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Abstract. The optimal treatment regime (OTR) is a recent development in personalized medicine. It
assigns the best treatment to an incoming patient according to his/her covariate profile. Construction of
the optimal regime hinges on unbiased estimates of the treatment effects. In observational studies, it is
known that traditional estimates of treatment effects are biased, and causal inference methods are needed
to construct unbiased estimates. The doubly robust estimation (DRE) is a recent popular causal inference
procedure for this purpose. It requires the specification of a propensity score model and an outcome
model, yielding unbiased estimates as long as one of the models is correctly specified. However, when
both models deviate from the true ones even slightly, the DRE is still biased, which can be the case if both
models are specified parametrically. Here, we consider observational studies with large-enough data for
the more robust nonparametric neural network model to work well but not large enough for deep learning.
We develop OTR using DRE from neural networks. Extensive simulation studies are carried out to evaluate
the performance of the proposed method, and compare it against its parametric counterpart. Our findings
show that the resulting OTR outperforms that under the parametric model when it is incorrectly specified.
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1. Introduction

Optimal treatment regime (OTR) design has received extensive attention in clinical trials due to its
practical significance and promise to optimize the therapy, e.g., in mental health, ADHD, and cancer. It
is a rule to assign the best treatment to a subject, among several treatments, according to the subject’s
baseline profile, so as to maximize the subject’s benefit from the treatment. Extensive research has been
proposed to achieve this goal. The early works include [25, 36, 21, 3] proposed A-learning; [39] studied
the inverse propensity score weighted (IPSW) method; [9] considered concordance-assisted learning;
More recently, [5] proposed a semiparametric method targeting the treatment difference value function;
and [23] considered penalized basis methods.

In OTR construction, unbiased estimates of treatment effects are needed. In observational clinical
studies, where treatment assignment is not completely random nor balanced, traditional estimates of
treatment effect will be biased due to confounding and/or selection bias. Thus, causal inference methods
are needed to obtain unbiased estimates. The inverse propensity score weighting method (IPSW) [14] is
one of the earliest such methods to adjust the bias. [28, 27] laid the theoretical foundation for this field
(now known as causal inference). Further works include [19], etc. However, if the propensity score
model is incorrectly specified, the IPSW estimator can still be biased. The doubly robust estimator
(DRE) is a recent further development in causal inference. It requires requires the specifications of a
propensity score model and an outcome model, and the estimator is unbiased as long as either model is
correctly specified ([26, 30]). DRE is no panacea, however, since there are problems when the propensity
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score is close to 0 or 1. Observing this issue, [6, 18], proposed possible solutions. Similarly, [15, 31]
provide a comprehensive review of DRE, and point out potential drawbacks if both propensity model
and outcome model are misspecified. The method in [9] is double robust but is based on rank which
does not maximize the value function, and it is not efficient. This method is not robust enough as many
of the methods that use parametric models. Other more robust methods, such as [5, 37, 38, 40] used
semiparametric models rendering them very robust. These methods, however, focus mainly on the
estimation of treatment effects, not on the optimal treatment regime.

Also, most existing methods use parametric models, which are not robust. The semiparametric mod-
els are more robust. In contrast, the nonparametric methods are most robust, which include the machine
learning (ML) methods such as neural network models, support vector machine [34], or ensemble meth-
ods such as random forest [4] can be used to predict the label or class in discrete-dependent variable
cases. One of the challenges with these nonparametric algorithms is their interpretability. The result-
ing parameters obtained after training do not really convey a sense to characterize the contributions
of each input variable. To address this issue, [4] proposed Mean Decrease Impurity and, later, Mean
Decrease Accuracy as metrics for assessing variable importance. [35] proposed recursive elimination
to assess variable importance, but none of these methods provides a measure of importance, just a
ranking. Hence, it is difficult to use these models to establish optimal treatment regimes based on the
baseline profile.

Recent advances in computation have resulted in the proliferation of neural network models. First
introduced in the 1940s [20], neural networks mimic the brain’s communication networks to process
information and make predictions. Consider a network consisting of nodes connected by edges. Infor-
mation flows from the first layer of nodes (input layer) to the second layer of nodes through the edges.
At each node, information coming in from another node becomes the input of an activation function
that determines whether the information should stall or proceed to the next node. If the predicted
output does not match the ground truth set by the training label, the information flows back, and the
weights that determine how much a node should fire are then updated. (The algorithm that performs
this updating is the backpropagation algorithm [29]. The information flows forward again and the pro-
cess is repeated until the discrepancies between the labeled data and the predicted label fall below a
previously specified threshold called the learning rate.

For observational studies or any nonrandomized trials, we propose a non-parametric, doubly ro-
bust optimal treatment regime estimator that maximizes the doubly robust estimated value function
for moderately sized datasets (hundreds of observational units), which is practical in today’s clinical
studies. This estimator relies on neural networks for estimating both, (1) the propensity to receive treat-
ment, and (2) the outcome models to estimate the treatment effects. The neural network model works
well for moderately sized datasets, but may not perform well with sample sizes in the low hundreds.
Our simulation study (described below) suggests that for sample sizes between 400 to 1000, and for
a small-dimensional design matrix (X ∈ Rp with 2 < p < 13), one hidden layer performed just as
well (or better) than two hidden layers. If the sample size is very large, the nonparametric models can
estimate the true parameters very well, then we can just use the outcome models to estimate the mean
treatment effects well with no need for DRE. Here we consider the more practical case of a moder-
ately large sample size, where nonparametric estimation is insufficient —warranting the use of DRE.
We find that other hyperparameters, such as the number of nodes in the hidden layer or the learning
rate, have a greater impact on unbiasedness. Compared with the existing parametric DRE, the proposed
method shows an apparent advantage, especially when the functional form of the outcome model is
misspecified, or the number of levels in the treatment variable is more than two.
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2. The Method

We describe the proposed method for a single-stage observational/nonrandomized clinical trial. Con-
sider the observed data Dn = {(yi,xi, ai) : i = 1, ..., n} i.i.d. (y,x, a), where for the i-th individual,
yi is the response, ai ∈ {1, . . . , k} is the indicator of assigned treatment, xi is a vector of covariates
that includes baseline values as well as a treatment effect modifier. The goal is to use the observed data
to estimate the model parameters and design an optimal treatment assignment rule for a future patient
based on her covariate profile.

The response can also be written as yi = I{ai=1}y
(ai=1)
i + · · · + I{ai=k}y

(ai=k)
i , where y

(ai=j)
i is

the potential response with treatment j (only one of them is observed, and the rest are potential and
latent).

As stated above, a treatment regime is a set of decision rules d(x) i.e., a treatment assignment for
a subject with covariate x ∈ X . A subject receives treatment j if d(x) = j and thus her potential
outcomes can be expressed as d(x)y(a=d) + d(x)y(a=1) + · · · + d(x)y(a=k) = I(a=1)Y

(a=1) + · · · +
I(a=k)Y

(a=k). Let G{y(a=d)} be a given criterion function of interest, a function of realized potential
outcome y(a=d). Different criterion functions can be used according to practical problems.

For example, in the simplest case G(·) is the identity function, so G{y(a=d)} = y(a=d). Or perhaps,
we assume y represents the number of days without a schizophrenic incident or drug abuse relapse;
then interest might be in the average number of days without an incident under certain treatment d:
G{y(a=d)} = N−1

j

∑︁Nj

ji=1 y
(a=d)
ji . Let V (d) = E(G{y(a=d)}) be the value of treatment assignment

d, which can be well estimated from the observed data. Let D = {1, . . . , k} be the set of all possible
treatment decision rules d. An optimal treatment regime is a treatment assignment rule d∗ ∈ D for un-
observed incoming patients (not for the patients with observed outcomes and for whom the treatment
is already assigned), such that V (d∗) ≥ V (d) for all d ∈ D. It then follows that

d∗(x) = argmax
j

{E[G(y)|a = j,x] : j = 1, ..., k}.

The above is also observed in [1] for binary treatment assignment.
Denote ga(x) = E{G(y)|a,x}, then d∗(x) = argmaxj{gj(x) : j = 1, ..., k}. Given ga(·), for a

decision point rule d, in case of completely randomized clinical trial without censoring, its value V (d)
would be estimated by its empirical version

Vn(d) =
1

n

n∑︂
i=1

(︁
I[d(xi)=1]g1(xi) + · · ·+ I[d(xi)=k]gk(xi)

)︁
and the value function at d∗ is estimated by Vn(d

∗).
However, as pointed out by [39, 1], the above method can lead to an estimate far from the optimal

regime when the model is misspecified. Furthermore, ga(·) is unknown and must be estimated along
with the propensity score, especially in the case of a practical situation of a non-randomized clinical
trial. For this reason, we use the doubly robust estimate of V (·) described below.

2.1. Doubly robust estimation. Based on the work of Yuan et al. (2021), we propose fitting neural
networks to estimate both propensity and outcome models within the doubly robust estimation frame-
work to then obtain the doubly robust estimate of the value function V (·).

We first give a brief review of the DRE. Causal inference methods help us recover the true average
treatment effect (ATE) in the absence of randomization. Consider a dataset Dn = (yi,xi, ai) where
ai was not assigned at random, but based on observed covariates xi. The inverse probability score

We extend it to the dynamic treatment (multi-stage trial) case in a follow-up paper.
There are no strict guidelines as to how longxi should be. A neural network with one hidden layer can still learn non-linear

patterns that ordinary least squares would not [7].
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weighted estimate (IPSWE) adapts inverse probability weighting from survey sampling [14]) to causal
inference via propensity scores [27], allowing unbiased estimation of ATE as if treatment had been
randomized. The validity of the method hinges on correctly specifying a model for the treatment as-
signment π(xi), the propensity score. For Ai ∈ {0, 1}, typically, π(xi) is estimated with a logistic
model:

π(xi|βA) := P (Ai = 1|Xi = xi) =
exp(x⊤

i βA)

1 + exp(x⊤
i βA)

Armed with the propensity scores for each observation, we can then estimate ATE = E(Y (a=1) −
Y (a=0)) = µ1 − µ0 where µ̂1 = n−1

∑︁n
i=1 aiyi/π(xi) is an unbiased estimate of µ1 and µ̂0 =

n−1
∑︁n

i=1(1− ai)yi/(1− π(xi)) is an unbiased estimate of µ0 [27].
As with IPSW, DRE relies on a propensity score model. However, it allows for the model to be

misspecified as long as a secondary model (outcome) is correctly specified [24]. In other words, the
method is robust to either misspecification of the propensity score model or of the outcome model.
Hence it is named “doubly robust.” Only one of the two must be correctly specified.

One has to define an outcome model per level of treatment. For the Ai ∈ {0, 1} case, we have
yi|(ai = 1,xi) = m1(x

⊤
i β1Y ) + εi where E(εi|xi) = 0, and similarly for yi|ai = 0,xi. Maxi-

mum Likelihood (MLE) is typically used for estimating βY . Then, under conditional exchangeability,
E(Y (a=1)

i − Y
(a=0)
i ) = E(Yi|A = 1)− E(Yi|Ai = 0) := µ1 − µ0 where

µ̂1 = n−1
n∑︂

i=1

(︃
g1(x

⊤
i β1Y ) +

ai(yi − g1(x
⊤
i β1Y )

π1(x⊤
i β1A)

)︃
(2.1)

µ̂0 = n−1
n∑︂

i=1

(︃
g0(x

⊤
i β0Y ) +

(1− ai)(yi − g0(x
⊤
i β0Y )

1− π1(x⊤
i β0A)

)︃
(2.2)

are the DRE unbiased estimators of µ1 and µ0 respectively with ga(·) as the outcome model and π1(·)
as the propensity model.

Equations (2.1) and (2.2) can be generalized to handle multi-level treatments as follows:

µ̂j = n−1
n∑︂

i=1

(︃
gj(x

⊤
i βjY ) +

Iai=j(yi − gj(x
⊤
i βjY ))

πj(x⊤
i β1A)

)︃
(2.3)

Note that gj does not contain Ai explicitly. Information about Ai is encoded in µ̂j (not gj) in the
propensity scores as well as in what observations go in the numerator, but not in gj . Estimation of
βjY depends on the functional form of gj , the outcome model. Typical forms include exponential
(yi = exp(x⊤

i βY ) + ei) or linear (yi = x⊤
i βY + ei) where E(ei) = 0.

We propose using a neural network model for the gj ’s. As neural networks are nonparametric mod-
els, they are flexible and can approximate more functional forms better than the parametric model or
linear models, and with relatively large sample size they provide better model estimation. We now turn
to the neural network model.

2.2. Neural networks. Following the notational convention introduced by [29] and adopted in [11],
let x be an input vector. Then, for ga of a fixed a, a neural network model of L hidden layers with
activation function f can be recursively expressed as

ga(x|θ(o)a ) = E[yi|xi, ai = a]

= fa,L(Wa,L · fa,L−1(Wa,L−1 · . . . fa,1(Wa,1 · x+ ba,1) + . . . ba,L−1) + ba,L), (2.4)

In the absence of randomization, E(Y (a)) ̸= E(Y |A = a) due to confounding. Conditional exchangeability states that
when all confounding paths are blocked or controlled for by X , then potential outcome Y (a) is equivalent in expectation to
(Y |A = a)
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where Wa,L is a matrix of weights connecting the nodes of layer L with the output coming out of of
layer L− 1; ba,L is the intercept vector shifting fa,L(·); and fa,L(·) is the activation function.

The dimension of Wl depends on the number of nodes in the previous layer and the number of nodes
in the layer it represents. The number of nodes or units for the input layer is equal to the dimension of
x by design. The subsequent layers can have two or more nodes. A neural network model with three
or more layers is called a deep learning model [11, 17]. There is a vast literature relating to activation
functions [22, 8]. Common choices are the logistic and rectified linear unit (ReLU). ReLU tends to be
favored because it avoids gradient explosion (output values that are very large real numbers) or gradient
leakage (output values that are numerical zero) [10].

Various architectures have been proposed to handle different tasks. For example, if the data are
highly nonlinear or hierarchical, such as in image classification or natural language processing, deep
networks generally perform better than single hidden layer networks [2]. The proliferation of “big
data” has required a similar proliferation of deep network architectures that not always involve fully
connected layers, but instead, involve convolutions as opposed to matrix multiplication. (See [16, 13,
32])

The doubly robust estimation functions we approximate with neural networks in this work do not
require complex architectures nor convolutions. Selection of number of nodes per hidden layer(s) and
activation function can be accomplished via k-fold cross-validation [33, 12]. (See simulation section for
more details on the tuning of the neural networks we use in this study.)

2.2.1. The propensity score model with neural networks. As stated above, DRE requires at least two model
families: a propensity score model and an outcome model. The propensity score model is typically a
parametric logistic model (or multinomial in the multi-level treatment case), where P(a = j|x) =
exp(x⊤β)/(1 + exp(−x⊤β)). Here, we use neural network model: Using the data {(ai,xi) : i =
1, ..., n}, we assume the propensity score model

P (a = j|x) = πj(x|θ)

:= f
(p)
a,L(W

(p)
a,L · f (p)

a,L−1(W
(p)
a,L−1 · . . . f

(p)
a,1 (W

(p)
a,1 · x+ b

(p)
a,1) + . . . b

(p)
a,L−1) + b

(p)
a,L), (2.5)

where (p) indicates the matrix (or function) corresponds to the ’propensity’ model, W (p)
a,1 ∈ R|x|×|L1|,

and the cardinality of L1 is to be determined by the data in cross-validation. The number of nested
functions (i.e. layers) and the form of f(·) (e.g. ReLU or sigmoid) are also hyperparameters to be
chosen via cross-validation.

2.2.2. The outcome model with neural networks. Similarly, we use neural networks to represent the out-
come model gj in equation (2.3). Hence the mean treatment effect under treatment j is consistently
estimated by

µ̂j = n−1
n∑︂

i=1

(︃
gj(xi) +

Iai=j(yi − gj(xi))

πj(xi)

)︃
(2.6)

where gj(xi) := f
(o)
a,L(W

(o)
a,L · f (o)

a,L−1(W
(o)
a,L−1 · . . . f

(o)
a,1(W

(o)
a,1 · x + b

(o)
a,1) + . . . b

(o)
a,L−1) + b

(o)
a,L) and the

row dimension of W (o)
a,L, the number of nested activation function f

(o)
a,L(·), and the form of f (o)

a,L(·) are
all hyperparameters to be chosen via cross-validation from the data.

2.3. OTR by DRE via ML. The method we propose aims to find an OTR (d∗) that a new patient must
follow at each decision point k as to maximize (or minimize) some outcome metric Y or a function
H(y). For simplicity, we assume H(·) is the identity function. Then, at decision point k = 1,

V (d) = E[H(y)] = E{E[Y |A = d,X = x]}
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and
d∗(x) = argmax

a
E{E[Y |A = a,X = x]}.

If randomization exists at decision point k = 1, or if the assignment mechanism is known, d∗(x) can
be easily found by optimizing the empirical counterpart Vn(d) of V (d)

Vn(d) = n−1
n∑︂

i=1

k∑︂
j=1

Id(xi)=jE(Y
a=j
i ),

where E(Y a=j) under randomization is equivalent to E(Yi|Ai = j) := µj . However, as pointed out, in
the absence of randomization, but under conditional exchangeability, we need causal inference methods
to estimate E(Y |A = ai, X = xi). To that end, let µ̂j be the DRE estimate of E(Y |A = ai, X = xi).

2.3.1. DRE of V (d) and d∗ in a single-stage treatment regime. Let zi = G(yi) (which simplifies to yi
when G(·) is the identity function), δij = I(ai=j), and µj = E[G(yi)|ai = j,X = xi] be the mean of
G(Y (a=j)) under treatment j. To make the discussion concrete, assume µj > 0 for j = 1, ..., k and
that a higher G(Y ) is desirable. After obtaining the propensity score estimates π̂ai(·) and the outcome
model estimates ĝai(·) for each i ∈ {1, . . . , n}, the DRE of µj is (Yin, Yuan and Tan, 2024)

µ̂j =
1

n

n∑︂
i=1

(︂
ĝj(xi) +

δij
(︁
zi − ĝj(xi)

)︁
/π̂j(xi)

)︁
n−1

∑︁n
i=1 δij/π̂j(xi)

)︂
:=

1

n

n∑︂
i=1

µ̂j(δij , zi,xi) (2.7)

for (j = 1, ..., J) and for fixed d(·), the DRE of V (d) is

Vn(d) =
1

n

n∑︂
i=1

k∑︂
j=1

I(︁
d(xi)=j

)︁µ̂n,j(δij , zi,xi)
a.s.→ E

[︁ k∑︂
j=1

I(︁
d(X)=j

)︁µj(A,Z,X)
]︁

= E
[︁ k∑︂
j=1

I(︁
d(X)=j

)︁E[︁µj(A,Z,X)
⃓⃓
X

]︁]︁
= E

[︁ k∑︂
j=1

I(︁
d(X)=j

)︁µj(X)
]︁
, (2.8)

where
µj(x) = E

[︁
µj(A,Z,X)

⃓⃓
X = x

]︁
, µj(a, z,x) = lim

n→∞
µ̂j(δj , z,x).

Asymptotically, when d(x) ∈ {0, 1}, the optimal regime d∗(·), when a higher G(y) is desirable, in
(2.8) is d∗(x) = argmaxj∈D µj(x) (in the sense d∗(x) = j means d∗(x) = Ia=j). The µj(·)’s are
unknown and are well estimated by

µ̂n,j(x) =
1

n

n∑︂
i=1

µ̂j(δij , ai,xi), (j = 1, ..., k)

yielding

Vn(d) =
1

n

n∑︂
i=1

k∑︂
j=1

I(︁
d(xi)=j

)︁µ̂n,j(xi). (2.9)

Maximizing Vn(d) over d in (2.9), we get the estimated optimal regime as, for any patient with
covariate vector x,

d∗n(x) = j(x), j(x) = arg max
j∈{1,...,k}

µ̂n,j(x)
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Or we may use randomized assignment with probability p̂j(x) = µ̂n,j(x)/
∑︁k

r=1 µ̂n,j(x) assign to
treatment j.

3. Simulation Study

In this section, we study the performance of DRE via ML (DRE-ML) for finding OTRs with one
single stage. We compare its performance against the naive approach (described below) as well as
against DRE-parametric when the model matches the true functional form of P (Ai|xi) = π(·) and
Yi, and when it does not. We assume treatment is discrete, well-defined (SUTVA), and with common
support everywhere in the covariate space (positivity). We also assume we observe, and control for,
all confounders of the treatment indicator Ai and the outcome Yi (exchangeability). Without loss of
generality, we simulate cases where a higher Yi is preferable.

We consider the single-stage treatment regime case, where finding d∗(xi) amounts to finding the
ATE that leads to a maximum Yi. We compare DRE-ML performance against that of two parametric
models: logistic for propensity scores and exponential (DRE-param expo) and ordinary least squares
(DRE-param ols) for outcome. Treatment assignment is not random but based on baseline covariates
xi.

All parameters (βA,βY , δ1,δ2) for each of the 6 DGPs across all 180 data sets can be access and readily
replicated with seed values as presented in the Supplementary Materials section.

3.1. Binary treatment. Let Ai be a binary treatment variable with values {0, 1}. P (A = 1|X) is
governed by the propensity function π(·|X), which can be logistic or sigmoid. Let Yi be the outcome
of interest. Yi = g(x⊤

i βY +δ1Ai+δ2[Ai×Xp,i])+εi where g(·) is either exponential or log-gamma. δ1
is the main effect of Ai = 1, and δ2 is the interaction effect of Ai and binary ({0, 1}) tailoring variable
Xp,i. We set δ1 ∈ R+ and δ2 ∈ R− to ensure non-trivial OTR. We set the sample size n = 200 × L
where L is number of unique elements of Ai. We aim for treatment-and-control split close to 50/50.

We simulate a design matrix X ∈ Rn×P with P = 3.

X ∼ MVN(m,Σ)

where mean vector m is chosen at random from Unif(−1, 1) and covariance Σ is a P ×P matrix with
constant variance σ = 1 but attenuating covariance ρ|p−p′| for (xp, xp′). ρ is chosen at random from
Unif(0.4, 0.6). This makes the Xp covariates not independent.

The last column of X is binarized as follows:

Xp=P =

{︄
0 if Xp=P ≤ 0

1 if Xp=P > 0

For this binary Ai case, we simulate treatment assignment and outcome variables in two different ways:
logit-expo and tanh-loggamma.

3.1.1. logit-expo. We first simulate treatment assignment as logistic and outcome as exponential (logit-
expo). We simulate assignment to treatment as follows:

P (Ai = 1|xi) = π1(Ai|xi;βA)

where π1(Ai|xi;βA) = expit(x,βA) = 1/(1 + exp{−x⊤
i βA}), and xi is the ith row of design matrix

X . βA is a vector of coefficients in RP with predetermined values from Unif(−1, 1).

If the sgn(δ1) = sgn(δ2) (say positive), then the optimal decision rule is to “give everyone the treatment” (or “refuse the
treatment to everyone” if negative).

We fix the βA coefficients per data set of size n, but we let them differ across data sets. Hence, we have 30 different sets
of βA per DGP.
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Next, we simulate the outcome random variable Yi as

Yi = exp

(︃
x⊤
i βY + δ1Ai + δ2(Ai ×Xpi)

)︃
+ εi

where βY is a vector of coefficients in RP , and it’s chosen at random from Unif(−1, 1) (but different
from βA), εi ∼ N(0, 0.01), δ = 0.6. The binary covariate Xp modifies the treatment and its modifica-
tion is captured by the interaction coefficient δ2, which we let it be negative from Unif(1/√p, 1/

√
p)

and it’s constant within data set, but it varies across data sets. The treatment heterogeneity ensures the
OTR will not be trivially d(xi) = 1 for everyone as explained above.

We collect Y ,X , and A into a rectangular data set D with dimensions (L×n)×(P +2) = (400×5).
Since we have L = |Ai| = 2, where ai ∈ {0, 1}, we have

∆0,1 = E(Y {ai=1} − Y {ai=0})

≡ E(Y |x, a = 1)− E(Y |x, a = 0)

= µ1 − µ0

≈ µ̂1 − µ̂0

Following the DRE procedure, for ai = 1, we compute

µ̂1 =
1

n

n∑︂
i=1

(︂
ĝ1(xi) +

Iai=1

(︁
yi − ĝ1(xi)

)︁
/π̂(xi)

)︁
n−1

∑︁n
i=1 Iai=1/π̂(xi)

)︂
and for ai = 0:

µ̂0 =
1

n

n∑︂
i=1

(︂
ĝ0(xi) +

Iai=0

(︁
yi − ĝ0(xi)

)︁
/(1− π̂(xi))

)︁
n−1

∑︁n
i=1 Iai=0/(1− π̂(xi))

)︂

For DRE-ML, we approximate propensity π(·) and outcome g(·) functions with neural networks.
ĝj(xi;W, b) = fj,L(Wj,L · fj,L−1(Wj,L−1 · . . . fj,1(Wj,1 · xi + bj,1) + . . . bj,L−1) + bj,L)

and
π̂(xi;W

′, b′) = fj,L(W
′
j,L · fj,L−1(W

′
j,L−1 · . . . fj,1(W ′

j,1 · xi + b′j,1) + . . . b′j,L−1) + b′j,L)

We tune the neural network model via cross validation with 6 folds. However, given that there are
two types of functions we try to approximate, namely propensity and outcome, we tune each model
type with a different hyper parameter space.

For binary propensity functions, we tune the following hyperparameters: number of hidden layers
(1 or 2), number of units in each hidden layer (10 to 60), number of epochs (40 to 120), learning rate
{.001,. 005, .01}, and activation function (ReLU or sigmoid). Given the large size of this parameter
space, we perform randomized cross validation with 15 random hyperparameter values for units and
10 random values for epochs. The best performing parameter combination, in terms of the area under
the Receiver Operating Characteristic curve (AUC), across all 6 folds, is used to predict Ai, which we
then denote π̂j where j ∈ {0, 1, 2, 3, 4} depending on the dimension of Ai.

Similarly, we tune a neural network to approximate the outcome function that generated Yi. The
tuning hyperparameters are the same to the propensity neural network described above, but the hy-
perparameter space is different. We explore the number of hidden layers (1 or 2), number of units in
each hidden layer (10 to 115), number of epochs (75 to 150), learning rate {.001,. 005, .01}, and activa-
tion function (ReLU or sigmoid). As with the tuning of the propensity model, we perform randomized
cross validation choosing 15 hyperparameter values at random from the hyperparameter space of units,

As with βA we fix βY per data set but we let it vary across data sets.



DOUBLY ROBUST OTR VIA NEURAL NETWORKS 179

Table 3.1. Tuning hyperparameter boundaries per model type in binary
treatment cases

Hyperparameter π̂j ĝj
Activation function ReLU or tanh ReLU or tanh
Hidden layers {1,2} {1,2}
Units per layer randint1(10, 60) randint(10, 115)
Learning rate loguniform2(1e−4, 9e−2) loguniform(1e−2, 1e−1)

Epochs randint(40, 120) randint(75, 150)
1 random package function to randomly chose an integer from (a to b).

and 10 random hyperparameter values from the epochs hyperparameter space. The best performing
parameter combination, in terms of root mean squared error (RMSE) across all 6 folds, is used to predict
Yi, which we denote ĝj . Table 3.1 displays the hyperparameter boundaries side-by-side per model.

For DRE-Param, we approximate propensity and outcome functions with logistic and exponential
parametric functions, matching the true functional form in some cases as we will see.

Next, we compute a “naive” estimate which naively estimates ∆0,1 by computing the empirical dif-
ference in means between the two treatment groups:

∆̂0,1naive =
1∑︁n

i=1 I{ai=1}

n∑︂
i=1

I{ai=1}Yi −
1∑︁n

i=1 I{ai=0}

n∑︂
i=1

I{ai=0}Yi

Lastly, we compute the true ATE (given that we know all true parameters and their functional form)
as follows:

Given that Ai ∈ {0, 1} and Xpi ∈ {0, 1},

∆0,1 =E(Y (ai=1)
i − Y

(ai=0)
i )

=E(Y |A = 1, X)− E(Y |A = 0, X) (by conditional exchangeability)
=P (Xp = 1)[E(Y |A = 1, Xp = 1)− E(Y |A = 0, Xp = 1)]

+ P (Xp = 0)[E(Y |A = 1, Xp = 0)− E(Y |A = 0, Xp = 0)]

=P (Xp = 1)

(︃
n−1

n∑︂
i=1

η(x⊤
i βY + δ + δ2)− n−1

n∑︂
i=1

η(x⊤
i βY )

)︃

+ P (Xp = 0)

(︃
n−1

n∑︂
i=1

η(x⊤
i βY + δ))− n−1

n∑︂
i=1

η(x⊤
i βY )

)︃
where η(·) = exp(·), the true functional form of Yi.

We repeat this process 30 times, where the values of D = {Ai, Xi, Yi;βY ,βA, δ1, δ2} change but
the functional structure remains intact.

Figure 3.1 shows boxplots for the difference between the estimates of the naive, DRE-param (with
logit-OLS), DRE-param (with logit-expo), and DRE-ML (neural network) models and the true treatment
effect for 30 generated datasets under the logit-expo DGP. We can see on the far-left that the naive
estimates have high variance and are not centered at 0 as expected. The logit-expo model is centered
at zero and has very small variance. This is expected given that the model mimics the true DGP. On
the far right, we see the neural network model. Its performance is comparable to the logit-expo model
though it is no match for the DRE-param models.

3.1.2. Tanh-loggamma. We now depart from a case where the DRE-param correctly models the true
DGP. We generate X the same as before, keeping the sample size the same, but we generate Ai under
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Figure 3.1. Difference between ∆̂0,1 and true ∆0,1 across 30 dataset by model under
logit-expo DGP

tanh(·) function and Yi under log-gamma.

Ai ∼ Bern
(︃
πi =

1

2

(︁
tanh(x⊤

i βA) + 1
)︁)︃

where βA ∈ RP chosen from Unif(−1, 1). We generate Yi as:

Y = C ·
exp

{︃
λ1 · x⊤

i βY + δAi + δ2(Ai ×Xpi)

}︃
· exp

{︃
− exp(x⊤

i βY +δAi+δ2(Ai×Xpi))
λ2

}︃
Γ(λ1) · λλ1

2

+ εi

where λ1 = 3 and λ2 = 2, εi ∼ N(0, 0.1), xi is the ith row of a design matrix with P columns, βY is
a vector of coefficients in RP chosen from Unif(−1, 1), C = 10, and δ1 = Unif(−1/

√
p,+1/

√
p) and

δ2 = −Unif(−1/
√
p,+1/

√
p).

As before, we generate 30 data sets for each DGP and compute naive, DRE-ML, DRE-param (OLS
and expo) estimates of ∆0,1.

Figure 3.2 provides a visual representation of each model’s estimates of ∆0,1. It shows boxplots
for the difference between the estimates of the naive, DRE-ML, DRE-param (expo), and DRE-param
(ols) for 30 generated data sets under the tanh-loggamma DGP. As in the examples before, the naive
estimates (left) have high variance and are not centered at 0, as expected. The DRE-ML is the only
model providing estimates with zero relative bias.

3.2. Three-level treatment. We now increase the number of treatments to three; that is we allow for
Ai ∈ {0, 1, 2} and obtain estimates for ∆0,1 and ∆0,2. We fix the sample size at n = 600, roughly
200 per treatment level, though the levels are not always perfectly balanced on each simulation. We
simulate a design matrix X ∈ Rn×P with P = 8 and with one binary column that also acts as the
tailoring variable as before.

Because |Ai| = 3, several parameters have to be scaled to a higher dimension. We defined a matrix
of coefficients BA composed of two row vectors of coefficients: βA1 and βA2 where the values are
taken from Unif(1, 1) prior to generating each data set.
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Figure 3.2. Difference between ∆̂0,1 and true ∆0,1 across 30 dataset by model under
tanh-loggamma DGP

We simulate assignment to treatment based on multinomial logit model:

ln

(︃
πj
π0

)︃
= x⊤

i βAj , (j = 1, 2),

for treatment level j.
This allows us to simulate a random vector Ai with probabilities given by

π(x|BA) = [πj(x|βA0), πj′(x|βA1), (1− (πj(x|βA0) + πj′(x|βA1))]

where BA is a 2× 8 matrix of coefficients.
Next, we generate the outcome variable Yi (after omitting the reference treatment level ai = 0):

Yi = g

(︃
x⊤
i βY + A⊤

i δ1 + (Ai ⊙Xpi)
⊤δ2

)︃
+ εi

where g is either the exponential, log-gamma, log-normal, or sigmoid function defined above. βY is
a vector of coefficients in RP and it’s chosen at random from Unif(−1, 1) (but different from βAj),
εi ∼ N(0, 0.01), δ1 = {|Unif(−1/

√
p, 1/

√
p)|, |Unif(−1/

√
p, 1/

√
p)|} and the modifier coefficients

are δ2 = {−|Unif(−1/
√
p, 1/

√
p)|,−|Unif(−1/

√
p, 1/

√
p)|} to ensure non-trivial OTRs. Once the δr

values are chosen, they remain constant per data set, but not across data sets. In other words, we select
30 different sets of δr . The operator ⊙ represent element-wise product, which allows us to express
interactions for each non-baseline treatment level of Ai, (A1i ×Xpi) and (A2,i ×Xp,i).

We collect Y ,X , and A into a rectangular data set D with dimensions n× (P + 3).
As before, we fit a naive model (empirical mean for each treatment level), DRE-ML with propensity

and outcome neural network models as per (2.3), and two DRE-param models: (expo) and (ols). Each
model is compared against the true ∆j,0 j ∈ {1, 2}.

We repeat this 30 times for 30 different data sets.
Because we have more than two-treatment choices, we tweak the hyper parameter space slightly in

tuning.
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Table 3.2. Tuning hyperparameter boundaries per model type for
multi-treatment Ai

Hyperparameter π̂j ĝj
Activation function ReLU or tanh ReLU or tanh
Hidden layers {1, 2} {1, 2}
Units per layer randint(15, 60) randint(5, 115)
Learning rate loguniform(1e−4, 1e−2) loguniform(5e−3, 1e−1)

Epochs randint(50, 100) randint(50, 125)

Figure 3.3. Difference between ∆̂j,j′ and true ∆j,j′ across 30 datasets by model

3.2.1. Logit-expo. We start with 30 data sets under g(·) = exp() and report the results in side-by-side
boxplots per treatment contrast from the baseline Ai = 0 in figure 3.3. Here we see the parametric
model still has an edge on DRE-ML but only when the outcome model matches the true DGP. DRE-
Param OLS exhibits higher variance than DRE-Param Expo and (in the A01 contrast) DRE-ML.

3.2.2. Tanh-loggamma. To remove the edge that DRE-param (expo) has when it matched the true DGP
in the previous example, we now simulate 30 data sets under the same conditions as the previous
example, except that π(Ai = j|x;βA,j) = exp(x⊤βAj)/

∑︁2
j=1 exp(x

⊤βAj) and g(·) = log-gamma().
To get a better idea of each model’s performance, as in previous examples, we present box plots

showing the relative bias of ∆̂j,j′ per model in figure 3.4. We can see that the DRE-ML has caught up in
terms of smaller variance with DRE-param (expo). The neural-network model seems more consistent.
Figure 3.4 also suggests that when the DRE-param does not match the DGP, DRE-ML is a better choice.
DRE-param OLS, while also unbiased, also exhibits higher variance than DRE-ML.

3.3. Five-level treatment. To conclude the single-stage case, we now present results under 30 data
sets where the treatment variable has five levels. Mimicking the previous examples, we first show
simulation results when DRE-param matches the DGP (multinomia-expo), followed by results where
DRE-param does not match the DGP (tanh-loggamma).

We fixed the sample size at n = 1, 000, roughly 200 per treatment level. We simulate a design
matrix X ∈ Rn×P with P = 12 and, as before, with one binary column that also serves as the tailoring
variable.
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Figure 3.4. Difference between ∆̂j,j′ and true ∆j,j′ across 30 datasets by model

As in the three-level treatment case, we create a matrix of parameters BA with row vectors βAj for
j = {1, 2, 3, 4}. Thus, BA ∈ R4×12 where each value is chosen from Unif(−1, 1) at the beginning of
each data set simulation.

The simulation of Yi mimicks previous examples. That is, we generate

Yi = g

(︃
x⊤
i βY + A⊤

i δ1 + (Ai ⊙Xpi)
⊤δ2

)︃
+ εi

where g(·) can be either exponential or log-gamma. We set the values of δ1 and δ2 with
Unif(1/√p, 1/

√
p) ensuring the first set is positive while the second set is negative to induce non-trivial

OTRs.

3.3.1. Logit-expo. We first consider the case where DRE-param expo matches the DGP. We simulate 30
data sets as described above with ln

(︁πj

π0

)︁
= x⊤

i βAj for j = {1, 2, 3, 4} and such that
∑︁

j∈J πj = 1.
We let g() = exp(). We expect the performance of both models to be comparable, with the DRE-param
having a slight edge over DRE-ML due to the DRE-param matching the true DGP.

Figure 3.5 shows side-by-side boxplots of the relative-bias across all 30 data sets per model. We can
see that DRE-param (expo) achieves the lowest variance across all models overall. DRE-ML comes in
second with DRE-param (ols) third. The five-level complexity, though, does not give DRE-param (expo)
a clear advantage despite matching the DGP.

We next explore the single-stage case with five-level treatment when the DRE-Param does not match
the true DGP.

3.3.2. Tanh-loggamma. To prevent the DRE-param from matching the DGP, we simulate 30 data sets
whereπ(Ai = j|x;βA,j) = exp(x⊤βAj)/

∑︁4
j=1 exp(x

⊤βAj) for j = {1, 2, 3, 4} subject to
∑︁

j∈J πj =

1. We set g() = log-gamma().
Figure 3.6 shows side-by-side boxplots of the relative-bias per model across all 30 data sets. Here,

we can see that DRE-ML is the model with the lowest variance, particularly with ∆̂0,1 and ∆̂0,4. DRE-
Param (expo) and DRE-Param (ols) achieve a similar variance with, perhaps, DRE-Param (expo) being
a little lower overall.

This single-case simulation study suggests that when the model does not match the DGP, DRE-ML
is a better choice for computing precise ATEs with a single-stage DTR with the discrete treatment
variable Ai having more than two levels. DRE-Param performed equally well when matching the DGP
under binary treatment. However, as more levels of treatment were addded, and the functional form
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Figure 3.5. Difference between ∆̂j,j′ and true ∆j,j′ across 30 datasets by model

was misspecified, DRE-ML showed an advantage. It is worth mentioning that in order to tune the
neural network models with 6-fold cross-validation, sample size of at least 200 observational units per
treatment stratum were needed to avoid violating positivity, especially as the dimension of the design
matrix X increased. Thus, the results could be understood as a lower bound on sample size needed,
which can be a limitation if medical studies lack many participants or the abundance of records is
low. These results should be weighed against the fact that DRE-ML exhibits a higher type I error rate
than its parametric counterpart even in cases where the parametric model did not match the DGP. (See
supplementary material.)

4. Concluding Remarks

This paper has proposed an optimal treatment regime using the doubly robust framework with neu-
ral networks, yielding a nonparametric doubly robust estimator, DRE-ML, for observational treatment
regimes. It first estimates the value function using the DRE method, then constructs the OTR. The
method is more robust and computationally simpler than most existing methods, and it can handle any
finite number of treatments.

The simulation results in Section 3 reveal an emerging pattern across all three treatment level types.
When the outcome model’s functional form was correctly specified (as in the logit-expo and multinomial-
expo DGPs) DRE-Param retained a real advantage: its ATE estimates were closer to zero bias and ex-
hibited lower variance than DRE-ML, which is expected of a model built to match the true DGP. But
when the functional form was misspecified or simply unknown, as in the tanh-loggamma DGPs, this
advantage reversed. DRE-ML produced estimates with lower variance and, in the three- and five-level
cases, noticeably better recovery of treatment effects. The gap between DRE-ML and DRE-Param under
misspecification also widened as the number of treatment levels increased, suggesting that the cost of
committing to the wrong parametric outcome model compounds as the treatment space grows, while
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Figure 3.6. Difference between ∆̂j,j′ and true ∆j,j′ across 30 datasets by model

DRE-ML’s nonparametric flexibility offers better protection against the complexity of three- and five-
treatment levels.

Further study should investigate whether the DRE-ML advantage translates into better OTRs in
dynamic settings (e.g., with two- or three-stage treatment regimes). Further work could also investigate
DRE-MLs performance in discontinuous or discrete outcome functions. Furthermore, the sample size
requirements outlined in this study (n = 200×|Ai|) point to another direction for future work involving
the lower limits of sample size, e.g., in rare diseases where a very limited number (often fewer than 100)
of patients are available.
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Appendix A. Supplementary Materials

A.1. Type I error rates. The DRE-ML estimator produces estimates for average treatment effects
(ATEs) or contrasts ∆̂j,j′ . These estimates are needed to compute Optimal Treatment Regimes (OTRs)
as the previous two chapters illustrated. One question that arises, then, is how precise are these esti-
mates when the true treatment effect is zero. In other words, what is the false positive (type I error)
rate when the null hypothesis is true.

This chapter conducts a simulation study with data sets where the null hypothesis is true ∆j,j′ = 0.
Since the objective is to study ATEs, and not OTRs, we limit ourselves to single-stage case study. We
start with the binary treatment case, and progressive in complexity to the three-level and then five-level
treatment case.
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We purposely set δ1 = 0 and δ2 = 0 for each data set in

Yi = g[x⊤
i βY + δ1Ai + δ2(Ai ×Xp,i)] + εi

where Ai is the treatment variable, Yi is the outcome variable, xi is a vector of baseline covariates, and
Xp,i is a binary tailoring variable. ε ∼ N(0, 0.1).

For the three- and five-level treatment cases, we set δ1 = 0 and δ2 = 0.
Unlike the previous simulation chapters, we let g(·) be either exponential, log-gamma, scaled sig-

moid, or scaled log-normal. We do that to show an additional set of cases in which the DRE-Param
model matches the data-generating process (DGP), and another in which it does not.

Thus, for when the DGP is logit-lognormal, we use the scaled log-normal transformation:

Yi = C ·
(︃√

2π exp

{︃
(x⊤

i βY + δAi + δ2(Ai ×Xpi)) + 0.5(x⊤
i βY + δAi)

2

}︃)︃−1

+ εi

where C = 10 and ε ∼ N(0, 0.1).
Similarly, for when the DGP is tanh-sigmoid, we apply the following scaled sigmoid transformation:

Yi = C ·
(︃
1 + exp

{︃
x⊤
i βY + δAi + δ2(Ai ×Xpi)

}︃)︃−1

+ εi

where C = 10 and ε ∼ N(0, 0.1).

A.1.1. Results. We begin with the binary treatment case. We generate 50 independent data sets where
the null hypothesis is true (δ1 = 0 and δ2 = 0) with n = 400 per data set.

Within each data set, we then compute estimates ∆̂0,1 using DRE-ML, and DRE-Param (expo) and
DRE-Param (ols). For the logit-lognormal case, we also fit a logit-lognormal DRE-Param model.

Hence, Since we treatment is binary Ai = {0, 1}, we have

0 = ∆j,j′

= E(Y {ai=j′} − Y {ai=j})

≡ E(Y |x, a = j′)− E(Y |x, a = j)

= µj′ − µj

Following the DRE procedure, for ai = j, we compute unbiased estimates for µj

µ̂j =
1

n

n∑︂
i=1

(︂
ĝj(xi) +

Iai=j

(︁
yi − ĝj(xi)

)︁
/π̂(xi)

)︁
n−1

∑︁n
i=1 Iai=j/π̂(xi)

)︂
and similarly for j′.
For DRE-ML, we approximate propensity π(·) and outcome g(·) functions with neural networks.

(See chapter 4 and 5.)

Variance σ∆j,j′ .
We pooled all 50 data sets within the DGP and computed the sample variance as:

σ̂j,j′ =
1

(50n)− p

50n∑︂
i=1

(∆̂
(i)
jj′ − ∆̄jj′)

2
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Table A.1. Type I error rates across 50 data sets with n = 400 each, when the null hypothesis is true
by model and DGP with binary treatment. ∗Signifies DGP matches DRE-param model

DGP DRE-Type Error rate
∆̂01

logit-expo∗ Expo 0.07
ML 0.17
OLS 0.01

logit-lognormal∗ Lognormal 0.01
ML 0.10
OLS 0.03

tanh-gamma Expo 0.07
ML 0.20
OLS 0.03

tanh-sigmoid Expo 0.03
ML 0.33
OLS 0.03

Table A.2. Type I error rates across 50 data sets with n = 600 each, when the null hypothesis is true
by model and DGP with three-level treatment. ∗Signifies DGP matches DRE-param model

DGP DRE-Type Error rate
∆̂01

Error rate
∆̂02

logit-expo∗ Expo 0.07 0.10
ML 0.27 0.07
OLS 0.10 0.13

logit-lognormal∗ Lognormal 0.03 0.03
ML 0.13 0.13
OLS 0.03 0.07

tanh-gamma Expo 0.37 0.10
ML 0.30 0.10
OLS 0.43 0.13

tanh-sigmoid Expo 0.43 0.10
ML 0.23 0.07
OLS 0.37 0.10

where

∆̄j,j′ =
1

50n

50n∑︂
i=1

[︁
µ̂j(xi)− µ̂j′(xi)

]︁
=

1

50n

50n∑︂
i=1

∆̂j,j′,(i)

Table A.1 shows the error rate for the 50 data sets by DGP and model. For the DRE-ML, we used the
best neural network found in the 6-fold cross validation per data set, re-fit across the whole data set.
We readily see that DRE-ML estimates have the highest type I error rate. The model seems to be too
sensitive to slight differences of µj and µj′ . The parametric models do not suffer from that problem.
The highest error rate is in logit-expo DGP with DRE-param (expo), and that is 0.07, which is in the
upper bound of the expected rate.
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Table A.3. Type I error rates across 50 data sets with n = 1000 each, when the null hypothesis is true
by model and DGP with five-level treatment. ∗Signifies DGP matches DRE-param model

DGP DRE-Type Error rate
∆̂01

Error rate
∆̂02

Error rate
∆̂03

Error rate
∆̂04

logit-expo∗ Expo 0.06 0.02 0.02 0.02
ML 0.36 0.26 0.24 0.02
OLS 0.32 0.28 0.20 0.06

logit-lognormal∗ Lognormal 0.02 0.02 0.02 0.02
ML 0.08 0.10 0.06 0.08
OLS 0.04 0.10 0.06 0.08

tanh-gamma Expo 0.38 0.42 0.42 0.14
ML 0.40 0.46 0.34 0.12
OLS 0.44 0.34 0.32 0.04

tanh-sigmoid Expo 0.42 0.52 0.42 0.18
ML 0.46 0.44 0.20 0.18
OLS 0.42 0.36 0.30 0.18

Table A.2 and table A.3 show results for the three and five-level treatment respectively. The pattern
that surfaces is that DRE-Param has lower type I error rates than DRE-ML, especially when DRE-
Param matches the DGP with binary treatment. As we increase the treatment levels, however, type
I error rates in DRE-Param are dramatically higher, reaching the 30 or even 40 percent. Only when
DRE-Param matches the DGP is when the type I error rates remain below 10 percent.

This suggests that DRE-ML and DRE-Param have similar (undesirable) type I error rates when the
treatment level is not binary and the DRE-Param does not match the DGP.
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