ) = D(x, ξ) +M(ξ)x+ q(ξ), X = Rn.

The components are defined as follows: The nonlinear term D(x, ξ) is defined by
D(x, ξ) =

(︁
di(ξ) arctan(ai(ξ)xi)

)︁n
i=1
, where d(ξ) and a(ξ) are random vectors whose components are

uniformly distributed on (0, 1). The matrixM(ξ) is defined byM(ξ) = B+Y (ξ), where B ∈ Rn×n is a
skew-symmetric matrix whose entries are generated from the uniform distribution on (0, 3), and Y (ξ) is
a diagonal matrix whose entries are generated from the uniform distribution on (0, 2). The vector q(ξ) ∈
Rn has components generated from the uniform distribution on (−2, 2). For this example, we choose
the parameters µ = 0.5, γk = 1

k2
. The initial points are taken as x0 = e, x1 = 0.1e, where e =

(1, 1, 1, ..., 1)T ∈ Rn, for Algorithm 1 (or Proposed), while for SDIM, NFPM, and SASSEM, we take x0 = e.
The stopping criterion for all algorithms is the maximum number of iterations k = 100.The residual used
for performance evaluation is defined by Dk = ∥xk −ΠX(xk −G(xk, ξk))∥.

The results in Figure 1 show consistent decay of the residual across all dimensions, confirming con-
vergence of the four methods. The Proposed algorithm exhibits faster reduction in Dk and smoother
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(a) Dk vs iteration (n = 30) (b) CPU time vs iteration (n = 30)

(c) Dk vs iteration (n = 100) (d) CPU time vs iteration (n = 100)

(e) Dk vs iteration (n = 300) (f) CPU time vs iteration (n = 300)

Figure 1. Performance comparison of the algorithms for different problem dimensions

trajectories, indicating improved stability under stochastic noise. As the dimension increases, all meth-
ods incur higher computational cost; however, the single-projection structure ensures that the Proposed
method remains competitive in CPU time. SDIM and NFPM perform comparably but display mild os-
cillations, while SASSEM converges more conservatively due to its restrictive stepsize strategy.

In the Figure 3 shows different choices of η illustrate the impact of inertial acceleration on conver-
gence behavior and computational efficiency. The results show that appropriate momentum selection
significantly improves convergence speed while maintaining computational stability.
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(a) n = 30 (b) n = 100

(c) n = 300 (d) n = 400

Figure 2. Variance robustness analysis of the Proposed, SDIM, NFPM, and SASSEM
algorithms for the stochastic complementarity problem. Each plot shows the mean
residual Dk over 20 independent runs, with shaded regions representing one standard
deviation. The results demonstrate the stability and robustness of the algorithms under
stochastic perturbations as the problem dimension increases

The Table 2 indicate that the Proposed method achieves consistently low residuals across all dimen-
sions, demonstrating stable convergence behavior. In contrast, SDIM exhibits extremely large residual
values, suggesting instability under the considered stochastic setting. NFPM performs competitively
with the Proposed method, while SASSEM shows acceptable performance at lower dimensions but de-
teriorates as n increases. In terms of CPU time, all methods remain comparable, confirming that the
improved accuracy of the Proposed method does not incur additional computational cost.

Example 5.2. Consider the following stochastic fractional convex quadratic problem:

min
x∈X

E
[︃
ϕ(x, ξ)

ψ(x)

]︃
,

where

ϕ(x, ξ) =
1

2
x⊤
(︃
0.025UU⊤ + 0.025

∥UU⊤∥F
∥V (ξ)∥F

V (ξ)

)︃
x+

1

2

(︂
(c+ c̄(ξ))⊤x+ 4n

)︂2
,

ψ(x) = r⊤x+ t+ 4n,
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(a) Residual Dk vs iteration (n = 100) (b) CPU time vs iteration (n = 100)

(c) Residual Dk vs iteration (n = 300) (d) CPU time vs iteration (n = 300)

Figure 3. Effect of the momentum parameter η in the Proposed method compared with
SDIM and NFPM for the stochastic complementarity problem

Table 2. Performance comparison of Proposed, SDIM, NFPM, and SASSEM on the sto-
chastic complementarity problem at the final iteration k = 100

Dimension n Algorithm Final residual D100 CPU time (s)

30

Proposed 3.0607 0.0152
SDIM 1031.7339 0.0153
NFPM 3.1152 0.0126

SASSEM 1.7530 0.0117

100

Proposed 4.5998 0.0131
SDIM 394959.2308 0.0131
NFPM 4.2575 0.0135

SASSEM 9.9384 0.0130

300

Proposed 7.2232 0.0212
SDIM 2431817.9283 0.0178
NFPM 7.7529 0.0186

SASSEM 68.8552 0.0173



100 J. N. EZEORA, F. O. NWAWURU, J.-C. YAO

and
X = {x ∈ Rn : Ax ≤ b, ∥x∥ ≤ 1} .

The parameters are generated as follows:
• U and c are deterministic vectors generated from the standard normal distribution;
• V (ξ) is a random square matrix with entries drawn from a standard normal distribution;
• c̄(ξ) is a random vector with entries uniformly distributed on (0, 1);
• r is a deterministic vector and t is a scalar, both drawn from the uniform distribution on (0, 5);
• A ∈ R⌊n/10⌋×n and b ∈ R⌊n/10⌋ are generated from the standard normal distribution.

For numerical experiments, we use the following common settings for all algorithms (Proposed, SDIM,
NFPM, and SASSEM):

µ = 0.5, γk =
1

(50 + k)2
, Nk = ⌊0.99 1−k⌋.

The initial points are chosen as x0 = e, x1 = 0.5e (for Proposed and SDIM), and
x0 = e (for NFPM and SASSEM).The maximum iteration k = 200 is used as the stopping criterion.

We note that the stochastic fractional programming problem in Example 5.2 can be reformulated as a
stochastic variational inequality problem. Indeed, by applying a Dinkelbach-type transformation [30],
the problem is equivalent to minimizing

E[ϕ(x, ξ)− θ⋆ψ(x)],

whose first-order optimality condition leads to the stochastic variational inequality

⟨F (x⋆), x− x⋆⟩ ≥ 0, ∀x ∈ X,

where
F (x) = E[∇xϕ(x, ξ)− θ⋆∇ψ(x)].

Thus, the proposed method can be directly applied to solve this class of stochastic fractional problems.
The plots in Figure 4 show that all methods decrease the objective value F (xk) over iterations, con-

firming convergence. The Proposed algorithm consistently achieves a faster reduction, indicating the
effectiveness of its inertial mechanism. SDIM and NFPM exhibit comparable behavior but converge
more gradually, with occasional mild fluctuations. In terms of CPU time, the Proposed method at-
tains lower objective values within similar computational cost, demonstrating improved efficiency.
This highlights the advantage of combining single-projection updates with momentum in stochastic
fractional settings.

The Figure 5 shows that all algorithms reduce the residual Dk over iterations, confirming conver-
gence. The Proposed method achieves faster decay and smoother behavior, indicating improved stabil-
ity. CPU time remains comparable across methods, demonstrating efficiency. As dimension increases,
the Proposed algorithm maintains strong performance, highlighting its scalability and robustness.

The table 3, shows consistent residual reduction across all methods. TheProposed algorithm demon-
strates stable convergence with competitive CPU time. SDIM attains faster reduction, while NFPM and
SASSEM exhibit slower decay, especially as the dimension increases.

Example 5.3. In this section, the Proposed method is applied to a bandwidth allocation problem, and its
performance is compared with SDIM, NFPM, and SASSEM.

In a communication network, selfish users compete for network bandwidth. The following notations are
used:

• S = {1, 2, . . . ,m}: the set of all users in the network;
• R(s): the set of routes governed by user s ∈ S;
• |R(s)|: the number of routes available to user s;
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(a) F (xk) vs iteration (n = 100) (b) F (xk) vs CPU time (n = 100)

(c) F (xk) vs iteration (n = 300) (d) F (xk) vs CPU time (n = 300)

Figure 4. Objective value convergence of the Proposed, SDIM, and NFPM algorithms
for the stochastic fractional programming problem

• x
(r)
s : the flow rate of user s through route r ∈ R(s);

• ξ
(r)
s : the random weighted parameter of route r ∈ R(s);

• L = {1, 2, . . . , k}: the set of all links;
• R =

⋃︁
s∈S R(s): the set of all routes;

• L
(l)
s : the set of links through which route l ∈ R(s) goes.

The utility of user s is modeled by the concave function

fs(xs, ξs) =
∑︂

r∈R(s)

ξ(r)s ln(1 + x(r)s ), ∀s ∈ S,

where xs = (x
(r)
s )r∈R(s) is the flow-rate decision vector of user s.

The network bandwidth allocation model is formulated as the stochastic optimization problem

max
∑︂
s∈S

E[fs(xs, ξs)]− g(x) s.t. x ∈
⋂︂
l∈L

Xl, (5.1)
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(a) Dk vs iteration (n = 30) (b) CPU time vs iteration (n = 30)

(c) Dk vs iteration (n = 100) (d) CPU time vs iteration (n = 100)

(e) Dk vs iteration (n = 300) (f) CPU time vs iteration (n = 300)

Figure 5. Performance comparison of Proposed, SDIM, NFPM, and SASSEM for the
stochastic complementarity problem
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Table 3. Performance summary of Proposed, SDIM, NFPM, and SASSEM for the sto-
chastic complementarity problem. The quantities D1, D50, and D100 denote the resid-
ual values at iterations 1, 50, and 100, respectively, while CPU50 and CPU100 denote
the corresponding CPU times in seconds

n Algorithm D1 D50 D100 CPU50 (s) CPU100 (s)

30

Proposed 0.542245 0.337523 0.128312 0.002433 0.003077
SDIM 0.542245 0.273861 0.000000 0.000564 0.001015
NFPM 0.542245 0.377174 0.207918 0.000521 0.001071

SASSEM 0.544984 0.410792 0.273861 0.000401 0.000814

100

Proposed 0.990000 0.616231 0.234265 0.000598 0.001172
SDIM 0.990000 0.500000 0.000000 0.000410 0.000832
NFPM 0.990000 0.688622 0.379605 0.000530 0.001066

SASSEM 0.995000 0.750000 0.500000 0.000446 0.000845

300

Proposed 1.714730 1.067343 0.405758 0.000777 0.001485
SDIM 1.714730 0.866025 0.000000 0.000578 0.001115
NFPM 1.714730 1.192729 0.657496 0.000704 0.001444

SASSEM 1.723391 1.299038 0.866025 0.000529 0.001056

where the congestion cost is

g(x) = Υ
∑︂
ŝ∈S

∑︂
d∈L

x
(r)
ŝ φ

(l)
ŝ,d

(︄∑︂
s∈S

x(r)s φ
(l)
s,d

)︄
,

and

Xl =

{︄
x ∈ R

∑︁
s∈S |R(s)|

+ :
∑︂
s∈S

x(r)s φ
(r)
d ≤ cl

}︄

where Υ is the scaling parameter, cl(≥ 0) is the capacity of the link l ∈ L and φ(l)
s,d = 1 if d ∈ L(s)

s

and φ(l)
s,d = 0 otherwise. Let X =

⋂︁
l∈LXl. Then problem (5.1) is equivalent to the stochastic variational

inequality

find x∗ ∈ X such that ⟨F (x∗), x− x∗⟩ ≥ 0, ∀x ∈ X, (5.2)

where

F (x) = E[f(x, ξ)], f(x, ξ) = −

(︄
ξ
(r)
s

1 + x
(r)
s

)︄
s∈S

+ 2ΥM⊤Mx.

Now consider the bandwidth allocation problem on the network, which consists of 8 routes, 14 links and
5 users. In this case,

S = {1, 2, . . . , 5}, L = {1, 2, . . . , 14}, R = {1, 2, . . . , 8},

with

R(1) = R(2) = R(5) = {1, 2}, R(3) = R(4) = {1},
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Table 4. Uniform distributions of the random weighted parameters

Random parameter ξ
(1)
1 ξ

(2)
1 ξ

(1)
2 ξ

(2)
2 ξ

(1)
3 ξ

(1)
4 ξ

(1)
5 ξ

(2)
5

Uniform distribution U(18, 20) U(15, 17) U(16, 18) U(17, 19) U(11, 13) U(10, 12) U(12, 14) U(10, 12)

Table 5. Link capacities

Link no. c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14
Capacity 56 55 53 55 54 53 56 57 53 42 59 58 49 51

and adjacency matrix

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 1 0 0 0
1 1 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0
0 0 1 1 0 0 1 0
0 0 1 1 0 0 1 0
0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 1
0 1 0 0 0 0 0 1
0 0 0 1 1 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

It is known that F is pseudomonotone and Lipschitz continuous.

Numerical setting. We consider a network with 8 routes, 14 links, and 5 users. The scaling parameter is
set to Υ = 0.15, while the random parameters ξ(r)s follow the uniform distributions specified in Table 4.
The link capacities are given in Table 5.

Algorithm parameters. For all methods (Proposed, SDIM, NFPM, and SASSEM), we use the parameter
settings described in Table 1. In particular, we set

µ = 0.5, γk =
1

k2
, Nk = 2⌊(k + 3)(ln(k + 3))2⌋.

The initial points are randomly generated in (0, 10)8, and the stopping criterion is given by

Dk < 5× 10−3 or k ≥ 150.

The uniform distributions of the random weighted parameters in the above Table 4 reflect varying
user priorities across routes. Higher intervals indicate stronger preference or demand, introducing
stochastic variability that influences route selection and overall network equilibrium behavior.

The link capacity Table 5 shows moderate variability across links, indicating heterogeneous resource
availability. Links with lower capacities, such as c10, are more prone to congestion, while higher-
capacity links provide more stable and reliable transmission pathways.

From the network structure in Figure 6, Users 1 and 5 appear to be the most strategic, as they have ac-
cess to multiple routes and connections to central links, allowing flexible bandwidth allocation. Routes
3 and 5 seem more efficient due to their shorter and less congested paths. In contrast, Routes 7 and 8
pass through several shared links, making them more prone to congestion. Among the links, Links 1,
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Figure 6. Bandwidth network structure

3, and 14 are heavily connected and thus critical but risky, while peripheral links such as Links 11 and
12 are comparatively safer due to lower traffic interaction.

6. Conclusion

In this paper, we proposed a novel C-FISTA-inspired single-projection algorithm for solving sto-
chastic variational inequality problems. The method integrates inertial acceleration, adaptive stepsize
control, and a carefully designed correction mechanism, resulting in a computationally efficient frame-
work that avoids multiple projections and does not require prior knowledge of Lipschitz constants.
The single-projection structure significantly reduces per-iteration cost, making the algorithm suitable
for large-scale stochastic environments. We established almost sure convergence of the generated se-
quences under standard assumptions using a supermartingale framework. In addition, under strong
pseudomonotonicity, we derived linear convergence rates, demonstrating the theoretical strength of
the proposed method. The analysis highlights the role of momentum and adaptive stepsizes in balanc-
ing convergence speed and stability. Extensive numerical experiments on stochastic complementarity
problems, fractional programming, and network bandwidth allocation confirm the effectiveness of the
proposed algorithm. In particular, the method consistently achieves faster convergence, improved ro-
bustness to stochastic noise, and competitive computational cost compared with SDIM, NFPM, and
SASSEM.
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