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ABSTRACT. In this paper, we consider a class of stochastic inverse optimal value problems, in which the
forward problem is a linear programming problem (LP), and the data in its constraints are affected by a
random variable. The corresponding inverse optimal value problem can be reformulated as a mathematical
program with stochastic linear complementarity constraints (MPSLCC). By employing the techniques of
sample average approximation (SAA), we construct a series of smooth SAA subproblems and transform
them into nonlinear programming problems by utilizing the smooth Fischer-Burmeister function for linear
complementarity constraints. In addition, we prove that the sequence of global minimizer (KKT point)
of these SAA subproblems converges with probability one (w.p.1) to a global minimizer (an S-stationary
point) of MPSLCC under mild conditions. Finally, some numerical experiments are presented to show the
availability of our method for solving the given stochastic inverse optimal value problems.

Keywords Inverse optimal value problem, SAA approach, Mathematical program, Stochastic linear
complementarity constraints.
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1. INTRODUCTION

Inverse optimization is an emerging field that seeks to understand and predict the decision-making
processes underlying observed outcomes in real-world systems. Traditionally, optimization models fo-
cus on finding the best solution given a set of constraints and an objective function. In contrast, inverse
optimization aims to infer constraints or the objective function from observed solutions, providing in-
sight into the underlying decision-making processes. The genesis of systematic inquiry into inverse
problems can be traced back to the shortest path problems initially examined by Burton and Toint
[4]. Their pioneering efforts laid the groundwork for subsequent work on inverse network problems
[5, 25, 24, 2, 3, 6]. Subsequently, the literature has seen the emergence of several specialized inverse
continuous optimization models, including inverse linear programming problems [23, 22], inverse qua-
dratic programming problems [26], inverse second-order cone programming problems [27], inverse
positive semidefinite cone programming problems [16, 18, 19, 11, 12] and inverse conic programming
problems [8].

As a significant branch within the field of inverse optimization, inverse optimal value problems seek
to determine the parameters of an optimization model that makes the optimal objective value closest to
a given target value. This area has garnered substantial interest due to its wide applicability in various
domains, including transportation, healthcare, and power systems. The inverse optimal value problem
(IOVP) is defined as follows: given a linear program (LP) with modified cost coeflicients, the goal is to

*Corresponding author.
E-mail address: jinjin403@sina.com (Yue Lu), hzhiqiang42@163.com (Zhi-Qiang Hu), dongyangxue@tjcu.edu.cn (Dong-
Yang Xue)
2020 Mathematics Subject Classification: 90C05, 90C26.
Accepted: December 30, 2024.
32


https://tulipa-os.com/jdmh/volumes_articles.php
https://doi.org/10.69829/oper-025-0201-ta03
https://tulipa-os.com/

AN SAA APPROACH FOR SOLVING A CLASS OF STOCHASTIC INVERSE OPTIMAL VALUE PROBLEMS 33

adjust these coefficients such that the optimal objective value of the LP equals a specified value, which
has the following form

1
min §(Q(C) —v)2 stceCi={ceR":cF <<V ien]:=1,2,-- n} (1.1)
(&
where ¢, cV € R" are respectively the lower and the upper bound of cost vectors, Q(c) and v* are

respectively the optimal value and the pre-specified objective value of the underline LP under the pa-
rameter ¢, i.e.,
min ¢z, st. Az <b,
T

where z € R™", A € R™*" and b € R™.

Some applications on inverse optimal value problems for combinatorial models include the minimum
spanning tree problem [9, 14, 20, 21] and the shortest paths problem [28]. For the field of continuous
optimization problems, Ahmed and Guan [1] proved that the above IOVP (1.1) under the given data
(A,b) is NP-hard and got the optimal parameter by solving a series of linear and bilinear program-
ming problems under some special assumptions. Nevertheless, when parameterizing linear programs
for practical applications, the coeflicients are typically extracted from historical data or experimental
results, which carry inherent statistical characteristics. As far as we are aware, the literature lacks an
exploration of inverse optimal value problems under data uncertainty.

Assume that the data (A, b) are affected by a random variable £ and consider the following stochastic
inverse optimal value problem (SIOVP)

1
min = (c’'z —v*)?,
C7x7y
st e <<, E[AQ)y + ¢ =0, i€ [n], (12

E[A(§)z —b(§)] <0, y >0, (E[A(&)z — b(&)])Ty =0,
where A;(£) denotes the i-th column of coefficient matrix A(¢). However, it is often difficult to calculate
mathematical expectations, particularly in computing high-dimensional integrals. To tackle this issue,
an auxiliary approximate subproblem of (1.2) is constructed by using the sample average approxima-
tion (SAA). Suppose that a sample set {£;,- -+ ,&n} of N realizations of random vector ¢ is obtained,
and assume that each random vector §; (i = 1,---, N) is independently identically distributed, the
corresponding SAA subproblems (SAA-SIOVP) of (1.2) are given by

1
min  ~(c'z —v*)?
c7x7y

N T
st. ek < <Y, []1[ ;Ai(fk) y+c =0,1¢€n], (13)
1 i 1 & '
N > Az —b(&)] <0, y > 0, (N > Az — b(ﬁk)]) y=0.
k=1 k=1

It is easy to see that the above SAA subproblems can be viewed as mathematical programs with linear
complementarity constraints (MPLCC).

In this study, we employ the smooth Fischer-Burmeister function to address the linear complemen-
tarity constraints in problem (1.3), thereby converting the corresponding smooth SAA subproblems
of the inverse optimal value problem into nonlinear programming problems (NLPs). Furthermore, we
demonstrate that, under mild assumptions, the sequence of global minimizers (Karush-Kuhn-Tucker
points) of these SAA subproblems converges with probability one to a global minimizer (an S-stationary
point) of the stochastic inverse optimal value problem (SIOVP) (1.2). We also present numerical exper-
iments to validate the efficacy of our approach in solving the specified stochastic inverse optimal value
problems.
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The rest of this paper is organized as follows. Section 2 outlines the necessary preliminaries con-
cerning stationary points in mathematical programs with linear complementarity constraints (MPLCC)
and the application of the smooth Fischer-Burmeister function to linear complementarity constraints
within MPLCC. Section 3 examines the relationship between the solutions of the smooth SAA sub-
problems defined as in (3.1), and those of problem (1.2), and establishes the associated convergence
results. Lastly, section 4 details the numerical experiments conducted to assess the performance of our
proposed method.

Before ending this section, we denote by z := (¢, x, y) and introduce some notations as follows:

f2) = (e =P G =,
g1(z) == c—ct, go(2) i=c— Y,
1 !
hl(z) = ]E[Al(f)]Ty + ¢, hiv(z) = [N Z Az(fk) Y+ ¢, (1-4)
k=1

2. PRELIMINARIES

In this section, we introduce some notions and results used in the sequel. For notional simplicity, we
rewrite problem (1.2) as

min  f(2)
st. hi(z) =0, i€ [n],
(2.1)
gl(z) Z 07 92(2’) S 07
G(z) >0, H(z) <0, G(2)TH(2) = 0,
where f, h, g1, g2, G, H are defined as in (1.4). Similarly, problem (1.3) can be rewritten as
min  f(2)
s.t. hf-vz =0, 1€ |n|,
(2) ] 22)

g1(2) >0, g2(2) <0,
G(z) >0, HV(2) <0, G(z)THY(z) = 0.

Now, we present some concepts in stationary points of (1.2) under the above model (2.1).

Definition 2.1. Let z* be a feasible point of problem (2.1).

(a) We say that 2 is a W-stationary point of problem (2.1), if there exist A\; € R", Aj; € R™,
52 € R",7¢ € R™ and 7}, € R™ such that

VF(2%) + VR(z)A, + Var(2")Ag + Vga(2") Mgy — VG (27 + VH(2")yg = 0,
o1 <0, g1(2) N5 =0, A%y >0, g2(2%) "N, =0, (23)
(’7&)2 = 07 (S ’Y(Z*)? (’Y;I)Z = 07 (&S a(z*),
where a(z*), f(z*) and y(z*) are given by
={i€[m]:Gi(z") =0, Hi(z") < 0}; (2.4)
i €[m]:Gi(z%) =0, Hy(2") = 0}; (2.5)
i€ m]:Gi(z*) >0, Hy(z") =0}, (2.6)
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(b) We say that z* is a S-stationary point of problem (2.1), if there exist A; € R", Aj; € R",
52 € R™, 75 € R™ and v € R™ such that (2.3) holds and

(v&)i >0, (vg)i >0, i € B(27).

Addressing linear complementarity constraints within the framework of mathematical programs
with linear complementarity constraints (MPLCC), as defined in (2.1), typically involves their reformu-
lation into a singular or series of equations through the application of smooth nonlinear complemen-
tarity functions. For instance, Kanzow [10] has proposed multiple smooth nonlinear complementarity
functions to assess the optimality conditions of MPLCC. In this paper, we employ the smooth Fischer-
Burmeister (FB) function in the sequel, whose definition is given by

(2 + 7 +20%)
(25 + y3 + 21°)

N[—= N

P (x,y) =x—y— , (2.7)

) 1
(x2, + y2, + 2u?)2

where z € R, y € R™ and p > 0. In addition, for any p > 0, the smooth FB function ®,(z,y)
is differentiable, V,®,(x,y) and V,®,(x, y) are two m-dimensional diagonal matrices whose entries
are respectively

i -1 Yi i€ [m]. (2.8)
(27 + 7 +2p%)2 (27 + 7 +2p%)2

3. THE SAA METHOD AND CONVERGENCE RESULTS

In this paper, we address the stochastic model (1.2) (or (2.1)), which incorporates mathematical ex-
pectations by employing the sample average approximation (SAA) method. This approach leverages
(quasi) Monte Carlo methods to convert expectation terms into deterministic summation structures
over a specified sample set. Subsequently, we construct the corresponding subproblems as defined in
(1.3) (or (2.2)) following the SAA approach. In light of the smooth FB function (2.7), we use the following
model to approximate the problem (1.3) (or (2.2))

min  f(z)
st. h(2) =0, i€ [n],
901(2) 2 0, ga(z) <0, (3.1)
(I)HN(G(Z),HN(Z)) =0,

where f,hN, g1, go, G, HY are defined as in (1.4) and ;" is a sequence of positive scalars that depend
on monotonically decreasing in N such that u’¥ — 0as N — 4-o0.

Next, we present a technical lemma that describes the convergence properties of constraints function
in (3.1).
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Lemma 3.1. Let zx be a feasible point of problem (3.1), if zy converges with probability one (w.p.1) to
z* as N — +oo, then for any i € [n],

hi' (2n) = hi(2*), (w.p.1)
VchZN(ZN) — Vchi(z*) = €4, ( )
thfv(z]v) — th,<z*) = 0, ( )
VyhiY (2n) = Vyhi(2*) = E[A;(€)], (w.p.1)
HN(zn) — H(z"), (w.p.1)
V. HN(zy) = V.H(z*) =0, ( )
V HN(ZN) — Vo H(z*) = E[A(¢)]", (w.p.1)
HY(2y) = V, H (%) = ( )
(G(zzv) HN(zN)) = 2(G(2") — gy (G(z") + H(z")), (w.p.1)

wheree; € R is the i-th column of entity matrix I,, and HRT is the projection ontoR"", i.e, v = HRT (w)
with v; = max{w;, 0}, € [m].

Proof. 1t follows from the definitions of hﬁv CJHN. @ U s and [17, Lemma 2.4] that the above conclusions
hold. O

Let 2 be the feasible set of problem (1.2) (or (2.1)) and 2 be the feasible set of problem of (3.1). In
addition, we define

f(2) = f(2) + Ia(2), ¥(2) = f(2) + Iy (2). (3.2)
where f is defined as in (1.4). The epigraph of f is denoted by epif, i.e.,
epif :={(z,w) : f(2) < w}.

Before establishing the convergence results, we impose the following assumption on the perturbed
coefficient matrix A(£) and introduce a technical lemma on the relations between (Qy, epify) and

(2, epif).
Assumption 3.2. The perturbed coefficient matrix A(€) is full column rank.
Lemma 3.3. Suppose that Assumption 3.2 holds. If N — +oo, then (Qy, epify) — (2, epif) (w.p.1).

Proof. For any z* € limsup Qy, there exists zy € Qp such that zy — 2z* (w.p.1) as N — +oc.
N—+o0
Notice that the last three constraints in problem (1.3) (or (2.2)) can be reformulated as

G(z) — HRT(G(Z) +H(z2)=0 (3.3)
due to the characterization of HRT' It follows from Lemma 3.1 and (3.3) that

0= hM(2n) = hi(2*), i € [n],
0 < g1(2n) = 91(2")
0> ga(zn) = ga(z ]\)[

0=o,~(G(2n), H

)

(2n)) = 2(G(=*) — Tl (G(=*) + H (=),

which imply that z* € Q. Therefore, we have limsup Qx C 2 (w.p.1).
N—+o00
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On the other hand, for any 2 € (2, there exist uj, € RINVil and vy € RING! that (2*, U U?Vl*])
is also a feasible point of the following problem

min f(2)
Z,UNE,UNZ}
s.t. hi(z) =0, i € [n],
q1j(2) =0, j €I},
gik(2) —u2 =0, k € Nj,
g2p(z) = 07 pe 1-57
92q(2) +v; =0, g € Ny,

2(G(z) — s (G2) + H(2))) = 0,
where h;, g1, g2; are respectively the i-th entry of h;, g1, g2 and

Iii={j € ) gy(=) =0}, Ni:=[l\Ij, 6
= {p € ] gapl=) = 0}, Ny o= [n] \ Iy |

For notional simplicity, we define

(sp)i = hi(2*), i € [n; (sj1); = 91;(2"), J € I1; (sp) = gun(2*) — (up)?, k € N,
(552)p = g2p(2*), P € Ii7i (550)q == 92(2%) — (up)?, q € Niji s = G(27); s}y := H(2").

In light of the continuity of h, h¥, g1, g2, G, HY, H, there exist (s); (i € [n]), (sf]\g)j (j € I3),
(s )k (k € NE), (s92)p (0 € Ify), (sgh)q (a € Ny), S& and Sy satisfying

(sg)FO,iG[n];( N);=0,j€l;; (sh)k=0, k € Nj;

. (3.5)
(5g2)p = 07 p € IUa ( éVZ)q - 07 q € NU7 @M (Sg 5%) =0

and (shN,sﬁ, sf]\g,sg,sg) — (32,331, 322,3"&,,3}‘{) as N — +o0o. Next, we introduce the following
function

h(z) Sh
g1(z, uny) Sg1
P(2,unz s UNg s Shy Sq15 892, 565 SH) = | G2(2,0n;) | — | Sg2 (3.6)
H(z) 5a
G(2) SH
where g1 (2, un; ) and g2(2, vy, ) are given by
. _ 915(2) >
Z,UN*) = el;, ke Ny, 3.7
91< NL) (gw( )_“k J L L (3.7)
~ L) — ng(Z) * *
gg(z,vNU) = ( d20(2) _H)g ) , p €1, g € N (3.8)

From (3.6), (3.7) and (3.8), we have
P(Z*, U}kvzyvaga SZ) 8217 8227 52‘7 SFI) =0.
For any given perturbation pair (Az, Auys, Avy; ), we set

* * * * * * * * _
M = jzuN* UN[*J)’P(Z 7uNz>vNéash>3g17592aSGaSH)v M(Az, Auyy, Avye ) =0,
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*

where ., uns e ) 79(2 u}‘v* , v}kv* s;‘“ s*l, 522, s¢., 83;) denotes the partial Jacobian of P with respect
to (z,uNz,vN[*]) at( uN*,vN* Shs Sg1» Sy2s S¢i» S37)» Which implies that
Ac; + E(Az(f))T(Ay) =0, i€ [TL},
Acj =0, jelj,
Acy, — 2uj(Aug) =0, ke Nj,
Ac, =0, pelf,
Acy + 205 (Avy) =0, g€ N,
E[A(€)(Ax)] = 0,
Ay = 0.

where I7, N7, I}; and Nj; are defined as in (3.4). It follows from these equations and Assumption 3.2
that the given perturbation pair (Az, Au Nz, Av N;;) are all equal to zero, which means that the operator
M is onto. In addition, from Clarke’s implicit function theory, there exist € > 0, § > 0 and a Lipschitz
continuous function 7(-) : Bs (s}, 851, Sp2, 56 87r) — Be(27, “7\7}:7 U?Vg;) with Lipschitz constant ¢ > 0
such that

77(3h7 Sg1> g278G7$H) (Z uN* UN*)
and for any (sp, 541, 542, 5, s1) € Bs(s7, Sg1s Sg2s SGrs s7;) satisfies the following equation
P(n(8h, 8415892, 5G, SH), Sh, Sg1, Sg2, 8¢, 5H) = 0. 3.9)
When N is sufficiently large, we have

max Dn(z,uns, vn=) — (8§, 55, 8%, s%, s5)|| < ¢ 3.10
(ZU‘NE vN*)EIBE(z “NE’N*)H N( y WNT NU) (h7 glr°g2s°H> G)H— ) ( )

where ¢’ := min{d, (2¢) "¢} and Dn (2, un; , UNy,) is given by
h(z) — hN(z) + s
Sl
s
H(z)— HY(z) + s}
SN
G

DN(Z, uNzavN;}) =

From the relationship (3.10) and the Lipschitz property of n, for any (z, unz, vny) € Be(2, u}‘vz, U}k\/é )s
we obtain

(D (2, uny ), vng ) = 1(sh, S515 5525 11> 56|

D (2, uny ), vng ) = (85, 15 5520 St 56 |

cd’

€

IAIA

57
which shows that 7(Dy(-)) is a continuous function from the convex set B¢ (2*, ujy«, vx« ) to itself. It
L U
follows from Brouwer’s fixed point theory that there exists a fixed point
(ZN,U%Z,’U%;}) € B.(z%, u}‘\,z,v}k\,;}) such that n(Dx (2, u%z,v]]}%)) = DN(zN,u%z, U%f;).
and (zy, uzN\,Z , U]J\\[T;}) — (2%, u}‘vz,vjvé) as N — +oo0. In addition, from (3.9) and (3.10) , we also obtain
that

DN(ZN,U%*) UN*) €B ((827‘9;173;278?{788))
and

,P(n(,DN(ZNv U%Eiv U%f}))?DN(z]\H u%27 U%f})) = 07
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ie.,
h(zn) — (h(zn) — WY (2n) + s3) = 0,
91(2n) — (8]%[1);' =0, jelj,

guk(2n) = (u)? = (s;)k = 0, k€ N},

gop(zn) — (SA;)p =0, pely,

92¢(2n) + (Uév)z — (8g2)g =0, q €N,
H(zn) — (H(zn) — HY (25) + s77) = 0,
G(zn) — sy =0,

min f(2)

Zquz 7UN["}

s.t. N (2) =0, i € [n],

where the last equation follows from (3.5). Therefore, zy € 2. Because zy — 2z* as N — 400, we
have z* € limsupy_,, o, 2n. The proof of the first part of the conclusion is completed.

Now, we turn to show the second part of the conclusion. It is easy to see that problem (1.2) (or
(2.1)) and problem (3.1) are respectively equivalent to min, f(z)and min, f¥(z), where f and f* are
defined as in (3.2). It follows from [13, Theorem 7.1] and Qy — Q (w.p.1) that epify — epif (w.p.1)
as N — +o0. O

The next theorem shows that the sequence of global optimal solutions of problem (3.1) converges
with probability one (w.p.1) to a global optimal solution of problem (1.2) (or (2.1)).

Theorem 3.4. Suppose that Assumption 3.2 holds. Let zx be a global optimal solution of problem (3.1)
and zy — z* as N — +o0, then z* is a global optimal solution of problem (1.2) (or (2.1)) (w.p.1).

Proof. From Lemma 3.3, when N — +00, we have epify — epif (w.p.1). It follows from [13, Theorem
7.31] and Lemma 3.1 that

limsup argmin f¥ C argmin f, (w.p.1)
N—+00

which shows that z* is a global optimal solution of problem (1.2) (or (2.1)) (w.p.1). O

We turn to analyze the behavior of stationary points of problem (3.1). The Lagrange function of
problem (3.1) is defined as

L(z, Ay Ag1s Ag2,7) = f(2) + BN (2)TAn — g1(2)T Ag1 + 92(2)T A g2 + 77 @ v (G(2), HY (2)).
(3.11)
Given a feasible point zy € {2y, we say it to be stationary point of problem (3.1) if there exist \)Y € R™,
)\ € R, )\ € R" and vV € R™ such that

\Y% E(ZN, /\h ,)\ )\ ) hN(zN) = 0,

917 9207

91(28) = 0, A >0, g1(zn )T/\é,\v} 0
g2(zn) <0, )\ >0, ga(2 N)T>\(;2 =

‘I’HN(G(ZN%H (2n)) =

(3.12)
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Any point (zn, AY, )\;Vl, )\f]\g, V) satisfying the above system (3.12) is called a Karush-Kuhn-Tucker

(KKT) point of problem (3.1) and the pair (A, )\!J]\;, )\;\57 7)) is the Lagrangian multiplier associated
with zy.
Before ending this section, we need the following technical lemma used in the sequel.

Lemma 3.5. Suppose that Assumption 3.2 holds. Let zxy be a feasible solution of problem (3.1) and zy —
z* as N — +oo. Assume that I7 U I}, = () and §(2*) = 0, where I}, I}; are defined as in (3.4) and 5(z*)
are given by (2.5). Then the linear independent constraint qualification (LICQ) of problem (3.1) holds at a
neighborhood of zy when N is sufficiently large.

Proof. It follows from zy — 2* and I} U I}; = () that when N is sufficiently large,
g1(zn) >0, g2(zn) < 0.
In order to show the conclusion, we only need to prove that
VAN (2n)\ + V(I)uN(G(ZN),HN(ZN))’}/ =0= A=0,7v=0. (3.13)

In light of the definitions of A"V, ® x~ and (2.8), the left-hand side of (3.13) is equivalent to the following
system

A =0, (3.14)

1 g
(NZA@)) As(y)y =0, (3.15)
k=1
N

<Jb > A(gk)> A Ay (p)y =0, (3.16)
k=1

where A () and Ag(u) are two m-dimensional diagonal matrices whose entries are respectively

i HYN

1- Gilzy) - i (2n) -, i€ [ml.
(GF(2n) + (HY (2n))% + 20%)2 (G3(2n) + (HY (2n))% + 202)2

From (3.14), we obtain that A = 0. Due to Assumption 3.2, (3.15), (3.16) and 5(2*) = (), when N — +o0,

we obtain

Al’Y = 07 AQ"Y = 07 (317)
where A and A are two m-dimensional diagonal matrices whose entries are respectively
Gi(z") 1 () _ i€ [m. (3.18)
(G3(z*) + (H)Y (27))%)? (GF(z*) + (H]Y(2%))?)2
It follow from the relations (3.17), (3.18) and 3(z*) = 0 that v = 0. O

Remark 3.6. From the definitions of g; and go defined in (1.4), we can always set the lower bound c¢”
and the upper bound ¢V of the cost vectors that makes the condition I 7 UI}; = 0 satisfied. On the other
hand, the condition 3 = () means that the strict complementarity condition holds at z* with respect to
the system G(z) € RT', H(z) € R™, G(2)TH(z) = 0.

To close this section, the next theorem shows that the sequence of KKT solutions of problem (3.1)
converges with probability one (w.p.1) to an S-stationary point of problem (1.2) (or (2.1)) under mild
conditions.

Theorem 3.7. Suppose that Assumption 3.2 holds. Let zy be a KKT point of problem (3.1) and zy — 2*
as N — +oc. Assume that I} U I}, = ), where I, I}; are defined as in (3.4), and 3(z*) = (. Then z* is
an S-stationary point of problem (1.2) (or (2.1)) (w.p.1).
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Proof. Tt follows from the KKT condition of problem (3.1) that the system (3.12) holds, i.e.,

v 'C(ZNaA}JYa)‘éVla)\gQa ) _0 hN(ZN) _07
g1(zn) >0, )\ >0, gi(zn)TA ?\} —O
92(2n) <0, Ay >0, QQ(ZN)T/\gQ =

B (Gan), HY (o) = 0,

where the Lagrangian function £() is defined as in (3.11), AY )\gg, AN 92> 4V are the Lagrangian multi-
pliers of problem (3.1) associated with zy. From Lemma 3.5, when N is sufficiently large, g1(zn) > 0

and g2(zn) < 0, which imply that )\f]\g =0and )\évz = 0. The above system reduces to

Vf(zn) + VAN (2n)MY + VO v (G(zn), HY (2n)7N =0,

WV (2n) = 0, @, (Gzn), HY (2x)) = 0. (3.19)

Because the LICQ condition holds at zy where NV is sufficiently large, then )\N and v" are the unique

multiplies that satisfy the relation (3.19). Therefore, the sequence {)\hN , )\évl, )\é\;, N1 is convergent.

Assume that \)Y — X7, )\;\g — Ay =0, )\é\g — Agp = O and N — ~4*as N — +oc. From the
relations (3.19) and (2.8) with Lemma 3.1, when N — +00, we obtain
Vf(z*)+ Vh(z)N + VG(z*)A1v* + VH(z*)Aay* = 0, (3.20)
h(z*) =0, 2(G(z*) — g (G(z*)+ H(z%)) =0. (3.21)
From (3.21), we deduce that h(z*) = 0, G(z*) € R, H(z*) € R™ and G(z*)T H(2*) = 0, which
means that z* is a feasible point of problem (1.2) (or (2.1)) and
(G(z")? + H(z"))V? = G(2*) — H(z"). (3.22)

For notional simplicity, we denote

VG = My, g = Ayt (3.23)
where A; and Ay are two m-dimensional diagonal matrices whose entries are respectively defined as
in (3.18). It follows from (3.22) and (3.23) that the relation (3.20) becomes

VF(z") + VR(z)A, + Va1 (z9) A + Vga(2")Age = VG (2" )vg + VH(Z")vg = 0,

where we use the facts that \j; = 0 and A}, = 0. In light of the assumption I} U I{; = ), where I7, I};
are defined as in (3.4), then g;(z*) > 0 and g2(2*) < 0. Moreover, due to the assumption 5(z*) = 0,
we only need to deduce that z* is a W-stationary point of problem (1.2) (or (2.1)). Combining with the
above discussion, the remaining work is to show the last two relations in (2.3) satisfied, i.e.,

(76)i =0, i € (%), (Vp)i =0, i € a(2), (3.24)
where (z*) and v(z*) are defined as in (2.4) and (2.6). It follows from the relations (3.23), (3.18), the
definitions of a(z*),y(z*) and (z*) = () that the relation (3.24) holds. O

4. NUMERICAL EXPERIMENTS

In order to verify the availability of our method for solving the given stochastic inverse optimal
value problems, some numerical experiments are conducted in this section. All experiments are run on
a 64-bit PC with an Intel (R) Core(TM) i9-12900 of 2.40 GHz CPU and 32.00 GB of RAM equipped with
Windows 11 operating system.

Experiment 1. Consider the following linear programming problem

min 2x1 + 3z9
z€R2

st. 3x1+ 120 <20, —z1 + 29 < —8.
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The corresponding optimal objective value is 11 with the global optimal solution z* = [7; —1]. Let £ be
a 2-dimensional random column vector that obeys a multivariate standard normal distribution, A(¢)

and b() are defined as

e = 2 | rangeno = | ]+

and v* = 11,cl = [1.9;2.9],¢V = [2.1;3.1], then the corresponding stochastic inverse optimal value
problem has the form of

min 1(CTJU —11)2,

c7x7y 2

st. ch<e< Y RBAE)] Ty +c=0,

E[A(§)z —b(€)] <0, y >0, (E[A(&)z — b(&)])"y = 0.

Next, we use JuMP and Ipopt packages [15] in Julia (Version 1.9) as the solver of the associated smooth
SAA subproblems.

Table 1 shows that the solvability of our method under the different values of 1 and IV, where “obj”
denotes the objective value of the smooth SAA subproblems, “res” denotes the residual that is the
difference between the c-part solution of the smooth SAA subproblems and the original cost vector
[2; 3] under the Euclidean norm.

TaBLE 1. Numerical results with different parameters p and V.

7 N obj res time
0.1 10 2.331e-19 3.515e-2 0.013s
100 5.915e-19 2.157e-2 0.014s

1000 5.564e-19 2.095e-2 0.014s

10000 5.316e-19 2.038e-2 0.015s

0.05 10 2.773e-19 1.095e-2 0.012s
100 1.175e-19 8.238e-3 0.012s

1000 1.076e-19 8.137e-3 0.013s

10000 1.056e-19 7.976e-3 0.014s

0.01 10 1.763e-20 4.128e-3 0.012s
100 7.965e-20 3.133e-3 0.013s

1000 2.121e-21 3.201e-3 0.014s

10000 4.054e-22 3.143e-3 0.015s

From Table 1, the overall residual is decreasing as [N increases and p tends to zero. In addition, by
fixing 1 = 0.1 and the number of samples N = 1000, we also investigates the effect of our method
with different initial point 2 and bound vectors ¢, ¢, which can be seen in Table 2 and Table 3.

TABLE 2. Numerical results with different initial point 2°.

20 obj res time
[— ; —9] 1.821e-20 7.618e-3 0.010s
7 1.820e-20 7.985e-3 0.010s

[1;=7]
[3; —5] 1.821e-20 2.734e-2 0.009s
[5;—3] 1.815e-20 1.586e-2 0.010s
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TABLE 3. Numerical results with different bound vectors ¢ and V.

ek ¥ obj res time
[1.50;2.90] [2.50;3.10] 3.118e-24 3.014e-3 0.018s
[1.70;2.90] [2.30;3.10] 2.436e-23 8.703e-2 0.018s
[1.90;2.90] [2.10;3.10] 1.921e-21 2.506e-2 0.017s
[1.90;2.70] [2.10;3.30] 9.772e-22 5.460e-2 0.012s
[1.90;2.50] [2.10;3.50] 6.067e-22 6.399e-2 0.009s
[1.50;2.50] [2.50;3.50] 4.405e-24 4.301e-2 0.017s

Numerical results in Table 2 and Table 3 show that our method is relatively stable for different initial
values and has a better performance for the given stochastic inverse optimal value problem.

Experiment 2. Next, we conduct further numerical experiments for some stochastic inverse optimal
value problems under different size (n, m) by fixing ;1 = 0.1 and the number of samples N = 10000,
in which we first set a random m X n matrix A and a random m X 1 vector b with entries in [—100, 100]
and use the package HiGHS [7] to achieve the corresponding optimal value of LP problem with a given
random n X 1 vector ¢ and set it to be the value of v* in the subproblem (1.3). Moreover, we also set
& to be a n-dimensional random column vector that obeys a multivariate standard normal distribution,
A(€) := A+ diag(€)(i € [n]), b(¢) :=b+ & ¢ :=c—0.1%land ¥ := ¢+ 0.1 * u, where | and u are
random n x 1 vectors with entries in [0, 1].

TABLE 4. Numerical results with different size (n, m).

n o m obj res time

) 10 8.101e-20 2.230e-2  0.012s
10 20 2.427e-20 1.757e-2  0.034s
20 40 7.174e-20 3.439e-2  0.351s
30 60 3.050e-20 8.954e-2  2.030s
40 80 1.291e-19 7.409e-2  12.929s
50 100 1.124e-19 2.508e-2 41.108s
60 120 1.178e-19 8.679e-2 78.412s
70 140 4.807e-19 2.080e-2 96.218s
80 160 6.696e-19 2.472e-2 135.664s
90 180 5.032e-19 2.366e-2 166.073s
100 200 1.895e-19 2.508e-2 251.868s

Numerical results in Table 4 show that our algorithm can solve the high-dimensional stochastic
inverse optimal value problems efficiently.

5. CONCLUSION

This article investigates a sample average approximation (SAA) approach to address a class of sto-
chastic inverse optimal value problems. Under mild assumptions, we prove that the sequence of global
minimizers (Karush-Kuhn-Tucker points) generated by the proposed approach converges with proba-
bility one to a global minimizer (an S-stationary point) of the original inverse optimal value problem.
Numerical experiments are conducted to validate the efficacy of our method in solving the specified
stochastic inverse optimal value problems. We believe that the framework of our algorithm can be
adapted to solve stochastic inverse optimal value problems with other types of conic constraints. We
leave these further discussions as our future work.
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