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ABSTRACT. In this paper, the stochastic projected gradient method for optimization problems is proposed
on Hadamard manifolds, which utilize the Riemannian metric and curvature information. Under some
specified assumptions on compactness and the problem geometry, the convergence rate of the stochastic
projected gradient method for optimization problems is presented. Furthermore, assume in addition that
f is o-strongly convex for some o > 0, some convergence results are also established on Hadamard
manifolds.
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1. INTRODUCTION

The paradigm of optimization has been fundamentally reshaped by the geometry of the underlying
space. For recent years, the implicit assumption has been a Euclidean space, where the setting is globally
linear, and possesses a constant metric. Algorithms like stochastic gradient descent [3, 6, 20, 21], and
its their variants(e.g.,Adam) have achieved remarkable success in this Euclidean framework, enabling
the training of deep neural networks and large-scale statistical models. However, many high-impact
problems are inherently non-Euclidean. For example, covariance matrix estimation, low-rank matrix
completion, computational geometry and computer vision. In these cases, a naive Euclidean update
Tk4+1 = Tk — Nkgr (Where gy, is a stochastic gradient) is invalid, as xy1 will almost certainly leave
the manifold. Riemannian optimization addresses this by performing updates in the tangent space and
then mapping the point back onto the manifold via a retraction, a process that inherently respects the
geometry of the constraint set.

The stochastic component is equally vital in machine learning. Objective functions are often a
finite sum over data points, i.e., f(0) = + Zfil 0(0; z;). For large N, computing the full gradient is
computationally prohibitive. A stochastic gradient g ~ V f(6y), estimated from a mini-batch, offers
a computationally cheap, albeit noisy, alternative. Moreover, in online learning scenarios, where data
arrives sequentially, the true objective may be an expectation over an unknown data distribution, making
stochastic optimization the only feasible approach. In the Euclidean setting, some methods handle
complex constraints, which can reduce computational expense. For instance, Necoara et al. [20] extended
random projection ideas to problems with composite objective functions (a smooth part plus a possibly
non-smooth part), combining random coordinate descent for updating the solution with respect to the
objective and random projection for handling constraints. Based on the results of [20], Necoara et al. [21]
introduced a rigorous analysis of the random projection method for large-scale convex optimization
problems with numerous linear constraints: by randomly selecting a small block of constraints and
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performing a projection onto the hyperplane defined by that block, the authors proved convergence rates
for both the objective function value and the overall algorithm. Furthermore, Bertsekas [6] proposed a
general framework that encompasses random projection methods, and analyzed stochastic (sub)gradient
and proximal gradient methods where the constraint set is complex. In their work, “random projection”
emerges as a special case: the algorithm extracts a subgradient from a randomly selected constraint and
takes a step that maintains feasibility with respect to that constraint.

In recent years, extending the theories and methods of optimization from Euclidean spaces to Rie-
mannian manifolds has attracted significant attention in recent years; see, e.g., [1,4,5,7-19, 22-24].
The extension of stochastic optimization algorithms from Euclidean space to Riemannian manifolds
is a vibrant area of research. A more common and directly analogous theme is Riemannian stochastic
gradient descent and Riemannian optimization, where its “stochasticity” stems from the selection of
a random subset of data points. For instance, Riemannian stochastic gradient methods have been
developed in [7, 24], which utilize the Riemannian metric and curvature information to iteratively
minimize the objective function. Bonnabel [7] formally introduced and analyzed stochastic gradient
descent on Riemannian manifolds, establishing a general framework for optimizing functions defined on
manifolds when using only noisy (stochastic) gradient estimates. The algorithm is a direct generalization
of euclidean stochastic gradient method: at each step, it takes a step in the direction of the stochastic
Riemannian gradient, followed by a retraction back onto the manifold. The paper proves almost sure
convergence to a critical point, establishing a rigorous theoretical basis for all subsequent stochastic
manifold optimization algorithms. Furthermore, Zhang [24] analyzed algorithms for geodesically convex
optimization on manifolds, which is the natural generalization of convexity. While it covers full-gradient
methods, its significance for stochastic methods is profound. It introduces and analyzes Riemannian
stochastic variance reduced gradient, a key algorithm for finite-sum problems. Riemannian stochastic
variance reduced gradient reduces the variance of the stochastic gradients, leading to a much faster
convergence rate than standard Riemannian stochastic variance reduced gradient. This work bridges the
gap between modern, fast Euclidean stochastic algorithms and their Riemannian counterparts, providing
both algorithm designs and non-asymptotic convergence guarantees.

In this paper, the Riemannian stochastic projected gradient method is proposed on Hadamard mani-
folds, which integrates ideas from optimization theory with Riemannian geometry to efficiently solve
optimization problems on Hadamard manifolds. Since Riemannian manifolds generally lack a linear
structure, conventional techniques in the Euclidean space cannot be applied and new techniques have
to be proposed. Our results are distinguished by the following key aspects: First, we introduce the
stochastic projected gradient method for optimization problems on Hadamard manifolds, and its conver-
gence and complexity results are established, which generalizes some algorithm results in [6,20] from
R"™ to Hadamard manifolds; Second, Riemannian manifolds encode intrinsic geometric properties, a
generalized version of the theorem would respect these properties, ensuring that the stochastic pro-
jected gradients and stepsize rules align with the manifold’s geometry; Third, from a theoretical point,
extending stochastic gradient convergence results to Riemannian manifolds deepens our understanding
of optimization in non-Euclidean settings. It requires refining concepts such as projection, gradient
noise, and stepsize analysis, such generalizations enrich the theory of stochastic optimization, bridging
it with differential geometry.

This work is organized as follows: In Section 2, some necessary definitions and concepts are provided
on Hadamard manifolds. In Section 3, the stochastic projected gradient method for optimization problems
is presented on Hadamard manifolds. In Section 4, under some specified assumptions on compactness and
the problem geometry, the convergence property and the complexity result of the stochastic projected
gradient method are obtained on Hadamard manifolds.
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2. PRELIMINARIES

In this section, some standard definitions and results from Riemannian manifolds are recalled, which
can be found in some introductory books on Riemannian geometry; see for example [11,17].

Let M be a finite-dimensional differentiable manifold and « € M. The tangent space of M at x is
denoted by T, M and the tangent bundle of M by TM = |J,c5; ToM. (, )z is denoted by the inner
product on T, M with the associated norm || - || .. If there is no confusion, then the subscript x is omitted.
If M is endowed with a Riemannian metric g, then M is a Riemannian manifold. Given a piecewise
smooth curve v : [tg,t1] — M joining x to y, that is, y(tp) = x and y(¢1) = y, the length of y by
l(v) = f; |7/ (t)||dt can be defined. Minimizing this length functional over the set of all curves, a
Riemannian distance d(z, y) which induces the original topology on M is obtained.

A Riemannian manifold is complete if for any = € M, all geodesic emanating from z are defined for
allt € R. By Hopf-Rinow theorem [23], any pair of points x,y € M can be joined by a minimal geodesic.
The exponential mapping exp,, : T, M — M is defined by exp,, v = ,(1, z) for each v € T, M, where
7v(*) = Y (-, x) is the geodesic starting x with velocity v, that is, 7(0) = x and 7/(0) = v. It is easy to
see that exp,, tv = 7, (t, z) for each real number ¢.

Let M be a Hadamard manifold, i.e., a complete, simply-connected Riemannian manifold with non-
positive sectional curvature. The key property of Hadamard manifold is (CN) Inequality / Comparison
Theorem: For any geodesic triangle Apgr in M with comparison triangle Apgr in R?, the angles
at corresponding vertices satisfy Zpqr < Zpgr . A crucial consequence is the cosine inequality:
for a triangle with vertices p,q,r, a = d(p,q),b = d(p,r),c = d(q,r) , and A = Zgpr, we have:
2 > a? + b% — 2abcos A.

Definition 2.1. [2] Let M be a Hadamard manifold. A subset C of M is said to be convex if, for any
x,y € C, the geodesic v joining the endpoints x and y is contained in C; that is, if v : [0,1] - M isa
geodesic such that v(0) = z and (1) = y, then 7, ,,(t) = exp,(texp, ' y) € C forany ¢t € [0, 1].

Definition 2.2. [2] Let M be a Hadamard manifold and let C' C M be convex. A function ¢ : C' — R
is said to be convex if, for any z,y € C,

(v () < te(x) + (1 = )o(y), t € [0,1],
where v, (t) = exp, t(exp, ' z) for every t € [0, 1].

Definition 2.3. [2] Let M be a Hadamard manifold. Suppose that f : M — R U {+00} be a proper
convex function. Let x € domf and v € T, M. The directional derivative in direction v and the
subdifferential f are, respectively, defined by

and
Of (@) := {u € TyM : (u,v) < f (x;v),Yv € TuM}.

Let C' C M be a non-empty, closed, and convex set. The projection operator Pc : M — C'is defined
by: Po(x) = argminyec d(y, ). The non-positive curvature ensures that Pc(x) exists and is unique
for all z € M. A fundamental characterization of the projection is the following variational inequality.

Lemma 2.4. Let M be a Hadamard manifold. Let x € M and p = Pc(x). Then, for every q € C, we
have

<exp;1 x, eXpJ;1 q) <0.
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Proof. Let g € C be arbitrary, and let v : [0, 1] — C be the unique geodesic from p = v(0) to ¢ = y(1).
Since C'is convex, we know ~(t) € C,t € [0, 1]. We consider the following function:
1
8(t) = L2 (1), ).

Since p = Po(z) and ¢(0) = 3d?(p, z), it follows that ¢/(0) > 0. The derivative of the distance squared
function on a Hadamard manifold is given by

¢'(0) = —(exp, " z, 7'(0)).
Since 7/(0) = exp, ' ¢, we have
—<exp;1 T, exp;1 q) >0,
which is equivalent to the stated inequality. g

Lemma 2.5. Let M be a Hadamard manifold. The projection operator P is non-expansive. That is, for
any z,y € M,

d(Po(x), Poly)) < d(z,y).

Proof. Let x,y € M be arbitrary. Define p = Pc(x),q = Pc(y). For the point = and its projection p ,
taking the other point in C' to be ¢, from Lemma 2.4, we have

(exp]g1 z, exp]g1 q) <0. (2.1)
For the point y and its projection g, taking the other point in C' to be p , from Lemma 2.4, we get
<equ_1 Y, equ_1 p) <0. (2.2)
Now, consider the geodesic triangle Apgz. Denote its side lengths: a = d(p, q),b = d(p,x),c =
d(q,z). Let A = Zgpx be the angle at vertex p. By the definition of the angle and the Riemannian
metric, we know
(exp,'q, exp, ' @) (exp,'q, exp,’ )

—1 ST
lexpy = gl || expp ™ 2| ab

cos A =

From inequality (2.1), we know cos A < 0.
We now apply the cosine inequality for Hadamard manifolds to triangle Apqax:

2 > a® 4+ b% — 2abcos A.
Since cos A < 0, it follows that —2abcos A > 0. Therefore, we can obtain the inequality:
d*(q,z) = & > a> +b* = d*(p,q) + d*(p, z). (2.3)

By a symmetric argument, applying the cosine inequality to triangle Apqy and using inequality (2.2),
it follows that

d*(p,y) > d*(p, q) + d*(q, y). (2.4)

We now use a fundamental distance inequality in CAT(0) spaces, which is a consequence of the (CN)
comparison property [2]. For any four points p, g, x, y in a Hadamard manifold, the following holds:

d*(p,y) + d*(g,x) < & (p, ) + d*(q,y) + 2d(p, q)d(z,y). (2.5)
Substitute the lower bounds from (2.3) and (2.4) into (2.5), we know

(d®(p.q) + d*(q,9)) + (*(p,q) + d*(p, ) < d*(p, ) + d*(q, y) + 2d(p, )d(=,y).

Then we have

2d°(p, q) < 2d(p, q)d(z,y).
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If d(p, q) = 0, the theorem holds trivially. Otherwise, we can divide both sides by 2d(p, q) to obtain the
desired result:

d(p,q) < d(z,y).
That is,

d(Po(x), Poly)) < d(z,y).

]
3. THE STOCHASTIC PROJECTED GRADIENT METHOD ON HADAMARD MANIFOLDS

In this section, we assume that M is a Hadamard manifold. The main model that will be discussed is

rxréig f(x), 3.1)

where C' C M is nonempty, closed, and convex.

Assumption 1.

(i) f: M — RU{+oo} is proper, closed, and convex;

(i) C C intdom(f) ;

(iii) The optimal set of (3.1) is nonempty and denoted by X*, the optimal value of problem (3.1) is
denoted by f*.

Now, the stochastic projected gradient method on Hadamard manifolds is introduced as follows.

Algorithm The stochastic projected gradient method on Hadamard manifolds

Initialization: pick z° € C arbitrarily.

General step: for any k = 0, 1, ..., compute the following steps:
pick a step size t, > 0, and a random vector g* € T,x M;
set 2" = proj(expyr (—trg")).

Stopping criteria: If g* = 0, terminate the algorithm.

Since the vectors gk are random vectors, so are the iterate vectors x*. The assumption on the random
vectors g¥ are given below.
Assumption 2.
(i) For any k > 0, E(g*|2%) € of («F);
(ii) There exists a constant L; > 0 such that for any & > 0,

k112),.k 2
E(lg"7]=") < L.
It follows from (i) of Assumption 2 that ¢g* is an unbiased estimator of a subgradient at 2*. That is,

f(z) > f(a*) + (BE(g*[a*),exp /! 2), ¥z € dom .
Lemma 3.1. [3] Let d € R. Then for any k > 2,

k
A+ Tncpey 1 _ 4(d+log(3))
k 1 - ’
2n=(k/2 VT VE+2

4. THE CONVERGENCE RESULT

In this section, under some assumptions, the analysis of the stochastic projected gradient method for
optimization problems is introduced on Hadamard manifolds. The sequence of best achieved function
values, which is defined by ffe o = min,—g 1 x f(2™). It is easy to check that the sequence { ffe st 1 E>0
is non-increasing.
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Theorem 4.1. (Convergence of the stochastic projected gradient). Suppose that Assumptions 1 and 2
hold. Let {z*};>0 be the sequence generated by Algorithm with positive stepsizes {t). }x>0-
kg2
(i) If% — 0ask — oo, then E(ff ) — f*ask — occ.

n=0tn
(i) Assume that C'is compact. Let © be an upper bound on the half-squared diameter of C:

1
—d? < 0.
max 3 (x,y) <

_ 20
Ift;, = T then for any k > 2,

~

. 6L/20
E(fégest) - f S \/iﬂ Y
where 6 = 2(1 + log(3)).

Proof. (i) For any k > 0, z* € X*, 2" = projg(expyn(—tng™)), z* = projo(z*), it follows from
Lemma 2.5 that

(a1, 2%) = d*(projo(expyn (—tng™)), Projo(a*)) < d*(expyn (—tng™), o).
In Euclidean space, for the points x, y, exp, (v), we have the law of cosine equality:
d*(expyn (—tng™),z%) = d*(x™, 2%) + || — tag"||* — 2(—t,g", expon =*).

Conversely, on a Hadamard manifold, because triangles are “skinnier than Euclidean triangles,” the
corresponding distance satisfies an inequality rather than an equality, this implies that

A (expyn (—tng™), %) < d?(2™, 2%) + || — tng"||? — 2(—tng"™, exp *).
By Assumptions 1 and 2, we know

E(d2($n+1, l,*)|$n)

E(d*(expyn (—tng"), 2")|z")
tnE(llg"*12") + 2t E({g"a", expz 27)) + d? (", 2)
taB(lg"|I*2") + 2tn(f* = f(a")) + d*(a", 2")
th L} + 2tn(f* — fa™) + d*(a", 2”).
Taking expectation with respect to z", it holds that
E(d*(2™*,2%)) < B(d*(a",2%)) = 2t (B(f(2")) — ) + 3 L7,

Summing over n = m, m + 1, ..., k, we obtain

IN AN IA

k k
B(d* (@, 2%) < B(d (@™, %) =2 Y ta(B(f(2™) — f) + L} Y ta.
Thus,
k
[B(d*(z™,2%) + L7 > t2],
which implies that
k k
> ta(min B(f(2") = f*) < S[B(d* (2™, 2%) + L7 > 13-
Since E(min{ X1, Xo,...,X,}) < minj—1 2, E(X;), it holds that

E(d?(z™,2*)) + LAY h_ 12

n=m N

25kt

E(flfjest) - f* < (41)
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Let m = 0 in (4.1). Then
* k
E(d2(x0a Z )) + L?‘ Zn:O t
25 o tn

n

E(flfest) _f* <

If Zﬁ:ot% k *
S o 0, then E(f.,) — f*ask — oo.

n=0""

To show the validity of (ii). Using (4.1) with m = [k/2], and the bound max, yec 3d?(z,y) < ©,t, =

Lf\/\/z%’ it follows that

1 _|_ k, L
E(fbkest) B f* < Lf\2/ 20 . kz:nf[k:/Z]anrl :
2n=(k/2) VaTT

which, combined with Lemma 3.1, yields the desires result. O

In Algorithm , if g* € 0 f(2*), then Algorithm reduces to the projected gradient method on Hadamard
manifolds.

Lemma 4.2. Suppose that Assumption 1 holds. Let {x}} be the sequence generated by Algorithm with
g* € 9f(z*). Then for any z* € X* and k > 0,

(", 2") < dP(aF, at) — 2t (f () = ) + ERllg" )%
Proof. Similar to the proof of Theorem 4.1, we have

dQ(ka,m*) = dQ(projC(eXpwk —tkgk),projcx*)

IN

d?(exp,r —trg", exp,n expx_k1 x¥)

IN

tellg" 1 + | exp il a*[* + 2tx (9", exp ! z*)
trllg" 1> + d* (2", %) + 2 (f* — f(2F)).

IN

0

Theorem 4.3. Suppose that Assumptions 1 and 2 hold. Assume that C' is convex and compact. Let © be
an upper bound on the half-squared diameter of C"

1
—d*(z,y) < O.
max 3 (z,y) <

Let {2¥} ;>0 be the sequence generated by Algorithm with g% € 9f(2*) and stepsize chosen as either

V2
LR+

or

V20 k
v d 70
20 k _ 0
vk :

Then for all £ > 2,

_ 0L;V/20

k _ px
fbest f = \/m?

where 6 = 2(1 + log(3)).
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Proof. By Lemma 4.2, for any n > 0,

1 1
S0 < S a) — (£ — )+ 526"

Summing the above inequality over n = [k/2], [k/2] + 1,...,k, it holds that

k 1 k

Y L) - ) < SEEEA) - LeE e+ 3 Dy
n=[k/2] n:[k/Q]

k t2
o+ Y 2ol

n=[k/ 2]

IN

< ©+6 Z (4.2)

g "
Since t,, > f@ and f(z™) > ffest for all n < k, it follows that
S LUEn 1) = ij V)t~ 1) @3)
n\JT) — = best — : .
n=[k/2] —[k/2] Lyvn
Therefore, combining (4.2) and (4.3) yields that
Liv20 1 + Z =[k/2] n+1

2 Zn:[k/?] \/n+1
which combined with Lemma 3.1, yields the desired result. g

k
fbest_f* =

)

Example 4.4. (minimization of sum of convex functions) Consider the optimization problem

(P) min f(z) Zfz

where f1, fo,..., fm : M — R U {400} are proper closed and convex functions. Suppose that C'is
convex, compact and Assumption 1 holds. In addition, assume that for any ¢ = 1, 2, ..., m, there exists
a constant Ly, for which

lgll < Ly,,¥g € 0fi(w), @ € C,

where L f; is a Lipschitz constant of f; over C. The first method to solve (P) is the projected gradient
method on Hadamard manifolds.

Algorithm The projected gradient method on (P)

Initialization: pick 2° € C arbitrarily.
General step: for any k = 0, 1,.. ., choose g* € df;(z*), and compute:
k1 : V20
2" = projo(expyr (— T 9;)
) H Zz 19 H k+1 Z

By Theorem 4.3, for any k > 2, we know

6L /20

ko *
fbest f = \/m?
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= ' ) 262120
where § = 2(14log(3)) and Ly is a Lipschitz constant of f over C'. For k > N; = max{——'——2,2},
an e-optimal solution is obtained. Since the computation of >, | g% might be too expensive in cases
m is large, the stochastic projected subgradient method at iteration k can be employed, the unbiased
estimate of g¥ is defined as

g =mgk
where i, is randomly picked from {1,2, ..., m} via a uniform distribution. Obviously,
m 1 m
B(gfla*) =) —mgi =) g € 0f(a").
n=1 n=1
Also,
m 1 m
Blg* ) = 3 b < m>" Ly, = 13,
n=1 i=1

The stochastic projected gradient method on (P) takes the following form.

Algorithm The stochastic projected gradient method on (P)

Initialization: pick 2° € C arbitrarily .
General step: for any £ = 0,1, ..., compute the following steps:
pick iy, € {1,2,...} randomly via a uniform distribution and gfk € ofi, (z%);

k+1 _ : V26m_ k _ m o 72
compute ! = proj-(expk (—Lf\/%gik)), where Ly = m

From Theorem 4.1, it follows that
BE) - < 5y/m> f}%\/2@
best) = .
Vk+2

26*°me > i? . . . .
———= ——*+ — 2,2 iterations are sufficient in order to ensure that an

In particular, N2 = max {

e-optimal solution.

In the following, assume that f is o-strongly convex for some o > 0, the convergence of the stochastic
projected gradient is obtained on Hadamard manifolds.

Theorem 4.5. (convergence of the stochastic projected gradient for strongly convex functions) Suppose
that Assumptions 1 and 2 hold. Assume in addition that f is o-strongly convex for some o > 0. Let
{2*}1>0 be the sequence generated by Algorithm with positive stepsizes tj, = ﬁ

(i) Then for any k£ > 0,
2
2L 7

k *
E(fbest) - f < m

(ii) Define 2% = exp,.(32F_, o exp ! ™), where aff = ﬁ Then

212
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Proof. For any z* € X* and n > 0, similar to the proof of Theorem 4.1, it follows that
E(dQ(x"H, ) |z") = E(d2(projc expyn (—tng"), projoz™)|z")
< E(d*(expyn (—tng™)), expyn (expya *))]a")
< B E(lg"12") + 2tn(E(g"2"), exppn ) + d* (2", 2¥).  (4.4)

Obviously, f is o-strongly convex on M if and only if f o exp, is o-strongly convex on T, M for every
x € M. Then we obtain from [3] that

F(expyn (expyd ) 2 f(expyn 0an) + (E(g"|"), expyd o) + Tl expyt a1
That is,
J(@) 2 flexpgn 0on) + (B(g"a") expy! ) + S (@, "),
Plugging the above into (4.4), it follows that
E(d (@™ aM)|z") < GE(g"P ") + 2ta(f* = f(@") + (1 = ota)d? (2", z%).
Dividing by 2t,,, and using E(||g"||?|2") < L?c yields

F@) — ) < B4 Lt - o) 2) - B ), 43)

1 o(n—1) on+1)
ny *) < L2 d2 n+l _x\ E d2 n+l  x ny.
P~ ) < oo L a0 - TR B )
Multiplying the above by n and taking expectation with respect to " yields

on(n+1) . 5 on(n+1) . o, .01 n 9
n(B(fa) - 1) < PO B, a) - PR B e )+
Summing overn =0,1,...,k,
k . L3 & ?kz
* 2/ k+1 *
nzn = [1) < = h(k+ DE(d (@, 27) 72_: —. (4.6)
Since E(f(z")) > E(ff,,) foralln = 0,1,...,k, it follows that
s k * L?ck:
Zn(E(fbest) - f ) < o 9
n=0
that is,
k(k+1) . Lik
B B - £ < L
Then,
2L%
E(ff,) - fr<—F—
(fbest) f = O-(k‘i‘ 1)
(i) Divide (4.6) by k+1) to obtain
k 2
2L
k n * f
E _
> k(B - 1) € s
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This implies that

k 2L2
ngoozfl(E(f(expx*(expx*l ")) — f) < a(k‘i—gl)'
That is,
k 2L2
k p —-1.n * f
nz%%(E(f(eXPx* ") — f*) < okt 1)

where f = f oexp,-. By Jensen’s inequality, it follows that

k k

E(f(z*) = f* = E(f(expy Y apexp,tz™) — f* = BE(fO_ ak(expy a™)) — f*
n=0 n=0

k 212

7;)Ozf;(E(f(exp;*l ) — 1) < m.

IN

Example 4.6. Let
M = H2 = {(xl,xg) S R2‘II)2 > 0}

be the upper half-plane model of hyperbolic space. From [1, 10, 12], the upper half-plane has constant

negative curvature K = —1. Thus, H? is a Hadamard manifold. Taking Z = (Z1,Z2) € H?, we get

_ dz?+dz3

T H? = R2. The hyperbolic metric in the upper half-plane model is ds? = ——. For points (21, z2)
2

and (y1,2) in H?, the distance is:

2 2
d = arcosh <1 + (y1 — 21)” + (y2 — x2) > .

222y
For a point p = (x1, x2) and tangent vector v = (v1, v2):

L sinh(|[v]]), a2 cosh(]v]]) +

Ta2v2 .
smh(llvH)> ,
ol

where |[v]| = \/v? + v3 /x5 is the hyperbolic norm. Furthermore, For points p = (21, 22) and ¢ =
(yh y2)s

m (z2(y1 — x1),  @aya cosh(d(p, q)) — x3) .

We consider the following optimization problem:

min f(z) = (aF + (22 — 2)%) /a3.

log,,(q) =

Let 2° = (1.0, 3.0)” be the initial point. The tolerance, given by the norm of gradient of the function is
set to be 1078, From Figure 1, we know the stochastic projected gradient method offers superior initial
convergence speed, making it effective for quick solutions.

Example 4.7. Let
M =P(n):={PcR™" . P=Pl P~ 0}

be the set of symmetric positive definite matrices. From [1,10,12], under the affine-invariant metric, P(n)
has non-positive sectional curvature K < 0. Thus, P(n) is a Hadamard manifold. Atany point P € P(n),
the tangent space consists of all n x n symmetric matrices U,V : TpP(n) = {U ¢ R™" . U = UT}.
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Ficure 1. The comparison of convergence speed

Because the manifold P(n) itself is composed of symmetric matrices, so tangent vectors along curves
on the manifold must also be symmetric.

For any two tangent vectors U, V' € TpP(n), their inner product at P is defined as gp(U, V) =
tr(P~'UP~'V). Geodesics generalize the notion of “straight lines” on a manifold and are the paths
generated by the exponential map. The geodesic curve connecting P and () is given by:

y(t) = PV2(P712QP~Y3)PY2 e 0,1].
If P = I, this simplifies to v(t) = Q'. The exponential map expp(U) is as follows:
expp(U) = PY2 exp(P~V2Up~1/2)pl/2,

The inverse of the exponential map, which calculates the tangent vector pointing from P to () is as
follows:

logp(Q) = P'/?log(P~1/2QP~1/?) P12,

Now, we consider the minimization of the following optimization problem over P(n):

where A is a symmetric positive definite matrix.

Let n = 10000 and b be a random vector. The tolerance, given by the norm of gradient of the function
is set to be 1075, In Figure 2, we obtain the stochastic projected gradient method has an advantage
when computational time is limited (in the early to middle stages). Furthermore, The problem is likely
large-scale and ill-conditioned, leading to extremely large objective function values.
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5. CONCLUSIONS

In this context, the stochastic projected gradient method for optimization problems is introduced
on Hadamard manifolds. Under some specific assumptions, the convergence result of the stochastic
projected gradient method is established on Hadamard manifolds. Future research directions involve
extending these ideas to general Riemannian manifold. Furthermore, it is interesting to analyze the algo-
rithms performance for non-smooth objective functions on manifolds, potentially combining concepts
from Riemannian optimization and non-smooth analysis.
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