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SOLUTION SETS OF LINEAR FRACTIONAL OPTIMIZATION PROBLEMS INVOLVING
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ABSTRACT. We consider a linear fractional optimization problem (FP) involving integral function defined
on C"[0,1], and then characterize solution sets for the problem (FP) in terms of sequential Lagrange
multipliers of a known solution of (FP). Moreover, we give an example illustrating our characterization of
solution set.
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1. INTRODUCTION AND PRELIMINARIES

Optimization problems often have multiple solutions. Mangasarian [11] presented simple and ele-
gant characterizations of the solution set for a convex optimization problem over a convex set when
one solution is known. These characterizations have been extended to various classes of optimization
problems [1, 2, 4, 7, 8, 9, 10]. In particular, Jeyakumar et al. [8] characterized the solution set of a
cone-constrained convex optimization problem when the Lagrange multipliers of its one solution were
known.

On the other hand, Jeyakumar et al. [6] proved the sequential optimality conditions for convex
optimization problem, which held without any constraint qualification and which were expressed by
sequences. Such optimality conditions have been studied for many kinds of convex optimization prob-
lems [3, 5]. In particular, Kim et al. [5] also obtained sequential Lagrange multiplier optimality con-
ditions for a linear fractional optimization problem involving integral functions defined on C™[0, 1],
which held without any constraint qualification.

In this paper, we characterize the solution set of a linear fractional optimization problem involving
integral function defined on C"[0, 1] in terms of Lagrange multipliers of a known solution.

2. OPTIMALITY THEOREMS

Consider the following linear fractional optimization problem:

I el t)dt + o

fo dt—i—ﬁ

subjectto  x(-) € K,

ai(t)Tz(t) = bi(t), i=1,--- ,m, forany t € [0, 1],

(FP) Minimize

*Corresponding author.
E-mail addresses: mooni@tu.ac.kr (M. H. Kim), gwisoo1103@hanmail.net (G. S. Kim), and gmlee@pknu.ac.kr (G. M. Lee)
2020 Mathematics Subject Classification: 90C25, 90C32, 90C46.
Accepted: April 06, 2024.
11


https://tulipa-os.com/oper/024-0101.php
https://doi.org/10.69829/oper-024-0101-ta02
https://tulipa-os.com/

12 M. H.KIM, G. S. KIM, AND G. M. LEE

where ¢,d,a;,1 = 1,--- ,m, are given in C"[0,1], b;,i = 1,--- ,m are given in C|0,1] and K is

a closed convex cone in C™[0, 1]. Here we denote C"[0,1] = {x |« : [0,1] — R™ : continuous}

and C[0,1] = {z |z : [0,1] — R : continuous}. We will use the norm on C™[0, 1] defined by
@]

Let A = {r € K| a;(t)Tx(t)—b;i(t) = 0forany t € [0,1], i =1,--- ,m}. We assume that A\ # (.

We define the nonnegative dual cone of K as K* = {v € C"[0,1]* | v(z) = 0 for any z € K},
where C"[0,1]* = {z* | z* : C"[0,1] — R : continuous and linear}.
Let NBVI[0,1] = {u | p : [0,1] — R : a function of bounded variation, left continuous on [0, 1) and
(1) = 0}.

The following optimality theorem for the problem (FP), which holds without any constraint qualifi-
cation, is in [5]:

Theorem 2.1. [5] Let € A and suppose that for any x € A, fol d(t)Tz(t)dt + 8 > 0. Then the
following are equivalent:
(i) x is an optimal solution of the problem (FP);

(i) (0,0) € (J;1e(t) — a(@)()] (Vdt, —a +q(z >5)+{0}xR+
vl U X ma®Tdt, — X mbi0d0) + (~K7) x Ry ),

1, ENBV[0,1]
c(t) )dt+o
where q(Z) = —f) d((t RYTREE

(iii) there exist p € NBV[0,1], i =1,--- ,m, k}; € K* such that
JETet) — a@dO (Yt + i [~ S [ (1as() ()t — ks ()] = 0 and lim k3 (7) = 0.

The closedness of the set |J >, Al(a;, b;) + (—K) x R can be used as a constraint qualification
Ai€R
for the optimal solution of (FP) as in the following theorem [5]: From Theorem 2.1, we can obtain the

following theorem:

Theorem 2.2. [5] Let x € A and suppose that the set

m ool
{ Z/ wi(t)a; ()T ()dt, _;/0 ui(t)bi(t)dt)} + (—K") xRy

is closed in C™[0,1]* x R. Then T is an optimal solution of the problem (FP) if and only if there exist
w; € NBV[0,1],i=1,--- ,m and k* € K* such that

1 * *
/O[c(t Z,ul azt} Ndt — k*(-) = 0 and k*(z) = 0.

uZENBV[O 1]

3. CHARACTERIZATIONS OF SOLUTION SETS

Let S be the set of solutions of the linear fractional optimization problem (FP). Let z € S. Then by
Theorem 2.1, there exist a sequence {p]'} in NBV[0,1], ¢ = 1,--- ,m and a sequence {k} in K*
such that

1 m 1
| ety = a@pate)” (ya + tim, 93 | e Ga -k =0 e
and lim k) (z) =0, (3.2)

n—oo

Jo e Tz(t)dt+a

where ¢(Z) = JEd)Ta(t)de+8"
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By using the above sequences {y]'}, i = 1,--- ,m and {k} }, we can characterize the solution set S
as follows:

Theorem 3.1. The set S of optimal solutions of the problem (FP) is as follows:

1
s = {xem/o[c(t)—q(w) OF (Yt + lim [~ Z/ pE a0 (Yt — k()] = 0.
Jim k(@) =0}
Proof. Let T € S be any fixed. Then ¢(Z) = ¢(7) and hence

1 1 1 1
ct) 'z —q(z Ty = [ c®)T% —q(% Tz .
/0 (O z(t)dt — q(2) /0 a6 x(t)dt /0 (O F(¢)dt — ¢(F) / A1) F(t)dt

From (3.1), we have

/l[c(t) — q(@)d®))F z(t)dt + lim {i/lﬂn(t)a-(t)Tf(t)dt kX (j)} =0
0 noool s Jo B
and

/ 1[c(t) — @) F(t)dt + lim [—zmj / 1 ®(F)ay(t )Tz(t)dt—k*(z)} =0

0 ! neet I Jo g Z " o
From (3.2) and (3.3),

Jin [ [ sponoTstom] = i [ [t 0n o - 150)]
Since T € A and 7 € A\, we have

m a1 m .1
Tim. [—; /O wObit)d| = Tim [—; /0 w2 (Obi(E)dt — k3 (F).

Hence lim k(7) = 0. Thus we have

n—oo

1
S c {§€A|/O[c(t)—q(§) O ()t + Tim [~ Z/ P (i) (Ve — k] = 0.

Jm @ =0}
The converse is true by Theorem 2.1. Consequently, the result holds. O

Suppose that the set

{ 3 NRURULCTES of R >} (k") x B
i az dt, — i t)bi t)dt +(=K*) xR
uZeNBV[o 1] il i=1"0 8

is closed in C"[0,1]* x R. Let & € S. Then by Theorem 2.2, there exist u; € NBV[0,1], i =1,---,m
and k* € K* such that

1 m
/0 e(t) — q(@) = 3 pa(V)ai(t))" (Vdt — k*(-) = 0and k*(z) = 0.
=1

By using the above y;, ¢ = 1,--- ,m and k¥, we can characterize the solution set S as follows:
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Theorem 3.2. Suppose that the set
mo 1
2 / pia Ot~ > [ m@oyde) p+ (<K xR
=170
is closed in C™[0, 1]* x R. Then the solution set S is as follows:

S:{EEEA\/OI[c(t) ZMZ ai()T (Ydt — k* =0, k*(%):o}.

Let o = 0, d(t) = 0 and 5 = 1. Then the problem (FP) becomes the following linear conic optimiza-
tion problem (LCP):

,uZGNBV[O 1]

1
(LCP) minimize / c(t)z(t)dt
0

subject to re K
ai(t)Tx(t) = b(t), t € [0,1), i =1,--- ,m.

Let S be the set of solutions of (LCP) and let Z € S. Then by Theorem 2.1, there exist a sequence
{p?}in NBV[0,1], i =1,--- ,m and a sequence {k;} in K* such that

1
/0 )T ( dt+n113010 Z / pt(t)a ()T ()dt — kx| = (3.3)
and nh_}ngo ky(z) = 0. (3.4)

From Theorem 3.1, we can get the following theorem for (LCP):

Theorem 3.3. The set S of optimal solutions of the problem (LCP) is as follows:

S = {mAy nlggok;(z):o}.

4. EXAMPLE

Now we give an example illustrating Theorem 3.3 by using Example in [5].

Example 4.1. Let K = {(x1,22,73) € C3[0,1] | z1(t) = \/22(t)2 + 23(t)2 V¢ € [0,1]}. Then K is
a closed convex cone in C3[O 1] Let ay (¢ ) (1 0,-1) Vt € [0,1] and by (t ) =0 Vte[0,1]. Let A =

U fo up (t -)dt, —fo up(t)by(t)dt)} + (—K*) x R, where
u eNBV[0,1]
NBV[0,1] = {u]u:[0,1] — Ris of bounded variation and left continuous on [0, 1) and u(1) = 0}.
Then A C C3[0,1]* x R, where C3[0, 1]* is the topological dual space of C*[0, 1].
In [5], we showed that A is not closed.

Let k() = [ <\/n2 (1= 12+ (I+ prgg)% 1+ sy —nl1 — t))T(.)dt. Notice that V¢ €
[0,1], (\/n (1=t + (1+ g)? L+ iy 1 — t)) € K, where K = {(z,y,2) € R® :
x> 2+ 2%} So, V(z1,m9,23) € K, Vit € [0,1], \/n2(1_t)2+(1+ i) () + (1 +
ﬁ)l’g(t) —n(1 —t)xs(t) = 0. Hence V(xl,xg,:rg) € K, k! (x1,22,23) = 0 and so k), € K*. Let
ul(t) = —n(1l —t) Vt € [0,1] and let a; fO 10T ()dt — ki (-). Thenu} € NBV[0,1]
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and

1
aK)zLAML%M&—WUﬁ—%O

_ /()1(n(1—t)—\/n2(1—t)2+(1+ LRl o) (i

n(l+1) n(l+t)

Now we consider the following linear optimization problem:

1
(LCP) Minimize(m@%%)eczs [0,1] /0 2 (t)dt

subject to x1(t) —x3(t) =0

z1(t) 2 Vxa(t)? + z3(t)? Vi e [0,1].

Let ¢(t) = (0, 1,0). Then the problem (LCP) becomes:

1
Minimize (., o, 25)eC3[0,1] /0 c(t)Tx(t)dt

subject to ar ()T x(t) = bi(t)
z e K.
Let A = {(l’l,l‘Q,xg) S CS[O, 1] ’ xl(t) - xg(t) =0, xl(t) > \/1‘2(i)2 +$3(t)2 vVt € [0, 1]} Then
A = {(x1,22,73) € C3[0,1] | 21(t) = z3(t), 21(t) = 0, 22(t) = 0 Vt € [0,1]}. Let S be the set of
solutions of the problem (P). Then clearly S = A.

Now by using Theorem 3.1, we will show that S = A. It is clear that (0,0,0) € A. We can check
that the following two equalities hold (see [5]).

n—oo

[ et o i [~ [ @ ooa - o]

n—o0

1 1 1 T
—/0 (\/n2(1—t)2+(1+n(1+t>)2,1+M,—n(l—t)> (')dt}

1 1
= [0.107 e+ Jim [ [ n(1 = 01,0,-17()as
0 0

=0.

It is clear that
lim £7(0,0,0) = 0.
n—oo

Thus by Theorem 2.1, (0,0,0) € S and the above u} and k;; are Lagrangian multipliers for (LCP) at
(0,0,0). We can check that for any (71, T2, T3) € A, k' (Z1, T2, x3) = 0 (see [5]). Thus we have

{%e A lim K (F) = o} = A.
Hence, by Theorem 3.3, § = A.

5. CONCLUSION

In this paper, we characterized the solution set for the linear fractional optimization problem in-
volving integral functions defined on C™[0, 1] in terms of sequential Lagrange multipliers of a known
solution. We can get characterizations of solution sets for more general fractional optimization prob-
lems.
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