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ABSTRACT. In aBanach space that is uniformly convex and g-uniformly smooth with ¢ in the range (1, 2],
consider VI as representing a variational inclusion involving two accretive operators, and CFPP as denot-
ing a common fixed point problem for a countable set of nonexpansive mappings. This paper presents a
parallel extragradient-type viscosity algorithm designed to address a general system of variational inclu-
sions (GSVI) constrained by VI and CFPP. We establish the strong convergence of the proposed algorithm
to a solution of the GSVI under the VI and CFPP constraints, assuming certain mild conditions. As practi-
cal applications, we extend our main results to the variational inequality problem (VIP), the split feasibility
problem (SFP), and the LASSO problem within Hilbert spaces.
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1. INTRODUCTION

Throughout this paper, let H be a real Hilbert space equipped with the inner product (-, -) and the
corresponding norm || - ||. Assume C' C H is a non-empty closed convex set, and denote the (nearest
point or metric) projection from H onto C by Pc. For a given mapping A : C — H, consider the
classical variational inequality problem (VIP) of finding 2* € C s.t. (Az*,y — 2*) > 0Vy € C. The
solution set of the VIP is denoted by VI(C, A). In 1976, Korpelevich [32] proposed an extragradient
method for solving the VIP. It is noteworthy that if VI(C, A) # (), this method exhibits only weak
convergence and requires only that the mapping A is monotone and Lipschitz continuous. To the best
of our knowledge, it remains one of the most effective methods for solving the VIP. Additionally, it has
been refined and modified in various ways, leading to new iterative methods that address the VIP and
related optimization problems; see, for example, [4, 6, 7, 8, 14, 15, 19, 20, 24, 26, 27, 28, 30, 31, 34, 35, 36,
37, 38, 39, 40] and references therein, to name a few.

Let the operators A : C — H and B : D(B) ¢ C — 2/ be a-inverse-strongly monotone and
maximal monotone, respectively. Consider the variational inclusion (VI) of finding a point z* € C
such that 0 € (A + B)x*. To solve the FPP of a nonexpansive mapping S : C' — C and the VI for
both monotone mappings A and B, Manaka and Takahashi [22] proposed an iterative process. For any
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given zg € C, the sequence {x;} is generated by
Tj+1 = o5 + (1 — Oéj)SJf; (xj - )\jAa:j) Vi >0, (1.1)

where a; C (0,1) and A; C (0, 00). They demonstrated the weak convergence of {x;} to a point in
Fix(S) N (A + B)~'0 under certain conditions.

Recently, Abdou et al. [11] suggested a parallel algorithm, i.e., for any given zy € C, {x;} is the
sequence generated by

Tj41 = (1 — ()Sx] + CJ)\B; (ozj”yf(xj) + (1 — Oéj){li‘j — )\inL’j) V3 >0, (1.2)

where S, A, B are the same as above, ¢ € (0,1), {\;} C (0,2«) and {«;} C (0,1). They demon-
strated the strong convergence of {z;} to a point in Fix(S) N (4 + B)~'0 under certain appropriate
conditions. In practical applications, many mathematical models have been formulated as variational
inequalities (VI). Numerous researchers have developed and proposed a variety of iterative methods to
solve the VI using different approaches; see, for example, [4, 11, 15, 17, 19, 22, 27, 28] and the references
therein. Given the significance and interest in the VI, many mathematicians are now focused on finding
a common solution for both the VI and the fixed point problem (FPP).

Meantime, for ¢ € (1, 2], suppose that F is a uniformly convex and g-uniformly smooth Banach
space with g-uniform smoothness coefficient 4. Assume that f : £ — E is a p-contraction and
S : E — FE is a nonexpansive mapping. Let A : E — E be an a-inverse-strongly accretive mapping
of order ¢ and B : E — 2F be an m-accretive operator. Very recently, Sunthrayuth and Cholamjiak
[15] proposed a modified viscosity-type extragradient method for the FPP of .S and the VI of finding
x* € Est. 0 € (A+ B)z*, Assume that f : E — F is a p-contractionand S : £ — Fisa
nonexpansive mapping. Let A : E — E be an a-inverse-strongly accretive mapping of order ¢ and
B : E — 2% be an m-accretive operator. Recently, Sunthrayuth and Cholamjiak [15] introduced a
modified viscosity-type extragradient method for addressing the FPP of S and the VI of finding z* € F
such that 0 € (A + B)z*, i.e, for any given x¢ € F, {x;} is the sequence generated by

yj = J{ (w5 — \jAzj),
zj = J{ (x5 — NjAy; +15(y; — 25)), (13)
Tjt1 = a;f(x;) + Bz + 73Sz Vi =0,

where ij = (I +XB)7Y {rih {a;}, {853, {v} € (0,1) and {)\;} C (0,00) are such that: (i)
aj; + B + v = 1; (i) limj 0 a5 = 0, Zjoi1 a; = oo; (i) {#;} C [a,b] C (0,1);and (iv) 0 < A <
N < A\j/ri < p < (ag/rg)@ D, 0 < r < r; < 1. They proved the strong convergence of {z;} to a
point of Fix(S) N (A + B) !0, which solves a certain VIP.

On the other hand, let J : E — 27" be the normalized duality mapping from E to 2F”, defined by
J(x) ={p € E*: (z,0) = ||z|> = ||p||?} Vz € E, where (-, -) represents the generalized duality
pairing between F and E*. It is known that if F is smooth, then J is single-valued. Let C' be a nonempty
closed convex subset of a smooth Banach space E. Let A;, Ay : C' — E and By, By : C — 2F be
nonlinear mappings with Bz # () Vo € C,i = 1,2. Consider the general system of variational
inclusions (GSVI) of finding (z*,y*) € C x C s.t.

0€ G(Ay* + Biz™) + o — y*, (1.4)

0 € (a(Agz™ + Bay™) +y* — a7, .
where (; is a positive constant for ¢ = 1, 2. It is known that problem (1.4) has been transformed into a
fixed point problem in the following technique.

Lemma 1.1. (see [13, Lemma 2]) Assume that By, By : C — 2F are both m-accretive operators and
Ay, As : C — E are both operators. For givenz*,y* € C, (x*,y*) is a solution of problem (1.4) if and only
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ife* € Fix(G), where Fix(QG) is the fixed point set of the mapping G := ng (I— §1A1)J£2 (I —(2A2),
andy* = JO2 (I — G As)a™.

Consider a Banach space E that is both uniformly convex and 2-uniformly smooth, with a 2-uniform
smoothness coefficient 2. Suppose B; and Bj are m-accretive operators mapping from C' to 27, and
A; (fori = 1, 2) are (;-inverse-strongly accretive operators mapping from C' to . Let f be a contraction
mapping from C to itself with a constant J in the interval [0, 1). Additionally, let V' be a nonexpansive
operator and 7" a A-strict pseudocontraction, both mapping from C'to itself. Very recently, using Lemma
1.1, Ceng et al. [13] suggested a composite viscosity implicit rule for solving the GSVI (1.4) with the
FPP constraint of T, i.e., for any given zg € C, the sequence {z;} is generated by

yj = 2 (x) — G Agwy),

vj = a;f(xj1) + Gwj1 + BV +[pSz; + (1 — ) JE (y; — GAwyy)] Vi>1,
where € (0,1), 5 := (1 — )] + oT with 0 < o < min{1, %} and the sequences {«;}, {0,}.{5;},
{~;} € (0,1) are such that (i) oi; + 0; + B +v; = 1 Vj > 1; (ii) limj 00 oj = 0, im0 g—; = 0;
(iii) lim;j o0 y; = 1 (iv) 22725 ; = oo. They proved that {z;} converges strongly to a point of
Fix(G) N Fix(T'), which solves a certain VIP.

In addition, assume that {;} C (0, 1), {\;} C (0,20] and {e;},{&;} C (0,1] with oj + &; < 1.

Ceng et al. [4] introduced a Mann-type hybrid extragradient algorithm, i.e., for any initial ug = u € C,
{u;} is the sequence generated by

y; = Po(uj — pjAug),

v; = Po(uj — pj Ay;),
05 = JY (vj — AjAvy),

zj = (1 = aj — &)u; + 05 + ;. S0;,

Uj+1 = PC]'QQ]'U’ v] > 07

where C; = {x € C : ||z; —z| < ||lu; — 2|}, Qj = {z € C : (uj — z,u — u;) > 0}, ij =
(I +X\;B)"Y, A: C — H is a monotone and L-Lipschitzian mapping, A : C' — H is an a-inverse-
strongly monotone mapping, B is a maximal monotone mapping with D(B) = C and S : C — C'is
a nonexpansive mapping. They proved strong convergence of {u;} to the point Ppu in 2 = Fix(S) N
(A+ B)~'0N VI(C, A) under some mild conditions.

In a Banach space that is uniformly convex and g-uniformly smooth with ¢ € (1,2], let VI repre-
sent a variational inclusion involving two accretive operators, and let CFPP denote a common fixed
point problem for a countable family of nonexpansive mappings. This paper introduces a parallel
extragradient-type viscosity algorithm to solve the GSVI (1.4) under the constraints of VI and CFPP. We
establish the strong convergence of the proposed algorithm to a solution of the GSVI (1.4) with VI and
CFPP constraints, assuming certain mild conditions. As applications, we extend our main findings to
the variational inequality problem (VIP), split feasibility problem (SFP), and LASSO problem in Hilbert
spaces. Our results enhance and expand upon the corresponding findings in Manaka and Takahashi
[22], Sunthrayuth and Cholamjiak [15], and Ceng et al. [13] to some extent.

2. PRELIMINARIES

Consider a real Banach space E with its dual £, and let C' C E be a non-empty, closed convex set.
For simplicity, we denote the strong convergence of the sequence {x,} to = by z,, — z, and the weak
convergence by x,, — x. Given a self-mapping 7' on C, we use the symbols R and Fix(7’) to represent
the set of all real numbers and the fixed point set of T, respectively.
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Recall that T is called a nonexpansive mapping if ||Tx — Ty|| < ||z — y|| Vx,y € C. A mapping
f:C — Ciscalled a contraction if 3p € [0,1) s.t. || f(z) — f(y)]| < ol|z — y|| Vz,y € C. Also, recall
that the normalized duality mapping J defined by

J(x)={p e E": (z,0) = |z]* = ¢’} VzekE. (2.1)

is the one from F into the family of nonempty (by Hahn-Banach’s theorem) weak® compact subsets of
E*, satisfying J(tz) = tJ(x) and J(—x) = —J(z) forallt > O and = € E.
The modulus of convexity of E is the function 0z : (0,2] — [0, 1] defined by

op(e) = imf{1 — vy € B, al| = lyll = 1, Jlw —yl = ).
The modulus of smoothness of F is the function pg : Ry := [0,00) — R defined by
pi(r) = sup{ IR 12y € B, lef| = |lyl| = 1).

A Banach space E is considered uniformly convex if 0z (¢) > 0 for alle € (0, 2]. It is termed uniformly
smooth if lim__,y+ p%(T) = 0. Additionally, F is called g-uniformly smooth for ¢ > 1 if there exists a
constant ¢ > 0 such that pg(7) < 79 for all 7 > 0. If E is g-uniformly smooth, then ¢ < 2 and E'is
also uniformly smooth. Moreover, if E is uniformly convex, it is also reflexive and strictly convex. It
is known that a Hilbert space H is 2-uniformly smooth. Furthermore, the sequence space ¢, and the
Lebesgue space L,, are min p, 2-uniformly smooth for every p > 1 [33].

Let ¢ > 1. The generalized duality mapping J, : &/ — 2F" is defined by

Jo(z) = {p € E* : (z,) = ||z]|%, llell = I}, (22)
where (-, -) represents the generalized duality pairing between E and E*. Specifically, if ¢ = 2, then
Jo = J is the normalized duality mapping of E. It is known that J,(z) = ||z||972J(x) for all x # 0 and
that J, is the subdifferential of the functional %H - ||9. If E is uniformly smooth, the generalized duality
mapping .J; is both one-to-one and single-valued. Additionally, J, satisfies J, = J, ! where J, is the
generalized duality mapping of E* with % + % = 1. Note that no Banach space is ¢g-uniformly smooth
for ¢ > 2; see [18] for more details. Let ¢ > 1 and F be a real normed space with the generalized
duality mapping J,. Then the following inequality is an immediate consequence of the subdifferential
inequality of the functional %H kS

|z 4+ yl|? < 2| + q(y, jo(z +y)) Va,y € E, jolz+y) € Jy(x+y). (23)

Proposition 2.1. (see [33]). Let ¢ € (1, 2] a fixed real number and let E be q-uniformly smooth. Then
lz+y||? < |||+ qly, Jo(x)) + kqlly||? Vo, y € E, where s, is the g-uniform smoothness coefficient of
L.

o0

Lemma 2.2. (see[25]). Let {S,, }°° be a sequence of self-mappings on C such that) >~ | sup,cc || Snz—
Sp—1z|| < oo. Then for eachy € C, {S,y} converges strongly to some point of C'. Moreover, let S be a
self-mapping on C' defined by Sy = lim,,_,oc Spy Vy € C. Then lim,, oo sup,cc ||Spz — Szl = 0.

The following lemma can be obtained from the result in [33].

Lemma 2.3. Let ¢ > 1 and r > 0 be two fixed real numbers and let E' be uniformly convex. Then there
exist strictly increasing, continuous and convex functions g, h : Ry — R4 with g(0) = 0 and h(0) =0
such that

@ [lpz+ (1= wyll? < pllzl?+ (1 = @) llyl|? — (1 — wg(llz — yl|) with u € [0,1];
(®) h(llz —yll) < llz[|? = gz, 4q(y)) + (@ — Dlyl|? for all z,y € B, and j,(y) € J4(y), where
B, :={x € E:|z|] <r}.

The following lemma is an analogue of Lemma 2.3 (a).
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Lemma 2.4. Let g > 1 and r > 0 be two fixed real numbers and let E/ be uniformly convex. Then there
exists a strictly increasing, continuous and convex function g : Ry — Ry with g(0) = 0 such that
I\ + g + 2] < Nalle + gl + ]2 — Nag(z — yl) for allz,y, = € By and X, v € [0,1]
With A+ p+v = 1.

Let D be a subset of C' and let II be a mapping from C to D. The mapping II is called sunny if
HO[II(z) + t(x — II(z))] = I(x) whenever II(z) + t(x — II(z)) € Cforz € Candt > 0. A
mapping II from C to itself is termed a retraction if /1> = II. If I is a retraction, then IT(z) = z
for each z € R(II), where R(II) denotes the range of II. A subset D of C' is referred to as a sunny
nonexpansive retract of C' if there exists a sunny nonexpansive retraction from C onto D.

Proposition 2.5. (see[23]). If E is smooth and II is a retraction of C onto D, then the following statements
are equivalent:

(i) I is sunny and nonexpansive;
(@) || 17 (z) — T (y)|? < (@ —y, J((x) — [I(y))) Ya,y € C;
(iii) (x — H(x), J(y — 1 (x))) <0Vx € C,y € D.

Let B : C — 2 be a set-valued operator with Bz # () for all # € C. Let ¢ > 1. An operator B is
considered accretive if for each z, y € C, there exists j,(x—y) € J,(x—y) such that (u—v, jo(z—y)) >
0 for all w € Bx and v € By. An accretive operator B is termed «a-inverse-strongly accretive of order
qiffor each x,y € C, there exists j,(z —y) € Jy(x —y) such that (u — v, jo(x —y)) > aju—wv|? forall
u € Bx and v € By for some o > 0. If E = H is a Hilbert space, then B is called a-inverse-strongly
monotone. An accretive operator B is said to be m-accretive if (I + A\B)C = E for all A\ > 0. For an
accretive operator B, we define the mapping JZ : (I + AB)C — C by JP = (I + AB)~! for each
A > 0. This Jf is called the resolvent of B for A > 0.

Lemma 2.6. (see [17, 19]). Let B : C — 2F be an m-accretive operator. Then the following statements
hold:
(i) the resolvent identity: JPx = Jf(%x + (1= 8)JPz) VA, u>0, z € E;
(ii) if J2 is a resolvent of B for A > 0, then JZ is a firmly nonexpansive mapping with Fix(JP) =
B~10, where B~10 = {x € C : 0 € Bx};
(iii) if £ = H a Hilbert space, B is maximal monotone.

Let A : C — E be an a-inverse-strongly accretive mapping of order ¢ and B : C' — 2 be an
m-accretive operator. In the sequel, we will use the notation T) := JZ(I — AA) = (I + AB)"}(I —
AA) VA > 0.

Proposition 2.7. (see [17]). The following statements hold:
(i) Fix(Ty) = (A+ B)"10VA > 0;
(i) [ly — Tyl < 2lly — Toyll for0 < A <7 andy € C.

Proposition 2.8. (see [21]). Let E be uniformly smooth, T : C — C be a nonexpansive mapping with
Fix(T) # 0 and f : C — C be a fixed contraction. Foreacht € (0,1), let z; € C be the unique fixed point
of the contraction C' 3> z — tf(z) + (1 —t)Tz onC, i.e, zx = tf(zt) + (1 — t)Tz. Then {z:} converges
strongly to a fixed point * € Fix(T'), which solves the VIP: ((I — f)xz*, J(z* — z)) < 0Vz € Fix(T).

Proposition 2.9. (see [17]). Let E be q-uniformly smooth with q € (1,2]. Suppose that A : C — FE is
an a-inverse-strongly accretive mapping of order q. Then, for any given A > 0,
I(Z = Ad)z — (I = AA)y[[? < |z = yl|? — Mag — sAT)[[Az — Ay|? Va,y € C,

1
where kg > 0 is the g-uniform smoothness coefficient of . In particular, if0 < X < (%Z) a1, then I —\A
is nonexpansive.
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Lemma 2.10. (see [13]). Let E be q-uniformly smooth with ¢ € (1,2]. Let By, By : C — 2F be two
me-accretive operators and A; : C — E (i = 1,2) be o;-inverse-strongly accretive mapping of order q.

Define an operator G : C' — C by G := ng (I—C1A1)J£2(I—C2A2). Ifo<¢ < (M)q%l (1=1,2),

S (5,
then GG is nonexpansive.

Lemma 2.11. (see [2]). Let E be smooth, A : C — FE be accretive and Ilc be a sunny nonexpansive
retraction from E onto C. Then VI(C, A) = Fix(IIc(I — MNA)) VA > 0, where VI(C, A) is the solution
set of the VIP of finding z € C s.t. (Az, J(z —y)) < 0Vy € C.

Recall that if £ = H is a Hilbert space, then the sunny nonexpansive retraction IIC' from F onto C
coincides with the metric projection Po from H onto C'. Furthermore, if F is uniformly smooth and
T is a nonexpansive self-mapping on C' with Fix(T") # (), then Fix(7') is a sunny nonexpansive retract
from E onto C' [29]. By Lemma 2.11, we know that z* € Fix(T') solves the VIP in Proposition 2.8 if
and only if z* solves the fixed point equation z* = ITFix(T) f(x*).

Lemma 2.12. (see [16]). Let {I',} be a sequence of real numbers that does not decrease at infinity in the
sense that there exists a subsequence {I'y,} of {I',} which satisfies I, < I, +1 for each integeri > 1.
Define the sequence {T(n)}n>n, of integers as follows:

where integer ng > 1 such that {k < ng : I'y < ['x11} # (. Then, the following hold:

(i) 7(ng) <7(ng+1) <--- and7(n) — oo;
(i) FT(TL) < FT(TL)+1 and I' < F‘r(n)+1 Vn > ny.

Lemma 2.13. (see[1]). Let E be strictly convex, and {S,, }°°_, be a sequence of nonexpansive mappings on
C. Suppose that(,~_, Fix(S,,) is nonempty. Let {\,, } be a sequence of positive numbers withy >\ \,, =
1. Then a mapping S on C defined by Sx = Y 2 A\pSpa V& € C'is defined well, nonexpansive and
Fix(S) = N2, Fix(S,) holds.

Lemma 2.14. (see [21]). Let {ay } be a sequence in [0, 00) such that an4+1 < (1 — Sy )an + Spiy Y0 > 0,
where {s, } and {v,,} satisfy the conditions:

(@) {sn} C[0,1],3°07 ) sn = 00;
(ii) limsup,, oo vn < 00rY o7 [spm| < 00. Then limy, o0 a,, = 0.

3. MaAIN REsuLTS

Throughout this paper, assume that C' is a nonempty closed convex subset of a uniformly convex
and g-uniformly smooth Banach space F with ¢ € (1,2]. Let By,By : C — 2F be m-accretive
operators, and let A; : C' — E be oy-inverse-strongly accretive mappings of order ¢ for i = 1,2.

1
Define the mapping G : C — C as G := JP 1 (I — (A1) TP (I — (2As) with 0 < ¢ < (%:) ot
fori = 1,2. Let f : C — C be a p-contraction with constant p € [0,1), and let {S,,}7°, be a
countable family of nonexpansive self-mappings on C. Let A : C — E and B : C — 2F be a o-
inverse-strongly accretive mapping of order ¢ and an m-accretive operator, respectively. Assume that

2 :=n = 0°Fix(S,) NFix(G) N (A + B)~10 # 0.
Algorithm 3.1. Parallel extragradient-type viscosity algorithm for the GSVI (1.4) with the VI and CFPP
constraints.

Initial Step: Given xg € C arbitrarily.
Iteration Steps: Given the current iterate x,,, compute x,, 11 as follows:
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Step 1. Calculate
Wy, = Spp + (1 — s,) Gy,
Un = J£2 (wy, — G2 A2wy,),
Up = ng (v, — CLAIV,);
Step 2. Calculate y,, = J)]\Bn (up, — A\pAuy);
Step 3. Calculate z,, = J)i (Un — M Ayn + 710 (Yn — un));
Step 4. Calculate x,+1 = cun f (un)+ Bptin +VnSnzn, where {r, }, {sn}, {an}, {Bn}, {1} C (0,1]
with i, + Bn + 7 = 1, and {\,,} C (0,00). Set n := n + 1 and go to Step 1.
Lemma 3.2. If{x,} is the sequence constructed by Algorithm 3.1, then it is bounded.

Proof. Take an element p € 2 := (°°, Fix(S,) N Fix(G) N (A + B) 10 arbitrarily. Then we have

An
p=Gp=Suwp=JL I Ap)=JE (1 —rn)p+ralp— £ Ap)).

n

By Proposition 2.9 and Lemma 2.10, we deduce that I — (1 Ay, I—(2 Az and G := ng (I—ClAl)J£2 (I—
(2A3) are nonexpansive mappings. Since each S,, : C' — C'is a nonexpansive mapping, by Lemma 2.3 (a)
we get

[wn = pl|* < snllen —pll? + (1 = sn)|Gzn = pl|? — sn(1 = $0)g([|2n — Gn[)
< lan = pll* = sn(1 = sn)g([[2n — Goal)- 3.1)
Using the nonexpansivity of GG again, we obtain from u,, = Gw, that
[un = pll < lwn —pll < [lzn —pl| Vn > 0. (3.2)

By Lemma 2.6 (ii) and Proposition 2.9, we have

lyn —pl? = [|JL (un — AnAun) — JE (p — M Ap)|?
S H(I - /\nA)Un - (I - )\nA)qu (3-3)
< un = pll9 = An(og — kA Auy, — Apll9,

which hence leads to
1yn = Pl < [lun = pl|-
By the convexity of || - || and (3.3), we infer that

[2n — pl|?
B )\n B )\n q
= ||J>\n((1 — ) Un + Tn(Yn — TAyn)) - JAn((l — )P+ Tn(p — TAP))H
q An )\n q
< (U m) I+l (1 2 Ay — (1= 22 A)p)
q q An K‘I)‘%_l q
< (E=ra)llun =l +rallyn — ol = = (0g = a1 M Ayn — Ap||] (3.4)
< (X =rn)llun = pI?+ ralllun — pll? = An(og — kgAL )| Auy — Ap||?

A AL
——(oq — Zq_l Ay, — Apl|9]

Tn n

B kg A !
= |lun = pll? = rndn(oq — KAL) || Aun — Apl|? — An(og — qul M Ay, — Ap||4.

n

This ensures that
zn — pll < [lun — pl|-
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So it follows fro ) that

an(ollun = pll + [lp = FP)) + Bullun = pll + vnllun = pll

m (3.2
lznr1r =2l < anllf(un) = pll + Bullun — pll + Yol Snzn — pll
<
< aplollzn —pll +llp = f®)I) + Bullzn — pll + Vallzn — Pl

(1= an(l = 0)llzn — pll + anllp = f(P)|| < max{||zn — pll, ~———

lp— )
1-0o g

By induction, we get ||z, — p|| < max{||zo —p||, W} Vn > 0. Thus, {x,, } is bounded, and so are
{un Hwn }, {yn}, {20}, {Sn2n}, {Aun}, {Ayn}. This completes the proof. O

Theorem 3.3. Let {x,} be the sequence constructed by Algorithm 3.1. Suppose that the following condi-
tions hold:

(C1) limy o0 0y = 0 and 307§ ot = 00;
C2)0<a<pB<b<landl0<c<s, <d<1;
1

(C3) 0<r<r,<land0 <A<\, <2 <p<(Z0)et,
Assume that for any bounded subset D of C, the series -, Sup,cp |Sn+12 — Spx| converges. Define
the mapping S : C — C by Sz = lim,, o0 Sp forallz € C, and suppose that Fix(S) = (17—, Fix(Sy,).
Then x,, — x* € 2, which is the unique solution to the VIP: (I — f)axJ(z~p)) < 0 forallp € (2, i.e.,
the fixed point equation z* = Il f(z*).
Proof. First of all, let * € (2 and y* = ng (z* — (2 A2x™). Note that v, = J£2 (wy, — (2 Aswy,) and

Uy = ng (vp, — C1A1vy,). Then we get u, = Gw,. From Proposition 2.9 we have

lon =y (19 = T2 (wn — GAgwn) — T2 (& — (o Aga™) ||
< lwn — 277 = Ga(o2g — kgGE )| Agwy — Agz*||Y,
and
lun — 2|7 = TS (vn — QL Awn) = TPy = G Ay |0
< o=y 119 = Glo1g = RgCT [ Aron — Ary*||”.

Combining the last two inequalities, we have
lun = 2|17 < e — 27| = Go(02 = gCf ) | Azwn — Aza*||? = C1(01 — gl )| Aron — Ary™|.
Using Lemma 2.4, from (2.3), (3.1), (3.2) and (3.4) we obtain that
[ (3.5)
= llen(f(un) = f(&7)) + Bn(un — %) + 1 (Snzn — %) + an(f(2") — ")
< anllf(un) = F@O? + Bullun — 2% + nllSnzn — 277 = Bryng([lun — Snznll)
+qan((f — Da*, Jo(ni1 — 7))

< angllun — 27+ Bullun — ¥+ nlllun — 27 — radn(oq — KAL) || Auy — Az*(|9
g A1
—An(oq — qqfl WAy — Ax™[|?] = Bruyng(l|un — Snznll) + qon((f — I)z™, Jq(xn-&-l —z))
Tn
< anollwn — 2|7+ Bullwn — 2|7+ Ynlllwn — 2|9 — Co(02q — KeCd )| Azwy — Apa™||

—C1(01q — Kol Ao — A1y |7 — radn(0q — KgAS) || Ay — Az|?
/Qq)\?fl

-1
i

—Anlog — MAYn — Az = Bumg(un — Snznll) + gan((f = Da™, Jg(nt1 — 27))
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= (1—an(l = 0)llwn — 2|7 = alCa(02g — KgC§ )| Azwy, — Agz™||?
+Gi(o1g - ”qqﬁl)HAlvn = Ay |* + rpAn(og — “q)‘?z_l)HAun — Az™||?
+An(og — K WAy — Ax™[|7] — Buyng(|un — Snznll) + qon{((f — Iz a']q(l‘n+1 —z))

-1
i

(1= an(l = )|z — 2" = 5a(1 = s0)§ (|2 — Gwal)) = nlG2(02a — rgC5 )

x| Azwy — Aa™ ||+ C1(01 — wg¢f )| Aron — Ary |+ rudn(oq — mgAE || Auy — Az
rA ' . '

+An(og — Z‘q71 NAyn — Az™(|] = Bung(lun — Snznll) + qan((f = Da*, Jg(@ns1 — 2¥)).

n

IN

For each n > 0, we set

Iy o= |on— 2™,
en = an(l—o),
M = lC(o2g — kG| Agwn — Aa™ ||+ G (010 — kgl )| Aron — Ary*|?
- . kg .
+rudn(0q — rgAL ) Auy — Az* |7+ Ap(og — Z‘qfl Ay, — Az™||9]

n

+Bnmg(lun = Snzall) + (1 = an(l = 0))sn(1 = sn)g([lzn — Gaall))
U = qan((f —1)a", Jy(zns1 —27)).
Then (3.5) can be rewritten as the following formula:
Iy <(1—e)ln—nmp+9, ¥Yn>0, (3.6)

and hence
i <(1—e€)lh+9, ¥Yn>0. (3.7)

We next show the strong convergence of {I,} by the following two cases:

Case 1. Suppose that there exists an integer ny > 1 such that {I’,} is non-increasing. Then
Fn — Fn+1 — 0.

From (3.6), we get
0<n, < Fn_FnJrl""lgn_enFn-

Since combining €, — 0 and ¥, — 0 guarantees 1, — 0, it is easy to see that

lim g(|lun = Snznl) = lim g([lzn — Ganl]) =0,
n—00 n—00

lim [[Agw, — Asa™|| = lim [|Ayv, — A1yl = 0 (38)
and
lim ||Au, — Az*|| = lim ||Ay, — Az™|| = 0. (3.9)
n—oo n—oo

Note that ¢g and § are both strictly increasing, continuous and convex functions with g(0) = §(0) = 0.
So it follows that

lim |up, — Spzn| = lim ||z, — Gz,|| = 0. (3.10)
n—oo n—oo
On the other hand, using Lemma 2.3 (b) and Lemma 2.6 (ii), we get
lon = 5119 = 152 (wn — GAswy) — J2 (2" = GAsa™) ||

IN

<wn - C2A2wn - (l’* - CQAQ:E*)v JQ(UTL - y*)>
(W, — 2%, Jg(vn — y")) + G(A2x™ — Agwy, Jg(vn — y"))



110 L.-C. CENG, C.-F. WEN, X. ZHAO

IN

1 * * 7 * *
a[l!wn — 2|7+ (¢ — Dlfvn — ¥ |7 = ha(lwy, — 2" — vy + y*||)]
+<2<A2='E* - A2wn7 Jq(“n - y*)>,
which hence attains
[on — 4|9 < JJwn — 219 = by (lwn — vn — &% + y*||) + qCal| A2z™ — Agwy|[lvn — y*[|9".
In a similar way, we get
lun — 2|7 = TS (on — QL Awn) = TEH (" = G ALy |0
< <vn - ClAlvn - (y* - ClAly*)a Jq(un - m*)>
= <Un - y*7 Jq(un - -73*)> + <1<A1y>)< - Alvna Jq(un - ZE*)>

IN

1 * * T * *
Q[HU” =y 9+ (¢ — Dllun — 2% = ho([lon — y* — un +27|])]
+C1 <A1y* - Alvny Jq(un - x*»,
which hence attains
[un — 2|7 < lon =y 19 = ha(lvn — ¥* = un + 2%])) + qC1 | A1y — Agvp]|un — 2|77
< lwn — 2|7 = ha([lwn — v — 2% + y*|)) + qCal| A2z — Aqwpll|jvn — 177!
—ha(lvn = un + &* — y*||) + qGull Ary™ — Arvnl||Jun — |97 (3.11)
Using Lemma 2.3 (b) and Lemma 2.6 (ii) again, we get
lyn — 2|7 = [[J% (un — AnAuy) = J3 (2 — An Az™)||
(un — ApAuy) — (2% — A\ Ax™), Jq(yn —z"))

IN

IN

1 * * *
Q[H(un — AnAun) = (2" = A Az [* + (g = Dlyn — 27|
—hi([lun — An(Auy — Az™) — yal|),
which together with (3.3), implies that
lyn —2*[|* < [[(un — AnAun) — (27 = X Az")||9 = ha([lun — An(Aup — Az™) — yn))
< lun = 2%|* = ha([lun — An(Aup — Az™) — yn|).
This together with (3.4) and (3.11), implies that

[l

< an|f(un) — 2 + Bullun — 27| + YallSnzn — 27|

< an flun) = 2|7+ Ballun — 2|7 + Va1 = ro)lJun — 2|7+ rnllyn — 27(|9]

< apllf(un) = 2|7+ Ballun — 2|7 + v {(1 — 70)lJun — 2|9 + rofflun — 2|7
—h1([lun — An(Aun — Az™) = yn )]}

= apnl[f(un) = 2|9+ (Bn + v lun — 27| — yarnha ([Jun — An(Au, — Az™) — yul|)

< anlfun) = a7+ o — 2|7 = B (wp = v — 2%+ y7])

—ha(|lvn — un +a* —y*[|) + aG | Ay — Avog||up — 2|77
+qGal|A2x™ — Agwnllvn — y* (197" = Yurnha(llun — An(Aun — Az*) = yal)),
which immediately yields
h(lwn = v = 2* +y*|) + ha(|lvn — un +2* —y*|])
+mrnh([[un = An(Aun — Az”) = yn|)}
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< anllflun) = 2|7+ In = Tngt + ¢Gl Ary™ — Avog |||, — 27|47

G| Aoz™ — Agwy | [lon — y* |77

Since k1, hy and hy are strictly increasing, continuous and convex functions with A (0) = hg(0)
h1(0) = 0, we conclude from (3.8) and (3.9) that ||w,, — v, — 2" +y*|| = 0, ||vp — up +2* — y*|| —

and ||u, — yn|| = 0 as n — oo. This immediately implies that

lim [Jw, —uy|| = lm |ju, —y,| = 0.

Furthermore, we observe that
[
12 (tn = AnAyn + 10(Yn — ) — JE (2% — ApAz*)||?

((un = AMAyn + o (yn — up)) — (2% — X\yAz™), Jg(2n, — x¥))
1

IA

IN

—ha([[un + Tn(yn — un) — An(Ayn — Az”) = z4])],
which together with (3.4), implies that
lzn = 2" < [[(un = AnAyn + oy — un)) = (&7 = AnAz")||?
—ha([[un + 7n(yn — un) = An(Ayn — Az™) — 2,])

IN

This together with (3.2) ensures that

[ 241 — 2"

G = dndyn +ra(yn = un)) = (@7 = AnAz") [ + (g = Dlzn = 27"

[un — 2" [[* = ha([lun + 70 (Yn — tn) = An(Ayn — Az") = 2p]]).

o |l

(3.12)

< apllf(un) — 2|+ Bullun — 2|7 + | Sp2zn — 2|7
< an|[f(un) — 2|7 + Bullun — (|7 + Ya[Jun — 2|7
—ha(lun + n(yn — un) = An(Ayn — Az™) — z4])]
< anllf(un) = 277 + flun — 2™ = Wmha([lun + mo(yn — un) = An(Ayn — Az™) — zu]|)
< ol fun) = 2|7 + [z — 27| = mha(llun + rnyn — un) = An(Ayn — Az™) — 20])),

which immediately leads to

Yaha([|tn + ra(Yn — un) — An(Ayn — Az™) — 2,||) < an”f(un) - x*”q + I — I

Since hy is a strictly increasing, continuous and convex function with hs(0) = 0, from (3.9) and (3.12)

we have
lim |lu, — z,|| = 0.
n—oo
Noticing wy, = spxy, + (1 — $5,) Gy, we deduce from (3.10) that
lim ||w, — x| = lim (1 — s,)||Gxy, — ]| = 0.
n—od n—oo
So, it follows from (3.10), (3.12), (3.13) and (3.14) that
|zn — unll < |20 — wall + lwp —unl| =0 (0 — 00),
2 = 2nll < [l = unll + lun — 2zn] =0 (n — o0),

and hence

[Snzn = zall < [1Snzn — unll + [un — 2ol + [|#n — 20l = 0 (n — o00).

Thus, we get
S0 — znll < |Sn@n — Snznll + |Snzn — zull + [|2n — 4|

(3.13)

(3.14)

(3.15)
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< 2l|lzn — 2ol + |Snzn — zn|| = 0 (n — 00). (3.16)
Also, using Lemma 2.2 and the assumption on {.5,,}°, we get
lim ||Spz, — Sz,|| = 0. (3.17)
n—oo
Therefore, we conclude from (3.16) and (3.17) that
|xn — Szp|| < ||Xn — Snznl| + [|Snxn — Szu|| =0 (n — 00). (3.18)
For eachn > 0, we put T}, := in (I — ApA). Then from (3.12) we have
|zn = Th,znll < ll2n = unll + [lun — T, unll + [[Th, un — T, 0|
< 2lzn — unll + [Jun —yall = 0 (0 — o0).
Noticing 0 < A < A, for all n > 0 and using Proposition 2.7 (ii), we obtain
I Th@n — Znl| < 2| TN, 2n — zn|| = 0 (N — ). (3.19)

We define the mapping ® : C' — C by @z := 1152 + 1nGx + (1 — v1 — )T Vo € C with
vy + 9 < 1 for constants v, 5 € (0, 1). Then by Lemma 2.13 and Proposition 2.7 (i), we know that ®
is nonexpansive and

Fix(®) = Fix(S) N Fix(G) NFix(T)) = ﬁ Fix(S,) NFix(G) N (A + B)7'0 (=: 2).
n=0

Taking into account that
[z — @p|| < n1]|Szn — 2| + v2l| Gy — 20| + (1 — 1 — v2)[[Than — 2,
we deduce from (3.10), (3.18) and (3.19) that

lim [|®z, — z,|| = 0. (3.20)
n—o0

Let zx = tf(z) + (1 — t)®z V¢t € (0,1). Then it follows from Proposition 2.8 that {z;} converges
strongly to a point z* € Fix(®) = {2, which solves the VIP:

(I = flz", J(z" —=p)) <0 Vpe Q.
Also, from (2.3) we get

12t — 2|
[6(f (2t) = 2n) + (1 = £)(P2; — 20) ||

< (=02 — wnll + gt (f(2t) = 2n, Jg(20 = 2n))

= (1 =Y Pz — xn||T+ qt(f(2) — 2, Jg(2e — xp)) + gtz — Tp, Jg(20 — x0))

< (1= 07(1®2 — B + [ — all)? + gt (21) — 71, Tyt — ) + g2 —
< (= % — nll + 180 — 2al) + gt{F(2) — 2 Tyl — )} + b2t — a7

which immediately attains

1—-¢)? t—1
(Fe0) = 20 Tyt = 2)) < =l + 1 = )+ L =
From (3.20), we have
1—1t)¢ t—1 1—¢)¢ t—1
lim sup(f (z¢) — 21, Jo(Tn — 2)) < (L VI ek Y (( )+ )M, (3.21)

n—00 qt qt qt
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where M is a constant such that ||z, — z,||? < M foralln > 0andt € (0,1). It is clear that
(1—=t)?74qt—1)/qt — 0ast — 0. Since J; is norm-to-norm uniformly continuous on bounded
subsets of F and z; — ™, we get

| Jg(@n — 2¢) — Jg(zn — ") = 0 (t —0).
So we obtain
[(f(2t) = 26, Jg(an — 22)) — (f(27) — 2%, Jg(zn — 27))|
= [(f(zt) = f(&7), Jg(@n — 2¢)) + (f(@") — 7, Jg(an — 20)) + (2" — 2¢, Jg(an — 21))
—(f(a") = 2%, Jg(zn — 7))

< F@ET) =2t J(@n = 20) = Jglen —2) [+ [(f(20) = f(27), Jg(n — 20)]
H(@" =z, Jg(wn — 21)))|
< Nf @) = @ g(@n = 2) = Jg(an = 2|+ (1 + @)z — 2™ [[lzn — 2el|"~.

Thus, for each n > 0, we have

N (f(z0) = 21, Jg(2n — 20)) = (f(&7) = 27, Jy(2n — 27)).

t—0
From (3.21), as t — 0, it follows that
limsup(f(z*) — 2%, Jy(xy — 2¥)) < 0. (3.22)
n— o0

By (C1) and (3.10), we get

[Zn41 — xull = [lanf(un) + Bntn + 1Snzn — nl (3.23)
< anlf(un) = zall + Ballun — zall + Y (15020 — unll + [[un — zn|)
<l f(un) = znll + lun — 2ol + [Snzn — unll = 0 (n — o00).
From (3.22) and (3.23), we have

limsup(f(z*) — 2", Jg(zp41 — z¥)) <O0. (3.24)

n—o0

Using Lemma 2.14 and (3.24), we can conclude that I, — 0 as n — co. Therefore, z,, — z* asn — oo.
Case 2. Suppose that 3{ I}, } C {I} s.t. Iy, < I'im41 Yk € N, where N is the set of all positive
integers. Define the mapping 7 : N — N by
7(m) ;== max{k <m: Iy < [ji1}.
Using Lemma 2.12, we get
i) < D)1 and - Ly < Iy

Putting I, = ||z, — 2*||2 Vm € N and using the same reasoning as in Case 1, we can obtain
m |27 m) 1 = 2| = 0 (3.25)
and
limsup(f(2*) — 2%, Jy(T7(m)41 — 7)) < 0. (3.26)
m—r0o0

Since I’ () < I'r(m)+1 and o) > 0, we conclude from (3.7) that

* q * * *
||m7'(m) -z ||q < 1— Q<f($ ) - 7Jq($7'(m)+1 -z )>
and hence
limsup ||z, () — 2" [|7 < 0.
m—00
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Consequently,
lim |z, — 2% =0.
m—r0o0

Using Proposition 2.1 and (3.25), we obtain
[#7(my+1 — T = |27 (m) — 27|
< Q<x‘r(m)+1 — Tr(m)> Jq(xT(m) - JJ*)> + ﬁq”x‘r(m)—ﬁ—l — Lr(m) Hq
< qu‘r(m)-i-l - x‘r(m)HHm‘r(m) - x*Hq_l + HquT(m)-&-l - xr(m)Hq —0 (m - OO)
Noticing Iy, < 7 ()41, We get
[@m — 2| < (|27 @m)+1 — 2|7
< Narmy = 217+ all@r@mysr = ey 1@ rm) = 2177 + Kgllr@my41 = Trm 1
It is easy to see from (3.25) that x,,, — =* as m — co. This completes the proof. O
We also achieve strong convergence for the parallel extragradient-type viscosity algorithm in a real

Hilbert space H. It is well established that ko = 1 [33]. Therefore, by applying Theorem 3.3, we arrive
at the following conclusion.

Corollary 3.4. Let ) # C C H be a closed convex set. Let f : C — C be a p-contraction with constant

€ [0,1), and let {S,}>2, be a countable family of nonexpansive self-mappings on C. Assume that
Bi,By : C — 2H are both maximal monotone operators and A; : C — H are o;-inverse-strongly
monotone mappings fori = 1,2. Define the mapping G : C — C by G := JP1( (I — ClAl)J£2 (I —
CoAs) with0 < ¢ < 20; fori = 1,2. Let A : C — H and B : C — 2! be a o-inverse-strongly
monotone mapping and a maximal monotone operator, respectively. Assume that 2 := (),~_, Fix(S,) N
Fix(G) N (A + B)~10 # (. For any given z¢ € C, let {x,,}>°_, be the sequence generated by

(wn = spxp + (1 — sp) Gy,

on = JB (i — GoBywy),

Up = ng (v — C1B1vy),

Yn = J)i (U, — AnAuy),

Zn = Jﬁ(un = MAYn + 10 (Yn — un)),
(Tnt1 = anf(un) + Bnin + nSnzn  VYn >0,

where the sequences {ry, }, {sn}, {on}, {Bn}, {7} C (0,1] with oy, + B + v = 1 and {\,} C (0, 00)
are such that the following conditions hold:

(3.27)

(C1) limy o0 0y, = 0 and Y07y oty = 00;

C2)0<a<f,<b<landl<c<s,<d<1;

(C3)0<r<r <land0 <A<\, <22<pu<20.
Assume that y " Sup,cp ||Sn+12 — Spz|| < oo for any bounded subset D of C. Let S : C' — C be
a mapping defined by Sz = lim,_,oc Spx Yo € C, and suppose that Fix(S) = (,_, Fix(Sy). Then
Tp — x* € (2, which is the unique solution to the VIP: ((I — f)x*,p — x*) > 0Vp € (2, i.e., the fixed
point equation x* = P f(x*).

Remark 3.5. In comparison to the results presented by Manaka and Takahashi [22], Sunthrayuth and
Cholamjiak [15], and Ceng et al. [13], our findings offer improvements and extensions in the following
areas.

(i) The problem of solving the VI for monotone operators A and B with the FPP constraint of a
nonexpansive mapping S as discussed in [22, Theorem 3.1] is extended to address our problem
of solving the GSVI (1.4) with the constraints of the VI for accretive operators A and B, and
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the CFPP of {S,}72, a countable family of nonexpansive mappings. The Mann-type itera-
tive scheme with weak convergence in [22, Theorem 3.1] is extended to develop our parallel
extragradient-type viscosity algorithm with strong convergence.

(ii) The problem of solving the GSVI (1.4) with the FPP constraint of a strict pseudocontraction T’
as discussed in [13, Theorem 1] is extended to address our problem of solving the GSVI (1.4)
with the constraints of the VI for two accretive operators A and B, and the CFPP of {S,,}2° ,
a countable family of nonexpansive mappings. The composite viscosity implicit rule in [13,
Theorem 3.1] is extended to develop our parallel extragradient-type viscosity algorithm.

(iii) The problem of solving the VI for accretive operators A and B with the FPP constraint of a
nonexpansive mapping S as discussed in [15, Theorem 3.3] is extended to address our problem
of solving the GSVI (1.4) with the constraints of the VI for accretive operators A and B, and the
CFPP of {S,,}7° , a countable family of nonexpansive mappings. The modified viscosity-type
extragradient method in [15, Theorem 3.3] is extended to develop our parallel extragradient-
type viscosity algorithm.

4. SOME APPLICATIONS
In this section, we give some applications of Corollary 3.4 to important mathematical problems in

the setting of Hilbert spaces.

4.1. Application to variational inequality problem. Given a nonempty closed convex subset C' C
H and a nonlinear monotone operator A : C' — H. Consider the classical VIP of finding u* € C' s.t.

(Au* ;v —u*)y >0 YveC. (4.1)

The solution set of problem (4.1) is denoted by VI(C, A). It is clear that u* € C solves VIP (4.1) if and
only if it solves the fixed point equation u* = Po(u* — AAu*) with A > 0. Let i¢ be the indicator

function of C' defined by
) 0 ifuecdC,
ic(u) =

oo ifuégC.
We use N¢(u) to indicate the normal cone of C'atu € H,ie, No(u) ={w € H : (w,v—u) <0Vv €
C'}. Tt is known that i¢ is a proper, convex and lower semicontinuous function and its subdifferential
Oic is a maximal monotone mapping [10]. We define the resolvent operator Jflc of Oic for A > 0 by
JY () = (I + \ic) H(z) Ve € H,
where
Odic(u) = {weH :icu)+ (w,v—u) <ic(v)Vve H}
= {weH:(wv—u) <0VveC}=Nc(u) YueC.
Hence, we get
u= inc(x) & x—u€ ANg(u)
& (z—u,v—u) <0 Yvel
= u= PC'<$)7
where P( is the metric projection of H onto C. Moreover, we also have (A + di¢) 10 = VI(C, A)

[10].
Thus, putting B = 0Jic in Corollary 3.1, we obtain the following result:



116 L.-C. CENG, C.-F. WEN, X. ZHAO

Theorem 4.1. Let f, A, A;, B; (i = 1,2) and {5}, be the same as in Corollary 3.4. Suppose that
2 = N, Fix(S,) N Fix(G) N VI(C, A) # 0. For any given xo € C, let {x,,}32, be the sequence
generated by

(wn = $pxp + (1 — sp) Gy,

Vp = JSQ (wn — <2B2U}n),

Up = ng (’Un — ClBlvn);

Yn = PC’(un - )\nAun)a

Zn = PC(un - /\nAyn + Tn(yn - Un))y

( Tn+1 = anf(un) + Bnun + 'Ynsnzn Vn > 0,
where the sequences {ry }, {sn}, {an}, {Bn}, {1} C (0,1] with ap, + B, + v = 1 and {\,,} C (0, c0)
are such that the conditions (C1)-(C3) in Corollary 3.4 hold. Then x, — x* € (2, which is the unique
solution to the VIP: ((I — f)x*,p — x*) > 0Vp € 12, i.e, the fixed point equation z* = Pq, f(z*).

(4.2)

4.2. Application to split feasibility problem. Let H; and H be two real Hilbert spaces. Consider
the following split feasibility problem (SFP) of finding

ueCst. Tue@, (4.3)

where C' and () are closed convex subsets of H1 and Ho, respectively, and 7 : Hy — Ho is a bounded
linear operator with its adjoint 7*. The solution set of SFP is denoted by U := C N T 1Q = {u €
C : Tu € Q}. In 1994, Censor and Elfving [3] first introduced the SFP to model inverse problems in
radiation therapy treatment planning within a finite-dimensional Hilbert space, which arise from phase
retrieval and medical image reconstruction.

It is known that z € C solves the SFP (4.3) if and only if z is a solution of the minimization prob-

lem: minyec g(y) := || Ty — PoTy|? Note that the function g is differentiable convex and has the

Lipschitzian gradient defined by Vg = 7*(I — Pg)T. Moreover, Vg is W-inverse-strongly mono-
tone, where || 7|2 is the spectral radius of 7*7 [5]. So, z € C solves the SFP if and only if it solves the
variational inclusion problem of finding z € Hj s.t.
0€ Vg(z)+0ic(z) & 0€z+ Nic(z) —(z2—AVyg(z))
& z2—AVg(z) € 24 Nic(z)
& z=(I+Mic) Hz—AVg(2))
& z=Po(z—AVg(2)).
Now, setting A = Vg, B = 0ic and o = W in Corollary 3.4, we obtain the following result:

Theorem 4.2. Let f, A;, B; (i = 1,2) and {5}, be the same as in Corollary 3.4. Assume that (2 :=
Mo Fix(S,) NFix(G) NG # 0. For any given xg € C, let {x,}52 be the sequence generated by

Wy, = Spy + (1 — sp) Gy,

vn = J 2 (wn — G Bawy),

Uy = ng (vn, — C1Byvy),

Yn = Po(un — AN T*(I — Po)Tun),

zn = Po(un — M T (I — Po)Tyn + 1 (yn — un)),
Tnt1 = W f(Upn) + Butin + YnSnzn  ¥n >0,

where the sequences {1, }, {sn}, {an}, {Bn}, {1} C (0,1] with oy, + By + 1 = 1 and { A\, } C (0, 00)
are such that the conditions (C1)-(C3) in Corollary 3.4 hold where 0 = H71H2' Then x, — x* € {2,

(4.4)
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which is the unique solution to the VIP: ((I — f)x*,p — x*) > 0 Vp € (2, ie., the fixed point equation
x* = Py f(x).

4.3. Application to LASSO problem. In this subsection, we first recall the least absolute shrinkage
and selection operator (LASSO) [9], which can be formulated as a convex constrained optimization
problem:

mig Ty — bl|32  subject to ||ly||l1 < s, (4.5)
ye

where 7 : H — H is a bounded operator on H, b is a fixed vector in H and s > 0. Let U be the
solution set of LASSO (4.5). The LASSO has garnered significant attention due to its use of the ¢; norm,
which encourages sparsity. This characteristic is particularly relevant in various practical applications,
including statistical modeling, image compression, compressed sensing, and signal processing theory.

In terms of the optimization theory, ones know that the solution to the LASSO problem (4.5) is a
minimizer of the following convex unconstrained minimization problem so-called Basis Pursuit de-
noising problem: From the perspective of optimization theory, it is known that the solution to the
LASSO problem (4.5) is the minimizer of the following convex unconstrained minimization problem,
commonly referred to as the Basis Pursuit denoising problem:

i h 4.6
min g(y) + h(y), (4.6)
where g(y) == %[|Ty — b||3, h(y) := Ally/1 and A > 0 is a regularization parameter. It is known that

Vy(y) =T*(Ty—0b)is ﬁ-inverse-strongly monotone. Hence, we have that z solves the LASSO
if and only if z solves the variational inclusion problem of finding z € H s.t.

0€ Vyg(z)+0h(z) & 0€z+4+Nh(z)—(z—AVyg(z))
& z—AVg(z) € z+ A\Oh(z)
& 2= (I+Xh) "z - A\Vy(2))
&z =prox,(z — AVyg(z)),

where prox;,(y) is the proximal of h(y) := A||ly||1 given by

. 1
proxy(y) = argminye g {Aljullr + 5llu — yll3} Vy € H,
which is separable in indices. Then, for y € H,
prox,(y) = proxy|., (v)
= (proxy(y1), Proxy|.|(¥2), -, Proxy. | (yn)),

where prox,.|(vi) = sgn(y;) max{|y;| — A,0} fori =1,2,....n.
In 2014, Xu [12] suggested the following proximal-gradient algorithm (PGA):

Tpy1 = proxp(zg — M T (Tag —b)).

He proved the weak convergence of the PGA to a solution of the LASSO problem (4.5).
Next, putting C = H, A =Vg, B=0hand o = ﬁ in Corollary 3.4, we obtain the following
result:

Theorem 4.3. Let f, A;, B; (i = 1,2) and {S,,}5°, be the same as in Corollary 3.4 with C = H. Assume
that 2 := (2, Fix(S,)NFix(G)NU # 0. Forany givenxo € H, let {xy, }7° be the sequence generated
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Wy, = S$pTp + (1 — s,)Gap,

Up = J£2 (wy, — (2 Bowy,),

Up = ng (vn, — Q1 B1vy),

Yn = proxy, (un — AT *(Tun — b)),

Zn, = Proxy (un — AT (TYn — b) + mn(yYn — un)),
Tnt1 = Qnf(up) + Butn + YnSnzn VYn >0,

(4.7)

where the sequences {1, }, {sn}, {an}, {Bn}, {1} C (0,1] with a, + B + v = 1 and {\,,} C (0, 00)
are such that the conditions (C1)-(C3) in Corollary 3.4 hold where 0 = ——:. Then z,, — x* € 2,

177"

which is the unique solution to the VIP: ((I — f)x*,p — x*) > 0 Vp € (2, ie., the fixed point equation
x* = Pof(x*).
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