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Abstract. Accelerated inexact proximal-gradient methods are effective for non-convex composite op-
timization, but combining adaptive step sizes with acceleration can lead to numerical instability. We
propose a Hybrid Adaptive Accelerated Inexact Proximal Gradient (HA-AIPG) framework designed to
balance exploratory steps with convergence safeguards. At each iteration, an adaptive spectral trial step
is evaluated alongside a conservative, fixed-step reference proximal point. A relaxed combination of both
updates is accepted only if it satisfies a sufficient objective decrease condition relative to the current iter-
ate and reference update; otherwise, the algorithm defaults to the reference step and resets momentum.
This structure allows trial steps to adapt to local curvature during transient phases while ensuring that
global descent guarantees are preserved by the reference point. Under summable inexactness conditions,
every limit point of the sequence is proved to be stationary. Under additional Kurdyka–Łojasiewicz (KL)
assumptions, full sequence convergence and local rate bounds are established. Numerical experiments
illustrate the practical performance of HA-AIPG, demonstrating competitive objective reduction across
non-convex benchmark problems.
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1. Introduction

Composite optimization problems arise in machine learning, signal processing, and statistics [14, 13].
Many such problems can be written as

min
x∈RN

F (x) := g(x) + h(x), (1.1)

where g : RN → R is continuously differentiable and may be non-convex, while h : RN → R∪{+∞}
is proper, lower semi-continuous, and convex. In learning and estimation problems, g usually represents
a loss or data-fitting term, whereas h is a regularizer or constraint that promotes a desired structure,
such as sparsity or low rank [23, 7].

Although much of classical theory concerns convex objectives [26, 4], many applications lead to a
non-convex smooth term. One example is the correntropy-induced loss used in robust estimation [10].
In this study, the possible non-convexity is confined to g, whereas h remains convex. This assumption
covers several non-convex composite models considered in recent proximal gradient studies [16, 30].
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Without convexity, a first-order method cannot generally guarantee a global minimizer. The usual
objective is to construct a sequence whose accumulation points satisfy an appropriate stationarity con-
dition [1, 14]. This makes the control of the step size, extrapolation, and proximal accuracy important
components.

Proximal-gradient (PG) methods are a natural approach to the composite problem above [4, 23]. For
γ > 0, the proximal operator of h is defined by

proxγh(y) := arg min
x∈RN

{︃
h(x) +

1

2γ
∥x− y∥2

}︃
.

The standard PG iteration is then

xk+1 = proxγkh (xk − γk∇g(xk)) ,

where γk > 0 is the step size. Under the usual convexity and smoothness assumptions, the PG method
has an objective value convergence rate of O(1/k) [4].

Accelerated proximal-gradient methods introduce an extrapolated point before the proximal gradi-
ent update. A standard FISTA-type extrapolation has the form [19, 4]

yk = xk +
tk−1 − 1

tk
(xk − xk−1),

followed by
xk+1 = proxγkh (yk − γk∇g(yk)) .

For convex composite problems, this construction improves the objective value rate to O(1/k2)
under standard assumptions [4]. In the non-convex case, however, the extrapolated point yk need
not satisfy a descent relation. Consequently, accepting every accelerated update may produce non-
monotonic behavior or unstable iterations [11, 14, 18].

Therefore, several non-convex accelerated proximal-gradient methods supplement extrapolation with
candidate monitoring, non-monotone acceptance conditions, local curvature estimates, or restart mech-
anisms [14, 16, 18]. These developments motivate the monitored, inexact, and adaptive proximal gra-
dient constructions discussed next.

One approach to controlling non-convex extrapolation is to compare the accelerated candidate with
a proximal gradient point computed from the currently accepted iterate. Li and Lin introduced this
strategy in their monotone APG method [14]. In the notation used above, the extrapolated point is

yk = xk +
tk−1

tk
(zk − xk) +

tk−1 − 1

tk
(xk − xk−1).

The accelerated candidate and proximal gradient monitor are then computed separately as follows:

zk+1 = proxαyh (yk − αy∇g(yk)) ,

and
vk+1 = proxαxh (xk − αx∇g(xk)) .

The next iterate is selected according to

xk+1 =

{︄
zk+1, F (zk+1) ≤ F (vk+1),

vk+1, otherwise.
(1.2)

Point vk+1 provides a proximal gradient fallback when an extrapolated update is unfavorable. In
particular, the selection rule ensures that the accepted objective value is not larger than that obtained
from the monitor. Under the assumptions and step-size conditions in [14], this construction provides
the descent properties required for the convergence to a critical point. Its main computational cost is
that the monotone version evaluates two proximal mappings at each iteration.
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When the proximal subproblem has no closed-form solution, computing either candidate exactly may
require an iterative inner solver. Inexact proximal-gradient methods address this issue by allowing the
proximal subproblem to be solved only with a prescribed accuracy [26, 28]. For γ > 0 and ϵ ≥ 0, an
inexact proximal point can be defined by

proxϵγh(y) :=

{︃
x : h(x) +

1

2γ
∥x− y∥2 ≤ ϵ+ min

u∈RN

(︃
h(u) +

1

2γ
∥u− y∥2

)︃}︃
.

The corresponding basic inexact proximal-gradient iteration is

xk+1 ∈ proxϵkγkh (xk − γk∇g(xk)) .

The influence of the error sequence on convergence was studied for convex composite problems
[26, 28]. Gu et al. subsequently considered inexact proximal-gradient methods for non-convex com-
posite optimization [13]. Their results require suitable step-size conditions along with an error sequence
satisfying the stated decay or summability assumptions.

Gu et al. also combined inexact proximal evaluations with the monitored accelerated construction
[13]. Their AIPG method uses

yk = xk +
tk−1

tk
(zk − xk) +

tk−1 − 1

tk
(xk − xk−1),

followed by the two inexact candidates

zk+1 ∈ proxϵkγh (yk − γ∇g(yk)) , (1.3)

and
vk+1 ∈ proxϵkγh (xk − γ∇g(xk)) , 0 < γ <

1

L
. (1.4)

The accepted iterate is

xk+1 =

{︄
zk+1, F (zk+1) ≤ F (vk+1),

vk+1, otherwise,
(1.5)

and the momentum parameter is updated by

tk+1 =
1 +

√︂
1 + 4t2k

2
.

This construction extends the two-candidate monitor to inexact proximal evaluations; however, its
basic form still solves two proximal subproblems per iteration. Gu et al. therefore also proposed a
nonmonotone variant in which the monitor is computed only when the accelerated candidate fails a
sufficient-decrease test [13]. A representative test has the form

F (zk+1) ≤ F (xk)−
δ

2
∥zk+1 − yk∥2. (1.6)

If this condition holds, zk+1 is accepted without computing vk+1. Otherwise, the monitor is evalu-
ated, and the two candidates are compared. This conditional construction reduces the average number
of proximal evaluations when the extrapolated point is frequently accepted by the method.

Yao et al. developed a different strategy in niAPG by testing the extrapolated point before the prox-
imal calculation [29]. Their method forms

yk = xk +
k − 1

k + 2
(xk − xk−1),

and defines the nonmonotone reference value

∆k = max
i=max{1,k−q},...,k

F (xi).
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The point used for the proximal-gradient step is selected by

wk =

{︄
yk, F (yk) ≤ ∆k,

xk, otherwise,
(1.7)

after which only one inexact proximal step is computed as follows:

xk+1 ∈ proxϵkηh (wk − η∇g(wk)) , 0 < η <
1

L
. (1.8)

The methods above control extrapolation at different stages. Li-Lin and AIPG compare an acceler-
ated proximal candidate with a fallback point after the proximal evaluations, whereas niAPG selects
the proximal center before computing a single inexact proximal step [14, 13, 29]. The monitored con-
struction provides an explicit fallback but may require two proximal computations. In contrast, niAPG
reduces this cost but relies on a prescribed step size and a non-monotone acceptance rule. Variable-step
methods provide another alternative by adapting the step size to local information [18].

A related line of research concerns the selection of the step size. Liu and Wang proposed the non-
monotone variable-step method newAPGvs, in which an inertial candidate is accepted only after the
preceding step has supplied sufficient decrease and

F (ˆ︁xk+1) ≤ F (xk) + min
{︁
Qk, δ

(︁
F (xk−1)− F (xk)

)︁}︁
, (1.9)

where δ ∈ (0, 1) and {Qk} is a prescribed summable positive sequence [18]. Separately, its variable-
step rule uses a local smoothness test and a summable control sequence for step-size growth. Thus,
newAPGvs permits limited increases in the objective while retaining an overall decreasing mechanism.

Another approach is the average-curvature accelerated composite gradient method (AC-FISTA) [16].
It estimates local upper curvature through quantities of the form

Ck =
2 [g(yk+1)− g(˜︁xk)− ⟨∇g(˜︁xk), yk+1 − ˜︁xk⟩]

∥yk+1 − ˜︁xk∥2 , (1.10)

and updates its curvature estimate using information accumulated from previous iterations. Its good–
bad iteration mechanism differs from an explicit comparison between an adaptive trial point and a
proximal point computed with a fixed reference step.

More recent adaptive proximal-gradient methods estimate the step size directly from the local first-
order information. AdaPGNC uses local gradient differences to construct a line-search-free step-size
rule for non-convex composite problems [30]. In contrast, AdProxBB combines proximal updates with
Barzilai–Borwein spectral step sizes and a non-monotone line search [31, 22]. The two standard spectral
estimates are

λBB1
k =

⟨sk, sk⟩
⟨sk, rk⟩

, λBB2
k =

⟨sk, rk⟩
⟨rk, rk⟩

, (1.11)

where
sk = xk − xk−1, rk = ∇g(xk)−∇g(xk−1). (1.12)

These spectral quantities approximate the local curvature without requiring prior knowledge of the
global Lipschitz constant.

These developments treat acceleration, inexactness, and local step-size information differently. The
construction below considers whether a monitored spectral trial can be combined with a proximal point
computed using a fixed step below 1/L. This requires an additional proximal evaluation but allows the
two points to play distinct roles in the analysis.

Taken together, the preceding methods control non-convex acceleration through candidate moni-
toring, non-monotone acceptance, or local curvature information [14, 13, 29, 18, 16, 30, 22]. The pro-
posed method retains the monitored inexact setting but assigns different roles to its two candidates. A
bounded spectral step generates a trial point, while a fixed step below 1/L generates the point used in
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the descent analysis. A relaxation of the two points is accepted only when it satisfies both objective
tests; otherwise, the fixed-step point is selected and the momentum is restarted.

The contribution does not assert convergence of the spectral trial sequence by itself. Instead, it stud-
ies a conditional mechanism that allows a step larger than 1/L only within a monitored trial. The
analysis establishes descent and stationary accumulation points under summable proximal-value er-
rors. Full-sequence convergence is obtained separately under an additional relative-residual condition
and the Kurdyka–Łojasiewicz property.

2. Preliminaries and Related Work

2.1. Notation and preliminaries. Throughout the paper, ⟨·, ·⟩ and ∥ · ∥ denote the Euclidean inner
product and norm, respectively. For a proper function h, its effective domain is

domh := {x ∈ RN : h(x) < +∞}.

If h is convex, its subdifferential at x ∈ domh is

∂h(x) :=
{︁
ξ ∈ RN : h(u) ≥ h(x) + ⟨ξ, u− x⟩ for all u ∈ RN

}︁
.

We consider the composite problem introduced in (1.1), where the following basic conditions are
used throughout the analysis.

Assumption 2.1. The function g : RN → R is continuously differentiable, possibly non-convex, and
its gradient is L-Lipschitz continuous:

∥∇g(x)−∇g(y)∥ ≤ L∥x− y∥, x, y ∈ RN .

The function h : RN → (−∞,+∞] is proper, lower semicontinuous, and convex. Moreover,

Finf := inf
x∈RN

F (x) > −∞.

For γ > 0, the proximal mapping of h is defined by

proxγh(y) := arg min
u∈RN

{︃
h(u) +

1

2γ
∥u− y∥2

}︃
. (2.1)

Under Assumption 2.1, this mapping is single-valued [4, 23].
The proximal subproblem may be solved inexactly. We use the proximal-value error model employed

in inexact forward–backward and proximal-gradient methods [26, 28, 13].

Definition 2.2. Let γ > 0, ϵ ≥ 0, and y ∈ RN . A point u belongs to proxϵγh(y) if

h(u) +
1

2γ
∥u− y∥2 ≤ ϵ+ min

w∈RN

{︃
h(w) +

1

2γ
∥w − y∥2

}︃
.

For ϵ = 0, Definition 2.2 reduces to the exact proximal mapping in (2.1).

The Lipschitz continuity of ∇g gives the standard descent inequality [4].

Lemma 2.3. Under Assumption 2.1, for all x, u ∈ RN ,

g(u) ≤ g(x) + ⟨∇g(x), u− x⟩+ L

2
∥u− x∥2.

A point x∗ ∈ domh is called stationary, or critical, for F if

0 ∈ ∇g(x∗) + ∂h(x∗).

We denote the set of such points by

critF := {x ∈ domh : 0 ∈ ∇g(x) + ∂h(x)} .
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For any γ > 0, the exact proximal fixed-point condition is equivalent to stationarity:

x∗ = proxγh
(︁
x∗ − γ∇g(x∗)

)︁
⇐⇒ x∗ ∈ critF.

This characterization is standard in proximal-gradient analysis [23, 1].

2.2. Acceleration and adaptive restart. Nesterov’s accelerated gradient method uses extrapolation
to obtain an O(1/k2) objective-value rate for smooth convex problems [19]. However, in practice, the
accumulated momentum can produce oscillatory behavior. O’Donoghue and Candès proposed adaptive
restart criteria that reset the momentum when such behavior is detected [21]. For a smooth objective
f , two commonly used tests trigger a reset when

f(xk) > f(xk−1) or
⟨︁
∇f(yk−1), xk − xk−1

⟩︁
> 0.

These tests improve practical performance without requiring prior knowledge of local curvature. Re-
lated inertial forward–backward methods for nonconvex problems include [6, 20], while the dynamical
interpretation of acceleration is supported by continuous-time analyses such as [27].

Restart has subsequently been analyzed for smooth nonconvex accelerated-gradient methods [15].
These results demonstrate that restart can play a theoretical role in nonconvex optimization under
smoothness assumptions different from the nonsmooth composite setting considered here. More gen-
erally, restart controls the momentum used in subsequent extrapolations but does not independently
guarantee descent or convergence in an inexact proximal method. Such guarantees must follow ac-
cepted step conditions and control proximal errors.

2.3. Monitored inexact proximal-gradientmethods. For structured regularizers, the proximal sub-
problem may require an iterative inner procedure. Inexact proximal-gradient methods replace the exact
minimizer by a point satisfying a prescribed accuracy, such as the value-gap condition in Definition 2.2.
Convergence under decreasing computational errors was studied for convex proximal-gradient and
forward–backward methods in [26, 28]. More recent developments include relative-error linesearch
and adaptive inexact accelerated schemes [5, 17, 12].

For non-convex composite problems, Li and Lin use the monitored selection in (1.2) [14]. Gu et al. ex-
tend it to the inexact candidates (1.3) and (1.4), with selection (1.5); nmAIPG computes the monitor only
when (1.6) fails [13]. By contrast, niAPG selects the proximal center by (1.7) before the single update
(1.8) [29]. Thus, AIPG uses a post-proximal comparison, nmAIPG makes its second proximal com-
putation conditional, and niAPG uses pre-proximal selection. Their analyses require method-specific
step-size, inexactness, and regularity conditions [13, 29].

2.4. Spectral and adaptive step sizes. Standard proximal-gradient analyses generally use a global
step size bounded by 1/L [4, 23]. Spectral and adaptive methods instead use local first-order infor-
mation to construct a trial step. The BB estimates in (1.11), formed from the differences in (1.12), ap-
proximate inverse curvature without requiring a Hessian [3]. They may exceed 1/L, but they are not
guaranteed reciprocal local Lipschitz bounds. In a non-convex problem, the curvature denominator
may be non-positive or close to zero, so a raw BB value generally requires checking or safeguarding
[24, 25].

Recent composite methods use local information in different ways. The newAPGvs acceptance rule
(1.9) is combined with a variable-step mechanism [18]; AC-FISTA uses averaged curvature information
based on quantities such as (1.10) [16]; AdaPGNC employs local upper- and lower-curvature rules
without line searches [30]; and AdProxBB combines proximal BB steps with a non-monotone line search
[22]. These methods motivate the use of local information but have update rules and assumptions
different from the present construction.
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HA-AIPG uses BB information only to generate the trial point; its precise spectral choices and
bounded trial rule are stated in (3.1)–(3.5). The descent analysis instead uses the point computed with
λ < 1/L.

3. Main Results: The HA-AIPG Framework

The Hybrid Adaptive Accelerated Inexact Proximal Gradient (HA-AIPG) method computes an adap-
tive spectral trial zk+1 and a fixed-step reference point vk+1. A relaxation between these points is
accepted only when it satisfies two objective tests. If no positive relaxation is accepted, the reference
point is selected and the momentum is restarted [13, 21].

3.1. Adaptive spectral step-size selection. For k ≥ 1, define

sk−1 = yk − yk−1, rk−1 = ∇g(yk)−∇g(yk−1).

The two classical Barzilai–Borwein estimates are

γ∗z,1 =
⟨sk−1, sk−1⟩
⟨sk−1, rk−1⟩

, (3.1)

and

γ∗z,2 =
⟨sk−1, rk−1⟩
⟨rk−1, rk−1⟩

. (3.2)

When ⟨sk−1, rk−1⟩ > 0, both estimates are positive and

0 < γ∗z,2 ≤ γ∗z,1

by the Cauchy–Schwarz inequality [3, 24].
We also consider the reciprocal-secant estimate

Lk =
∥∇g(yk)−∇g(yk−1)∥

∥yk − yk−1∥
, γ∗z =

1

Lk
. (3.3)

Here,Lk is a secant curvature estimate and is not assumed to be a local Lipschitz constant. If ⟨sk−1, rk−1⟩ >
0 and the quantities are nonzero and finite, then

1

Lk
=
√︂
γ∗z,1γ

∗
z,2, (3.4)

and hence γ∗z,2 ≤ 1/Lk ≤ γ∗z,1.
The BB1 and BB2 estimates are called admissible when their curvature denominator is positive and

the resulting value is positive and finite. The reciprocal-secant estimate is admissible when ∥sk−1∥ and
∥rk−1∥ are positive and finite. For the selected spectral rule, the trial step is defined by

γz =

{︄
λ, k = 0 or the selected estimate is not admissible,

min{γmax,max{γmin, γ
∗
z}} , otherwise.

(3.5)

The interval 0 < γmin ≤ γmax <∞ excludes degenerate spectral values. It is not required that γmax ≤
1/L; a step larger than 1/L is used only to construct a trial point, whose acceptance is determined by
the tests below.
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3.2. The HA-AIPG algorithm. Let

a =
1

2λ
− L

2
> 0, 0 < c < a,

and, for α ∈ [0, 1], define
wk+1(α) = vk+1 + α(zk+1 − vk+1).

A positive relaxation is accepted only if

F (wk+1(α)) ≤ F (xk)− c∥wk+1(α)− xk∥2 (3.6)

and
F (wk+1(α)) ≤ F (vk+1). (3.7)

The first condition requires sufficient decrease from xk, while the second compares the relaxed point
with the fixed-step reference point.
Algorithm 1: Hybrid Adaptive Accelerated Inexact Proximal Gradient (HA-AIPG)
Input: Iteration limit m ∈ N; initial point x0 ∈ RN ; reference step 0 < λ < 1/L; descent

modulus 0 < c < 1
2λ −

L
2 ; spectral bounds 0 < γmin ≤ γmax; reduction factor

ρ ∈ (0, 1); minimum positive relaxation αmin ∈ (0, 1]; inexactness sequence {ϵk}.
Result: Final iterate xm.

1 Initialize x−1 = x0, t0 = 1, y−1 = x0, and ∇g(y−1) = ∇g(x0);
2 for k = 0, 1, . . . ,m− 1 do

3 tk+1 =
1+
√

1+4t2k
2 , βk = tk−1

tk+1
;

4 yk = xk + βk(xk − xk−1);
5 if k = 0 then
6 γz = λ;
7 else
8 Compute γ∗z from (3.1), (3.2), or (3.3);
9 Set γz according to (3.5);

10 end
11 Compute zk+1 ∈ proxϵkγzh(yk − γz∇g(yk));
12 Compute vk+1 ∈ proxϵkλh(xk − λ∇g(xk));
13 Set α = 1;
14 while α ≥ αmin do
15 wk+1 = vk+1 + α(zk+1 − vk+1);
16 if wk+1 satisfies (3.6) and (3.7) then
17 αk = α, xk+1 = wk+1;
18 break;
19 else
20 α← ρα;
21 end
22 end
23 if α < αmin then
24 αk = 0, xk+1 = vk+1, tk+1 = 1;
25 end
26 Store yk and ∇g(yk) for the next spectral update;
27 end
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The finite value m specifies the computational budget. The convergence analysis considers the se-
quence obtained by allowingm to be arbitrary. Reducingα reuses zk+1 and vk+1, and therefore requires
only a new convex combination and an objective evaluation. Nevertheless, the method computes two
proximal points at each outer iteration.

3.3. Selection and momentum restart. When a positive relaxation is accepted, the selected iterate
satisfies (3.6) and (3.7) by construction. If every tested positive relaxation fails at least one condition,
Algorithm 1 sets

αk = 0, xk+1 = vk+1, tk+1 = 1.

Consequently,
βk+1 =

tk+1 − 1

tk+2
= 0, yk+1 = xk+1.

Reducingα does not itself restart the momentum. The restart occurs only when no positive relaxation
is accepted, so the rejected inertial direction is not carried into the next iteration [21, 15]. The restart
is an algorithmic control; the convergence analysis uses the acceptance conditions together with the
inexact descent estimate for vk+1.

4. Theoretical Analysis

This section establishes convergence properties of HA-AIPG. The analysis separates the two step-size
regimes: the point vk+1 is computed with λ < 1/L, whereas the step used to construct zk+1 is only
required to remain in the prescribed spectral interval. The proof uses the trial point only through the
two acceptance conditions. This distinction is useful because it avoids assigning a descent property to
a spectral step that may exceed 1/L.

4.1. Algorithmic assumptions. Throughout this section, Assumption 2.1 and the inexact proximal
mapping in Definition 2.2 are used. The additional conditions required by HA-AIPG are collected below.

Assumption 4.1. The following conditions hold.
(1) The proximal value errors satisfy

ϵk ≥ 0,

∞∑︂
k=0

ϵk <∞. (4.1)

(2) The fixed reference step and initial point satisfy

0 < λ <
1

L
, x0 ∈ domh. (4.2)

(3) The spectral trial steps generated by Algorithm 1 satisfy
0 < γmin ≤ γz ≤ γmax <∞.

The summability condition implies ϵk → 0. The error of the reference point vk+1 enters the descent
estimate directly, whereas the trial point zk+1 is used only through the two acceptance conditions. A
stronger relative-residual condition is introduced later only for the KL analysis.

4.2. Descent and selection estimates. We first establish the inexact forward–backward descent in-
equality used by the acceptance rule. Related estimates appear in [4, 26, 13].

Lemma 4.2. Suppose that Assumption 4.1 holds and

vk+1 ∈ proxϵkλh
(︁
xk − λ∇g(xk)

)︁
.

Then
F (vk+1) ≤ F (xk)− a∥vk+1 − xk∥2 + ϵk, a =

1− λL

2λ
> 0. (4.3)
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Proof. Set
dk = vk+1 − xk.

Using xk as the comparison point in Definition 2.2 gives

h(vk+1) +
1

2λ

⃦⃦
vk+1 −

(︁
xk − λ∇g(xk)

)︁⃦⃦2 ≤ h(xk) +
1

2λ

⃦⃦
xk −

(︁
xk − λ∇g(xk)

)︁⃦⃦2
+ ϵk

= h(xk) +
λ

2
∥∇g(xk)∥2 + ϵk.

(4.4)

Since
vk+1 −

(︁
xk − λ∇g(xk)

)︁
= dk + λ∇g(xk),

we have
∥dk + λ∇g(xk)∥2 = ∥dk∥2 + 2λ⟨∇g(xk), dk⟩+ λ2∥∇g(xk)∥2.

Substituting this identity into (4.4) and cancelling the common gradient term yields

h(vk+1) ≤ h(xk)− ⟨∇g(xk), dk⟩ −
1

2λ
∥dk∥2 + ϵk. (4.5)

By Lemma 2.3,
g(vk+1) ≤ g(xk) + ⟨∇g(xk), dk⟩+

L

2
∥dk∥2. (4.6)

Adding (4.5) and (4.6) gives

F (vk+1) ≤ F (xk)−
(︃

1

2λ
− L

2

)︃
∥dk∥2 + ϵk

= F (xk)−
1− λL

2λ
∥vk+1 − xk∥2 + ϵk.

Since 0 < λ < 1/L, the coefficient a = (1− λL)/(2λ) is positive. This proves (4.3). □

The next lemma transfers the fixed-step estimate to the selected iterate. No bound on ∥zk+1−vk+1∥
is required.

Lemma 4.3. Let xk+1 be generated by Algorithm 1. Under Assumption 4.1,

F (xk+1) ≤ F (vk+1), (4.7)
and

F (xk+1) ≤ F (xk)− a∥vk+1 − xk∥2 + ϵk. (4.8)
Moreover, let

c̄ = min{a, c} > 0.

Then
F (xk+1) ≤ F (xk)− c̄∥xk+1 − xk∥2 + ϵk. (4.9)

Proof. Suppose first that a positive relaxation is accepted. By the two acceptance conditions,
F (xk+1) ≤ F (vk+1),

F (xk+1) ≤ F (xk)− c∥xk+1 − xk∥2.
Combining the first inequality with (4.3) gives

F (xk+1) ≤ F (vk+1)

≤ F (xk)− a∥vk+1 − xk∥2 + ϵk,

which proves (4.8) in the accepted case. Since c̄ ≤ c and ϵk ≥ 0,
F (xk+1) ≤ F (xk)− c∥xk+1 − xk∥2

≤ F (xk)− c̄∥xk+1 − xk∥2 + ϵk.
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Thus, (4.9) also holds.
Suppose next that no positive relaxation is accepted. Then

αk = 0, xk+1 = vk+1.

Consequently,
F (xk+1) = F (vk+1),

so (4.7) holds with equality. Lemma 4.2 gives
F (xk+1) = F (vk+1)

≤ F (xk)− a∥vk+1 − xk∥2 + ϵk

= F (xk)− a∥xk+1 − xk∥2 + ϵk

≤ F (xk)− c̄∥xk+1 − xk∥2 + ϵk,

because c̄ ≤ a. Hence (4.8) and (4.9) hold in the fallback case as well. The two cases prove the result. □

Remark 4.4. Lemmas 4.2 and 4.3 impose the restriction 0 < λ < 1/L only on the fixed reference step.
They do not require γz ≤ 1/L. Therefore, if a trial with γz > 1/L passes both acceptance conditions,
the selected iterate still satisfies (4.8) and (4.9).

This is a conditional statement. It does not assert that trial steps larger than 1/L occur frequently, that
they are always accepted, or that the sequence {zk} converges independently. Other adaptive methods,
including AdaPGNC, control their step sizes through different curvature conditions [30]. Their guaran-
tees are not consequences of this remark. HA-AIPG is also not L-free, because its fixed reference step
must satisfy (4.2).
4.3. Asymptotic regularity and stationarity. The next argument follows the standard summable-
error analysis used for inexact proximal-gradient methods [26, 13]. The selection estimates in Lemma
4.3 allow the same argument to be applied to the HA-AIPG iterates.
Lemma 4.5. Suppose that Assumption 4.1 holds. Then

∞∑︂
k=0

∥vk+1 − xk∥2 <∞,

∞∑︂
k=0

∥xk+1 − xk∥2 <∞. (4.10)

Consequently,
∥vk+1 − xk∥ → 0,

∥xk+1 − xk∥ → 0,

∥xk+1 − vk+1∥ → 0.

(4.11)

Moreover, there exists F∗ ∈ R such that
F (xk)→ F∗.

Proof. Rearranging (4.8) gives
a∥vk+1 − xk∥2 ≤ F (xk)− F (xk+1) + ϵk.

For any integer m ≥ 0, summation from k = 0 to m yields

a

m∑︂
k=0

∥vk+1 − xk∥2 ≤
m∑︂
k=0

(︁
F (xk)− F (xk+1)

)︁
+

m∑︂
k=0

ϵk

= F (x0)− F (xm+1) +

m∑︂
k=0

ϵk

≤ F (x0)− Finf +

∞∑︂
k=0

ϵk <∞,
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where Assumption 2.1 and (4.1) were used in the last line. Letting m→∞ proves
∞∑︂
k=0

∥vk+1 − xk∥2 <∞.

Similarly, (4.9) gives
c̄∥xk+1 − xk∥2 ≤ F (xk)− F (xk+1) + ϵk.

Therefore,

c̄
m∑︂
k=0

∥xk+1 − xk∥2 ≤ F (x0)− F (xm+1) +

m∑︂
k=0

ϵk

≤ F (x0)− Finf +
∞∑︂
k=0

ϵk.

Letting m→∞ proves the second summability statement in (4.10).
Since both series have nonnegative terms,

∥vk+1 − xk∥ → 0, ∥xk+1 − xk∥ → 0.

The triangle inequality gives
∥xk+1 − vk+1∥ ≤ ∥xk+1 − xk∥+ ∥vk+1 − xk∥ → 0.

This proves (4.11).
It remains to prove convergence of the objective values. Let

Ek =
∞∑︂
j=k

ϵj .

Then Ek → 0 and
Ek − Ek+1 = ϵk.

Using (4.9), we obtain
F (xk+1) + Ek+1 ≤ F (xk)− c̄∥xk+1 − xk∥2 + ϵk + Ek+1

= F (xk) + Ek − c̄∥xk+1 − xk∥2

≤ F (xk) + Ek.

Thus, {F (xk) + Ek} is decreasing. It is bounded below by Finf , so it converges to a finite value. Since
Ek → 0, the sequence {F (xk)} converges to the same value, denoted by F∗. □

Theorem 4.6. Suppose that Assumption 4.1 holds. Then every accumulation point x∗ of {xk} is stationary
for F :

0 ∈ ∇g(x∗) + ∂h(x∗). (4.12)
Equivalently, x∗ ∈ critF .

Proof. Let {xkj} be a convergent subsequence such that
xkj → x∗.

By Lemma 4.5,
∥vkj+1 − xkj∥ → 0.

Consequently,
vkj+1 → x∗.

Moreover, the nonnegativity and summability of {ϵk} imply
ϵkj → 0.
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Let u ∈ domh be arbitrary. From Definition 2.2,

h(vkj+1) +
1

2λ

⃦⃦
vkj+1 −

(︁
xkj − λ∇g(xkj )

)︁⃦⃦2
≤ h(u) +

1

2λ

⃦⃦
u−

(︁
xkj − λ∇g(xkj )

)︁⃦⃦2
+ ϵkj .

(4.13)

Since xkj → x∗ and ∇g is continuous,

xkj − λ∇g(xkj )→ x∗ − λ∇g(x∗).

Taking the lower limit on the left-hand side of (4.13), using vkj+1 → x∗, the lower semicontinuity of
h, and ϵkj → 0, gives

h(x∗) +
1

2λ

⃦⃦
x∗ −

(︁
x∗ − λ∇g(x∗)

)︁⃦⃦2 ≤ h(u) +
1

2λ

⃦⃦
u−

(︁
x∗ − λ∇g(x∗)

)︁⃦⃦2
. (4.14)

The left-hand side is finite because the right-hand side is finite for u ∈ domh. Hence x∗ ∈ domh.
Since (4.14) holds for every u ∈ domh, x∗ minimizes the proximal subproblem:

x∗ = proxλh
(︁
x∗ − λ∇g(x∗)

)︁
. (4.15)

The optimality condition for (4.15) gives

0 ∈ ∂h(x∗) +
1

λ

[︁
x∗ −

(︁
x∗ − λ∇g(x∗)

)︁]︁
= ∂h(x∗) +∇g(x∗).

Therefore,
0 ∈ ∇g(x∗) + ∂h(x∗),

which proves (4.12). The fixed-point characterization is standard; see [23, 13]. □

The limiting-proximal argument follows the usual inexact proximal-gradient pattern [26, 13]. The
HA-AIPG-specific step is (4.8), which transfers the descent estimate for vk+1 to the selected iterate xk+1.
Therefore, the accepted and reference sequences have the same accumulation points, even though no
descent or convergence property is assumed for the raw spectral sequence {zk}.

4.4. Boundedness of the generated sequences.

Corollary 4.7 (Boundedness under a bounded-level-set condition). Suppose that the level set⎧⎨⎩x ∈ domh : F (x) ≤ F (x0) +
∞∑︂
j=0

ϵj

⎫⎬⎭ (4.16)

is bounded. Then both {xk} and {vk+1} are bounded. Consequently, {xk} has at least one accumulation
point.

Proof. From (4.9) and ϵk ≥ 0,
F (xk+1) ≤ F (xk)− c̄∥xk+1 − xk∥2 + ϵk

≤ F (xk) + ϵk.
(4.17)

Applying (4.17) recursively gives

F (xk) ≤ F (x0) +

k−1∑︂
j=0

ϵj

≤ F (x0) +
∞∑︂
j=0

ϵj .



HYBRID ADAPTIVE RESTART FOR INEXACT PROXIMAL GRADIENT METHODS 211

Hence every xk belongs to the bounded level set in (4.16), and therefore {xk} is bounded.
Lemma 4.5 gives ∥vk+1 − xk∥ → 0. Thus,

∥vk+1∥ ≤ ∥xk∥+ ∥vk+1 − xk∥,
which shows that {vk+1} is also bounded. The existence of an accumulation point of {xk} then follows
from finite dimensionality. □

Under the bounded-level-set condition, the accumulation-point statement in Theorem 4.6 is non-
vacuous. The same condition also provides the boundedness required in the subsequent KL analysis.

4.5. Full-sequence convergence under the KL property.

Definition 4.8. Let x̄ ∈ dom ∂F . The function F has the KL property at x̄ if there exist δ > 0, ν > 0,
and a continuous concave functionφ : [0, ν)→ R+ such thatφ(0) = 0, φ is continuously differentiable
on (0, ν), φ′(s) > 0, and

φ′(F (x)− F (x̄)) dist(0, ∂F (x)) ≥ 1

whenever
∥x− x̄∥ < δ, F (x̄) < F (x) < F (x̄) + ν.

A proper lower semicontinuous function satisfying this property at every point of dom ∂F is called a
KL function.

This is the standard nonsmooth KL property used in the convergence analysis of descent methods
[1]. In particular, proper lower semicontinuous semi-algebraic functions are KL functions. The proof
below uses the uniformized KL inequality on the compact set of accumulation points, following the
arguments in [1, 13].

The value-gap condition in Definition 2.2 is sufficient for the preceding stationarity analysis. For the
full-sequence result, we impose an additional residual condition on the fixed-step proximal point.

Assumption 4.9. There exist τ ≥ 0 and ξk+1 ∈ ∂h(vk+1) such that⃦⃦⃦⃦
∇g(xk) +

1

λ
(vk+1 − xk) + ξk+1

⃦⃦⃦⃦
≤ τ∥vk+1 − xk∥, 0 ≤ τ <

1

λ
− L

2
. (4.18)

Assumption 4.9 controls the residual in the optimality condition of the fixed-step proximal subprob-
lem. It does not follow directly from the value-gap condition and is required only for the KL analysis.
The trial point zk+1 is not required to satisfy this condition. Related residual conditions are used in KL
analyses of inexact descent and forward–backward methods [1, 28, 13].

Lemma 4.10. Suppose that Assumptions 4.1 and 4.9 hold. Then

F (vk+1) ≤ F (xk)−
(︃
1

λ
− L

2
− τ

)︃
∥vk+1 − xk∥2. (4.19)

Moreover,

dist(0, ∂F (vk+1)) ≤
(︃
L+

1

λ
+ τ

)︃
∥vk+1 − xk∥. (4.20)

If v0 = x0, then

F (vk+1) ≤ F (vk)−
(︃
1

λ
− L

2
− τ

)︃
∥vk+1 − xk∥2. (4.21)

Finally, for every k ≥ 0,

F (vk+2) ≤ F (vk)−min

{︃
c,

1

λ
− L

2
− τ

}︃
∥xk+1 − xk∥2

−
(︃
1

λ
− L

2
− τ

)︃
∥vk+2 − xk+1∥2.

(4.22)
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Proof. Since h is convex and ξk+1 ∈ ∂h(vk+1), the subgradient inequality gives

h(vk+1) ≤ h(xk) + ⟨ξk+1, vk+1 − xk⟩. (4.23)

The inner product in (4.23) can be written as

⟨ξk+1, vk+1 − xk⟩ = − ⟨∇g(xk), vk+1 − xk⟩ −
1

λ
∥vk+1 − xk∥2

+

⟨︃
∇g(xk) +

1

λ
(vk+1 − xk) + ξk+1, vk+1 − xk

⟩︃
.

By Assumption 4.9 and the Cauchy–Schwarz inequality,⟨︃
∇g(xk) +

1

λ
(vk+1 − xk) + ξk+1, vk+1 − xk

⟩︃
≤ τ∥vk+1 − xk∥2. (4.24)

Combining (4.23)–(4.24) yields

h(vk+1) ≤ h(xk)− ⟨∇g(xk), vk+1 − xk⟩

−
(︃
1

λ
− τ

)︃
∥vk+1 − xk∥2.

(4.25)

The Lipschitz continuity of ∇g gives

g(vk+1) ≤ g(xk) + ⟨∇g(xk), vk+1 − xk⟩+
L

2
∥vk+1 − xk∥2. (4.26)

Adding (4.25) and (4.26) proves (4.19).
The smooth sum rule gives

∇g(vk+1) + ξk+1 ∈ ∂F (vk+1).

Furthermore,

∇g(vk+1) + ξk+1 = ∇g(vk+1)−∇g(xk)−
1

λ
(vk+1 − xk)

+∇g(xk) +
1

λ
(vk+1 − xk) + ξk+1.

(4.27)

Taking norms in (4.27), using the Lipschitz continuity of ∇g, and applying (4.18), we obtain

dist(0, ∂F (vk+1)) ≤ ∥∇g(vk+1) + ξk+1∥

≤ L∥vk+1 − xk∥+
1

λ
∥vk+1 − xk∥+ τ∥vk+1 − xk∥

=

(︃
L+

1

λ
+ τ

)︃
∥vk+1 − xk∥.

This proves (4.20).
For k = 0, v0 = x0. For k ≥ 1, (4.7) at iteration k − 1 gives

F (xk) ≤ F (vk).

Combining this inequality with (4.19) proves (4.21).
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It remains to establish (4.22). If a positive relaxation is accepted at iteration k, then

F (vk+2) ≤ F (xk+1)−
(︃
1

λ
− L

2
− τ

)︃
∥vk+2 − xk+1∥2

≤ F (xk)− c∥xk+1 − xk∥2

−
(︃
1

λ
− L

2
− τ

)︃
∥vk+2 − xk+1∥2

≤ F (vk)− c∥xk+1 − xk∥2

−
(︃
1

λ
− L

2
− τ

)︃
∥vk+2 − xk+1∥2.

(4.28)

If no positive relaxation is accepted, then xk+1 = vk+1. Hence

∥xk+1 − xk∥ = ∥vk+1 − xk∥,

and two applications of (4.21) give

F (vk+2) ≤ F (vk)−
(︃
1

λ
− L

2
− τ

)︃
∥xk+1 − xk∥2

−
(︃
1

λ
− L

2
− τ

)︃
∥vk+2 − xk+1∥2.

(4.29)

Taking the smaller of the two possible coefficients of ∥xk+1−xk∥2 in (4.28) and (4.29) proves (4.22). □

Lemma 4.10 provides the sufficient-decrease and relative-error estimates required by the KL argu-
ment [1]. The estimates are imposed on the fixed-step points vk+1, while (4.22) transfers the result to
the selected HA-AIPG iterates.

Theorem 4.11. Suppose that Assumptions 4.1 and 4.9 hold. Assume further that

(1) F is a KL function;
(2) the sequence {vk} is bounded; and
(3) for every convergent subsequence vkj → x̄, one has F (vkj )→ F (x̄).

Then
∞∑︂
k=0

∥xk+1 − xk∥ <∞.

Consequently, {xk} converges to a stationary point x∗ of F , and vk → x∗.

Proof. Lemma 4.5 gives F (xk)→ F∗. For k ≥ 1, (4.7) and (4.19) give

F (xk) ≤ F (vk) ≤ F (xk−1).

Hence, by the squeeze theorem, F (vk) → F∗. Moreover, (4.21) shows that {F (vk)} is decreasing.
Summing (4.21) gives

∞∑︂
k=0

∥vk+1 − xk∥2 <∞, ∥vk+1 − xk∥ → 0. (4.30)

Let Ω be the set of accumulation points of {vk}. Boundedness makes Ω nonempty and compact.
If vkj → x̄, then (4.30) gives xkj−1 → x̄. Theorem 4.6 and the assumed convergence of the function
values therefore give

Ω ⊂ critF, F (x̄) = F∗ for every x̄ ∈ Ω.
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IfF (vk) = F∗ at some sufficiently large index, then (4.21) and (4.22) force all subsequent steps to van-
ish. Otherwise, the uniformized KL property on Ω provides an index K and a common desingularizing
function φ such that

φ′(F (vk)− F∗) dist(0, ∂F (vk)) ≥ 1, k ≥ K. (4.31)

By concavity of φ, together with (4.21), (4.20), and (4.31),

φ(F (vk)− F∗)− φ(F (vk+1)− F∗)

≥
(︁
1
λ −

L
2 − τ

)︁
∥vk+1 − xk∥2(︁

L+ 1
λ + τ

)︁
∥vk − xk−1∥

.
(4.32)

If ∥vk − xk−1∥ = 0, then (4.20) gives 0 ∈ ∂F (vk), and the stationary case has already been reached.
Otherwise, applying 2

√
ab ≤ a+ b to (4.32) gives

2∥vk+1 − xk∥ ≤ ∥vk − xk−1∥

+
L+ 1

λ + τ
1
λ −

L
2 − τ

[︂
φ(F (vk)− F∗)− φ(F (vk+1)− F∗)

]︂
.

(4.33)

Summing and telescoping (4.33) yields
∞∑︂
k=0

∥vk+1 − xk∥ <∞. (4.34)

It remains to control the selected steps. Applying the same concavity argument to (4.22) gives

∥xk+1 − xk∥2 ≤
L+ 1

λ + τ

min
{︁
c, 1

λ −
L
2 − τ

}︁∥vk − xk−1∥

×
[︂
φ(F (vk)− F∗)− φ(F (vk+2)− F∗)

]︂
.

Consequently, the Cauchy–Schwarz inequality and telescoping give(︄
N∑︂

k=K

∥xk+1 − xk∥

)︄2

≤
L+ 1

λ + τ

min
{︁
c, 1

λ −
L
2 − τ

}︁
×

(︄
N∑︂

k=K

∥vk − xk−1∥

)︄
× [φ(F (vK)− F∗) + φ(F (vK+1)− F∗)] .

The right-hand side remains bounded as N →∞ by (4.34). Therefore,
∞∑︂
k=0

∥xk+1 − xk∥ <∞.

Thus, {xk} is Cauchy and converges to some x∗. Moreover,

∥vk+1 − x∗∥ ≤ ∥vk+1 − xk∥+ ∥xk − x∗∥ −→ 0,

so vk → x∗. Finally, Theorem 4.6 gives
0 ∈ ∂F (x∗).

□



HYBRID ADAPTIVE RESTART FOR INEXACT PROXIMAL GRADIENT METHODS 215

Corollary 4.12. Under the assumptions of Theorem 4.11, suppose that the desingularizing function has
the form

φ(s) =
C

1− θ
s1−θ, C > 0, θ ∈ [0, 1). (4.35)

Then, for all sufficiently large k:
(1) if θ = 0, the sequence becomes stationary after finitely many iterations;
(2) if θ ∈ (0, 1/2], F (vk)− F∗ converges at least linearly;
(3) if θ ∈ (1/2, 1), then

F (vk)− F∗ = O
(︂
k−

1
2θ−1

)︂
Proof. Since φ′(s) = Cs−θ , the KL inequality and (4.20) give(︁

F (vk+1)− F∗
)︁θ ≤ C

(︃
L+

1

λ
+ τ

)︃
∥vk+1 − xk∥. (4.36)

Combining (4.36) with (4.21) yields

F (vk)− F (vk+1) ≥
1
λ −

L
2 − τ

C2
(︁
L+ 1

λ + τ
)︁2 (︁F (vk+1)− F∗

)︁2θ
. (4.37)

The finite, linear, and sublinear objective-value rates follow from the standard scalar analysis of (4.37)
[1, 14, 13]. □

4.6. Summary of the convergence argument. The fixed step λ < 1/L provides the descent es-
timate, while the spectral step used to compute zk+1 may be larger than 1/L. The two acceptance
conditions transfer the fixed-step estimate to the selected iterate and control its displacement. Under
summable proximal-value errors, the generated sequence is asymptotically regular, and every accumu-
lation point is stationary.

Under the additional relative-residual and KL assumptions, the reference descent and two-step selected-
iterate estimate yield finite length and full-sequence convergence. The objective-value rates in Corol-
lary 4.12 follow when the KL desingularizing function has the power form (4.35).

5. Numerical Experiments

We evaluate HA-AIPG on deterministic MNIST autoencoder training, MNIST classification, and con-
vex logistic regression using the mushrooms and w8a datasets. The comparison includes IPG, AIPG,
and nmAIPG [13], niAPG [29], newAPGvs [18], and the AdaPGNC variants [30].

All methods were implemented in MATLAB R2025b and executed sequentially without GPU accel-
eration. Within each experiment, they used the same data, initial point, and iteration budget. Because
their per-iteration costs differ, we also report gradient, objective, and proximal evaluation counts.

For a reference step λ > 0, define the proximal-gradient mapping

Gλ(x) =
1

λ

[︁
x− proxλh

(︁
x− λ∇g(x)

)︁]︁
.

Under the assumptions of the convergence analysis, Gλ(x) = 0 implies 0 ∈ ∇g(x) + ∂h(x). When
h = 0, as in the experiments below, Gλ(x) = ∇g(x).

We report the relative stationarity measure

Rk =
∥Gλ(xk)∥

max{∥Gλ(x0)∥, ϵmach}
, (5.1)

where ϵmach ≈ 2.22 × 10−16 is the machine precision for double-precision arithmetic. A smaller Rk

indicates a greater reduction in the stationarity residual. It is reported together with the objective value
because different methods may approach different stationary points.
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5.1. Autoencoder forMNIST. We consider deterministic MNIST autoencoder training on the MNIST
dataset [8], following the neural-network setting of [30] and the implementation pattern in [2, 9]. Each
image is flattened as ui ∈ [0, 1]784, and the network architecture is

784–32–16–32–784.

The hidden layers use either

ϕsig(s) =
1

1 + exp(−s)
or ϕReLU(s) = max{0, s},

while the output layer uses a sigmoid activation. The network contains 52,064 trainable parameters.
Let θ collect the network parameters and let Dθ(ui) denote the reconstruction of ui. For N = 10,000

training images, the objective is

min
θ

F (θ) =
1

2N(784)

N∑︂
i=1

∥Dθ(ui)− ui∥2 .

The sigmoid configuration is smooth. The ReLU configuration is only piecewise differentiable and
therefore lies outside Assumption 2.1; it is retained as an empirical comparison, and its gradient-based
residual is used only as a numerical diagnostic. No artificial proximal error is added.

All methods use the same data split, LeCun-normal initialization, and budget of 500 iterations. A
disjoint set of 2,000 images is reserved for reconstruction and is not used for training or parameter
selection.

We use empirical working curvature estimates obtained from 1,024 training samples and checked by
an initial majorization test:ˆ︁LReLU = 3.247× 10−1, ˆ︁Lsig = 6.149× 10−3.

These values are numerical estimates rather than certified global bounds. The empirical reference step
is

λ =
0.9ˆ︁L , (5.2)

giving λReLU = 2.772 and λsig = 1.464 × 102. Table 1 lists the remaining parameters. For HA-AIPG,
the geometric mean (3.4) is used.

Table 1. Algorithmic parameters for the MNIST autoencoder experiment

Method Parameter setting

IPG Fixed step λ given by (5.2).
AIPG Fixed step λ given by (5.2), with the two-candidate selection rule.
nmAIPG Fixed step λ given by (5.2), with δ = 0.6.
niAPG Fixed step λ given by (5.2), with nonmonotone window q = 5.
newAPGvs δ = 0.8, cnew = 104, Qk+1 = 0.99Qk , error exponent 1.1, µ0 = 0.99, and

µ1 = 0.95.
AdaPGNC-1 Initial step λ0 = 1, initial control parameter ρ0 = 1010, and curvature floor 10−14.
AdaPGNC-2 Initial step λ0 = 1, initial control parameter ρ0 = 1010, and curvature floor 10−14.
HA-AIPG Geometric BB trial step; γk ∈ [0.05/ˆ︁L, 1.6× 104/ˆ︁L]; ρα = 0.8; αmin = 10−4; and

c = 0.01
(︂

1
2λ −

ˆ︁L
2

)︂
.
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For each activation, let
Fbest = min

M
min

0≤k≤500
FM(θk),

whereM ranges over all compared methods. The best-observed objective gap is

GapM = FM(θ500)− Fbest. (5.3)

This is a gap from the best value observed among the compared methods, not from a known global
optimum.

Table 2 reports the final training objective, the objective gap in (5.3), and the relative stationarity
measureR500 defined in (5.1). The final column reports the numbers of gradient, additional objective-
only, and proximal evaluations, respectively.

Table 2. Results for the deterministic MNIST autoencoder after 500 iterations

Method Objective value Objective gap Stationarity (R500) Grad./Obj./Prox. evals.
ReLU hidden activation

IPG 0.03791 0.02048 0.08625 501/0/500
AIPG 0.01813 0.00070 0.07656 999/1000/1000
nmAIPG 0.01813 0.00070 0.07656 999/704/704
niAPG 0.02117 0.00374 0.10790 808/500/500
newAPGvs 0.02300 0.00557 0.05041 1000/998/501
AdaPGNC-1 0.02656 0.00914 0.06296 501/0/500
AdaPGNC-2 0.02298 0.00555 0.68850 501/0/500
HA-AIPG 0.01743 ≤ 10−5 0.15210 999/1064/1000

Sigmoid hidden activation
IPG 0.03367 0.01915 0.00241 501/0/500
AIPG 0.01920 0.00468 0.14560 999/1000/1000
nmAIPG 0.01920 0.00468 0.14560 999/1000/1000
niAPG 0.02964 0.01512 0.10270 653/500/500
newAPGvs 0.02077 0.00625 0.01869 998/996/502
AdaPGNC-1 0.02693 0.01241 0.03938 501/0/500
AdaPGNC-2 0.02515 0.01063 0.01691 501/0/500
HA-AIPG 0.01452 ≤ 10−5 0.01505 997/1174/1000

Gaps smaller than the displayed objective precision are reported as ≤ 10−5. HA-AIPG attained
the lowest final objective for both activations, although it did not produce the smallest stationarity
residual. This suggests that the methods reached different regions of the nonconvex objective within
500 iterations. For ReLU, 460 trials were accepted with αk = 1, 40 required relaxation, and no hard
restart occurred. For sigmoid, 463 full trials and 34 relaxed trials were accepted, while three iterations
used the reference point and restarted the momentum. The mean positive relaxation was 0.9775 and
0.9818, respectively.

The trial step exceeded 1/ˆ︁L in 444 ReLU and 363 sigmoid iterations. Since ˆ︁L is empirical, these counts
describe only the observed behavior. The final column of Table 2 reports gradient, additional objective,
and proximal evaluations. HA-AIPG required more evaluations than IPG and AdaPGNC, with a cost
comparable to the two-candidate AIPG scheme. Because h = 0, the reported proximal evaluations are
identity-map calls.

Figures 1 and 2 show the objective and adaptive step trajectories for the two activation functions. In
both experiments, HA-AIPG decreased the objective rapidly and attained the lowest final value among
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Figure 1. Deterministic MNIST autoencoder with ReLU hidden activation: objective
values and adaptive trial steps over 500 iterations

Figure 2. Deterministic MNIST autoencoder with sigmoid hidden activation: objective
values and adaptive trial steps over 500 iterations

the compared methods. Its trial step varied substantially and frequently exceeded the empirical ref-
erence 1/ˆ︁L. These results illustrate the use of the adaptive trial step, but the comparison is based on
iterations and should be considered together with the evaluation counts in Table 2.

5.2. MNIST classification. We next consider deterministic multiclass classification on the MNIST
dataset. The data selection and initialization follow the protocol of Section 5.1. We used 10,000 training
images, 2,000 disjoint validation images, and the official 10,000-image MNIST test set. The same random
seed was used for all methods.

The classifier has the architecture
784–32–16–10,

with 25,818 trainable weights and biases. The two hidden layers use the sigmoid activation, while the
output layer uses the softmax function. This architecture follows the dimensions used in the classifica-
tion experiment of [30].

Let ui ∈ [0, 1]784 denote an input image, yi ∈ {0, 1}10 be its one-hot label, and pθ(ui) ∈ (0, 1)10 be
the softmax output of the network. The smooth training problem is to minimize the full-batch softmax
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cross-entropy loss:

min
θ

F (θ) = − 1

N

N∑︂
i=1

10∑︂
j=1

yij log pθ,j(ui).

The local Hessian-norm estimation and initial majorization check were performed as in Section 5.1.
They produced the empirical working value

ˆ︁Lcls = 3.2539, λcls =
0.9ˆ︁Lcls

= 0.2766.

As in the autoencoder experiment, ˆ︁Lcls is an empirically calibrated value and is not claimed to be a
certified global Lipschitz constant; consequently, 0.9/ˆ︁Lcls is an empirical reference step rather than a
theoretically safe step.

The parameters of IPG, AIPG, nmAIPG, niAPG, newAPGvs, AdaPGNC-1, and AdaPGNC-2 were iden-
tical to those listed in Table 1, but with ˆ︁L replaced by ˆ︁Lcls. For HA-AIPG, we used the BB1 spectral step
bounded by

γk ∈
[︃
0.05ˆ︁Lcls

,
100ˆ︁Lcls

]︃
.

The remaining HA-AIPG parameters were set to

ρα = 0.8, αmin = 0.05, c = 0.001

(︄
1

2λcls
−
ˆ︁Lcls

2

)︄
.

5.2.1. Optimization results. All methods were first run for a fixed budget of 500 iterations. The objective
gap is defined as in (5.3), using the smallest training objective observed in the classification experiment.
The final column reports gradient, additional objective-only, and proximal evaluations, respectively.

Table 3. Optimization results for deterministic MNIST classification after 500 itera-
tions

Method Objective value Objective gap Stationarity (R500) Grad./Obj./Prox. evals.
IPG 0.719410 0.719400 0.102200 501/0/500
AIPG 0.002824 0.002814 0.001782 999/1000/1000
nmAIPG 0.002824 0.002814 0.001782 999/500/500
niAPG 0.002803 0.002794 0.001760 1000/500/500
newAPGvs 0.043024 0.043014 0.007122 998/995/500
AdaPGNC-1 0.056403 0.056393 0.019420 501/0/500
AdaPGNC-2 0.008612 0.008602 0.003928 501/0/500
HA-AIPG 0.000010 ≤ 10−6 0.000004 1000/1073/1000

Within the 500-iteration budget, HA-AIPG attained the lowest final training objective and the small-
est relative stationarity residual in Table 3. It first satisfied Rk ≤ 10−5 at iteration 360. This result
required 1,000 gradient, 1,073 additional objective, and 1,000 proximal evaluations. The improvement
is therefore measured with respect to iterations and does not imply a lower per-iteration cost than the
single-step methods.

Figure 3 shows the objective progress over 500 iterations and the adaptive steps during the first 100
iterations. HA-AIPG decreased the training objective rapidly and continued to a lower final value. Its
trial step varied around and above the empirical reference 1/ˆ︁Lcls. These curves are consistent with
Table 3, but they are not normalized by the number of evaluations.
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Figure 3. Optimization performance for deterministic MNIST classification. The ob-
jective curves use 500 iterations, whereas the adaptive-step panel shows the first 100
iterations

5.2.2. Validation-selected prediction results. A low training cross-entropy does not necessarily imply
improved test accuracy. To separate optimization performance from prediction performance, classifi-
cation accuracy and cross-entropy were evaluated every ten iterations. For each method, the check-
point k∗ was selected by the smallest validation cross-entropy. The test set was evaluated only after
this checkpoint had been fixed and was not used for model selection.

Table 4. MNIST prediction results at the checkpoint selected by validation cross-
entropy

Method k∗ Training CE Validation CE Test CE Test accuracy (%)
IPG 500 0.71940 0.73160 0.71210 81.62
AIPG 250 0.05494 0.24830 0.22980 93.91
nmAIPG 250 0.05494 0.24830 0.22980 93.91
niAPG 250 0.05499 0.24840 0.22940 93.91
newAPGvs 200 0.21870 0.49530 0.44140 89.47
AdaPGNC-1 490 0.05880 0.23100 0.19600 94.38
AdaPGNC-2 270 0.05904 0.22780 0.19590 94.28
HA-AIPG 90 0.05786 0.24190 0.23440 93.96

Table 4 shows that validation-based selection chose the HA-AIPG checkpoint at k∗ = 90, earlier
than the checkpoints selected for the other methods. Its test accuracy was 93.96%, compared with
the highest value of 94.38% for AdaPGNC-1 and 94.28% for AdaPGNC-2. Thus, HA-AIPG reached a
comparable predictive result at an earlier checkpoint, although its lower training objective did not yield
the highest test accuracy. The common 500-iteration budget allows the same validation-based selection
rule to be applied to methods with different rates of progress.

Figure 4 shows that HA-AIPG reduced the training cross-entropy rapidly, while the training and
validation accuracies stabilized earlier. This illustrates the distinction between minimizing the training
objective and improving predictive accuracy. HA-AIPG accepted all 500 candidates, including 461 full
spectral trials and 39 relaxed trials, with a mean relaxation of 0.9751 and no hard restart. Hence, this
experiment mainly reflects the accepted spectral-step behavior rather than the restart mechanism.

5.3. Convex logistic regression. We finally consider the regularized logistic-regression problem used
in [30]:

min
x∈Rn

F (x) = − 1

m

m∑︂
i=1

[︂
yi log σ(a

⊤
i x) + (1− yi) log

(︁
1− σ(a⊤i x)

)︁]︂
+

γ

2
∥x∥2, (5.4)
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Figure 4. Performance trajectories for deterministic MNIST classification. The insets
in the two accuracy panels show the final 100 iterations

where σ(t) = 1/(1+ e−t), ai ∈ Rn, and yi ∈ {0, 1}. Problem (5.4) is smooth and convex, so h = 0 and
the proximal mapping is the identity. We use the mushrooms and w8a datasets with the settings in
Table 5.

Table 5. Dataset settings for the logistic-regression experiment

Dataset m n Ltab γ Iteration budget

mushrooms 8,124 112 2.59 Ltab/m 1,000

w8a 49,749 300 0.66 Ltab/m 3,000

Following the experimental scaling in [30], Table 5 lists Ltab and uses γ = Ltab/m. In our imple-
mentation, the same tabulated values are used as empirical working curvature parameters, ˆ︁L = Ltab.
Thus, the fixed-step methods use the empirical reference step λ = 0.9/ˆ︁L, giving λ = 0.3474 for
mushrooms and λ = 1.3611 for w8a. These numerical parameters are not presented as new certifi-
cations of a global Lipschitz constant. All methods start from x0 = 0.

Table 6 summarizes the method-specific parameters used in these tests.

Table 6. Algorithmic parameters for the logistic-regression experiment

Method Parameter setting

IPG Fixed step λ = 0.9/ˆ︁L as described above.
AIPG Fixed step λ, with the two-candidate selection rule.
nmAIPG Fixed step λ, with δ = 0.6.
niAPG Fixed step λ, with nonmonotone window q = 5.
newAPGvs δ = 0.8, cnew = 104, Qk+1 = 0.99Qk , error exponent 1.1, µ0 = 0.99, and

µ1 = 0.95.
AdaPGNC-BB-1 Short BB step of [30]; λ0 = 10−10, ρ0 = 1010, and the ρ

(1)
k growth rule.

AdaPGNC-BB-2 Short BB step of [30]; λ0 = 10−10, ρ0 = 1010, and the ρ
(2)
k growth rule.

HA-AIPG Geometric BB trial step; γk ∈ [10−4/ˆ︁L, 104/ˆ︁L]; ρα = 0.5; αmin = 10−3; and
c = 10−3

(︂
1
2λ −

ˆ︁L
2

)︂
.

The reference objective is the smallest value observed over all runs, including the extended AdaPGNC-
BB runs. Its displayed values are 0.02623884 for mushrooms and 0.12320374 for w8a; the gaps were
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computed using the full recorded precision. The objective value, objective gap, and gradient norm are
the smallest values observed along each trajectory, while the evaluation counts cover the complete run.
Gaps below 10−14 are reported as being at numerical working precision.

Table 7. Results for logistic regression on the mushrooms dataset (1,000 iterations).
The last column reports gradient, additional objective-only, and proximal evaluations

Method Objective value Objective gap Gradient norm Grad./Obj./Prox. evals.

IPG 0.03717367 0.01093483 0.0065363 1001 / 0 / 1000
AIPG 0.02624068 1.8428× 10−6 6.0143× 10−5 1999 / 2000 / 2000
nmAIPG 0.02624065 1.8171× 10−6 5.9842× 10−5 1999 / 1026 / 1026
niAPG 0.02623884 2.1018× 10−11 2.3164× 10−7 1993 / 1000 / 1000
newAPGvs 0.02623884 ≤ 10−14 8.7938× 10−11 1682 / 1680 / 1074
AdaPGNC-BB-1 0.02623884 ≤ 10−14 1.0384× 10−12 1001 / 0 / 1000
AdaPGNC-BB-2 0.02623884 ≤ 10−14 3.5951× 10−9 1001 / 0 / 1000
HA-AIPG 0.02623884 ≤ 10−14 1.9692× 10−13 1471 / 8397 / 2402

Table 7 shows that, on mushrooms, newAPGvs, AdaPGNC-BB-1, and HA-AIPG reached the refer-
ence objective to the reported precision. HA-AIPG also attained the smallest reported gradient norm.
The last three columns report the objective gap, gradient norm, and numbers of gradient, additional ob-
jective, and proximal evaluations. HA-AIPG required more objective and proximal evaluations because
of its candidate-selection tests; therefore, its residual improvement does not imply a lower computa-
tional cost.

Figure 5 shows that the adaptive methods reduced the objective and gradient norm substantially
faster than IPG. AdaPGNC-BB-2 produced the fastest early reduction in the objective gap, whereas
HA-AIPG continued to a smaller gradient norm. The step-size panel shows that all adaptive methods
used variable steps, frequently above the reference 1/ˆ︁L.

Table 8. Results for logistic regression on the w8a dataset (3,000 iterations). The last
column reports gradient, additional objective-only, and proximal evaluations

Method Objective value Objective gap Gradient norm Grad./Obj./Prox. evals.

IPG 0.13422566 0.01102192 0.0014869 3001 / 0 / 3000
AIPG 0.12320480 1.0620× 10−6 9.1241× 10−6 5999 / 6000 / 6000
nmAIPG 0.12320480 1.0596× 10−6 9.1128× 10−6 5999 / 3018 / 3018
niAPG 0.12320374 4.1681× 10−10 2.1593× 10−7 5994 / 3000 / 3000
newAPGvs 0.12320374 1.1116× 10−14 7.0540× 10−10 5251 / 5249 / 3314
AdaPGNC-BB-1 0.12320374 ≤ 10−14 1.6630× 10−14 3001 / 0 / 3000
AdaPGNC-BB-2 0.12320374 ≤ 10−14 4.2583× 10−10 3001 / 0 / 3000
HA-AIPG 0.12320374 ≤ 10−14 1.1212× 10−12 4846 / 34358 / 7876

Table 8 shows that, on w8a, HA-AIPG and AdaPGNC-BB-1 reached the reference objective to nu-
merical precision. AdaPGNC-BB-1 attained the smallest gradient norm, while HA-AIPG obtained a
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Figure 5. Convergence trajectories and adaptive step sizes for the mushrooms
dataset

gradient norm of 1.1212 × 10−12. HA-AIPG again required additional objective and proximal evalua-
tions for candidate selection, so the table shows a trade-off between objective reduction and evaluation
cost rather than uniform dominance.

Figure 6 shows the rapid initial objective reduction of HA-AIPG and the subsequent progress of the
adaptive methods toward the reference value. AdaPGNC-BB-1 eventually attained the smallest gra-
dient norm, while HA-AIPG reached the reference objective with a small residual. The adaptive-step
trajectories also show that the methods used different step-size patterns, with HA-AIPG testing steps
above 1/ˆ︁L throughout much of the run.

Summary of the numerical results. Across the three experiments, HA-AIPG provided strong objective
reduction with respect to outer iterations. It attained the lowest final autoencoder objectives for both
activations, the lowest training objective in MNIST classification, and the reference objective in both
logistic-regression tests. Other adaptive methods nevertheless attained better stationarity, predictive
accuracy, or evaluation cost in some settings. The results therefore show a trade-off between objective
progress per outer iteration and the additional work required by the two-candidate selection mecha-
nism.
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Figure 6. Convergence trajectories and adaptive step sizes for the w8a dataset

6. Conclusion

This paper introduced HA-AIPG, which combines an accelerated spectral trial with a reference proxi-
mal step, adaptive relaxation, and momentum restart. The spectral candidate may use a step larger than
1/L, whereas the reference candidate supplies the descent estimate used in the convergence analysis.
Summable inexactness yields stationary accumulation points. Full-sequence convergence additionally
requires the stated relative-residual, boundedness, continuity, and KL assumptions.

The numerical results indicate that HA-AIPG can be useful when objective progress within a limited
number of iterations is the main consideration. In these tests, its selection mechanism produced lower
objective values than the AIPG-family baselines and was competitive with single-step adaptive meth-
ods. This behavior required additional gradient, objective, and proximal evaluations, and other methods
gave better stationarity or predictive accuracy in some settings. HA-AIPG should therefore be viewed
as a monitored alternative when candidate evaluations are affordable, rather than as a uniformly faster
method. Reducing the cost of the reference candidate is a natural direction for future work.
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