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A NOTE ON DUALITY IN NONSMOOTH MINIMAX FRACTIONAL OPTIMIZATION
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ABSTRACT. In this paper, we introduce duality for nonsmooth minimax fractional semi-infinite optimiza-
tion problems in Asplund space by using some advanced tools of variational analysis and generalized
differentiation. We propose a dual problem to the primal one; then weak, strong and converse-like du-
ality relations are explored. In addition, some of these results are applied to multiobjective optimization
problems.
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1. INTRODUCTION

Real-life problems involve the optimization of function ratios, which often measure the efficiency of
a system. Such questions should be solved in various scientific fields (such as physics, economics and
statistics, etc.). Meanwhile, duality for the problems which modeled by “minimax programming (see
e.g. [2, 8,10, 12, 14, 20])” and “fractional programming (see e.g., [1, 3, 19])” involving locally Lipschitz
functions has received extensive attention from researchers. It is worth noting that a large number
of ground-breaking results and applications in fractional programming were contributed by Dinkel-
bach [9] and Schaible and his coauthor [17, 18] (see also [7, 11]) and the references therein.

In this paper, along with optimality conditions proposed in [15], we further introduce nonsmooth
minimax fractional dual problems, and investigate weak, strong and converse-like duality relations
under the assumption of generalized convexity.

To proceed, let X be the Asplund space (i.e., a Banach space whose separable subspaces have sep-
arable duals), and €2 be a non-empty locally closed subset (say around Z € €2) of X, by locally closed,
we mean there is r > 0 such that the set 2 N B,.(z) is closed, where B, (Z) stands for the closed ball
centered at z with radius r > 0. In this paper, we study the following minimax fractional optimization
problem with an infinite number of constraints,

: _ bi(z)
minmax fi(z) := (@)’ (P)
where the feasible set C' is defined by
xeC:={xeQ|gx)<0,teT} (1.1)
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and py, qx, k € K :={1,...,m} and g;, t € T are locally Lipschitz on X and 7" is an (possibly infinite)
index set. For the sake of convenience, we always assume that g;(xz) > 0, k € K for all z € (2, and
that pr(Z) < 0 at some reference point Z. In what follows, we use the notation g7 := (g )ter-

The following linear space is used for semi-infinite optimization.

R™ .= {X = (\)ter | Ae = 0 for all t € T but only finitely many \; # 0}.

With A € R, its supporting set, T'(\) := {t € T' | \; # 0}, is a finite subset of 7. The nonnegative
cone of R() is denoted by

R = (A= A\)wer eRD | N, >0, t €T},

Definition 1.1. Let p(z) := maxgex frx(z),z € X. A point z € C is a local optimal solution to the
problem (P) iff there is a neighborhood U of Z such that

o) < px), Ve e UNC. (1.2)

If the inequality in (1.2) holds for every x € C, then Z is said to be a global optimal solution to the
problem (P).

In what follows, we state the constraint qualification (CQ) and the limiting constraint qualification
(LCQ), which were needed to establish Karush-Kuhn-Tucker (KKT) type optimality conditions.

Definition 1.2. (see [12, 15]) We say that the constraint qualification (CQ) is satisfied at z € C' if
A€ RS_T) such that

0€ Y \dgi(z) + N(z;9Q),
teT

then \; = O forallt € T'(\).

It is worth mentioning here that when considering z € C' defined in (1.1) with Q@ = X and T'(7) :=
{t € T | ¢+(x) = 0}, T is finite in the smooth setting, the above defined (CQ) is guaranteed by the
Mangasarian-Fromovitz constraint qualification (see e.g., [16] for more details).

Definition 1.3. (see [4, 5, 13]) Let £ € C. We say that the limiting constraint qualification (LCQ) is
satisfied at T iff

NE o) c Y [ZAtagt(az) + N(%:9Q), (1.3)

AeA(z) LteT

where A(z) :={)\ € ]RS_T) | Adegi(Z) =0forallt € T}.

The rest of the paper is organized as follows. Section 2 provides some notations and preliminaries.
Our main findings on duality are proposed in Section 3. and applications to multiobjective optimization
problems are provided in Section 4. Finally, conclusions are given in brief.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout the paper we use the standard notation of variational analysis; see e.g., [16]. Unless
otherwise specified, all spaces under consideration are assumed to be Asplund. The canonical pairing
between space X and its topological dual X* is denoted by (-, -), while the symbol || - || stands for the
norm in the considered space. As usual, the polar cone of a set {2 C X is defined by

Q° = {z" e X*| (z*,2) £0, Vz € Q}. (2.1)
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Let F': X = X* be a multifunction. The Painlevé—Kuratowski upper/outer limit of F' as at z — 7,
which is defined by

Limsup F(x) := {x* e X*

T—T

dz, > T, T g with x) € F(z,) foralln € N := {1,2,...}},

where the notation <~ indicates the convergence in the weak* topology of X*.
Given Z € (2, define the collection of Fréchet/regular normal cone to 2 at Z by

] (x*,x — T)

limsup—— < 0 p,
o |lz—z

T—>T

A

N(z;9Q) = No(z) = {x e X*

where z 2% 7 means that z — 7 with z € Q. If z ¢ Q, we put N(z;9Q) := 0.
The Mordukhovich/limiting normal cone N (z;Q2) to F'at £ € Q C X is obtained from regular
normal cones by taking the sequential Painlevée-Kurotowski upper limits as

N(z; Q) := Limsup N (z; Q).
:ci}i

Ifz ¢ Q, we put N(Z;Q) := 0.
For an extended real-valued function ¢ : X — R := [—00, oc], its domain is defined by

dom ¢ := {x € X | ¢(x) < oo},
and its epigraph is defined by
epig = {(z,1) € X xR | 2 6(2)}.
The limiting/Mordukhovich subdifferential of ¢ at z € X with |¢(Z)| < oo is defined by
9¢(z) :={z" € X* [ (27, —1) € N((Z,¢(Z)); epi ) }.

If |p(Z)| = oo, then one puts IP(Z) := ().

The following concepts of (strictly) generalized convexity at a given point for locally Lipschitz func-
tions is inspired by [7, Definition 3.7], [6, Definition 3.11], [3, Definition 3.7] and [8, Definition 3.5]; see
also [11, Definition 3.2].

Definition 2.1. (i) We say that (f, gr) is generalized convex on 2 at z € Q if for any = € Q, & €
Opr(Z), Ck € Oqi(z), k € K and any 1, € 0g(Z), t € T, there exists v € N(z;)° such that

pr(x) — pr(Z) > (&, v), k € K,
ar(z) — qr(@) > (G, v), k € K,
ge(z) — gt(Z) > (e, v), t € T.

(ii) We say that (f, gr) is strictly generalized convex on Q at z € Q\ {z} if for any = € Q, & € Ipi(Z),
Ck € 0qi(T), k € K and any n; € 0g4(Z), t € T, there exists v € N(z;2)° such that

pk<1’) —pk(i') > <fk,y>, ke K,
ar(x) — qu(T) > (G, v), k € K,
gt(x) — gi(T) > (ny,v), t €T.
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2.1. Previous Results on Optimality Conditions. In this part, we recall some results on optimality
conditions for problem (P); see [15] for the proof in detail. We recall the necessary optimality condi-
tions for local optimal solutions to problem (P) under the constraint qualification (CQ) and the limiting
constraint qualification (LCQ).

Theorem 2.2. (c.f. [15, Theorem 3.5]) Let the (CQ) be satisfied at z € C. If z € C' is a local optimal
solution to problem (P), then there exist multipliers o« € R7*\{0} and A € ]R(JFT) such that the inclusion

0e Z g <8pk(§:) Z;: ) + Z)\tagt + N(z;Q) (2.2)

keK ( teT

holds.

Theorem 2.3. (c.f. [15, Theorem 3.4]) Let the (LCQ) be satisfied at z € C. If z € C' is a local optimal
solution to problem (P), then there exist multipliers v € R\ {0} and A € A(Z) such that the inclusion

0€> (81%(96) _ PT) 70ai(7) ) +) " M0gi(E) + N(T: Q) (2.3)

X
keK k() teT

holds.

We also recall the sufficient condition for a feasible point of problem (P) to be a global optimal
solution.

Theorem 2.4. (c.f. [15, Theorem 3.9]) Let £ € C. Assume that Z satisfies condition (2.3). If (f, gr) is
generalized convex at T, then Z is a global optimal solution of problem (P).

3. MaIN ResuLrTs: DUALITY RELATIONS

In this section, we formulate dual problems to the primal one in the sense of Mond-Weir, and their
weak, strong, converse-like duality relations between them are established, respectively.

Let z € X, € R7\{0} and X € RSFT). In connection with problem (P), we consider the following
dual problem:

p(z, 0, A) = , D
(ml;r;géMW{w(za )= w(2)} (D)

Here, we denote ¢(z) := max fx(2), and Cp is defined by
€

Cp = {(z,a, A) € Qx (RT\{O})XRiT) |0 € Z Qg <8pk(2) - zz(j)a%(z)>

bk )

+ Z)\tagt(z) + N(z;Q), Z/\tgt(?«‘) > 0}.

teT tel

The following theorem describes a weak duality relation between problem (P) and problem (D).

Theorem 3.1. (Weak Duality) Let € C and let (z,a, \) € Cp. If (f, gr) is generalized convex at z,
then

Sp(w) Z (IE(Z7 a’ )\)7

where p(z) := max fi(z).
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Proof. Since (z,a, \) € Cp, there exist multipliers o € R\ {0}, A € RSFT), & € Opi(2), Gk € Oqi(2),
k € K and n; € 0gi(2),t € T such that

1> (@ - Z:Ej; ck) +3 Amt] € N(z9), (3.2)
keK teT

> Agilz) > 0. (33)

teT

By the generalized convexity of (f, gT) at z, there exists v € N(z; ) such that

D ay <<§k,V> ( ) > Mlmv

keK te’T
I AC I
<o o) = mn(e) = 5 o) - s }%;xt a(#) ()
—k;{ak <pk o (Z ) Jr;)\t g¢(x (2))-

Due to the definition of polar cone (2.1), it follows from (3.2) and the relation v € N(z;2)° that

0<Zak<§k, )‘1‘2)\157]15,

teT

Qk(
Thus,

0< Y ay (pk (z ) +) Mgl (2))- (3.4)

keK k teT

In addition, A\;g:(z) < 0 and taking (3.3) into account, we conclude by (3.4) that

0= 3 o (i) - 2 ao)). (3)

e qx(2)

By (3.5), we obtain

Zak (z <Zak i (3.6)

keK keK
According to the fact that a € R\ {0}, (3.6) entails that
p(x) = ¢(2). (3.7)

Since @(z, a, A) := @(z) for any (z,a, A) € Cp, thus, we have
o(x) > @(z, 0, ) = @(2).
Hence, we complete the proof. g

The following example shows the importance of the generalized convex property of ( f, gr) imposed
in Theorem 4.1.

Example 3.2. Let f : R — R? be defined by f(z) := (I;ig;, Zigg) , where p1 () := pa(x) := 23,

q1(z) :== q2(x) := 222 — 1, 2 € R, and let g; : R — R be given by
gi(x) = —tlz|, zeR, teT:=]|0,+00).
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We consider problem (P) with m := 2 and Q := (—00,0] C R. Then C' = 2 and let us select 7 :=
—1 € C. Now, we consider the problem (D). By choosing z := 0 € Q, & := (%, %), A := 0, we have
(z,a,A) € Cp and

o) =-1<0=¢(za\),
which shows that the conclusion of Theorem 4.1 fails. The reason is that (f, gr) is not generalized
convex on () at z.

The strong duality relations between problem (P) and problem (D) show as follows.
Theorem 3.3. (Strong Duality) Let £ € C' be a local optimal solution of problem (P) such that the (CQ)
is satisfied at this point. Then there exists (@, A) € (R7\{0}) x RS_T) such that (Z,&, \) € Cp and
0(7) = ¢(Z,a, ).
Furthermore, if (f, gr) is generalized convex at any z € (2, then (Z, @, \) is a global optimal solution

of problem (D).
Proof. According to Theorem 3.1, we find @ € R7'\{0} and \ € R(T) such that

0e Z Qg <8pk(:f) Pr(Z) ) + Z Mg (z Q).
keK () teT
Since Z € C'and Ay = 0 for all t € T'(A), Y_,cp Mege(Z) = 0. Consequently, (Z, &, A) € Cp. It is clear
that ¢(Z) = @(z, &, \).
Thus, if (f, g7) is generalized convex at any z € (2, we apply the weak duality results in Theorem
4.1 to conclude that

@('f a 5‘) - 90( ) @<27a7 )‘>
)

holds for any (z,«, \) € Cyryw. This means that (z, is a global optimal solution of problem (D).

0
Theorem 3.4. (Strong Duality) Let Z € C be a local optimal solution of problem (P) such that the
(LCQ) is satisfied at this point. Then there exists (@, A) € (R7\{0}) x RS_T) such that (Z,a,\) € Cp
and
p(z) = ¢(7,a,A).
Furthermore, if (f, gr) is generalized convex at any z € (2, then (Z, @, \) is a global optimal solution

of problem (D).

Proof. Thanks to Theorem 3.2, we find & € R"7"\{0} and A € A(Z), where A(Z) is defined in (1.3), such
that

0e > ax <3pk($) - pk(:c)aqk(x)) + Y M0g (@) + N (% Q).

ek 9 (7)
Due to A € A(Z) defined in (1.3), and thus, }_,c1 Atg:(Z) = 0. So, (Z,a, A) € Cp. Clearly, o(z) =
o(z, &, N).
Similar to the proof of Theorem 4.3, if (f, gr) is generalized convex at any z € €, by applying the
weak duality results in Theorem 4.1, we conclude that

Pz, A) = p(7) = 22,0, )
for any (2, @, \) € Cp. This means that (Z, @, ) is a global optimal solution of problem (D). O

In the following theorem, we provide a converse-like duality relation between problem (P) and prob-
lem (D).
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Theorem 3.5. (Converse-like Duality) Let (Z,&, \) € Cp. If € C and (f, gr) is generalized convex
at Z, then Z is a global optimal solution of problem (P).

Proof. Since (Z,a,)\) € Cp, then there exist @ € R7\{0}, \ € ]RSFT), &k € Opr(T), (x € Oqr(T),
k € K and n; € 0g4(x), t € T such that

- [Z a (ik - g’;g; @) +y /\t77t] € N(z;Q), (3.8)

teT

> Xgi(z) > 0. (3.9)

Let z € C. Since A € RSLT), we conclude that Ag:(Z) < 0 forall t € T. Then, Y oter Mgi(T) <0,
which together with (3.9) says that A\;g;(Z) = 0 for all ¢ € T This fact together with (3.8) yields that =
satisfies condition (2.3). To finish the proof, it remains to apply Theorem 3.3. O

4. APPLICATIONS TO MULTIOBJECTIVE OPTIMIZATION PROBLEM

This section is devoted to applying some results of the minimax programming problem to a multiobjec-
tive optimization problem. More precisely, we employ the duality relations obtained for the minimax
programming problem in the previous sections to derive the corresponding ones for a multiobjective
optimization problem.

Let €2 be a nonempty locally closed subset of Asplund space X. We consider a constrained multiob-
jective optimization problem of the form:

mingy {f(fv) = <§ﬁ; g:&i)

where the constraint set C'is defined by (1.1). The functions px, qx, k € K := {1,...,m},and g;,t € T
are locally Lipschitz on X. Note that ” mingm ” in the above problem is understood with respect to the

wEC}, (MP)

ordering cone R'".
Let f:=(f1,...,fm).Forze X, a € R\{0} and A € RSFT). In connection with the problem (MP),

we consider a dual fractional multiobjective problem of Mond-Weir type as follows:

ey { e 2) = £(2)

(Z7a7)‘) S CD} ) (MD)

where Cp is defined by

Cp = {(z,a, A €@ x ®BON<RT [0 Y o <apk<z> - gz(j)aqk@))

bk )

+ Z)\tagt(z) + N(z;9Q), Zktgt(z) > 0}.

teT tel

(4.1)

In what follows, a feasible point (Z, @, \) € C)p is said to be a local (weak) Pareto solution of prob-
lem (MP) iff there exists a neighborhood U of (z, &, \) such that

flz,o,\) — f(Z,a@, ) ¢ —intRT(—RT\{0}) Vze€UnNCp, (4.2)

where intR'}" stands for the topological interior of RY". If the inequality in (4.2) holds for every (z,a,\) €
Cp, then (Z, &, A) is said to be a (weak) Pareto solution of problem (MP).
The first theorem in this section describes duality relation between problem (MP) and problem (MD).
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Theorem 4.1. Let £ € C' be a local weak Pareto solution of problem (MP) and (CQ) be satisfied at this
point. Then there exists (@, A) € (R7\{0}) x ]RSFT) such that (Z, @, \) € Cp and

f(@) = f(&,aA).
Furthermore, if (f, g7) is generalized convex at any z € €2, then (Z, &, A) is a local weak Pareto solution
of problem (MD).

Proof. Thanks to Theorem 3.1 and the fulfillment of the (CQ) condition, it is clear that & satisfies KKT
conditions. Hence, we find @ € R7'\{0} and X € R, such that

0e Z Qg <6pk({f‘) ](;k > + Z )\tﬁgt + N x Q)
E\T

keK ( teT

Since z € C'and Ay = 0 forall t € T(\), 3,7 Mgt (Z) = 0. We conclude that (Z, &, A) € Cp and so
f(-f)—f(.ﬁU,Oé,)\) _

We assume to the contrary that (Z, &, \) is not a local weak Pareto solution of problem (MD), then
there exists (2, o, A) € Cp such that

fk(’z)av)‘) >fk(jad75‘)a VkEKv

where fk are components of f . Hence, it can be formulated as

Pr(2) - pr(Z)

w2 (@) Vk € K. (4.3)

Since (z,a, A\) € Cp, there exist multipliers o« € R’"\{0}, A € ]RS_T), &k € Opr(z), G € Oqi(2),
k € K and n; € 0g¢(z), t € T such that

Z oy <€k - f)Ck) + Z )\mt] € N(zQ), (4.4)

fex wl2) ™) i

Z)\tgt(z) > 0. (4.5)

teT

By the definition of polar cone (2.1) and the generalized convexity of (f, g7) on Q at Z, we deduce
from (4.4) that for such z thereisv € N (z' 2)° such that

>+Z>\t Nes v

teT

L
SkGZKOék [2%(37) Pi(2) % (2) (qx(Z) — qr(z ] +t€ZT/\t gt(T (2))
:];(Oék <10k( ) — R ) +t€z;>\t g¢(T (2))-

Since z € C, M\ig:(Z) < 0 for ¢t € T and taking (4.5) into account, we conclude that

0<Zakz<pk9? qEZ§Q(f)>'

keK

Since av € R\ {0}, there exists kg € {1, ..., m} such that by taking the koth inequality, we obtain

0 < @) = s ),
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which is equivalent to

Pkq (Z) DPkq (j)
Gho() = Gho(7)

This together with (4.3) gives a contradiction. Therefore, the proof has been established. g

For establishing converse-like duality relation between problem (MP) and problem (MD), the fol-
lowing optimality conditions for the existence of a weak Pareto/or Pareto solution of problem (MP) are
needed.

Lemma 4.2. (see [15]) Let the (CQ) be satisfied at € C. If Z is a local weak Pareto solution of (MP),
then there exist multipliers o € R"\{0} and A € RSFT) such that the inclusion

0e> <8pk( ) — iﬁQk ) +) " Mgi(x) + N(7: Q) (4.6)

X
keK qr(T) teT

holds.

Lemma 4.3. (see [15]) Let £ € C. Assume that ¥ satisfies condition (4.6).
(i) If (f, gr) is generalized convex at Z, then T is a weak Pareto solution of (MP).

(ii) If (f, gr) is strictly generalized convex at Z, then Z is a Pareto solution of (MP).

In the following theorem, we provide a converse-like duality relation for weak Pareto/or Pareto
solutions between problem (MP) and problem (MD).

Theorem 4.4. Let (Z,a&,\) € Cp.

(i) If z € C and (f, gr) is generalized convex on {2 at Z, then Z is a weak Pareto solution to
problem (MP).

(i) If # € C and (f, gr) is strictly generalized convex on () at Z, then Z is a Pareto solution to
problem (MP).

Proof. Since (Z,a,\) € Cp, then there exist @ € R\ {0}, M€ RSFT), &k € Opr(T), ¢ € Oqr(T),
k € K and n; € 0g(Z), t € T such that

- [Z Qi (Ek - Eg Ck) + Z)\tm] € N(z;9), (4.7)
kek

teT

> Xege(®) > 0. (4.8)

teT

Let 7 € C. Since \ € Rsr ), we conclude that \;g¢(Z) < 0 for all ¢ € T. Hence, Y,.1 A g¢(Z) < 0,
which together with (4.8) yields that \;g;(Z) = 0 for all ¢ € T'. So we assert by virtue of (4.7), Z satisfies
condition (4.6).

To finish the proof, we put

fk@) = fr(x) — fr(@), ke K, z € X.

Let f := (fi,..., fm). Since (f, gr) is generalized convex on {2 at 7, it follows that (f, gr) is general-
ized convex at this point as well. The rest of the detailed proof of this theorem is similar to the proof
process of Lemma 5.3 (see e.g., [15] for more details). O
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5. CONCLUSION

In this paper, along with the results of optimality conditions proposed in [15], we provide duality
relationship between nonsmooth minimax fractional semi-infinite optimization problem and its dual
problem. More precisely, weak, strong and converse-like duality theorems are examined under as-
sumptions of (strictly) generalized convexity and suitable constraint qualifications. Some applications
to multiobjective optimization problem are also explored.
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