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ABSTRACT. We consider a linear fractional optimization problem involving integral functions defined on
C"0, 1], which has a geometric constraint and inequality constraints and obtain optimality theorems for
the problem which hold without any constraint qualification. Moreover, we characterize solution set for
the problem in terms of sequential Lagrange multipliers of a known solution of the problem.

Keywords. Linear fractional optimization problem, Integral functions, Optimality theorems, Con-
straint qualification, Geometric constraint, Inequality constraints, Solution sets.

© Optimization Eruditorum

1. INTRODUCTION AND PRELIMINARIES

Convex optimization problems need constraint qualifications for getting their optimality theorems
and strong duality theorems. For example, the Slater condition becomes an important constraint qual-
ification for the problems. But it is well-known that the Slater condition is very often violated.

Jeyakumar et al. [8] proved the Lagrange multiplier optimality theorems for convex optimization
problem, which held without any constraint qualification and which were expressed by sequences. Such
optimality theorems have been studied for many kinds of convex optimization problems [9, 11, 16, 19, 20,
21, 23]. In particular, Kim et al. [19] investigated optimality theorems for a linear fractional optimization
problem involving integral functions defined on on C"[0, 1], which has a geometric constraint and
equality constraints and which hold without any constraint qualification. In this paper, using slack
functions, we intend to extend the optimality conditions for equality constraints in [19] to ones for
inequality constraints.

On the other hand, optimization problems often have many solutions. Mangasarian [28] presented
simple and elegant characterizations of the solution set for a convex optimization problem over a convex
set when one solution is known. These characterizations have been extended to various classes of
optimization problems [4, 5, 7, 10, 12, 13, 18]. In particular, Kim et al. [17] charactrized solution sets for
a linear fractional optimization problem involving integral functions defined on on C™[0, 1], which has
a geometric constraint and equality constraints. In this paper, we intend to obtain the characterization
of solution set of the linear fractional optimization problem involving integral functions defined on
C"[0, 1], which has a geometric constraint and inequality constraints.
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Consider the following linear fractional optimization problem:

fo t)dt + «
fo t)dt +
subjectto  z(-) € K,
al()Tx() - bl() é Oa 1= 17 s, M,

where ¢,d,a;,i = 1,--- ,m are given in C"[0,1], K is a closed convex cone in C"[0,1], b;, i =
1,---,m are given in C[0,1]. Here we denote C"[0,1] = {z |  : [0,1] — R™ : continuous}
and C[0,1] = {z |z : [0,1] — R : continuous}. We will use the norm on C"[0, 1] defined by
||| = maxye(o,1) |z (t)]]-

Define D = {x € C"[0,1] | z(-) € K, a;(-)Tx(-) = bi(-) £0,i=1,--- ,m}.

We consider the following problem equivalent to the problem (P):

[ e®Tx(t)dt + o

fold( ) ( )dt + B
subject to z(-) € K,

ai(.)Tg;(.) — bz() + 31<) =0,i=1,---,m,
5i() 20,5 €C[0,1],i=1,--- ,m.

(P) Minimize,

(EP) Minimize,,

We define the nonnegative dual cone of K as
K*={veC"0,1]" |v(z) 20 Vx € K},

where C"[0,1]* = {z* | * : C™[0,1] — R : continuous and linear}. We will use the norm on
C™[0,1]* defined by

||2*|| = sup{|«”(2)[/[|2[| | = € C"[0,1]" and z # 0}.

In this paper, by using the optimality theorem for the problem (EP), we obtain optimality theorems for
the problem (P) which hold without any constraint qualification and which are expressed by sequences.
Moreover, by using the optimality theorems for the problem (P), we characterize the solution set for
(P) when we know one solution for (P).

Now we give some notations and preliminary results that will be used in the paper. Let E be a
normed linear space over R with norm x ~— ||z|| and let E* the dual of E.

The conjugate function of a function f: £ — R is the function f* : E* — R defined by

Fi(@7) = sup {a”, z) = f(@)} (@7 € BF).

zeE

A function g: F — R U {+00} is said to be convex if for all ¢ € [0, 1],

9((1 =)z +ty) < (1 = )g(z) + tg(y)

forall z,y € E. Let g: E — R U {400} be a proper convex function. We denote the domain and
the epigraph of g by domg := {z € E : g(x) < +oc0} and epi g := {(x,r) € E xR : g(x) < r},
respectively. We say a function g is lower semicontinuous if liminf,_,, g(y) > g(x) forall z € E.
Following the proof of Theorem 2.123 (i) and (ii) in [6], we can prove the following proposition stated
in a normed space with a strong topology(norm topology). The proposition was proved on a normed
space with weak”-topology in [24], and was stated on a Banach space with weak*-topology in [14].

Proposition 1.1. [19] Let E' be a normed space. Consider a family of proper lower semicontinuous convex
functions ¢;: E — R U {400}, i € I, where I is an arbitrary index set. Suppose that sup;c; ¢; is not
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identically +00. Then
epi (sup ¢3)* = clco U epi ;.

iel il

Following the proof of Theorem 2.107 and Theorem 2.123 in [6], we can prove the following propo-
sition stated in a normed space. The proposition was stated on the Banach space (see Lemma 1 in

[3]).

Proposition 1.2. [19] Let E be a normed inear space. Let ¢1,¢p2: E — R U {400} be a proper, lower
semicontinuous and convex function. Then epi (¢1 + ¢2)* = cl (epi ¢] + epi ¢3).

Using Theorem 1,1 in [1] and Proposition 12.6 in [2], we can prove the following proposition.

Proposition 1.3. [25, 26] Let E be a Banach space. Let g1 : E — RU {400} be a proper lower semicon-
tinuous convex function and let go: E — R U {400} be a continuous convex function. Then

epi(g1 + g2)* = epigy + epigs.
2. SEQUENTIAL OPTIMALITY THEOREMS

Let NBV[0,1] = {x | £ : [0,1] — R : a function of bounded variation, left continuous on [0,1) and
(1) = 0}.

Now we give the optimality theorems for the problem (P) which holds without any constraint qual-
ification. Following the proof methods in the optimality theorems in [19], we can prove the optimality
theorems for the problem (EP). By using the optimality theorem for the problem (EP), we can obtain
the following optimality theorems for the problem (P) which hold without any constraint qualification.
For the completeness, we give the proof for the optimality theorems for the problem (EP).

Theorem 2.1. Let € D and suppose that for any x € D, fol d(t)Tz(t)dt + B > 0. Then the following
are equivalent:

(i) T is an optimal solution of (P);

(ii) there exists 5 € C'm [O 1] such that (z, 5) is feasible for (EP) and

(0,0,0) € {(J [e(t) = a(@)dAM]T ()dt, 0, ~a + (1)) } +{(0,0)} x R+

m 1 m 1
v U {3 fo (O (07 ()t~ S [ () Ot~ S [ (t)bi(e)ae))
1 ENBVI0,1]

+(—(K* X (S x -+ xS8)*) x R‘F)}, where S = {s € C[0,1] | s() = 0}, 0 is the zero linear functional

* __ * fo c(t)"z(t)dt+o
on C[0,1] and S* = {v € C[0,1]* | v(s) 2 0 Vs € S} and ¢(T) = W

(iii) there exist 5 € C™[0,1] such that (z,5) is feasible for (EP), ui' € NBV[0,1], i = 1,--- ,m,
kX € K* and s}, € (S x --- x S)* such that

/Ol[c(t)—Q(i)d( OFF ()t + Jim ( z/ pE (a7 (Ot~ k) =0

nh_)rgo E_‘:/ idt — s3] =0,

lim k;(z) =0 and lim s (5) =0.

n—oo n—oo

Here s}, (51, -+, sm) = > i wy, i(si) (81, ,8m) € S x -+ x §) for somewy, ; € S*.

Proof. Let D = {(x, s) € C'”im[(), 1|z() € K, si(-) 20, s = (51, , 5m) andai(-)T:c(-)—bi(-)i—
si()=0,i=1,--- ,;m}and K = {(z,s) € C"™™[0,1] |z € K, s1(-) 20, , 8 (-) = 0}. Then D
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is the feasible set of (EP) and K is a closed convex cone. Let D = {(z,s) € C"*™[0,1] | a;(-)Tz(-) —
bi(-)+si()=0,i=1,--- ,m}. ThenD = DNK and D = {(3: s) e 0n+m 0,1 | folai(r)Ta(r) —

bi(T )—l—sz( )]dT—OVtE[O 1] i—l - ,m}. Let hi(z,s) = [o{[ai(T)" z(T) — bi(T)] + s:(7) }dr,
that is, 1;( fo a; (1) x(1) = bi(7)] + si(7) }dr ¥t € [0,1]. Thenh : C"T0,1] — C[0,1]
is continuous and affine and D = {(z,s) € C"*™[0,1] | hi(z,s) =0, i =1,--- ,m} and so D is

closed and convex.

If (x,s) € D, then h;(z, s) =

sup Yoty Aihi(z, 8):0
X €C[0,1]*

If (2, 5) & D, then there exists i € {1,--- ,m} such that h;(z, s) # 0, and so by Hahn-Banach the-
orem, there exists \; € C[0, 1]* such that \;(h;(x,s)) = ||hi(z, s)|| > 0,and thus  sup > _/" (Ao

0 and so for any \; € C[0,1]%, /" (\; o h;)(x, s) = 0 and hence

A €C0,1]*
hi)(z,s) = 4o00. Hence d=(x,s) = sup » .-, (X\ioh;)(z,s). By Proposition 1.1,
D X EC0,1]*
epidt = cl co epi(> ", A o h;)*. By Theorem 1 in ([27], p.113) (Riesz Representation Theo-
5 P2 _i=1 y p P
N EC0,1]*
i=1,,m

rem),
C[0,1]* = {z* | z* : C[0,1] — R is continuous and linear,
1
¥ (y) = / y(t)du(t) Yy € C[0,1], u:[0,1] — R : a function, u € NBV[0, 1]},
0
where NBV[0, 1] := {p | gt : [0,1] — R : a function of bounded variation,

left-continuus on[0, 1) and (1) = 0}. Let A; € C[0, 1]*. Then there exist ; € NBV[0,1],i =1, -+ ,m
such that

1
(Niohi)(z,s) = /Ohi(:v,s)(t)d,ui(t)

- /0 N /0 {las(r)Talr) — b)) + ()} ) ).

Let g;(t) = fg{[ai(T)Tﬂj(T) —bi(7)] + si(7)} dr. Then from Theorem 6.2.3 and Theorem 6.2.10 in [15],
1
(ohd@s) = [ attdut)
1
= —/0 pi(t)dgi(t) + gi(1)pi(1) — gi(0) i (0)

1
= / ,U/z dgz
0
1
= / 'LL,L
0

1
- / (0 {[as (8 (t) — bi(8)] + s:(t) )t

0
V(v*,w*) € (C™[0,1])* x (C™[0, 1])*,
()\Z [e] hl)*(v*,w*)
1
= s {v@ w070 - 5] + s

zeC™[0,1]
s€C™[0,1]
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- wphﬂ@+AuﬁHM@%®W}

zeC™[0,1]
1 1
+osup {wi(s)+ / i ()i (t)dt} — / i ()bs (1) dt
seCm[0,1] 0
— [ m®bit)dt i v ( jo 11 () [ai( T()(t)]dt
= andw fo wi () (+); (t)dt
+00 otherwise.

So, we have

1
epilhoh) = (- [ mlla®T OOk~ [
+{(0,0)} x R,

Since |J  epi(}i%, Aioh;)*is convex and cl(clA + B) = cl(A + B), where A, B are subsets of
X €C[0,1]*
a normed space, we have

m 1
GW%Id(LJ{(ZAmWWWWW

w:eNBV/[0,1] i=1
mo .
—Z/M @ﬁ,gémoumwmmw&)

Let f(z,s) = fo (t)dt + o — q(z [fo dt)? dt—f—ﬁ] Then f : C"[0,1] x C™[0,1] — R
continuous and affine and epi f* = {( fo q(@)d(t)] (-)(t)dt,0,—a+q(x)5)} + {(0,0)} x R.
Let z € D. Let T be an optimal solution of (P). Then there exists § € C"™[0, 1] such that (z, 5) is an
optimal solution of (EP).
Thus f(z,s) + dp(z,s) 2 f(Z,5) + 65(z,5) V(v,s) € C"[0,1] x C™[0,1]. By the definition
of conjugate function, (0,0,0) € epi(f + d5)". By Proposition 1.3, (0,0,0) € epif* + epid%. Since

1

1
MWMWKAMWMM}

D = DN K, it follows from Proposition 1.2 that (0,0, 0) € epif* -+ cl(epid% + epid’.)
. . D
We can check that epid. = —K* x Ry and K* = K* x (S x---x8)* So

m 1 m 1 m 1
sl U AEY [ m@aOd=> [ w0y [ wne
wieNBVI0,1] =170 =170 =170
(= (K" % (S % -+ % 8)*) x R@.
Thus (ii) holds.
From the above relation (ii), there exist ; € NBV[0, 1], i = 1,--- ,m, k} € K*, s} € (Sx---x8)*,
r € Ry, r, € Ry such that
1 mooe
[ et = a@ao e+ i (-3 [ oaeOd k) =0 @
i=1
mooel
T =3 [0 =0 (22
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—a+q(z )B—|—r—|—hm Z/ it (8)bi (t)dt + ry,) = 0.
From (2.1), (2.2) and (2.3),

1
0 = / (e(t) — q(@)dA@®)]TE(t)dt + o — q(@)B —
0

n—o0

+ 1im {z / 2 ()]s (1)) + 5i(1) — bi(t)] }dt — K3 (2) -

= —r+ hm( k;(f) —55(5) — ).

51

(2.3)

51(5) = 1)

Since k() 2 0 and ky(Z) = 0 and s3(z) 2 0,7 2 0 and r, = 0, we have r = 0, lim,,_, o[k} (%) +

s3(5)] = 0 and lim;,_,o 7, = 0. Thus (iii) holds.

Suppose that (iii) holds. Then there exist ;] € NBV[0, 1] k, € K*and s}, € (S x

k;;) ~0

! —
| 1) = a@do) a + tim ( Z / B

dm (<3 [ o - ) =0
=0.

i=1
and nh_)rrolo k; (z)

Thus, for any (z, s) € D,

-+ x §)* such that

1 1
0 = [t = a@a] @t~ 2@+ tim (=3 [ et (o) - ate)

mo a1
-3 o0 = s s - 9)

1 1

= /c(t)m(t)dt—i—a—q(x)[/ d(t) Tz (t)dt + B]

0 0

1 1
— T o Tz

| etatoi+ el + @[ awawin+ s

mo el
+ Jim =3 [ OG0 ~ b(©)it = s3]
i=1

Since limy, o0 55 (s) = 0 for any (x,s) € D,

1 1
/ )z (®)dt + a — q(@)| / d(t) 2 (t)dt + ]
0 0

1 1
_ _ T_
> /0 c(t)z(t)dt + o — q(:z:)[/o d(t)" z(t)dt + 5]
=0
for any (z,s) € D. Thus

fo t)dt + a > 4(z) = fo t)dt + «
fo (t)dt + fo (t)dt + 8

Hence (Z, 5) is an optimal solution of (EP) and so Z is an 0pt1mal solution of (P).
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From Theorem 2.1, we can obtain the following theorem;

Theorem 2.2. Let & € D and suppose that for any v € D, fol dt)Tz(t)dt + B > 0. Assume that
{(= X0y mi®ai)T ()t = S5 fy (8 (i, = ST fy malE)bi(8)) (= (K

wENBVI0,1]
(S x -+ x8)*) x R is closed in C™[0,1]* x R.

Then T is an optimal solution of (P) if and only if there exists 5 € C™|0, 1] such that (Z, 3) is feasible
for (EP) and there exist u; € NBV[0,1], i =1,--- ,m, k* € K* and s* € (S x -+ x S)* such that

! = *
| 160 - at@aco dFZ/maz ()t — () = 0

1
ZAM Jidt + 5*() = 0,

kE*(z) =0 ands*(5) = 0.

3. CHARACTERIZATIONS FOR SOLUTION SETS

Now we characterize a solution set for (P) in terms of sequential Lagrange multipliers of a known
solution of (P).

Let S be the set of all solution of (P). Let z € S. Then there exists § € C™|0, 1] such that (z, 5) is
feasible for (EP), there exist § € C™|0, 1] such that (Z, 5) is feasible for (EP), ul' € NBV[0,1], i =
1,---,mk} € K*and s}, € (S x --- x §)* such that

We keep (Z, §). Then we get the following theorem:

Theorem 3.1. The set S of optimal solutions of the problem (P) is as follows:

S ={z € C™[0,1] | there exists s € C™[0, 1] such that (z,5) is feasible for (EP)
JRle(t) — @] (@)t + T (= S [ 2 (0as() () (Dt — k) =0,
lim [~ 7 fo p (8)(-)idt — s%] = 0, lim k7(Z) =0 and lim s7(3) = 0}.

n—oo
Proof. Let = € S. Then there exists s € C™[0, 1] such that (7, 5) is feasible for (EP). Then ¢(z) = ¢(),
ie.,
Joc®TE®dt+a [ et)TE(t)dt + o

Jrd®TE®)dt+ 8 [ dO)Tz(t)dt+ 8

Hence
' T
/0 [C(t)—Q(i)d(t)} FO)dt = —a+q(@)P
= —ata@p

1 T
_ /O [c(t) — @) 7o)t (3.1)
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So,

1 1 1
Tz —q(z Tz im (— "()ai(t) T —k(z)) =0, (.
[ e awa—a@) [ aoTawi+ jim (-3 [ woeao a0 - @) 0. 62
1

1 m 1
TFb)dt — q(F TF im (— P (#)ai(t) E(t)dt — k(7)) = 0. (3,
[ ewa—a@ [ aozoi+ tim (-3 [ woao w5 0n-5@) -0, 63

0 n—oo

From (3.1), (3.2) and (3.3),

- m 1 m 1
lim Z; /0 M?(t)ai(t)Ti(t)dt—k;(f)} — lim [Z /0 u?(t)ai(t)Ti(t)dtfk;"l(%)] (3.4)

n—oo

_ m 1
i — "(t)s;(t)dt — ;’; S)| = .
fim [ /0 p (D5i(t)dt — 55(3)] =0 (35)

n—oo

- m 1
lim _—; /0 M;l(t)gi(t)dt—s;(g)} = 0. (3.6)

From (3.4), (3.5) and (3.6),
n—oo

lim |- f} /O 0 (as®) Tz (@)t +5:(t) ) dt — ki (2) = 53,(5)]

n—oo

- lim —f; /O 1 () (ai(t)Tg?(t) + §i(t)>dt — k(@) - s;;(;:)].

So, lim |—k}(7) — 82(5) = 0. Thus lim k() = 0, lim s} (s) = 0. Thus S C A, where A is the
n—oo J n—oo n—oo
right hand side set of the set S in the result of this theorem.
The converse is true by Theorem 2.1. Consequently, the result holds. g

4. CONCLUSION

In this paper, we considered a linear fractional optimization problem involving integral functions
defined on C"[0, 1], which has a geometric constraint and inequality constraints and proved optimality
theorems for the problem which hold without any constraint qualification. Moreover, we characterized
the solution set for the problem in terms of sequential Lagrange multipliers of a known solution of the
problem. We can extend the results to more general fractional optimization problems involving integral
functions defined on C™[0, 1].
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