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AN INERTIAL ITERATIVE METHOD FOR GENERALIZED MIXED EQUILIBRIUM
PROBLEM AND FIXED POINT PROBLEM OF NONEXPANSIVE SEMIGROUPS
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ABSTRACT. To approximate common solutions for generalized mixed equilibrium problems involving
monotone and uniformly continuous operators and fixed point problem of nonexpansive semigroups in
real Hilbert spaces, we introduce an inertial extragradient algorithm with non-monotone step sizes. This
algorithm, derived from a combination of extragradient and viscosity methods, ensures strong conver-
gence without needing to estimate the operator’s Lipschitz constant. The algorithm’s effectiveness is
supported by a numerical example, showcasing its efficiency.
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1. INTRODUCTION

Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and || - ||. Let C
be a nonempty closed convex subset of H. Let G, ¢ : C' x C' — R be two bifunctionsand B : C' = H
be a nonlinear mapping. The generalized mixed equilibrium problem (GMEP), finding € C such that

G(z,y) + ¢y, ) — p(z,2) + (B(x),y —z) >0, VyeC. (1.1)

The set of solutions of (1.1) is denoted by GM EP(G, ¢, B). The GMEP, which is the focus of studies
in [9, 21, 24], offers a general framework that includes many well-known problems. For example, if
we set B = 0 and ¢(u,v) = ¢(u), then the generalized mixed equilibrium problem (1.1) becomes the
following mixed equilibrium problem: finding € C' such that

G(z,y) +¢(y) —p(x) 20, VyeC. (1.2)

Problem (1.2) was studied by Ceng and Yao [11]. If we set ¢ = 0, then the generalized mixed equilibrium
problem (1.1) reduces the following generalized equilibrium problem: finding x € C' such that

G(z,y)+ (B(z),y—z) >0, VyeC. (1.3)

Problem (1.3) was studied by Takahashi and Takahashi [37]. Also if we set ¢ = 0 and B = 0, then the
generalized mixed equilibrium problem (1.1) simplifies to the following equilibrium problem: finding
x € C such that
G(z,y) >0, VyeC. (1.4)

The solution set of (1.4) is denoted by EP(G). Equilibrium problems, a concept initiated by Ky Fan
[20] and further developed by Blum and Oetlli [1], offer a robust and adaptable framework for solving
diverse optimization problems in theory and practice.

A family I'y := {T'(s) : 0 < s < oo} of mappings from C into itself is called nonexpansive
semigroup on C' if it satisfies the following conditions:
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(i) T(0)zr =z forallx € C;

(i) T'(s+t) =T(s)T(t) forall s,t > 0;
(iii) [|T(s)z —T(s)y|| < ||z —yl| forall z,y € C and s > 0;
(iv) forallz € C'and s > 0, s — T'(s)z is continuous.

The set of all the common fixed points of a family T, is denoted by Fix(T',,), i.e.,
Fix(Ty) :={z € C : T(s)x = x,s > 0}.
The fixed point problem for a nonexpansive semigroup I, is:
find x € C suchthat x € Fix(T). (1.5)

A nonexpansive semigroup I'; on C is said to be uniformly asymptotically regular (u.a.r) on C' if for
all A > 0 and any bounded subset E of C,
lim sup ||T'(h)(T'(t)x) — T(t)z| = 0.
t—=00 g
Nowadays, the fixed point problem for nonexpansive semigroups is a multidisciplinary subject that
attracts considerable attention. As a result, many authors have analyzed and studied iterative algo-
rithms for approximating the solution of the (1.5); see for example [2, 3, 4, 5, 6, 7, 8, 10, 13, 14, 16, 22,
26, 32, 35, 36, 45].
Researchers have recently explored iterative methods designed to approximate a common solution
for both generalized mixed equilibrium problems and fixed point problems see [12, 17, 30, 33, 44].
In 2021, Kheawborisut and Kangtunyakarn [25] proposed a generalized system of modified variational
inclusion problems (GSMVIP) as follows: find u € H in such that

0€(A+Bj)u and 0€ (A+ By)u, (1.6)

where By, By : H — 2 are set-valued mappings. The solution set of (1.6) is represented by T".
Inspired by the works of Kheawborisut and Kangtunyakarn [25], and Farid [21], Recently, Husain

and Asad [24] developed an iterative algorithm that combines inertial and subgradient extragradient
methods. This approach is designed to find common solutions for modified variational inclusion prob-
lems and mixed equilibrium problems within real Hilbert spaces. Assume that 7' : C — H be a
nonexpansive mapping and G, ¢ : C' x C' — R be two bifunctions. Let B : C' — H be a Lipschitz
continuous and monotone mapping with positive constant L. Let the sequence {u,,} be generated for
any ug, u1,u € H by

Wp = Up + en(un - Un—l)a

vp = SG (wy, — rpBlwy)),

Up = STGnQQn (wy, — 1 B(vn)),

Tyl = NMpU + ann + ’YnTun

where QQ,, = {z € H : (w, — rp,B(wy) — vp, @ — vp) < 1,G (v, x) } and {n, }, {¢n} {7} € (0,1)
with 9, + G + 7 = 1,1y < %, 6, € [0,1). Under some conditions on the parameters, they proved
that the sequence {u, } converges strongly to ¢ = Poarep(G,¢,B) -

The methods of Farid [21], and Husain and Asad [24] require the mapping B to be Lipschitz contin-
uous, which restricts their practical use. To broaden applicability, we aim to develop a simpler, more
robust algorithm by eliminating this Lipschitz continuity assumption, thereby reducing sensitivity to
function-specific properties.

Based on existing research and a thorough review, we develop an inertial extragradient algorithm
with non-monotone step sizes for approximating a common solution of the generalized mixed equilib-
rium problem (1.1) for monotone and uniformly continuous operators and fixed point (1.5) of nonex-
pansive semigroups in the setting of real Hilbert spaces.
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This research aims to achieve the following objectives: our method only requires that the underlying
operator for the (1.1) be monotone, uniformly continuous and without the weak sequential continu-
ity condition often used in the literature. Our algorithm does not need any Armijo-type line search
techniques but rather uses an easily implementable self-adaptive step size technique that generates
non-monotonic sequence of step sizes. The control parameters are not dependent on the Lipschitz con-
stant of the mapping B and the strong convergence of the sequence generated by the proposed method
can be guaranteed without prior knowledge of the Lipschitz constant of the operator and without the
u.a.r condition used in [7, 26]. Finally our step size properly includes those in [27, 31, 40, 41].

2. PRELIMINARIES

We begin by outlining fundamental definitions and results, which will be used in the analysis of our
proposed method.

Definition 2.1. The mapping 1" : C' — H is said to be
(a) monotone if
(Tx —Ty,z —y) >0, Va,y € C;
(b) pseudomonotone if
(Tz,y —x) > 0= (Ty,y —z) >0, Ve,y € C;

(c) nonexpansive if

[Tz =Tyl < |z —yll,  Va,yel;
(d) L-Lipschitz continuous if there exists a constant L > 0 such that
[Tz =Tyl < Lljz —yl,  Vz,yeC;

(e) contraction if there exists a constant 0 < k£ < 1 such that
[Tz =Tyl < kllz—yl,  Vz,yeC;

Assumption 2.2. [1]LetG : CxC — Rand ¢ : C'x C — R be two bifunctions satisfying the following
assumptions:

(A1) G(x,z) =0,V € C;

(A2) G is monotone, i.e, G(x,y) + G(y,z) < 0,Vx,y € C,

(As) Foreachz,y,z € C, im0 G(tz + (1 — t)z,y) < G(z,y);

(Ay) the bifunction G(-,-) is weakly continuous. For each x € C,y — G(x,y) is convex and lower

semicontinuous;
(B1) the bifunction ¢(-,-) is weakly continuous and the bifunction ¢(-,y) is convex, Vy € C,
(B2) the bifunction ¢ is skew-symmetric, i.e.,

¢(z,x) — ¢(z,y) + 0y, y) — ¢y, x) = 0,Va,y € C.
Lemma 2.3. [19] Assume that G, ¢ : C'x C' — R be two bifunctions satisfying Assumption 2.1, forr > 0
andVx € H, define a mapping S, : H — C' as follows:
1
ST(:U) = {Z €eC: G(Zay) + ¢(ya Z) - ¢(Z>Z) + ;<y BRZX2e .QZ'> > 07VZ/ € C} (2-1)
Then the following hold:

(i) S, is nonempty and single-valued;
(i) Sy is firmly nonexpansive, i.e.,

15k (z) = Sp(W)II* < (Sk(x) — Sp(y), = — y), Va,y € H;
(iii) F(S,) = EP(G);
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(iv) EP(G) is closed and convex.

Remark 2.4. Tt follows from the definition of .S, that

G(SH (@), 1) + &y, So(x)) — B(Sh(x), Su(x)) + %(y _ S.(x), Su(z) — ) > 0,y € C

which implies that

2<Sr(l') -y, Sr(x) - l') <2r (G(ST(:B)? y) + ¢(y7 Sr(l')) - ¢(Sr($)a Sr(x)))aVy eC.
Lemma 2.5. [29] Each Hilbert space H satisfies the Opial conditions, i.e., for any sequence {u,} with
Uy — u the inequality

lim inf |u, —u|| <lim inf [ju, — | (2.2)
n—oo n—oo
holds for everyv € H withv # u.

Lemma 2.6. [43] A function F defined on a convex domain is uniformly continuous if and only if for
every €1 > 0, there exists a K1 < oo such that || F1(u) — F1(v)| < Ki||lu — v|| + €.

Lemma 2.7. [39] Let {b,,} and {0,,} be two nonnegative real sequences such that
bn+1 < bn + 1971, Vn > 1.
If Y02 o Un < 00, then limy, o0 by, exists.

Lemma 2.8. [34] Let {a,,} be a sequence of positive real numbers, {k,,} be a sequence in (0, 1) such that
o0

>~ kn = 00 and ¢y, is a sequence of real numbers. Suppose that
n=1

an+1 < (1= Kp)an + Enpn, Vn > 1.

Iflimsupy,_, o ¢n, < 0 for all subsequences{ay, } of {a,} satisfying the condition lim infj_, . (an,+1 —
ap, ) > 0. Then, lim,, o0 a, = 0.

Lemma 2.9. [23] Let C be a nonempty closed convex subset of a real Hilbert space H. If T : C — C'is
a nonexpansive mapping with Fix(T' )£ 0, then the mapping I — T is demiclosed at 0, i.e., if {z,} is a
sequence in C' weakly converges to x and if {(I — T')xz,,} converges strongly to 0, then (I — T))z = 0.

Lemma 2.10. [38] Let C' be a nonempty bounded closed and convex subset of a real Hilbert space H. Let
Iy :={T(s) : 0 <s < oo} from C be a nonexpansive semigroup on C. Then for all h > 0,

lim sup H% /OtT(s)xds —T(h) (% /Ot T(s)xds) H = 0.

t—o00 zeC

Lemma 2.11. [28] Let H be a real Hilbert space. Then, the following assertions hold:
@ [lu+vl? < [lull® +2(v,u+v),  Vu,ve H.
@) 2(u,v) = [[ul? + vl = lu = vl = [lu +v]|* = [lul]® = [[v]]?, Yu,v € H.

Lemma 2.12. [46] For each w1, - -, U, € H andny,- - -, 0y, € [0,1] with > % n; = 1, the following
equality holds

m
s + -+ g |* =Y millwl® = Y mamgllus — .
i=1 1<i<j<m
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3. MAIN REsuLT

Let H be real Hilbert space and C be subset of H. Let I’y = {7T'(s) : 0 < s < oo} be one-parameter
nonexpansive semigroups on H. Let G, ¢ : C' x C' — R be two bifunctions satisfying Assumption 2.1.
Let f : H — H be a contraction mapping with constant k € [0,1). Let A, D : H — H be nonexpansive
mappings. Let {a, }, {Bn}, {0n}, {en}, {&n}s {tn}, {7n} and {p,, } are nonnegative sequences satisfying
the following conditions:

(@) an + By + 6, =1, and liminf,,_, 53,0, > 0;
(b) Let {€,} and {¢,,} be positive real sequences such that lim,, ;—Z = 0 and lim,,_,oo % =0
(c) 0 <ty < o0
d) ap € (0,1),limy, o0y, =0and Y07 |, = 003
(€) Doy Tn < 00, limy_y00 pr, = 0.
Assuming the usual conditions:

(C1) The feasible set C' is nonempty closed and convex.

(C2) The operator B : H — H be monotone and uniformly continuous on H and satisfies the

following property: whenever {z,,} € C,z, — z*, one has || B(z*)|| < liminf, _, ||B(zy)].

(C3) The bifunction ¢ is skew-symmetric and G is monotone.

(C4) The solution set 2 = Fix(I',) VGMEP(G, ¢, B) # 0.

We propose the following algorithm for finding the common solutions of (1.1) and (1.5).

Algorithm 3.1.

Step 0. The initial step:
Given x € (0,1),v € (0,2),r1 > 0,6 > 0, > 0, and let zy, 21 € H be arbitrary.
Given x,,—1, Tn.

Step 1. Choose 6, and w,, such that

min{f, —=——} ifx, # rp_1,
o= { 0, { . %_1”} otherz\éfiserf 1 G
And
S { min{c, m} if x,, # xp_1, (3.2)
w, otherwise.
Step 2. Set
ap, = Tn + 0p (A Ay 1))
n—:cn—i—wn(D D(xp— 1))

and compute

Zn = Ory, <an >

if 2, = a,, then stop, a,, is a solution of (1.1). Else, do Step 3.
Step 3. Compute

Un = Zn — Tn(B(Zn) - B(an))
Step 4. Compute

I
Tnt1 = anf(bn) + Bpon + 5nt— / T(s)vpds.
0

n

Update

Pnil 1= { i (IIB(an) Bl ™ ”") if B(an) # B(zn), 63)

Tn + Tn otherwise.
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Setn :=n + 1 and go to Step 1.

Remark 3.1. By condition (b), from (3.1) we we obtain

Honn - xn—l” < ep and wonn - xn—l” < ‘fn

then 0
lim —||z, — 21| =0 (3.4)
n—00 Qi
and -
lim —"||xy — 2p—1] = 0. (3.5)
n—00
Thus, there exist N; > 0 and Ny > 0 such that
0
—l@n = zn-a|| < N1,Vn €N (3.6)
an
and -
llzn = @nall < No,¥n € N (3.7)

n

These lemmas are essential to demonstrate the global convergence of our method.

Lemma 3.2. Let {r,} be a sequence defined by (3.3). Then, we have lim,,_,o r,, = 7, where

r e [min (%,n),n + Z_:l Tn} (3.8)

Proof. Since B is uniformly continuous, we obtain from Lemma 2.6 that for any given €; > 0, there
exists a K1 < oo such that || B(a,) — B(z,)|| < Kil|an — 2n|| + €1. Thus, we have

(pn 4+ ) lan — 24| (pn 4+ ) lan — 24| _ (pn +x)lan — 24| > X

[B(an) = BGa)| — Killan —zall+ e (Ki+e)llan =z — M’
where €; = ez||a, — zy|| for some €3 € (0,1) and M = K + €. Hence, from the definition of 7,41,

the sequence {r,+1} is bounded below by min (ﬁ, r1> and we have

o0
Tngl S Tn + Tn §r1+ZTn-

n=1
It implies that
X oo
min{M,rl} <r,<r+ ZTn.

n=1
By Lemma 2.7, it follows that lim,_,, 7, denoted by r = lim,,_,, 1, exists. Clearly, we have r €

[min{%, i}, Yoy Tn] )

O
Remark 3.3. It follows from Lemma 3.2 and condition (e) that
2,.2
lim <1 — W) —1-y%>0, (3.9)
n—o00 Tn—&—l
there exists ng > 0 such that for all n > ng, we have 1 — (p ":;X)ZTEL > 1_2X2 > 0.
n+1
Lemma 3.4. Let {x,} be a sequence generated by the Algorithm 3.1 and z* € ). Then we have
. . +X)°rn
o = 212 < flag — o2 = (1= LB XY o, 3.10)

n+1
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Proof. 1t follows from (3.3) that

””n_x*Hz = |lzn — rn(B(2n) — Blax)) _*T*HQ
20 = &*(* + 77| B(20) = Blan)[I* = 2ra(B(za) — B(an), 20 — z*)
= lan — "2 + |20 — an||® = 2|20 — an|* + 2(zn — an, 20 — %)
"’riHB(Zn) - B(an)||2 — 2rp(B(2n) — B(an), 2n — 2")
= ||an—x*|]2— ”Zn_an||2+2 —rpB(an)), zn — 2%)

(zn — (an
+7'721HB(Zn) - B(an)H2 — 2rp(B(2n), 20 — ")
(zn = (

< Han—a:*H2 Hzn_anHQ"'Q zn — (an — T B(an)), 2n — z7)
+MH an — zn||* = 2rn(B(2n), 2n — x*)
n+1
* (pn +X)27“721
= llan =2 = (1= LTz — a2
n+1
+2(zp — (an — rpB(an)), 2n — %) — 2rp(B(zn), 2n — z*). (3.11)
Since z, € C,z* € GMEP(G, ¢, B), we obtain
G(z*, zn) + (B(x"), zn — %) + P2, %) — p(z*,2") > 0. (3.12)
Using the monotonicity of B, we get
(Blzn),on—7%) = (Blz) = Ba*), 2 — 27) + (B(@"), 2n — )
> (B(r"), 20— 77). (313)

On the other hand, from Remark 2.4, we have
2(zn — (ap —rnBlan)), zn — ) < 2r,G (2, ") + 2r,d(z*, 2n) — 2rnd(2n, 2n).
Using (3.12), (3.13) and (3.14), we get

* * —"_
fon =2 < flan -] = (1 - Lot g, 2
Tn+1

+2r, (G(zn, ")+ G(x*, zn)>
—2r, ((Z)(:U*,x*) — (", 2n) + P(2n, 2n) — ¢(Zn>3«"*)>

Applying the monotonicity of G and the skew symmetric of ¢ in above inequality. We have

(pn + X)2 :
(1 Wn T X)Tn

%) lan = 2l
n+1

lon —a*|? < lan —2|* -

we get the assertion of this lemma. g

Lemma 3.5. Let {x,} be a sequence generated by the Algorithm 3.1 and x* € ). Then, we have¥n > n
{xn,} is bounded.
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Proof. Since x* € 2 by using condition (a) and Lemma 3.4, we obtain

1 [
|zpnsr — ™| = anf(bn)—i—ﬂnvn—i—ént/ T(s)vpds — x*
n JO
1 [t
< anllflba) = 2*|| + Ballvm — 2*|| + 6 t/ T()unds — 2
n Jo
< an|f(bn )| + ol f(2%) = 27| + Bullvn — 27|
tn
+d, / s)vpds — x*
< ank”b — %[ + an | f(2") — 27| + Bnllvn — 27|
tn tn
40, / S)vpds — / )z*ds
< bl a1+ 1) ol + (1 = anlon — ]
< anklbn — 2| 4 on | f(2") — 2| + (1 — an)[lan — 27. (3.14)
On the other hand, from (3.6), we have
llan — %] = [lzn + 0n(A(zn) — Alzp-1)) — 27
* 071
< lan = )+ an (Sl — 20
Qn
< lzn — 2| + N1 (3.15)

Also, from (3.7), we have
1o —2*|| = lln + @n(D(2n) — D(wn-1)) — 27|
* Wn
< lan =@+ an (0 an — 2a-a])
an
< l@n — || + anNa. (3.16)
From (3.14), (3.15) and (3.16), we have

Jenss =l < (1= (1= k)ay

N—

o = I+ anll (@) = "+ an (1 = @) Ny + kan Nz )

< (1= (= Kan)lzn = 2" + all f() = "] + (N1 + Vo)

1S (") — [ + (N1 + No)
1—-k

= (1= (0= k)an) lon — o) + an(1 = k)

e If(@") — 2% + (N1 + No)
< — . .
< max<||:nn x|, - ) (3.17)
By induction on n, we obtain
Hxn o ﬁU*H < maX(Hxno - x*Hv ||f(l’ ) xl H_—;( 1+ 2)),V7’L > nyp.
Hence {x,} is bounded and consequently, we deduce that {a,}, {z,}, {vn} and {f(b,,)} are bounded.
O

4. CONVERGENCE ANALYSIS

The strong convergence of our method will now be analyzed. It is important to highlight that this
strong convergence proof will not employ the two-case approach found in related works.

Theorem 4.1. Let {x,,} be a sequence generated by Algorithm 3.1. Then, the sequence {x,} converges
strongly to & € ), where & = Pq[f(Z)].
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Proof. Let € (2. From the definition of a,,, we get

lan = 2|* < o = &> + 62|20 — @1 ]|? + 20020 — &[0 — 20

- 0 -
= |lzn - QUH2 + an9ni\lwn - frn—le + 20 ||, — leHxn |
oy, «

= @ — Z[* + angn

where

O,

.0
te = Oullwn = uct| 2 o = 2| + 2 = F|
n

Also, from the definition of b,,, we obtain

n

— l‘nle-

an—fz”Z < Hxn_i‘HQ‘*'wQHxn_xn 1H2+2wn‘|xn_i‘””$n_$n71”

= |z —2|? —I—anwn L@y — Tpot1]|? + 20|z, — E||—
Qo n
= Hxn - ‘%Hz + anppn
where
- Wn
pon = @nllTn — Tn- IH o ”3771 Tp1]| + 2||zn _x”ainn

n

From (3.4) and (3.5) it easy to prove that
lim gq, =0 and lim pp, = 0.
n—oo n—oo

Then from Lemma 2.12, Lemma 3.4, (4.1) and (4.3), we have
2

lzns1 — 2|7 =

tn
o f(bn) + Bpvn + 571% / T(s)vpds — &
n Jo

n

1

n

I
< anllf(ba) = 2% + Ballvn — 3|2 + t/ T(s)vnds — &
n JO
1 [t ?
_671571 / T(S)Unds—’l)n
tn Jo
~ ~ ~ 2 ~ 2
< an(I1£(bn) - @W+Wﬂ@—ww Bl 31
1 [t tn
+0p, / S)vpds — / — Bnon
tn Jo
< m(wm—mw+w<)fﬂ0 + (1= an)on — 3|1
1 [t ?
_Bnén / T(S)vnds—vn
tn Jo
< anllbn — 31 + an (20w — #11£(2) - 7] + 11£(2)
1 [t ?
_Bndn / T(S)vnds—vn
n JO
< anllbn = 31 + an (20w — #11£(2) - 7] + 1£(2)

|zn

- .’L'n_1||.

2

— Tp1]|

tn
/ T(s)vpds — vy,
0

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

2

— #?) + (1 = an)llon — 7

= #?) + (1 = an)llan — &
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1 2

tn
/ T(s)vpds — vy,
0

pn +X)*r2
a1 P g, |

7nnJrl

< an(llen = @7 + anppn) + an (2060 — @) - &) +117(@) - 7))
~ 4 2,,,,2
(1 = an)(ln = 712 + angan) — (1= an) (1= L0 o, 2
rn—i—l
1 [t 2
—Bnon / T(s)vpds — vy,
n JO
< Now = 3112 + an (2000 — 317 (@) = 31+ 15@) — 31 + agn + 2o
+1)2r2 1 [tn 2
—(1—ay) (1 - %) lan — znl|* = Bndn / T(s)vpds — v,
Tn+1 tn 0
(4.6)
Suppose that {||z,,, — Z||?} is a subsequence of {||z,, — Z||*} satisfying
lim inf <||mnk+1 — )% = |z, — riH?) > 0. (4.7)
k—oo

From (4.6), we obtain

1 2

tny,
/ T(s)vp,ds — vp,
tny, Jo

n

(pny, + )77
(1 - ank) (1 - %) ||ank - anHQ + lgnkénk:

Nk+1

< any =2l = lznes1 — 2% + an, (Q\Ibnk — 2|1 f(@) = 2l + 1 f(@) = ZII* + qdn, +ppnk)-

From above inequality and (4.7), and since lim;_, oy, = 0, we have

1 2

tay
—/ T(s)vp, ds — vn,
tk 0

ng

i+ X)%70
lim sup ((1 — ank)<1 — w

2
k—o00 TnkJrl

)

M, =zl + B b,

< limsup (Nons = 712 = longr1 = 72 + ang (2w, = ZI1F@) = 7 + 1£@) = 31 + aau, +pou ) )
—00

= —liminf (||:vnk+1 — :fc||2 — ||zn, — ;iHQ)
k— o0

< 0

Recalling (3.9) and condition (a) we have

try
lm ||an, — 2zn, || =0, lim ‘ / T(8)Vp, ds — vp, || = 0. (4.8)
k—o0 k—o0 0
On the other hand, from (3.6), we have
lan, —2n, |l = [0 (Alzn,) — A(zn—1))]|
< enknxnk - l"nk—1||
é an;,;Nl'
Thus
lim |an, — @, || = 0. (4.9)
k—oo )
Since

Hz’ﬂk - ‘Tﬂk” < ”Z’ﬂk - ank” + ||ank - xnk”
It follows from (4.8) and (4.9) that
lim ||zp, — Zn, || = 0. (4.10)
k—o0
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Since B is uniformly continuous on H and lim,,_, ||2n, —@n, || = 0. It follows from |[v,, —2n, || = ||7n, (B(2n, )—
B(an,))| that
lim ||vp, — #n,]| = 0. (4.11)
k— o0
Thus, we can find that
lim ||vn, —@n, || =0. (4.12)
k— o0

From the definition of x,,, +1, we have

A

HxnkJrl - ‘T’ﬂk” = ank”f(bnk) - ‘r’ﬂk” + B'ﬂkank - :an” + 6nk

1 [t
— / T(8)p, ds — Tn,
tny, Jo

Nk

IA

Oy [f (o) = @y || + (1 = any)[[ony, — 2|

L[t
+dn, . /0 T(8)vp, ds — vp,
ng

It follows from (4.8) and (4.12) that
im ||Zp,+1 — Zn, || = 0. (4.13)
— 00

Further, for all A~ > 0, we see that

[on, = T(R)vn, || <

i /0 T(s)vnkds—T(h)(i /0 o T(s)vn, ds)
rme [ ree) -ro,

ng

(4.14)

Using (4.8) and Lemma 2.10, we have
lim ||vp, — T'(h)vn,| = 0. (4.15)
k—o0
Now, we prove that w,,(z,) C €, where
Wy (Tn) = {x € Hy : x,, = = for some subsequences {x,,} of {xn}}

Since the sequence {x,} is bounded we have wy,(z,,) is nonempty. Let & € w,, (). Thus, there exists a subse-
quence {z, } of {z,} such that z,,, — Zask — oo.

Since limy_, o0 ||@n,, — @n, || = 0, we have that a,,, — & as k — co. Next, we show that z € GM EP(G, ¢, B).
From z,, = S, (an — rnB(an)), we have

1
G(Zn7 y) + (b(ya zn) - (b(zna zn) + <B(a'n)7y - Zn> + 7<y — RnyRn — an) >0, Vye C.

n
It follows from the monotonicity of G that

¢(y7 Zn) - Qb(zm Zn) + <B(an), Yy — Zn> + %(y — RnyRn T an> > G(y7 Zn)a VyeC

n
and

@) > Gy, 2n,), Vy€eC. (4.16)

Nk

¢(yaznk) - ¢(an’znk) + <B(ank)7y - ch> + <y — Zngo

Forany0 <t <landy € C,letd; =ty + (1 — t)Z, we have d; € C. Then from (4.16), we obtain
<B(dt)7dt - an> 2 d)(’znkﬂznk) - ¢(dt7 anc) + <B(dt)’ dy — an>
Zny, — Ony
7<B(ank)’ dy — an> - <dt — Zngs ¥> + G(dtv'znk)

Nk

= ¢(an7znk> - ¢(dt7 an) + <B(dt) - B(an), dt - an>
F(B20,) = Blan,),d = 20,) = {dy = 2y, ) 4 Gldr, 20,).

Tng

(4.17)
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Since B is uniformly continuous on H and lim,, ;o ||2n, — @n, || = 0 (see(4.8)), we obtain limy_,0 | B(zn, ) —
B(ap, )| = 0. From the monotonicity of B, the weakly lower semicontinuity of ¢ and z,, — Z, it follows from
(4.17) that

(B(di),d¢ — &) = ¢(Z, &) — ¢(dy, T) + G(dy, T). (4.18)

Hence, from Assumption 2.1 and (4.18), we have
0= Gdy, dy) + 6(dy, 7) — $dp, 7)< 1G(dy,y) + (1 = )G(ds, &) +16(y, ) + (1 — Dp(, 7) — o(dh, 7)
= (Gl y) +6(9.7) - 9(d, 7))
+(1 = 0)(Gld @) + 6(5, ) — 6(ds, 7))

< t(Gldiy) + 6(y,7) — Bdr, ) + (1= OUB(A),y — 7),  (419)

which implies that G(dy, y) + ¢(y, Z) — ¢(de, &) + (1 — t)(B(d:),y — &) > 0. Letting ¢ — 04 we have
G(T,y) + ¢y, T) — ¢(2,%) + (B(Z),y —2) 20, VyeC,
which implies that € GM EP(G, ¢, B).
Next, we show that & € Fix(T',). Since limy_, o0 ||Un,, — Zn, || = 0 (see(4.12)), we have v,,, — T as k — co. Now,
for all » > 0 we have
[vn, = T(M)Z|| < [lvn, — T (v, |l + 1 T(r)vn, — T(r)Z[| < [vn, = T(r)vn, || + [[vn, — 2.

It follows from (4.15) that

liminf |v,, — T(r)Z| < liminf ||v,, — Z|.
k—o0 k—o0

By the Opial property of the Hilbert space H (see(Lemma 2.5)), we obtain that 7'(r)Z = Z for all » > 0, which
implies that & € Fix(T',). Since & € wy, (), it follows that wy, (x,,) C 2. Next, we show that

limsup(f (%) — &, Tn,+1 — &) < 0.
k— o0
Let a subsequence {acnkJ } of {x,, } which converges weakly to some & € €, and such that
lim (f(Z) — &, 2, — ) =limsup(f(Z) — Z,xn, — ).
J—roo J k— 00
Since {xnkj } converges weakly to & € Q and & = Pq[f(Z)], it follows that
lim Sup<f(j) - j7xmc+1 - j> = hmsup<f(i.) - jaxnk - i.> = <f(‘%) - */Z'75% - j"> <0. (420)

k—oco k—o0

On the other hand, since Z € 2 it follows from Lemma 2.11 that

- - - 1 [t -
e =71 = s () = F@) + s v =3+ b (7 [ T, s = 3)
2
tan, (£(@) - 3)|
B _ 1 ny N\ [2
< oG 0u) = @) + B0, =) b (7 [ T()onds =)
+2an, <f(‘7~“‘) — T, Tny41 — ‘i‘>
~ - 1 tny 2
< anllfbw) = F@I + Bullom, = 31+ 6 [ [ Tponds 3]
ng JO
+204nk <f(:i) - jvajnk—i-l - §:>
) ) 1 [t o\
< anblbn, = 317+ B, 312400 (= [ 1T G0, ~ T(305)
Nk
+2ank <f(5~6) - i‘vxnk—i-l - 5~U>
< ankkank - joQ + (1 — Qny ||Unk - ‘i‘”2 + 2ank <f('i‘) - ‘%7‘7"Ttk+1 - ‘i‘> (4-21)

Using Lemma 3.4, (4.1), (4.3) and (4.21), we get
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lamsr =32 < (1= (0= Ko ) l2n, =7 + o (kppa, + (1= €, )an, )
+2ank <f<3~7) - jvwnkjtl - i’>
< (1= -Kaw,)lzn, -

n + n 2 T _~7 N — T

- PP + . | 2(f(Z) — T, Tpy41 — F)
= (= o llon, = 3P + o, (st in KD D
where 0, = (1 — k)au,,. Let op,, = pp"’ii_zq""" + 2<f(i)_ff£’““_i>, since
oo
Z Qp,, =00, lim ap, =0,
k—o0
’I’Lkzl

it is easy to see that

o0
g On, = oo,klggo On, =0
TL),;:l

and from (4.5), (4.20), we obtain
limsup ¢, <O0.

k—o0
Thus from (4.7) all the conditions of Lemma 2.8 are satisfied.
Hence we deduce that lim,, . ||z, — Z||> = 0. Consequently, lim,,_, ||, — Z|| = 0. Therefore, z,, converges
strongly to Z. This completes the proof. O

5. NUMERICAL EXAMPLE

In this section, numerical experiments are provided, along with a comparison of our proposed method
with existing methods.

Example 5.1. Let H = (I2(R), || -||), where l5(R) := {z = (x1, 22, ", Tp, ), x; € R: D2 |z4]? <
oo}, |zll2 = /(O iy |2i]?), we define the set C' := {x € [o(R) : |jz]2 < 1}, let B,A, D, f: C - R
be defined by B(z) = z, A(z) = 3z, D(z) = 1z, f(z) = %az, respectively. Let the bifunctions
G,¢p : C x C — R be defined by G(z,y) = (x — 5)(y — z) and ¢(x,y) = x — y, forall z,y € C,
respectively. Clearly, we observe that the bifunctions G, ¢ satisfy Assumptions 2.1, B is monotone
and uniformly continuous, f is a contraction mapping and A and B are nonexpansive mapping. We
define the mappings T'(s) : R — R as follows; T'(s)x = 10~2%z. Clearly, we observe that T(s) is
nonexpansive semigroups. Since z, = S, (a, — 7, B(ay)), we have

G(Zmy) + ¢(y7 Zn) - ¢(va Zn) + <B(an)a y— Zn> + Ti<y — Zn,%n — an> >0, Vel

n

1
(zn=5)(y—2n)+y—2n+an(yn —2n) + —(y — 2n)(2n —an) >0, Vyel

Tn

1
(y — zn) <zn—4+an+(zn—an)> >0, VyeCl

Tn

1
Zn —4+an+ —(zn—ay) =0

Tn
ap, + (4 — ap)
147, '

el

n =
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In all test the parameters are taken as follows: y = 0.4,0 = 3.4, w = 2.5, 1, = W,en =&, =
571 _ _n+19

1 _ 1 _ 1 — — . —
@3 Pn = gty @ = gm0y tn = 99,8 = 1.5; B = 2(n110)’ = 2(nt10)
The algorithm stop if ||, 41 — || < 1074, we consider the following cases for this numerical experi-

ment.
) /111 _ (11 1
Case 1: Take 0 = (5, 1,5, ), and 1 = (35,5, 37, * ),
. _ (1 1 1 /=11 -1
Casez.Takechf(5767Tg’...)’andgj1 <?767T87‘ ),
. _ (3 3 3 /=11 =1
Case 3: Take z0 = (5, 15,35, - ), and 21 = (5, 5, 37, *)s
33 3

Case 4: Take 2o = (2, 2,2, ), and z1 = (5, 15, 35, " * ),
The result of this experiment is reported in the Table 5.1 with comparison of the proposed method to

the methods proposed by Farid [21], and Husain and Asad [24].

Table 5.1: Numerical results for Example 5.1

Case 1 Case 2 ‘ Case 3 Case 4
No. It. | CPU(Sec.) | No. It. | CPU(Sec.) | No. It. | CPU(Sec.) | No. It. | CPU(Sec.)
The method in [24] 72 0.0814 | 72 0.0921 73 0.0832 73 0.0862
The method in [21] 54 0.0652 54 0.0566 54 0.0514 | 54 0.0511
The proposed method 14 0.0071 11 0.0054 11 0.0085 11 0.0064

6. CONCLUSIONS

This paper proposes an iterative method to approximate solutions within the common solution set of
(1.1) and (1.5) in real Hilbert spaces. Our approach generalizes existing methods and can be applied to
a wider range of problems, including mixed equilibrium problems, generalized equilibrium problems,
and variational inequalities.
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