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ABSTRACT. From the first definitions of lower and upper type set order relations on the power set of
topological vector space introduced by Kuroiwa et al. in the end of the 20th century, research on set
optimization problem has developed over the last 20 years. By the definitions of equivalent classes with
respect to the above set relations and certain hull operations, Hamel et al. defined spaces of sets which
enjoy lattice structure. They called the above one complete lattice approach to set optimization. They also
pointed out that the subset or supset inclusions appears as a partial order. In this paper, we derive weak
duality theorems in the framework of set optimization problem with lattice structure, which are based on
the observation that a dual optimization problem is set-valued. In order to derive strong duality theorems,
we employ a nonlinear scalarizing technique for sets with lattice structure. Introducing certain family of
sets, we obtain representation results in set optimization problem. The above approach allows us to derive
strong duality statements. Applications to uncertain multi-objective optimization problem of the results
are also given.
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1. INTRODUCTION

From the first definitions of lower and upper type set order relations on the power set of topological
vector space introduced by Kuroiwa et al.[27, 28] in the end of the 20th century, research on set op-
timization problem has developed over the last 20 years. By the definitions of equivalent classes with
respect to the above set relations and certain hull operations, Hamel et al.[18] defined spaces of sets
which enjoy lattice structure. They called the above one complete lattice approach to set optimization.
They also pointed out that the subset or supset inclusions appears as a partial order. In this paper, we
introduce new concepts of complete lattice optimization problem.

We consider in this paper generalizing a conjugate theory to multi-objective case. Hamel[20] stated
in [20] that “looking into the references, for example [9], it should become clear that this can not be
achieved in generality using “vectorial” constructions only unless the image space satisfies restrictive
assumptions”. A similar observation can be seen in [25, 26]. To tackle this problem, Hamel[20] gave
appropriate definitions of convexity, closedness and properness for set-valued map with lattice struc-
ture and proves that every function having these properties is the pointwise supremum of its suitably
defined set-valued affine minorants. Based on this result, he introduced a notion of set-valued con-
vex conjugate of a function in such a way that the classical conjugation pattern of convex analysis is
essentially reproduced, including a famous Fenchel-Moreau theorem, see also [19].

In this paper, we derive weak duality theorems in the framework of set optimization problem with
lattice structure, which are based on the observation that a dual optimization problem is set-valued (see

*Corresponding author.
E-mail address: y-araya@akita-pu.ac.jp (Y. Araya)
2020 Mathematics Subject Classification: 90C46, 46A20.
Accepted: 30 December 2024.
16


https://tulipa-os.com/jdmh/volumes_articles.php
https://doi.org/10.69829/oper-025-0201-ta02
https://tulipa-os.com/

CONJUGATE DUALITY IN SET OPTIMIZATION WITH LATTICE STRUCTURE VIA SCALARIZATION 17

[25, 26,31, 33]). In order to derive strong duality theorems, we employ a nonlinear scalarizing technique
for sets with lattice structure. Introducing certain family of sets, we obtain representation results in
set optimization problem. The above approach allows us to derive strong duality statements than [2].
This paper is organized as follows. In Section 2, preliminaries and fundamental concepts of vector
optimization are provided. In Section 3, we introduce set optimization problem with complete lattice
structure. In Section 4, we introduce nonlinear scalarization techniques for sets with lattice structure.
Then inherited properties of continuity and convexity for set-valued map and representation property
are provided. Section 5 is the main results. Applications to robust multi-objective optimization problem
are given in Section 6.

2. PRELIMINARIES

We first recall some notations, definitions and well-known results, which will be used in this paper.
Let R™ be n-dimensional Euclidean space,

RY = {zx = (21,22,...,2n) ER" |21 > 0,22 >0, ..., 2, > 0}

be its nonnegative orthant and 0 be the origin of R", respectively.

Foraset A C R", int(A), cl(A), cor(A) and conv(A) denote the topological interior, the topological
closure, algebraic interior and convex hull of A, respectively. The symbol P(R™) denotes the family of
nonempty subsets of R” including the empty set () and V denotes the family of nonempty subsets of
R™. The symbol L(X,R") denotes the set of linear continuous mappings from X to R”. The sum of
two sets V1, Vo € V and the product of &« € R and V' € V are defined by

(OP): Vi + Vo :={v; +vo|v1 € Vi,ue € Vo }, aV:={avjv eV}
In this paper, we assume that C' C R" is a solid pointed closed convex cone, that is, intC' # 0, C' N
(-=C)={0},ddlC=C,C+C CCandt-C C Cforallt € [0,00). For a,b € R™ and a solid convex
cone C' C R", we define
a<cb by b—acC a<intc'b by b—ae€int(C).
Proposition 2.1. Forx € R" andy € R", the following statements hold:

(i) x <c yimpliesthatx + z <c y+ z forall z € R",
(il) x <¢ y implies that aox <o ay foralla > 0,
(iii) <c is reflexive and transitive. Moreover, if C' is pointed, <c is antisymmetric and hence a partial
order.

We next introduce the concept of minimal elements in vector optimization problem, which are also
known as Edgeworth-Pareto-minimal or efficient elements.

Definition 2.2 (Optimality notions in vector optimization [13]). Let Z denote a real vector space that
is pre-ordered by some convex cone C' C Z and let A denote some nonempty subset of Z. We also

suppose that cor(C') # ().

e An element z € A is called a minimal element of the set A, if
An(z-C) c{z}+C.
If C' is pointed, then the above inclusions can be replaced by
AN(z—-C)={z}.
e Anelement Z € A is called a weakly minimal element of the set A, if
AN (z—cor(C)) =10.

Lemma 2.3 ([13]). Let C' have a nonempty algebraic interior and C # Z. Then every minimal element
of the set A is also a weakly minimal element of the set A.
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3. SET OpTIMI1ZATION WITH COMPLETE LATTICE STRUCTURE

Definition 3.1 (Kuroiwa-Tanaka-Ha [28]). For A, B € V and a solid closed convex cone C' C R", we
define

e (Lowertype) A<L, B by BCA+C;

o (Uppertype) A<({ B by ACB-C.

Proposition 3.2 (see also [2, 5, 18]). For A, B, D € V and «« > 0, the following statements hold.
(1) SZC and <}, are reflexive and transitive.
(i) A<, B < -B<!\ -A <+ B<',-A
(i) A<, B < B+CCA+Cand A</, B < A-CCB-C.
(iv) A SZC B and A <{}. B are not comparable, that is, A Slc B does not imply A <¢. B and A <}, B
does not imply A <., B.
v) A <., BimpliesA+ D <\, B+ D and A <% B implies A+ D <% B+ D.
(vi) A §lc B implies a A SZC aB and A <¢, B implies a A <¢, aB.

In this section, we introduce the concept of lattice which is an abstract structure studied in the
mathematical subdisciplines of order theory and abstract algebra.

3.1. Set optimization with complete lattice structure. Let P be a nonempty partially ordered set
and x,y € P. We write x \V y (read as ‘z join y’) in place of sup{z, y} when it exists and = A y (read
as ‘z meet y’) in place of inf{z, y} when it exists. Similarly, we write \/, .S (the ‘join of S’) and A p S
(the ‘meet of S”) instead of sup S and inf .S, when these exist.

Definition 3.3 (Lattice, complete lattice [11]). Let P be a nonempty partially ordered set.

(i) fz Vyand x Ay exist for all z,y € P, then P is called a lattice.
(ii) If\/ S and A S exist for all S C P, then P is called a complete lattice.

Let L be a lattice. Then V and A satisfy associative laws, commutative laws, idempotency laws and
absorption laws.

Next, we consider complete lattice-valued optimization problem on the power set of R”. We recall
that the infimum of a subset V' C W of a partially ordered set (¥, <) is an element w € W satisfying
w = wvforallv € V and w < w whenever w < v for all v € V. This means that the infimum is the
greatest lower bound of V' in W. The infimum of V' is denoted by inf V. Likewise, the supremum sup V'
is defined as the least upper bound of V (see also [18]). The property (iii) in Proposition 3.2 allows to
define the following set

L:={AcPR") A=A+ C}, U={AcPR")|A=A-C}.
We can confirm that (£, D) and (U, C) are partially ordered set (that is, the above order relations

satisfy the antisymmetric property).

Proposition 3.4 ([18]). The pair (L, D) is a complete lattice. Moreover, for a subset A C L, the infimum
and supremum of A are given by

inf A = UA, sup A = ﬂA
AcA AcA
where it is understood that inf A = () and sup A = R™ whenever A = (). The greatest (top) element of L
with respect to O is (), the least (bottom) element is R™.
By the definition of (£, D) and (U, C), we obtain the following property.

Proposition 3.5. The following statement holds.
(x): AD B foranyA,Be L <= —AD —B forany—A,—B clU.
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Proposition 3.6 ([18]). The following statements hold.
(i) FrA,B,D,E € L,AD B,D D FEimpliesA+D 2 B+ F.
(if) ForA,Be€ L, AD B,s >0 impliessA D sB.
(iii) A C L, B € L impliesinf(A + B) = (inf A) + B and
AC L, B e L impliessup(A+ B) D (sup A) + B,
where A+ B={A+ B|AcV}.

Inspired by [21] and [29], we introduce the following new concepts.

Definition 3.7 ([1]). It is said that A € L (resp. B € U) is

(i) L-proper (resp. U-proper) if A # R" (resp. B # R").

(ii) L-closed (resp. U-closed) if A (resp. B) is a closed set,
(iii) £-bounded (resp. U-bounded) if for each neighborhood U; (resp. Us) of zero in R™

U =U; +C (resp. Uy =Uy — C),
there is some positive number ¢ > 0 such that A C tU; (resp. B C tU»),
(iv) L-compact (resp. U-compact) if any cover of A the form
{Ua| Uy are openand U, + C = U, }

(resp. {Uq| U, are open and U, — C' = U, })
admits a finite subcover,
(v) L-convex (resp. U-convex) if A (resp. B) is a convex set.

The symbol L denotes the family of L-proper subsets of Y and ¢/_¢ denotes the family of /-proper
subsets of Y, respectively.
Remark 3.8. We first note the following relationships:

(i) Every L-compact set is £-closed and £-bounded.
(if) Every U-compact set is I/-closed and {/-bounded.

We also note that compactness in ordered space is an extension of topological compactness under a
certain situation (see [1]). We conclude this subsection by introducing the solution concept in complete
lattice-valued optimization problem. We set

(L) :={AePR")|A=cl(A+C)}, ) :={BePR")|B=cl(B-C)},
cleonv(L) := {A € P(R")|A = clconv(A+ C) },
cleonv(Uf) := {B € P(R")|B = clconv(B — C) }.
Definition 3.9 (see also [18]). Let A C cl(£) or A C clconv(L). An element A € A is called [-minimal

for A if it satisfies
Ac A, ADA = A=A

Similarly, an element A € A is called /[-maximal for A if it satisfies
Ac A, ACA = A=A

The family of all /-minimal elements and /-maximal elements of .4 are denoted by Min(.A4; £) and
Max(A; £), respectively. Let B C cl(U) or B C clconv (). An element B € B is called u-minimal for
B if it satisfies

BeB, BCB = B=B.

Similarly, an element B € Bis called u-maximal for B if it satisfies

BeB, BDOB = B=B.



20 YOUSUKE ARAYA

The family of all u-minimal elements and u-maximal elements of B are denoted by Min(B;) and
Max(B;U), respectively.

3.2. Uncertain multi-objective optimization problem. We consider introducing robustness to multi-
objective optimization problems. To define an uncertain multi-objective optimization problem, we
adapt the idea of [7, 8]. We assume that uncertainties in the problem formulation are given as sce-
narios from a known uncertainty set R C R". We also assume f : X x R — RY, that is, the scenarios
in R influence the value of f. Moreover, we assume that the feasible set X" is not due to uncertainties
and remains unchanged in the different scenarios.

Definition 3.10 ([24]). A robust multi-objective optimization problem
(RMOP)  P(R) := (P(£),£ € R)
is defined as the family of parametrized problems

PE) - {min f(z,€)

subject to z € X,
where f: X x R — Rfand X C R".
We recall the minimality notions of uncertain multi-objective optimization problem.

Definition 3.11 ([12, 23]). For a robust multi-objective optimization problem P(R), a feasible solution
xo € X is called

(a): robust strictly efficient (set-based minimax robust efficient) if there is no z € X'\ {z¢} such
that

VEER, I €R: f(x,€) <pe f(w0,¢),
(b): robust efficient if there isno x € X'\ {x¢} such that
VEER, I €R: f(x,€) <pe [(w0,§")  and

3¢ € R such that f(zq, &) ﬁRi flx, &), VEeER,
(c): lower set less ordered efficient if there is no 2’ € X'\ {Z} such that
fr(wo) C fr(a) + R,
We consider the map of achievable objective values F': X — 2R defined by
F(z):={f(z,£)|£€R}, VrelX.
Then, we can easily see that xg € & is robust strictly efficient if and only if

Ve e X\ {ao}, F(z) £k (o).

Moreover, xg € X is robust efficient if and only if F'(x() is upper type minimal element of U ey F' (),
that is,

re X, F(x) <pe F(xg) = F(x0) §H“% F(z).

u
R,
In [24], they explained that the concept of set-based minimax robust efficiency optimizes the worst
case of a given solution. On the other hand, lower set less ordered efficiency optimizes the best case of
a given solution. Therefore, Definition 3.11(c) is suitable for a risk affine decision maker who wants to
maximize the best possible outcome. The above fact shows that there are strong relationships between
set optimization problem and uncertain multi-objective optimization problem (see also [22]). We define

(0) L={VCRIf(V)=f(V)+RL}, U:={VCRIf(V)=F(V)-RL}
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where f(V) := U, ey {f(v)}-
Setting P(L) := (P(§),€ € L)and P(U) := (P(£), & € U), we can define robust L-type and U-type

multi-objective optimization problem in a similar way as Definition 3.10. Combining definition 3.9, 3.11
and [34], we introduce the following new concepts.

Definition 3.12. Let ¥ C R”, fr : X x L — Rfand gy : X x U — R’ Given an uncertain
multi-objective optimization problem P (/) and P (L), a feasible solution Z € X is called

(a): set-based minimax robust efficient if there is no 2’ € X'\ {Z} such that

gu(@") € gu(z),
(b): lower set less ordered efficient if there is no 2’ € X'\ {Z} such that

— /
fo(@) C fo(ah).
4. NONLINEAR SCALARIZATION FOR SETs WITH LATTICE STRUCTURE

In 1980s, Gerstewitz [14] introduced a nonlinear scalarizing function for deriving separation theo-
rems for nonconvex sets and scalarization methods in vector optimization. We first recall the following
concepts.

Definition 4.1 (Scalarization directions of sets [6]). Let A be a nonempty subset in a real vector space
Y. Avector k € Y \ {0} is called a scalarization direction of A if the following condition hold:

(a): Vt > 0,A+tk C A, and

(b): Vye Y, e R, y+tk & A

The set of all scalarization direction of A is denoted by sd(A).
We remark that if A = C'is a convex cone, then sd(C) = C'\ (—C).

Definition 4.2 (Nonlinear scalarization functionals [6, 15, 16, 30]). Let A be a nonempty subset in a real
vector space Y and k € sd(A) be a scalarization direction of A. The functional 4 : Y — [—00, 00]
defined by

var(y) =inf{teR|ly € A+tk}
with inf () = oo is called Gerstewitz’s nonlinear (separating) scalarization functional generated by the
set A and the scalarization direction k.

The readers can check a short history of Gerstewitz’s scalarizing functions in Section 4.15 of [30].
In this paper, we simply discuss that C' C R™ a solid closed convex cone. Moreover, the scalarizing
function ¢ 4 1, has a dual form. Agreeing sup () = —oo, we define ¢4 : ¥ — [—00, 00]

Yar(y) =supf{t eRly € —A+tk} (pary) = —var(—y)).

From the 2010s, many researchers discussed generalizing Gerstewitz’s scalarization functionals to
set-valued version: for more details, see [2, 5, 17] and their references therein. Let k0 € intC. Agreeing

inf () = 0o and sup §) = —oo, we defined A ¢ (+; k%), At (-5 k), hl (- K°), it (5 5%) + V — [—00, 00
by

hL (Vi k%) = inf{t € R ‘v <L {th%}} = inf{t e R [tk € V + C},
we(Vik) =inf{t e R|V < {tk°}} = inf{t e R|V C tk° — C'},

Il (V5 £°) = sup{t € R ‘{tko} <L V}=sup{t eR|V C th"+C},
he (ViK% =sup{t € R|{tk°} <¢. V} =sup{t e R|th® € V - C},
The functions A (-; k), 1nf( 9, hlsup( k") and h¥ (-; k°) play the role of utility functions.
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4.1. Nonlinear scalarization for sets with lattice structure. We consider nonlinear scalarizing
functions in complete lattices. Replacing V € V with V € L or V € U, that is, b ;(-; k%), hl, (- k°) :

i » IPsup
L — [—00,00] and h% (- k), hit (-5 k%) : U — [—00, 00], we obtain the following form:
tk® eV},

Bl (V:k%) :=inf{t € R
we(VikY) =inf{t e R|V C tk° — C},

1

inf
W (VK%)= sup{t e R|V C tk* + C'},
h’gup(V; ko) = Sup{t eR |tl€0 € V}

We can confirm that the functions h!_; and hg,, are very similar to Minkowski functional.

Proposition 4.3 ([2, 5]). The following statements hold:
Rl (ViE®) = =% (=V; k%) and A% (V;k°) = —hl (= V;EO).

sup inf sup i
Definition 4.4. We say that the function
(i): fi: L — [—00,00]is L-increasing if V; D V implies f1(V1) < f1(V2),
(ii): fa : cl(L) — [—o0, 00] is strictly L-increasing if int(V7) D Vs implies fo (V1) < fa(V2),
(iii): g1 : U — [—00, 0] is U-increasing if Vi C V5 implies g1 (V1) < g1(Va),
(iv): g2 : cl(U) — [—o0, o0] is strictly U-increasing if Vi C int(V2) implies g2(V1) < g2(V2).

Replacing V' € Vo with V' € L and using [4], we obtained the following properties.

Lemma 4.5 (l-infimum type : see [1]). Let k° € intC. The function h ;(-;k°) : Lo — (—o0, o0] has
the following properties:

(i): Bl (V3K0) <t <= th € cl(V);
(ii): h! (k) is L-increasing;
(iti): Al (V + A% K0) = Bl (V3 K0) + X for every A € R;
(iv): Rt (- KO) is sublinear;
v): ht (- k°) is bounded from below;
vi): bt (VK0 <t <= tk° € int(V);

(vii): h! (- kO) is strictly L-increasing.
We will prove the following new property:

v’): Ifk® € intC and V € Lo NU isU-bounded then h! ;(-; kV) achieves a real value.

Proof. Since V' € L NU is U-bounded, for the neighborhood of zero U = k° — intC there exists t € R
such that
V c t(k® —intC) — C

and hence

0cV—-VCth’—V—intC.
Then we obtain

th® €V +intC CV+C =V,
that is, h! (V; k) < t.

O

The proofs of the following results are similar to Lemma 3.4 in [4], however, we give their proofs
here for the sake of completeness and the reader’s convenience.

Lemma 4.6 (u-infimum type). Let k° € intC. The function h’;(-;k°) : U — (—o0, 0] has the
following properties:
() ht (V;k%) <t <= V Ctk® - C;

inf
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(ii) h¥;(;; k) isU-increasing;
(ii)) R (V + A5 k0) = ¥ (V;K0) + X for every A € R;
(iv) h¥(-; k°) is sublinear;

W) he (ViKY <t =V C tk —intC.
Moreover, if k° € intC and V' isU-bounded then h'’; has the following property:
(vi) hil; achieves a real value.
Furthermore, if k° € intC and V' isU-compact then hi* (-; k°) has the following properties:
(vii) V C tk? — intC = h (V5 k°) < t;
(viii) h¥ . (-; k) is strictly U-increasing.

inf
Proof. (i) We define
A (V):={teR|V Cctk®-C}.

We assume h¥ (V;k%) < t and let ¢t € R be fixed. Then by the definitions of h%; and A" being of
epigraphical type, we have

1

- (t - > K e-C
n

for all v € V and n € N. Taking the limit when n — oo, we obtain
v—tk" € —clC = —C

forallv € V, thatis, V C tk? — C. The converse is clear from the definition of hiss.
(ii) Let V1, Vo € U be such that Vi C Va. If A o(Va; k%) = oo, we have that condition (ii) clearly
holds. Taking h . (V5; k°) € R, we obtain

Vo C B (Va; KOKY — C

inf

and hence
Vi C Vo C AL (Vo; kNKY — C

that is, h (V15 k%) < h¥(Va; k).

(iii) and (iv) are similar as Lemma 4.5.

(v) Let b (V; k0) < t. Then there exists € R such that h.(V; k%) < # < t. By using (i), we have

V itk —C =tk — (t —)k° — C C tk° — intC.

(vi) First, we show A (V; k%) > —oc for V € U. Indeed, let V C tk® — C for all t € R. Taking

= —n,wehavey € —nk® — C forally € V and n € N. Hence, we have

Yie—c
n

t

Taking the limit when n — oo, we obtain k% € —C, which is a contradiction.
Since V € U is U-bounded and k° € intC, for the neighborhood of zero U = kO — intC there exists
s > 0 such that V C s(k” — intC) — C and hence

V c sk — (intC + C) c sk° — C.

that is, h . (V; k%) < s < oo

(vii) Let V' C tk® — intC. For k° € intC, it is known that
intC' = | J ((ek° + intC) + C).
e>0
Therefore, we have
V Cth® —intC = th° — | J(ek? +intC + C) = | J ({(t — )k° — intC} - C)
e>0 e>0
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and {(t — €)k® — intC' — C}.~¢ is an open cover of V. Since V € U is U-compact, we can find
€1,€9, *+ ,&m > 0 such that

Vel ((t—e)k® —intC — C) = (t —e0)k® — intC C (t — o)k’ — C

where €¢ := min{e;|i = 1,2---m} > 0. Then we have V C (¢t — £9)k" — C and therefore
(V k)<t—€0<t.

1nf

(viii) In a similar way as (ii) by using (v) and (vii) instead of (i), remarking intC' + C' = intC, we
obtain the conclusion. 0

Using Proposition 4.3, we obtain the following properties.

Lemma 4.7 (I-supremum type). Let k° € intC. The function hl, (k") : £ — [—00,00) has the

following properties:
(i) héup(V;kO) >t = VCth®+C;
(ii) sup( k0) is <L -increasing;
(iii) sup(V + MY K0) = hL, (Vi KO) + X for every A € R;
(iv) Sup(V; kYY) is super-additive and positively homogeneous (that is, for V1, Vo € V and o > 0,

héup(‘/l + Va; ko) > héup(‘/l; ko) + héup(‘/?; ko) and hlsup(a‘/l; ko) - ahlsup(vl; ko));
V) hlp(ViE?) >t =V C tk? + intC.
Moreover, if k° € intC' and V' is L-bounded then h.

sup

sup

has the following property:
(vi) iy (-5 k) achieves a real value.

Furthermore, if k° € intC' and V' is L-compact then h k%) has the following properties:

(vii) V C tk? + intC = Rl (V;k°) > t;

(viii) héup( k) is strictly L-increasing.

sup(

Lemma 4.8 (u-supremum type). Let k* € intC. The function h, (-;k°) : U_¢ — [—00,00) has the
following properties:

(1) h;‘up(V;kO) >t = tk € c(V);
h&. (- k) is U-increasing;

sup
he (V4 kY5 k0) = hp (V5 k%) + X for every A € R;

ii)
) sup
(iv) heup (5 k9) is super-additive and positively homogeneous;
) heup (5 k%) is bounded from above. Moreover, if V. € L NU_¢ is L-bounded then h
achieves a real value.
(vi) b (VikY) >t < tk° € int(V);
(vii) h¥% (s kO) is strictly U-increasing.

sup( ko)

4.2. Inherited properties of continuity and convexity for set-valued map.

Definition 4.9. Let K be a convex set in a real vector space X. Set-valued maps F' : X — £ and
G : X — U are said to be

(i): L-convex on K if for each 1,22 € K and A € [0, 1], we have that
F(Az1 4+ (1 = Nx2) D AF(z1) + (1 — N F(22),

(ii): L-concave on K if for each z1,x2 € K and X € [0, 1], we have that
AF(z1) + (1 = A)F(z2) O F(Az1 + (1 — A)z2),
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(ili): U-convex on K if for each z1,z2 € K and A € [0, 1], we have that
G(A\x1+ (1 = Nzx2) C AG(z1) + (1 — N)G(22),

(iv): U-concave on K if for each x1, 2 € K and A € [0, 1], we have that
AG(z1) + (1 = N)G(z2) C G(Azy + (1 — N)z2).

Remark 4.10. The reader find that (i)—(iv) and (ii)—(iii) are the same inclusions each other, however, the
family of sets are different.

Using (ii) and (iv) of Lemma 4.5 and 4.6, we obtain the following properties.

Lemma 4.11. Let K be a convex set in a real vector space X and k° € intC.

(i): If a set-valued map F' : X — L is L-convex, then hl (F(-); k°) is convex on K.

(ii): Ifa set-valued map G : X — U isU-convex, then h¥ ;(G(-); k°) is convex on K.
Definition 4.12. Let X be a topological space. Set-valued maps F': X — Land G : X — U are said
to be

(i): L-lower semi-continuous at X if the set {z € X|F(z) D V}isclosedforall V € L,

(ii): U-lower semi-continuous at X if the set {z € X|G(z) C V}isclosed forall V € U.

Using (ii) of Lemma 4.5 and 4.6, we obtain the following properties.

Lemma 4.13. Let X be a topological space and k° € intC.
(i): If a set-valued map F : X — L is L-lower semi-continuous, then hl .(F(-); k°) is lower semi-

inf
continuous.
(ii): If a set-valued map G : X — U is U-lower semi-continuous, then h¥ ;(G(-); k°) is lower semi-
continuous.

4.3. Representation results for sets. Let k* € intC. We define
L = {(Vev|v= tk% + C forsomet € R},

Ut = {Vev|V=sk’-C forsomeseR}.
It is clear by the definition that L+ c £and U c U.

Lemma 4.14. Let k¥ € intC, V1, V; € L% and V3, Vy € UK’ Then the following statements hold:
(1): hL(Va; KO) = Rl (Vo; K0) implies Vi = Va;

(2): B (Vi k0) = A2 (Vy; k) implies Vs = V.

inf inf

Proof. We prove the case of [-type since the proof of u-type is similar. We first consider the case of
he (Vi3 k%) < B (Va; k0). Then, by (i) of Lemma 4.5, we have

inf
AL e (Va; kNKD € cl(Vy).

1

Since V71, V5 € L% there exists s,t € R such that
Vi=tk+C and Vi=sk"+C.

Then we obtain
B e (skO + CEOKY € cl(th® + C) = tk° + C.

1

By (iii) of Lemma 4.5, we have

Bl o(sk® + C k) = hl (C; k%) + s =5

1 1

and hence sk € tkY + C. With a similar discussion, we obtain

hhe(Vi; k) > Rl (Va; %) implies  tk° € sk + C.

1
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Then we have that
skP+Ccth’+C+C=th"+Ccsk®+C+C=sk"+C
and hence sk + C' = tk" + C, that is, the desired conclusion holds. O

5. CoNJUGATE DUALITY IN COMPLETE LATTICE OPTIMIZATION PROBLEM

5.1. Weak duality. In a similar way to [2, 4], we give new definitions of set-valued conjugate maps
in infinite dimensional space as a natural extension of [3, 31, 32, 33].

Definition 5.1. Let X be a Hilbert space and F' : X — V a set-valued map. Then the conjugate maps
of ', Fj* : L(X,R") — cl(£) and G, : L(X,R™) — cl(U), are defined by the following form
F(T) := Max U [Tx — F(x)];ﬁ),
reX
G (T) := Max ( U [Tx — F(m)],U)
rzeX
Definition 5.2. For F}*(T') # () and G(T') # 0, we define F}}*, F'* : X — cl(£) and G}, G}y,
X — cl(U) by

R s (| [re- mOLL),
TeL(X,Y)

Fr@ = (| [re-Gumiic)

TeL(X,Y)

Giitw)=max (e (o)

TeL(X,Y)
G** () := Max < U [Tz- G;;(T)];u>.
TeL(X,Y)

Theorem 5.3. Let X be a Hilbert space, F : X — cl(L) and G : X — cl(U) be set-valued maps. Then
the biconjugates of F' and G have the following properties.

(@): F¥(x) D F(x) forallz € X.
(b): G (x) C G(x) forallx € X.

Proof. (a) By the definition of F!, we have for —F(x), G} (T) € cl(U)

Tx — F(z) C G,(T) Vee X, VT e L(X,Y),
and hence —F'(xz) C —Tz + G}(T'). Using Proposition 3.5, we obtain

F(z) cTx — G,(T)
for any F'(z), =G5, (T) € cl(£). By the definition of F;*, we obtain the conclusion.
(b) By the definition of G}, we have for —G(x), F;*(T) € cl(£)

F(T)CcTx— G(x) Vee X, VT eL(X,Y).

Using Proposition 3.5, we obtain
—F(T) Cc —Tz + G(x)

for any G(x), —F}(T) € cl(U) and hence Tz — F;*(T') C G(x). By the definition of G}, we obtain

ul?
the conclusion. O
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Inspired by [10], we give new definitions of conjugate and biconjugate for set-valued map with re-

spect to a direction k¥ € intC'. The new definitions are convenient for deriving strong duality theorems
in section 5.2.

Definition 5.4. Let X be a Hilbert space, F' : X — V a set-valued map and k" € intC. Then the
conjugate maps of I, o, : X — cl(£) and G}, , : X — cl(U), are defined by the following form

Fy (%) := Max ( U e, 2*)k° = F(a)]; .c),

zeX

Gro,,(x*) := Max ( U [, 2*) kO — F(:c)];bl).

rzeX

Definition 5.5. Let k¥ € intC. For F}, (2*) # 0 and G}, , (¢*) # 0, we define F5 . F}io, + X —
(L) and G35, G55 L, 0 X — cl(U) by

Fita(o) = Max | [oa ) = a5

rreX*

(o) = Max (U a8 = G, (5 £ ),

r*eX*

(o) = Max () [l — Fin o)),

Z*GX*
) = Max (| (o2 = G (a7t
m*eX*

In a similar way as Theorem 5.3, we obtain the following weak duality theorem.

Theorem 5.6. Let X be a Hilbert space, F' : X — cl(L) and G : X — cl(U) be set-valued maps,

C C R" a solid pointed closed convex cone and k € intC. Then the biconjugates of F' and G have the
following properties.

(a): Fl;"g‘Ju(az) D F(x) forallz € X.
(b): Gi5 i (x) C G(x) forallz € X.

5.2. Strong duality.

Theorem 5.7 (F7 -infimum type). Let X be a Hilbert space, F' : X — L% U+ aU-bounded valued
map, C C R™ a solid pointed closed convex cone and k* € intC. We assume the following conditions:

(i): F isU-lower semicontinuous,

(ii): F' isU-convex.
Then we have F];“J’ul(x) = F(x) forallz € X.
Proof. By (b) of Theorem 5.6 and (ii) of Lemma 4.6, we obtain

(weak duality): Al (F}5  (x); k%) < bt (F(x); k) forallz € X.
By the assumption of F' and (vi) of Lemma 4.6, we have hl.(F(z); k°) € R. Moreover, since by the
assumption and (ii), (iii), (vi) of Lemma 4.5, we have

hing (= Foy(@7); k) = inf {~(z,2") + hiy (F(); )} € R

and hence
u ( *ok

ine (F0 o (2): K7) = sup {1, 27) =+ hint (= Fjo o (@7); )} eR
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for all z,2* € X. Since F(z) € L*" N1U**’, there exist § € R such that
F(z) >3k —C and F(z)c sk’ —C.

Moreover, by the definition of F}, »we have F g()’l(x*) € L% N . Then there exists { € R such
that
Flo (a*) D" +C and  Fj,(«*) C ik° + C.
Using the monotonicity of the scalarizing function for sets, we have

e (F(2); k) <8 < bl (F(2): k%) = —hiyp(—~F(2);:%°) Ve e X,

—hing (= Fjo ()5 k%) = hip (Fyo (27): k%) < & < hige(Fo g (27)5 K°) - Va™ € X,
We suppose contrary that ¢ (F}7 ,(2); k%) < h¥ . (F(2); k) for some z € X. We set

Epi(hipe o F) == {(x,t) € X x R | hipg(F(x); k") < t}.

Then we have by the assumption and Lemma 4.11, 4.13 that Epi(h{. .o F") is closed and convex. Moreover,
we have

(Z7 h’mf 0 ]:Bk,ul(z)) ¢ Epl(hmf )
From classical Hahn-Banach theorem there exists (z*, @) € X X R such that (z*, ) # (0,0) and

(2,2%) + o hiyg o 5y (2) > sup{(z, 2%) + at | (v,t) € Epi(hj,; o F)}. (5.1)

It is clear that o < 0. We can show @ < 0 in a similar way as Theorem 4.9 in [2]. Again, following the
same line as Theorem 4.9 in [2], we obtain hii¢(F} , (2); k%) = hi (F(x); k") for all z € X. Using

kO ul inf
(2) of Lemma 4.14, we obtain the conclusion. O

Theorem 5.8 (F, -infimum type). Let X be a Hilbert space, F' : X — L% U aU-bounded valued
map, C' C R" a so7lid pointed closed convex cone and k° € intC'. We assume the following conditions:

(1): F is L-lower semicontinuous,

(ii): F' is L-convex.

Then we have F () = F(x) forallz € X.

6. APPLICATIONS

As an application of the previous section, we consider a duality theory of uncertain multi-objective
optimization problem (see [23, 24]). We assume that uncertainties in the problem formulation are given
as scenarios from a known uncertainty set R C R™.

We define fr : X x R — Rf as fr(x) := F(x). Using (o), Definition 5.1 and 5.2, we also define
(ff)e: L(X x £L,RY) — Rfand (g})u : L(X xU,RY) — R*

(e =F(T),  (g)u:=G,(T).
Moreover, for (f; )y # 0 and (g;,)u # 0, we define (f;*)z : X x £ — Rfand (¢7])y : X xU — R
by
(fi)e = (@), (gu)u = Gy ().

Theorem 6.1. Let X be a Hilbert space, fr : X x L — R’ and g,y : X x U — RE. Then the biconjugates
of fr and gy have the following properties.

@: (fi)c(x) D fo(x) foralle € X.

®): (g2 )u(x) C gu(x) forallz € X.

Definition 6.2. Let K be a convex set in a real vector space X. Set-valued maps f; : X x £ — R*
and gy : X x U — R’ are said to be
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(i): L-convex on K if for each 1,22 € K and X € [0, 1], we have that

feAzy + (1= Naa) D AMe(xr) + (1 = A) fe(x2),
(ii): U-convex on K if for each x1,z9 € K and A € [0, 1], we have that

guAz1 + (1 = A)z2) C Agy(21) + (1 = Ngu(x2)-

Definition 6.3. Let X be a topological space. Set-valued maps fr : X x £ — Rfand gy : X xU — R*
are said to be

(i): L-lower semi-continuous at X if the set {z € X|fz(z) D V}isclosedforall V € L,
(ii): U-lower semi-continuous at X if the set {x € X|gy(x) C V'}is closed forall V € U.

Let k¥ € int(RY ). We define

L=V cR ‘f(V) — k9 + RY forsomet € R},

U = {VcR ‘f(V) = sk” —R%  for some s € R},
where f(V) := U, {f(v)}.

Theorem 6.4. Let X be a Hilbert space and f : X X L% AUt — RY aU-bounded valued map. We
assume the following conditions:

(i): fr is L-lower semicontinuous,
(ii): fr is L-convex.

Then (f5)c(x) = fo(x) forallx € X.

Theorem 6.5. Let X be a Hilbert space and gy : X X L% AUt — RY aU-bounded valued map. We
assume the following conditions:

(1): gy is U-lower semicontinuous,
(ii): gy is U-convex.
Then (9.7 )u(x) = gu(x) forallx € X.

Remark 6.6. Since the lower type set relation is regarded as the best case, (a) of Theorem 6.1 guarantees
the existence of a best-case lower bound for robust multi-objective optimization problems. The upper
type set relation is regarded as the worst case, (b) of Theorem 6.1 guarantees the existence of a worst-
case lower bound for robust multi-objective optimization problems. Furthermore, Theorem 6.4 and 6.5
show that for a given robust multi-objective problem, it is possible to calculate optimal values using a
biconjugate mapping.

For example, suppose that we want to travel between two specified points A and B with three
possible paths z1, x2 and x3. We are interested in a short travel time and in low costs (see example 3
n [24]). Then, (b) of Theorem 6.5 means that it is possible to calculate worst-case optimal values gy, for
every scenario (for instance, festival, traffic jam, bad weather, etc.) using ( gZ}")u.

7. CONCLUSION

In this paper, we presented weak duality theorems in set optimization problem with lattice structure,
which are based on the observation that a dual optimization problem is set-valued with lattice structure.
In order to derive strong duality theorems, we employ a nonlinear scalarizing technique for sets with
lattice structure. Introducing L™ and U**" in Section 4.3, we obtain representation results in set
optimization problem. The above approach enables us to derive statements ,;"(i 1 = Fand ,;"(T,ul =F.
Applications to robust multi-objective optimization problem are also provided.
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A natural question arises that why the assumptions in our theorem are stronger (intC' # 0, k° €
intC) than Hamel’s results [19, 20]? The answer to this question is that we can probably relax the
assumptions of the scalarizing functions for sets with lattice structure, and this is a subject for future
research.
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