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ABsTRACT. This paper investigates set optimization problems under the Minkowski order relation, focus-
ing on the connectedness of approximate solution sets via a scalarization approach. First, by employing
the Gerstewitz function and assuming the set-valued mapping is continuous with compact values, the
continuity of this function is established. Subsequently, the convexity and semicontinuity of the asso-
ciated mapping are analyzed. Furthermore, the connectedness of the weak approximate solution set is
proved. The obtained results enrich the scalarization theory in set optimization and provide a theoretical
foundation for subsequent research on the stability of solution sets.
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1. INTRODUCTION

As a crucial branch of modern optimization theory, namely set optimization, derives its core value
from addressing complex optimization problems where the objective function is a set-valued map-
ping, see, for example, the first monograph on set optimization [11]. Such problems arise frequently
in fields including uncertain optimization, mathematical economics, viability theory, image process-
ing, and fuzzy optimization, serving as an important bridge between pure mathematical theory and
practical decision-making. Within the analytical framework of set optimization, set order relations
and scalarization methods constitute two essential tools: set order relations define criteria for compar-
ing objective sets, while scalarization methods transform set-valued optimization problems into more
tractable scalar ones. Together, they underpin the study of solution set properties such as continuity,
well-posedness, and connectedness; related works can be found in references [7, 9, 14, 20].

Among various set order relations, the Minkowski order (denoted as <v') has gradually emerged
as a research focus due to its unique advantage of overall inclusion-based characterization. Formally
defined by Karaman et al. [10] using the Minkowski difference, this order relation accurately describes
the overall superiority-inferiority association between objective sets through dual conditions of convex
cone intersection and set inclusion. However, compared to traditional order relations like the upper set
less order (u-order) and lower set less order (I-order), research on set optimization under the Minkowski
order still exhibits significant gaps, in that existing studies mostly concentrate on basic properties such
as continuity and well-posedness, while literature on the connectedness of approximate solution sets
(especially weak e-m; minimal solution sets) research remains limited.

Scalarization methods play a critical role in addressing the complexity inherent to set optimization.
Specifically, two categories of classical scalarization methods have been established in the existing
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literature, namely linear scalarization functions and nonlinear scalarization functions. The Gerstewitz
function, signed distance function and their extended forms, as well as the generalized oriented distance
function proposed by Xu [19] and the extended oriented distance function defined via the Minkowski
difference by Khushboo [12]. In recent years, there have all demonstrated application potential in set
optimization problems under different set orders. Among these, the Gerstewitz function, a classic non-
linear scalarization function, has been widely used in the scalarization of set optimization under tradi-
tional set orders due to its excellent order-preserving property and flexibility. Nevertheless, research
on its adaptability to the Minkowski order remains insufficient: on one hand, the continuity of this
function under the Minkowski order (a core prerequisite for subsequent analysis of solution set stabil-
ity) has not been strictly proven under reasonable continuity assumptions on the set-valued mapping,
on the other hand, few studies have utilized the Gerstewitz function to investigate the connectedness
of approximate solution sets under the Minkowski order, posing a major limitation that hinders the
application of set optimization theory under the Minkowski order.

From the broader perspective of connectedness research, scholars have conducted extensive explo-
rations across various scenarios. As early as 1983, Warburton [18] investigated the connectedness of
Pareto optimal solution sets for vector minimax problems. Helbig [5] obtained results on the connect-
edness of efficient point solution sets for vector optimization in locally convex spaces; Gong [2] further
analyzed the properties of efficient solution sets for convex vector optimization in normed spaces. In
recent years, Peng et al.[15] studied the connectedness of solution sets for weak generalized symmetric
Ky Fan inequality problems under addition-invariant sets; Shao et al. [16] discussed the connectedness
of solution sets for generalized vector equilibrium problems in complete metric spaces. Sharma et al.
[17] analyzed the connectedness of solution sets for generalized semi-infinite set optimization problems
using nonlinear scalarization techniques. Even so, these studies mostly focus on traditional set orders
such as the u-order and [-order, and their scalarization tools primarily rely on the Gerstewitz function
or generalized oriented distance function. None of them involve connectedness analysis based on the
Gerstewitz function under the Minkowski order, failing to meet the application needs of the Minkowski
order in complex scenarios.

In view of the above research gaps, this paper focuses on set optimization problems under the
Minkowski order (denoted as m1-SOP), systematically exploring the connectedness of weak e-m;-
minimal solution sets via the Gerstewitz function scalarization approach: it first strictly proves the
continuity of the Gerstewitz function under the assumption that the set-valued mapping is continuous
with compact values, then defines and analyzes the convexity and upper semicontinuity of an asso-
ciated set-valued mapping, and finally proves the connectedness of the weak e-m;-minimal solution
set (m1-W (F, M, €)) under reasonable conditions. These results enrich the scalarization theory of set
optimization by expanding the application boundary of the Gerstewitz function through its integra-
tion with the Minkowski order, while also laying a theoretical foundation for subsequent research on
solution set stability under this order.

The paper is structured as follows: Section 2 reviews fundamental concepts and lemmas, Section 3
derives the scalarization representation of the weak e-m-minimal solution set, Section 4 proves its
connectedness, and Section 5 summarizes conclusions and outlines future directions.

2. PRELIMINARIES

Throughout this paper, unless otherwise specified, let X,Y be two normed vector spaces. Assume
that C C Y as C' # Y is a pointed, closed and convex cone with intC' # (). We denote by int A, cl A the
topological interior, the topological closure of A. Let Ry = {z € R: 2 > 0} ,R) = {z e R: 2 > 0}
andN = {0,1,2, ...} We denote by By the closed unit ballin Y. Let P(Y) be the family of all nonempty
subsets of Y, IC(Y) be the family of nonempty compact subsets of Y.
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Let A, B € P(Y), the Minkowski difference of A and B, considered in [10], is given by

B-A:={yeY:y+ACB}=[)(B-a)
acA

Note that the Minkowski difference between a set and a vector coincides with their algebraic difference,
forall B € P(Y)anda € Y, we have B—a = B —a. Forall A,B € P(Y) and a € Y, we have
(B-A) —a=B-A—a=B-(A+a),and (B —a)—A = (B—A) — a. Note that the Minkowski
difference represents all translations that place the set A entirely inside B.

The following simple examples illustrate the definition of the Minkowski difference.

Example 2.1. LetY =R, A = [0,3] and B = [2,10]. Sincey + A = [y,y + 3] C [2,10]iff 2 < y < 7,
we obtain

B-A={y:y+ACB}=1[2,7].
Example 2.2. Let Y = R?, A = [~1,1]? and B = [0,5]?. Because y + A = [y1 — L,y1 + 1] x [y2 —
Lys +1] C (0,57 iff 1 < y1, 2 < 4, we get
B-A={y:y+ACB}=][1,4"
Next, we recall the definitions of the Minkowski order relations <!, <", %gflg, -<"Ct_.

Definition 2.3. [10, 20] Lete > 0, ¢ € intC,and A, B € P(Y).

(i) Asp' Be (B-A)NC #0 < 3ce Csuchthatc+ A C B;

(i) A <Z' B< (B-A)NintC # () < Jc € intC such that c + A C B;
(111)A<781€B<:>(B A)N(C +ce) #0 < Jc € Csuchthatc+cece+ A C B;
()A%ClB@(B A) N (intC + ee) # 0 < Fe € intC such that c +ee + A C B.

The following examples illustrate the difference between non-strict and strict relations (boundary vs
interior vectors), as well as the effect of the e-shift in the e-Minkowski order.

Example 2.4. Let
V=R% A=[0,1? B=[0,4? C=R%, e=(l,1)€intC, e=1.
(i) We choose a boundary vector ¢ = (0,1) € C'\ intC'. Then
c+A=(0,1)+[0,1>=10,1] x [1,2] C B.

Therefore, A </i' B.
(ii) Choose an interior vector ¢ = (1,1) € intC'. Then

c+A=(1,1)+[0,1> =[1,2]* C B.

Therefore, A </i* B.
(iti) Choose ¢ = (0,1) € C'\ intC. Then

ct+eet+ A= (0,1)+(1,1)+[0,1)> = [1,2] x [2,3] C B.

Therefore, A /7L B.
(iv) Choose ¢ = (1,1) € intC. Then

cteet A=(1,1)+(1,1)+ (0,17 = [2,32 C B.
Therefore, A <C B.

Let F' : X =2 Y be a set-valued mapping. Let M be a nonempty subset of X. Let us consider the
following set optimization problem (1m1-SOP):

min{F (z) : x € M}.
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Definition 2.5. [10,20] Lete > 0, 29 € M, and e € intC. z is called a solution to problem (1m;-SOP)
as follows:

(i) mq-minimal solution, if there does not exist any € M such that F(z) /' F(zo) and
F(x) # F(x0) hold. (For any x € M, F(x) A" F(xo) or F(x) = F(x) holds.)
(ii) weakly m;-minimal solution, if there does not exist any = € M such that F'(z) <" F(zo)
holds. (For any x € M, F(x) A4" F(x0) holds.)
(iii) e-m1-minimal solution, if there does not exist any z € M such that F'(z) <L F(xo) and
F(z) # F(xo) hold. (For any x € M, F(z) #¢L F(xo) or F'(z) = F(20) holds.)
(iv) weakly e-m;-minimal solution, if there does not exist any z € M such that F'(z) <71 F(2o)
holds. (For any x € M, F'(z) AL F(20) holds.)

Let mi-E(F, M), mi-W(F, M), mi-E(F, M,e) and m-W (F, M, ¢) denote the m;-minimal solution
of (m1-SOP), the weakly m1-minimal solution of (m;-SOP), the e-m;-minimal solution of (m;-SOP)
and the weakly e-m;-minimal solution of (m;-SOP).

Remark 2.6. The above solution concepts admit the following geometric interpretation. An m;-minimal
solution is a feasible point whose image set cannot be translated by vectors of the ordering cone so as
to be contained in the image set of another feasible point (except in the trivial case of equality). Weak
minimality replaces the cone by its interior, yielding a strict version of this non-domination property.
The e-variants allow an additional tolerance shift e in a direction e € int C', meaning that domination
is excluded even up to this prescribed approximation.

Definition 2.7. [3] Let X and Y be two topological vector spaces. A set-valued mapping F': X = Y
is said to be
(i) upper semicontinuous (u.s.c.) at g € X, if for any open set V' C Y with F'(xg) C V, there
exists a neighbourhood U of x in X such that F'(z) C V forallz € U.
(ii) lower semicontinuous (Ls.c.) at zg € X, if for any open set V' C Y with F'(zg) NV # (), there
exists a neighbourhood U of 2 in X such that F'(z) NV # Q forallz € U.
(iii) continuous at g € X, if it is both Ls.c and u.s.c at zp € X. F is said to be Ls.c (resp. u.s.c) on
X, iffit is Ls.c (resp. u.s.c) at each x € X.

Lemma 2.8. [3] Let X and Y be two topological vector spaces. F' : X =Y be a set-valued mapping.

(i) F : X =2 Yislscatxy € X if and only if for any net {z,} C X with o — x¢ and any
yo € F(x0), there exists y, € F(xy) such that yo, — yo.

(ii) If F : X =Y has compact values (i.e., F'(x) is a compact set foreachx € X), then ' : X =Y
is u.s.c at xq if and only if for any net {x,} C X with xo, — x¢ and for any y, € F(z4), there
exist yo € F'(xo) and a subnet {yg} of {ya} such that yg — yo.

Definition 2.9. [1, 13] Let M be a nonempty convex subset of X, C' be a closed, convex and pointed
cone with nonempty interior. A set-valued mapping ' : M == Y is said to be:

(i) C-convex on M if, for any x1,x9 € M and for any t € [0, 1], we have
tF(z1)+ (1 —t)F(x2) C Ftx1 + (1 —t)zo) + C.

(ii) naturally quasi C-convex on M if, for any x1,z0 € M and for any ¢t € [0, 1], there exists
A € [0, 1] such that

AF(z1) + (1 = N)F(z2) C F(txy + (1 — t)ze) + C.

Lemma 2.10. [20] Let F' : X = Y be a nonempty set-valued mapping, M be a nonempty subset of X,
and xg € M.
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(i) Suppose F'(x¢) is bounded. If ¢ > 0, thenxzg € mi-E(F, M,¢) if and only if there does not exist
x € M such that F(x) 5L F(xo).

(ii) Ife > 0, thenzo € m1-W (F, M, ¢) if and only if there does not exist x € M such that F'(z) <{L
F({L‘())

Definition 2.11. [6, 10] For e € intC, we consider a function I!"* : P(Y) x P(Y) — R U {£o0}
defined by
I™(A,B) = inf{t € R | A" te + B} VA,Be P(Y),
the function ¢ : M x M — R U {z+o0} is defined as
p(z,y) = L™ (F(x), F(y), Y(z,y) € M x M.

Lemma 2.12. [10] Let A, B, D be given in P(Y) and A\ € R. The function I]"* (A, B) has following
properties:
(i) I"(A+ Xe,B) = I (A, B) + \.
(i) If I]" (A, B) < A, then A <;' Ae + B.
(iii) IfA <" B, then I™ (A, D) < I (B, D).
(iv) If 17" (A, B) € R,then A {5 I (A, B)e + B.

e

Lemma 2.13. [10] Let A, B be given in P(Y) and X\ € R, I"™ (A, B) is finite. If B—A is compact, C'is
closed, then I"' (A, B) = X ifand only if A 3 Ae + B and A 41" (A —€)e+ B foralle.

Lemma 2.14. [4] Assume that M is convex and xo,yg € M. The following statements are true:

(i) If F is C'-convex on M, then ¢(-,yo) is a convex function on M.
(ii) If F' is naturally quasi C'-convex on M, then ©(-,yo) is a naturally quasi convex function on M.

Lemma 2.15. [8] Let D be a nonempty connected subset of a normed space X, and let the set-valued
mapping F': D =Y be upper semicontinuous (u.s.c.) and have nonempty connectedness. Then F'(D) is
connected.

Proposition 2.16. Let M C X be a nonempty subset. Suppose the set-valued mapping F' : X = Y is
continuous with nonempty compact values, and e € intC'. Then ¢ is continuous on M x M.

Proof. Let A,, = F(zy), A = F(x0), Bp, = F(yn), and B = F(yp) for all n € N. It suffices to show
I (A, By) — I" (A, B). Let tg = 1" (A, B) and by Definition 2.11, then
to=inf{t e R|3ce C,c+ ACte+ B}.

Since A, B are compact sets and C' is a closed convex pointed cone with intC' # (), tg is finite (i.e.,
to € R). The proof proceeds in two steps:

Step 1: Proving lim sup,,_, . 17" (4n, By) < to.

For any given € > 0, by Lemma 2.12 (ii), there exists ¢y € C such that co+ A C (9 +¢)e+ B. Since
e € intC, there exists dg > 0 such that e — o By C C, which implies

6oBy Ce—C. (2.1)

Since F'is us.c. at g and A = F(xz¢) is compact, the set A + d By is an open neighborhood of A.
By Definition 2.7 (ii), there exists a neighborhood U; of x such that F'(z) C A + §By for all z € U;.
Because x,, — xg, we can choose N7 € N such that z,, € Uy for all n > N;. Hence,

Ay = F(z,) CA+ 0By foralln > Nj. (2.2)

Next, it is established the existence of Ny such that B C B,, + §By for all n > Ns. Assume that
such a N9 does not exist. Then we have

B ¢ B, + 6By.
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That there exists a subsequence {n;} and points by, € B such that
bnk ¢ Bnk + 6By

Since B is compact, we assume that b,, — b for some b € B.

By Lemma 2.8 (i), there exists a sequence by, € F' (Yn,,) = Bn,, such that by, — b. Since both sequences
converge to b, there exists K € N such that for all k > K, we have ||b — b|| < g and ||b,, — b|| < %.
Then, for £ > K we have

o 0

1B = by | < [ = Bl + b — b | < 5 +5 =

Hence, b,, € l;k + 0By C B,, + 0By, contradicting the choice of b,,. Therefore, there exists
N> € N such that

B C B, +dBy foralln> N. (2.3)
Let N = max{Ny, Na}. For all n > N, combining (2.2) and (2.3) yields
co+ An Ceo+A+6By C (tg+e)e+ B+ 6By C (ty+€)e + By + 26By, (2.4)

£

choosing 0 = 60 , we get 20 = dpe. Combining with (2.1), we have:

20By = 6peBy Ce(e—C) =ce — C. (2.5)

Combining (2.4) and (2.5), then
co+ An C(to+e)e+ By +ee—C = (top +2e)e+ B, — C.
Since C is a convex cone, there exists ¢, = ¢o + ¢ € C, where ¢’ € C, such that
en+ Ay C (to + 2¢)e + By, (2.6)
Therefore,
I (A, By) < to+ 2e.

Since € > 0 is arbitrary, Iettlng e — 0T gives limsup,,_, ., I (A, B,) < to.
Step 2: Proving lim inf,, o 17" (A, By) > to.
Suppose that there exists a subsequence {nk} such that limy_,oc IJ" (As,, Bn,) = t1 < to. Let

go = ozt tl > 0, then there exists K € N such that I)"' (A4, , By, ) < t1 +e¢ = tOHl forall k > K.
By Deﬁnition 2.11, for each k > K, there exists c¢,, € C such that

to + t1
2

Cny + An, C e+ By,

Since F' is l.s.c. with compact values, by Lemma 2.8 (i), for any ay € A, there exists a subnet
{anki} C Anki such that ap, — ao, Corresponding to an, , there exists by, € By, satisfying

to + t1
2
Due to By, is compact, the subnet {b,, } converges to some by € B. Taking the limit on both sides

Cny, + Qny, = e+ bnki-

Ofcnk- = %6 + bnk. — Qp, ., We obtain
1 7 i

to + 11

Cp. — Co = e+ by — ag.

ki
By the compactness of A and B, and the arbitrariness of ag € A, we have
to+1¢
co+AC 0 ; 1 e+ B,
which contradicts tg = II"' (A, B) as 2F1 < ¢,
Thus,
liminf 1) (A, By) > to.

n—o0
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From Step 1 and Step 2, we have limsup,,_, . I7"* (A, B,) = liminf,,_,o IJ" (A, By,) = to, which
implies I (A, By) — to. Therefore, o(zpn,yn) = I (Apn, By) — I (A, B) = ¢(x0,90), S0 ¢ is
continuous on M x M. O

Remark 2.17. The continuity assumption on F' in Proposition 2.16 is essential to ensure the continuity
of the function ¢ under the Minkowski order. While upper semicontinuity guarantees the inclusion
An C A+ dBy, the reverse inclusion B C B,, + J By requires lower semicontinuity. The resulting
continuity of ¢ provides a robust foundation for analyzing topological properties of solution sets.

The following example confirms that the continuity assumption on F' in Proposition 2.16 is essential
for the continuity of ¢ under the Minkowski order.

Example 2.18. Let X =Y =R, C = [0,400),e =1 € int C, and M = [0, 1]. A set-valued mapping
F: M =2Y is defined by
0,1 =0
poo - {0 -

0,z]U[1,1+z], xe(0,1].

Evidently, F'(z) is compact for each x € M.

We claim that F' is not continuous at x = 0. Indeed, consider yp = 0.5 € F'(0). For any sequence
{zn} C (0,1] such that 2, — 0T, we have F'(z,,) = [0, z,,]U[1, 1+x,,]. Since x,, < 0.5 for sufficiently
large n, the set F'(x,,) contains only points in [0, z,] or in [1, 1 + x,,]. Hence, there is no sequence {yy, }
with y,, € F(zy,) such that y,, — 0.5. By Lemma 2.8 (i), F fails to be lower semicontinuous at x = 0,
then ¢ is not continuous.

We now demonstrate that the function ¢(z,y) = I'"'(F(z), F(y)) is not continuous at (0,0).
Taking z, = 1/n € (0,1] and y,, = O for all n € N. Then (z,,y,) — (0,0). We compute:
©(0,0) = I™(F(0), F(0)). Since F'(0) = [0, 1], one can choose ¢ = 0 to satisfy 0+[0, 1] € 0-1+]0, 1],
so ©(0,0) = 0. ¢(zp,0) = I (F(zy),F(0)). Let A = F(z,) = [0,1/n] U [1,1 4+ 1/n] and
B = F(0) = [0, 1]. We seek the smallest ¢ € R such that there exists ¢ > 0 with

c+ACt+B=[tt+1].
This requires simultaneously:
{c+ 0,1/n] C [t,t+ 1],
c+[1,14+1/n] C[t,t+1].
The first inclusion implies ¢ < ¢ < t+1—1/n, the second inclusion impliest < c+1 < t+1—1/n,
ie,t—1<¢<t—1/n. Combining these, we need c such that
max{t,t —1} <c<min{t+1—1/n,t —1/n},

which is impossible for 1/n > 0. Consequently, no admissible ¢ exists for any finite ¢, implying
©(n,0) = 4o00.
Thus, ¢(z,,0) = +00 # ©(0,0), so ¢ is not continuous at (0, 0).

3. SCALARIZATION RESULTS FOR THE SOLUTION SETS

In this section, we derive some scalarization results for the sets of weak m;-minimal approximate
solutions for set optimization problem.
The set-valued mapping I' : M = P(M) is defined as:

Fle,z) ={ue M:o(y,z)+e>pu,z),Vye M}, V(e,z)e Ry x M
={ueM:I"(F(y),F(z))+e>I""(F(u),F(x)), Yy € M}.
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Theorem 3.1. Letc > 0. Assume that F'(x) is compact for any x € M. Then
my-W(F,M,e) = | T(e,z).
zeM

Proof. Let x* € m-W (F, M, €). By Lemma 2.10, there exists no 2o € M such that

F(zo) =gt F(27),
or equivalently,
F(xg) +ee <4" F(x¥).
Applying Lemma 2.12, we have
17" (F(z0) + e, F(z*)) < I (F(z*), F(z")),
this implies that there is no xy € M such that
I (F(x0), F(x")) 4 & < I (F(2*), F(z*)).
Negating this inequality, we obtain for all z € M,
I (F(z), F(z")) +e > I (F (%), F(z")).
Thus, z* € I'(e,2*) € U,ep e, ).
Conversely, Let v € | ¢, I'(¢, z). Then there exists Z € M such that v € I'(¢, 7), i.e.,
I (F(y),F(z))+e> 1" (F(v),F(z)),Vy € M. (3.1)
Suppose for contradiction that v ¢ mq-W (F, M, e). By Lemma 2.10, there exists § € M such that
F(y) <¢L F(v),  orequivalently, F(y) +ce <4" F().
Together with Lemma2.12, this implies
LM (F(y), F(2) + e < 1" (F(0), (7)),
which directly contradicts (3.1). Hence, v € m1-W (F, M, ¢). The proof is completed. g

Theorem 3.2. Let M be a nonempty and compact subset of X and x € M. If a set-valued mapping
F : X =Y is continuous with compact value. Then T'(e, z) # () for any e > 0.

Proof. 1t follows from Lemma 2.16 that ¢ (-, ) is continuous on M. Since M is nonempty and compact,
the Weierstrass theorem ensures that ¢ (-, ) attains its minimum on M.

That is, there exists ug € M
such that

SO(U(], .1') = min (P(u> :E)
ueM
Consequently, for any y € M, we have
(P(ya .T}) > QO(UO, l’),

adding € > 0 to both sides yields

Py, 2) +& = p(uo, x) + & = p(uo, ).
Hence, u satisfies
p(y,x) +e > p(ug, ) Vye M,
which implies
ug € I'(e, x).
Therefore, I' (¢, ) # () for every € > 0. O



CONNECTEDNESS IN SET OPTIMIZATION WITH MINKOWSKI ORDER 83

4. CONNECTEDNESS OF THE SOLUTION SETS

In this section, we discuss the connectedness of the sets of m;-minimal approximate solutions for
set optimization problems by using the scalarization technique.

Theorem 4.1. Letc > 0 and M be nonempty, convex and compact. If a set-valued mapping ' : X =3'Y
is continuous with compact value. ThenT'(g,-) is w.s.c. on Rg.

Proof. Suppose I'(¢, -) is not upper semicontinuous, by Definition 2.7 (i), there exist a neighbourhood
Vo of T'(e,z0) and a sequence {z,,} € M with x,, — z¢ such that I'(¢,z,,) € Vp. This means that
there exists u,, € I'(¢, z,,) such that
Up ¢ V.
Due to the compactness of M, {u, } has a convergent subsequence, without loss of generality, we
still denoted as {u, }, let u,, — ug € M, it follows from u,, € I'(e, x,,) that
Py, zn) + € = o(tn, Tn).

Since F' is continuous with compact value, then combining with Proposition 2.16, for any y € M,
we have

oy, o) + € = p(uo, To).
that is
ug € I'(e,x) C V.
Moreover, V is an open set and u,, — ug, so there exists NV such that when n > N, u,, € V, which

contradicts u,, ¢ V.
Therefore, I'(e, -) is upper semicontinuous. O

Theorem 4.2. Assume that M is nonempty and convex, F' is naturally quasi C-convex on M. ThenT (e, x)
is convex for any (e,z) € Ry x M.

Proof. Lett € [0, 1] and uy, us € I'(g,x). Then, for any y € M, we have
go(y,x) +e2> @(Ul,l‘), (41)
oy, ) + & > p(uz, ). (4.2)

It follows from Lemma 2.14 (ii) that ¢ (-, x) is a naturally quasi convex function on M, then for any
€ [0, 1], there exists A € [0, 1] such that

Ap(ur, z) + (1 = N)p(ug, ) > p(tug + (1 — t)ug, ). (4.3)
Combining (4.1), (4.2) and (4.3), we get that
oy, z) +e > @(tu; + (1 — t)ug, x),
which implies tu; + (1 — t)ug € I'(¢, z). Therefore, I'(¢, ) is convex. O

Theorem 4.3. Lete > 0 and M be nonempty, convex and compact. Assume that set-valued mapping F :
X =Y is continuous with compact value. If F' is naturally quasi C-convex on M , then m1-W (F, M, ¢)
is connected.

Proof. From Theorem 3.2, Theorem 4.1 and 4.2, we can know that I'(¢, z) is nonempty, convex for any
x € M and u.s.c on ]RSL. By Theorem 3.1, we have

my-W(F,M,e) = | T(e,z).
zeM

Therefore, we conclude from Lemma 2.15 that m;-W (F, M, ¢) is connected. g
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Remark 4.4. Unlike the connectedness results in [4], which rely on the [-order. Theorem 4.3 is estab-
lished under the Minkowski order. This difference represents a meaningful generalization and high-
lights the adaptability of the Gerstewitz function to different set order structures in set optimization.

Example4.5. Let X =R, Y =R%, M = [0,2],C = Ri (closed, convex, pointed cone with intC' # (),
e =(1,1) € intC, and € = 0.3. The set-valued mapping F' : X == Y is defined as:

F(z) = {{(t,x —t)|te(0,2]}, Vze M.

M is nonempty, convex, and compact. I is continuous with compact values and naturally quasiC-
convex. All conditions of Theorem 4.3 are satisfied. Thus, mi-W (F, M,¢) is connected. Through
calculation, we can obtain m1-W (F, M, &)= [0, 0.6]. For instance, z = 0 and 2 = 0.4 belong to m;-
W(F,M,¢), implying {t | t € [0,0.4]} C m;-W (F, M, ¢).

5. CONCLUSION

This paper investigates set optimization problems under the Minkowski order relation, with a fo-
cus on the connectedness of approximate solution sets via a scalarization method. We first adopt the
Gerstewitz function and prove its continuity under the assumption that the set-valued mapping is con-
tinuous with compact values. Then, we analyze the convexity and semicontinuity of the associated
set-valued mapping. Finally, the connectedness of the weak e-m;-minimal solution set (denoted by
m1-W(F, M, ¢)) is established. These results enrich the scalarization theory in set optimization and lay
a theoretical foundation for subsequent research on the stability of solution sets. Future research may
extend the present framework by employing the constructed scalarization function to explore proper-
ties such as the well-posedness of solution sets and Painlevé-Kuratowski convergence. The framework
will also be extended to non-compact or non-convex scenarios to broaden its practical relevance.
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