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OPTIMALITY THEOREMS FOR ROBUST LEAST SQUARES PROBLEMS
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ABSTRACT. We consider a robust least squares (RLS) problem, which is the robust counterpart of the least
squares problem. The uncertainty set for the RLS problem is a compact and convex set. We give optimality
theorems for the RLS problem by using the dual approach. We calculate the conjugate function of certain
form of distance function. We get an optimality theorem for the RLS problem, which is expressed with
the orthogonal spaces of the null spaces and the pseudoinverses of matrices in the uncertainty set.
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1. INTRODUCTION AND PRELIMINARIES

Given a matrix A € R™*"™ and a vector b € R™, the celebrated least squares problem [1, 5] consists
of minimizing the data error over the Euclidean space R":

(LS) min, || Az — bH%

Now we assume that the matrix A is not fixed but is in the uncertainty set U in R"*". We will
consider the following robust problem:

(RLS) mingmax ey ||Ax — b||%,

which is the robust counterpart of the problem (LS) ([1]). When U = {A + A | ||Allp < p}, where
|- || stands for the Frobenius norm and A is the fixed minominal matrix, the robust counterpart (RLS)
was studied in [1, 5]; its optimistic dual problem was given in [1], and its direct solution is presented
at [5]. We notice that we can consider many kinds of uncertain sets for the problem (RLS) and so we
will consider general convex and compact uncertain sets.

The aim of this brief paper is to give optimality theorems for the problem (RLS) with the gen-
eral convex and compact uncertain sets and by using the dual approach. The dual approach means
that we give the optimality theorems with the epigraph of the conjugate of the maximum function:
max 4cy||A(-) — b||3. This approach was given by Jeyakumar, Lee and Dinh [6].

From now on, we assume that the uncertainty set in U in the problem (RLS) is convex and compact.
So, the function max ¢y || A(+) — b||3 is well-defined, convex and continuous.

The conjugate function of a function f : R” — R U {+o00} is the function f* : R" — R U {400}
defined by

fr(@%) = sup,cpnf{(a”, ) — f(z)} (2" €R")
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A function g : R” — R U {400} is said to be convex if for all ¢ € [0, 1],

g((1 =tz +ty) = (1 —t)g(x) +tg(y)
forall z,y € R™.
Let g : R — RU {400} be a proper convex function. We denote the domain and the epigraph of g
by
dom g :={x € R" | g(z) < +o0} and epig:= {(z,7) e R" xR | g(x) < r}.

Proposition 1.1. [7] Consider a family of proper lower semicontinuous convex function ¢; : R" —
RU{+o0}, i € I, where I is an arbitrary inclose set. Suppose that sup;c;¢; is not identically +occ. Then

epi (sup;er¢i)* = cl co | epi ¢
el

Proposition 1.2. [2] Let g1 : R — RU {400} be a proper lower semicontinuous convex function and
let g2 : R™ — RU {+00} be a continuous convex function. Then

epi (g1 + g2)" = epi g + epi g5.
Proposition 1.3. [2] Let g1, g2 : R" — RU{+00} be proper lower semicontinuous and convex functions.
Then

epi (g1 + g2)" = Cl(epi g1 + epi gé‘)-
Recall that, for € > 0, the e-subdifferential of a function f : R — R U {400} ata € dom f is
defined as
Def(a) = {v €R" | f(2) — f(a) 2 (v,2 — a) — ¢ Va € dom [}

where € = 0, 0. f(a) is denoted by 0f(a).

Proposition 1.4. [6] Let f : R® — R U {400} be a lower semicontinuous convex function and let
a € dom f. Then

epi f* = (J{(v,e + v(a) — f(a)) | v € Oef(a)}.

0
2. OPTIMALITY THEOREMS
Now we will prove the closedness of an important set.
Proposition 2.1. co |Jcy epi (|| A(-) — b||3)* is closed, where coD is the convexhull of the set D.

Proof. Let A = | cpepi (JA() — b3)*. Let (v}, af) € co A — (v*,a*) € R” x R. Then there
exists AF € U, MV 20,4 =1,...,n+2, Y020 = 1, (wh,aF) € epi (||A¥(-) — b||3)* such that
(vi,ag) = Y2 NE(wh, oF). Since U is compact, we may assume that A¥ — A¥. Since \¥ € [0, 1],
we may assume that \¥ — A\¥. Since (wF, oF) € epi (||A¥(:) — b]|3)*, (||AX(:) — b]|3)* (wF) £ oF, e,

(wh,o) — | A¥(@) - b3 < of va e R™.

2 2 2
So, ST N (wf, @) = ST M| AFe — b3 < S0 Afaf Vo e R™
So, (v, ) ~ Y12 A AFz — bJ3 < af Vz € R™
Hence (v*,z) — "2 \f||Afz — b3 < o Vo € R™

So, sup, { {v*, &) — 270 At || Afz — b3} < . Thus (v*, %) € epi (747 A | Az — b3)".

(3 1
Since A} = 0 and 2?212 Af =1, we may assume that A\Y >0, ¢ =1,...,n + 2. Thus
n+2 n+2 n+2

epi (D NillAzz —blI3) = D epi (AfllATw — bI3)" = D" Arepi (47w — b]})" € co A.
=1 =1 =1
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Hence (v*, a*) € co A. Thus co A is closed.
O

Now we will prove an optimality theorem for the problem (RLS) by using propositions in Section 1.

Theorem 2.2. Letx € R". The following are equivalent:
(i) T is an optimal solution of the problem(RLS);
(ii) there exist \;(3- " Ny = 1), A; € Ui = 1,...,n + 1 such that

n+1 n+1
i=1 =1
n+1
and maxacyl|AZ — b])3 =Y Al Aiz — b]3.
i=1

Proof. Let Z be an optimal solution of (RLS). Let f(x) = maxacy| Az — b|3. Then f(x) = f(Z) Vx €

R™ ie, —f(z) £ —f(z) Vo € R™. Hence f*(0) < —f(z),1ie., (0,—f(z)) € epi f*.
By Proposition 1.1 and Proposition 2.1,

epi f* = cleo [ epi (JA() = bl3) = co | epi (I A() —bII3)".
AecU AcU

Then epi f* = co [Jcpepi (||A(+) — b]|3)*. By Proposition 1.4,
epi f*=co | J (J{(v,v"Z +e—||AZ — b|3) | v € O[|A(-) — b]|3}.

AeU €20
So, (0, —maxacy||AZ — b]|3) € co Ucy Uezol(v, "% + € = [[AZ = b]3) [ v € O[|A() — bll3 .—}-
So, there exist A\; = 0 (Z:Lill Ai=1),i=1,....n+1, A4 €U, ¢ =0,v; € 0, ||Ai(-) — b||%’x:j
such that

n+1

0= Z Ajv; and
=1
n+1

—maxacyl| AT — b5 =D Ni(0] 7+ €& — [ Aiz — b]3). (2.1)
i=1
We may assume that \; > 0, ¢ = 1,...,n + 1. From (2.1), Z”H Ai€; + maxacyl||AT — sz
SN Ai — b])3 = 0. Since Y7 A i€ = 0, and maxacy || AZ — 0|3 — S0 N[ Az — b]j3 2

we have

n+1 n+1
> Xiei =0 and maxacyl| AT — blf5 =D Ai|| Az — blf3.
i=1 =1
Thus since \; > 0, ¢; = 0. Since v; € O, || 4:(-) — b3 = a||A;(-) — b||3, v; = QA?A@ — 2AZ-Tb and
thus
n+1 n+1 n+1
0= Z Aiv; = 2 Z /\lAlTAZi‘ —2 Z )\ZA?b
i=1 i=1 i=1
So, (i) implies (ii). It is clear that (ii) = (i). U

Remark 2.3. We can prove the result of Theorem 2.2 by using the subdifferential formula for max func-
tion (for example, Theorem 2.97 in [3]).
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Now by using Eaves theorem for quadratic optimization problem in [4, 8], we will calculate the
conjugate function of an important function.

Proposition 2.4.
(1AC) = bl3)* (=)
(ATb+ Ja*)T(ATA)F(ATb + 32*) —bTb  ifa* € Ker AL
+00 ifr* ¢ Ker AL,

where A is a given m x n matrix, b is a given vector in R™, (AT A)* is the pseudoinverse of the matrix
AT A and Ker A* is the orthogonal space of the null space Ker A of the matrix A. .

Proof. Let f(z,A) = || Az — b||2. Then
JO A = sup(aTa - f(z, A) |z € RY)
= sup{a*Ta —2TAT Az + 20" Az — b"b | & € R"}
= —inf{zT AT Az + (=247 — 2*)Tx |z € R"} — bTb.
Let h(z) = 2T AT Az 4 (—2ATb — 2*)Tz. Then h(z) has minimum
<= (by Eaves Theorem in [4, 8]) If v € R" and = € R" are such that 207 A7 Av = 0,
then (AT Az — 2470 — 2*)Tv 20
< if Av=0andz € R", then (AT Az — 2470 — 2*)Tv >0
< ifAv=0andz € R, thenz*Tv <0
— ifAv=0, 2*Tv =0
< z* € Ker A*,
where Ker A = {v | Av = 0} and Ker A+ = {z* € R" | 2*Tv =0 Vv € Ker A}. Thus if 2* € Ker A,
sup {z*Tz — |Az — b|3 | # € R"}
= —inf {aTAT Az — 26T Ax — 2*Tx | 2 € R"} — bTb
1 1
= —(ATh + ix*)T(ATA)JFATA(ATA)JF(ATb + §CL‘*)
1 1
+2[ATb + §x*]T(ATA)+(ATb +577) - vT'b
1 1
= (ATh + §m*)T[2(ATA)+ — (AT A)TATAATA)T)(ATD + Ea:*) —bvTh
1 1
= (ATh + 5m*)T(A’Mﬁ(ATb +577) - bT'b,
where (AT A)* is the pseudoinverse of the matrix AT A. Thus
sup {z*Tz — |Az — b|)3 | # € R"}

(ATb+ $a)T(ATA)F(ATb + L2*) —bTb  if 2* € Ker AL
400 if 2* & Ker AL

Now we give an optimality theorem for the problem (RLS) by using Proposition 2.2.

Theorem 2.5. Let * € R". The following are equivalent:
(i) x is an optimal solution of the problem (RLS);
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(ii) there exist \; = 0, (Z?:Jrll N =1), 4; €U, z* € KerA, 7, 2 0,i = 1,...,n + 1 such that
n+1
0= Z Aix; and
=1
n+1 n+1

1 1
—maxacy|| AT — b5 =D Ni(A]b+ §m*)T(A;-rAi)+(Ain +57%) - bTh+ > A,
i=1 =1

where (AT A;) ™ is the pseudoinverse of AT A;.

Proof. (i) = (ii): Since T is an optimal solution of the problem (RLS), (0, —f(Z)) € epi f*.
By Proposition 2.4, we have

sup {z*Tx — || Az — 0|3 | 2 € R}
(ATb+ $a*)T(ATA)F(ATb + L2*) —bTb  if 2* € Ker AL
+00 if * ¢ Ker A+

Thus

. « N 1, 1,
epi (JA() = b3 = {(m (AT 4 S (AT A (ATb 4+ o )bTb+r>}.
z*cKerat
reR4
By Proposition 1.1,
epi (maxcul|A(-) — b[|3)* = clco | ] epi (JA() - b]3)*.
AcU

Moreover, by Proposition 2.1, co |J 4y epi (|| A(-) — b]|3)* is closed. Thus
epi (maxseu||A(-) — bl|3)”

- J| U {(x (ATb + %x*)T(ATA)+(ATb+ ;x)>} —bTb+ 7]

A€U g*cKerAa+
reRy

Since (0, —f(z)) € epi f*, we have
(0, ~maxacu|| Az — b[3)
€ epi (maxaev[|A(-) — b3)*
1 1
_ * T I AV A T —+ T e T
= co ALgJU {(x AT+ 2T (AT A HATh + o )) b b—l—r}.

z*ecKerat
T’ER+

Hence there exist \; = 0 (E?:”Lll Ai=1), A, elUaxf e KerAf-, r; 20,i=1,....,n+1,

n+1
1 1
_ —pl2) — ok (AT L 2T (AT AN+ ATH o 2%y _ T .
(0, —maxscy||AZ bHQ)—ZE_l )‘l(xz7(Azb+2xz) (A; A;) (Alb—|—2x1) b b+r1).

So, 0 = Yo7 N,
—maxaey|| Az — b3 = S A(ATb+ gap) (AT AT (AT + gap) — bTh+ DI i

Thus (i) = (ii). It is clear that that (ii) = (i).
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3. CONCLUSION

In this paper, we studied optimality theorems for the robust least square problem (RLS), which was
the robust counter part of the least squares problem. Using the dual approach, we got optimality the-
orems for the problem (RLS). The problem (RLS) can be regarded as the one to find the unconstrained
minimizer of an maximum function. So, it will be interesting to investigate optimality theorems for the
robust least square problem with a nonlinear cone constraint.
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