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Abstract. We study the problem of finding the common element of the solution set of equilibrium prob-
lem and fixed point set of multi-valued relatively nonexpansive mappings in uniformly convex and uni-
formly smooth Banach space without the assumption of weak sequential continuity of the normalized
duality mapping. We propose a modified S-iteration process for solving the problem and prove a strong
convergence theorem. We apply our results to variational inequality and fixed point problems. Two nu-
merical examples are presented to illustrate the performance of our method as well as comparing it with
some related methods in the literature. Our main result extends and generalizes many existing results in
the literature.
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1. Introduction

Let C be a nonempty closed convex subset of a real Banach space E and T : E → E be a mapping.
A point x ∈ E is called a fixed point of T if x = Tx. We shall denote the set of fixed point of T by
Fix(T ). Let f : C × C → R be a bifunction, then the Equilibrium Problem (in short, EP) with respect
to f and C in the sense of Blum and Oettli [8] is formulated as:

Find x∗ ∈ C such that f(x∗, y) ≥ 0 ∀ y ∈ C. (1.1)
We shall denote the solution set of (1.1) by EP (f, C). The EP is very general and serves as a uni-
fied framework for studying a wide class of problems which include optimization problem, nonlinear
complementarity problem, saddle point problem, variational inequality problem, Nash equilibria, the
fixed point problem and others, see, for example [2, 3, 12, 13, 24, 36, 40, 42, 43]. The EP and its var-
ious generalizations have attracted considerable research efforts recently. In addition, the problem
of finding the common element of the set of solution of EP and the set of fixed point of nonlinear
mapping and related optimization problems has recently received attention of some authors and this
has led to the introduction of various iterative algorithms for solving such problems; see, for example
[4, 15, 16, 21, 22, 23, 25, 26, 27, 37, 44, 45, 46] and the references therein.

To study the EP for the bifunction f : C × C → R, we assume f satisfies the following conditions:
(A1) f(x, x) = 0, for all x ∈ C ;
(A2) f is monotone, i.e., f(x, y) + f(y, x) ≤ 0, for all x, y ∈ C ;
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(A3) for each x, y, z ∈ C , limt→0+ f(tz + (1− t)x, y) ≤ f(x, y);
(A4) for each x ∈ C , f(x, ·) is convex and lower semicontinuous.
In 2009, for finding the common solution (EP (f, C) ∩ Fix(S)) of the set of solution of EP (1.1) and

the fixed point set of a relatively nonexpansive self mapping on C , Takahashi and Zembayashi [48]
introduced the following modified Mann [33, 34] iterative scheme:

u1 ∈ E chosen arbitrarily,
xn ∈ C ϶ f(xn, y) + 1

rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, ∀ y ∈ C,

un+1 = J−1(αnJxn + (1− αn)JSxn),

(1.2)

for all n ∈ N, where f : C × C → R, {αn} and {rn} satisfy appropriate conditions, S : C → C is
relatively nonexpansive mapping, and J is the duality mapping on E. They proved that {xn} converges
weakly to z ∈ EP (f, C) ∩ Fix(S), where z = limn→∞ΠEP (f,C)∩Fix(S)xn.

In 2012, Zegeye and Shahzad [51] studied the problem of finding a common point of solutions of EP
and fixed point of relatively nonexpansive multi-valued mappings in Banach spaces. They proved the
following strong convergence theorem:

Theorem 1.1. Let C be a nonempty, closed and convex subset of a uniformly smooth and uniformly
convex real Banach space E. Let f : C × C → R be a bifunction which satisfies conditions (A1) - (A4).
Let Ti : C → CB(C), for i = 1, 2, . . . , N be a finite family of relatively nonexpansive multi-valued
mappings. Assume that F := EP (f, C) ∩ ∩N

i=1Fix(Ti) is nonempty. Let {xn} be a sequence generated
by 

x0 = w ∈ C chosen arbitrarily,
wn ∈ C ϶ f(wn, y) +

1
rn
⟨y − wn, Jwn − Jxn⟩ ≥ 0, ∀ y ∈ C,

yn = ΠCJ
−1(αnJw + (1− αn)Jwn),

xn+1 = J−1(βn,0Jwn +
∑N

i=1 βn,iJun,i), un,i ∈ Tiyn,

(1.3)

where αn ∈ (0, 1) such that limn→∞ αn = 0,
∑∞

n=1 αn = ∞, {βn,i} ⊂ [a, b] ⊂ (0, 1), for i =
1, 2, . . . , N , satisfying βn,0 + βn,1 + · · ·+ βn,N = 1, for each n ≥ 0. Then {xn} converges strongly to an
element of F .

In 2012, Alizadeh and Moradlou [6] studied the problem of finding the common element of the fixed
point set of 2-generalized hybrid mapping and the set of solution of EP (1.1) in Hilbert space. They pro-
posed the following iteration process and under some conditions prove a weak convergence theorem:

u1 ∈ C chosen arbitrarily,
un ∈ C ϶ f(un, y) + 1

rn
⟨y − un, un − xn⟩ ≥ 0, ∀ y ∈ C,

yn = (1− βn)xn + βnSun,
xn+1 = (1− αn)xn + αnSyn, ∀ n ∈ N.

(1.4)

Motivated by Takahashi and Zembayashi [48], in 2018, Alizadeh and Moradlou [7] studied the problem
of finding the common solution of the fixed point set of a relatively nonexpansive mapping and the set
of solution of EP (1.1) in Banach spaces. They proposed the following modified Ishikawa [20] iterative
scheme for approximating the solution:

u1 ∈ E chosen arbitrarily,
xn ∈ C ϶ f(xn, y) + 1

rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, ∀ y ∈ C,

yn = J−1((1− βn)Jxn + βnJSxn),
un+1 = J−1((1− αn)Jxn + αnJSyn),

(1.5)

for all n ∈ N, where f : C × C → R, {αn}, {βn} and {rn} satisfy some appropriate conditions. With
the assumption that J is weakly sequentially continuous, they proved that {xn} converges weakly to
z ∈ EP (f, C) ∩ Fix(S), where z = limn→∞ΠEP (f,C)∩Fix(S)xn.
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On the other hand, in 2007, Agarwal et al. [1] proposed the following iterative scheme called the S-
iteration process: The S-iteration process has been shown to perform better than the Mann and Ishikawa

Let C be a convex subset of a linear space X and T a mapping of C onto itself. Let x1 ∈ C and
generate the sequence {xn} by{

yn = (1− βn)xn + βnTxn,
xn+1 = (1− αn)Txn + αnTyn, n ∈ N,

where {αn} and {βn} are real sequences in (0, 1) satisfying the condition:
∞∑
n=1

αnβn(1− βn) = ∞.

iteration processes, see Kumar et al [32]. Furthermore, some authors have used the S-iteration process
and its modifications to find common fixed points of two mappings, see for example [10, 38, 41] and
the references therein.

We observe that the numerical examples provided in Alizadeh and Moradlou [7] show that Algorithm
(1.5) converges faster than Algorithms (1.4) and (1.2). However, the implementation of Algorithm (1.5)
relies on the assumption that the duality mapping J is weakly sequentially continuous. It is known
that the ℓp (1 < p < +∞) spaces have such property, but the Lp(1 < p < +∞) spaces do not, see
[14]. Therefore the assumption excludes some important Banach spaces like the Lp(1 < p < +∞)
spaces. Moreover, Algorithms (1.2) and (1.5) ensure only weak convergence.

Motivated by the above works, in this paper, we study the problem of finding a common solution
of the set of solution of EP and the fixed point set of multi-valued relatively nonexpansive mappings
in uniformly convex and uniformly smooth Banach spaces. We propose a modified S-iteration process
and under some mild assumptions, we prove a strong convergence theorem. Our scheme does not
involve the computation of generalized projection per iteration unlike (1.3). Also the requirement that
the duality mapping is weakly sequentially continuous is dispensed with. Our results extend, improve
and generalize many existing results in the literature in this direction.

The remaining part of this paper is organized as follows: In Section 2, we collect some useful defini-
tions, notations and lemmas which are needed for our convergence analysis. In Section 3, we present
our algorithm and prove a strong convergence theorem. We also give some corollaries to our main
result. In Section 4, we give an application of our main result. In Section 5, we give numerical exam-
ples to illustrate our algorithm and compare it with some existing related algorithms in literature and
conclude in Section 6.

2. Preliminaries

Let E be a real Banach space and C a nonempty closed convex subset of E. We denote by E∗ the
dual of E and ∥ · ∥ the norm of E or E∗. We shall denote the value of the functional x∗ ∈ E∗ at x ∈ E
by ⟨x, x∗⟩. For a sequence {xn} of E and x ∈ E, we denote the strong convergence of {xn} and weak
convergence of {xn} to x by xn → x and xn ⇀ x, respectively.
Definition 2.1. A function g : E → R ∪ {+∞} is said to be

(1) proper if its effective domain D(g) := {x ∈ E : g(x) < +∞} is nonempty,
(2) convex if g(λx+ (1− λ)y) ≤ λg(x) + (1− λ)g(y) for every λ ∈ (0, 1), x, y ∈ D(g),
(3) lower semicontinuous at x0 ∈ D(g) if g(x0) ≤ lim infx→x0 g(x).

Let S := {x ∈ E : ∥x∥ = 1}. The norm of E is said to be Gâteaux differentiable if the limit

lim
t→0

∥x+ ty∥ − ∥x∥
t

(2.1)
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exists for each x, y ∈ S. E is said to be smooth if its norm is Gâteaux differentiable for each y ∈ S. E
is strictly convex if ∥x + y∥ < 2 whenever x, y ∈ S and x ̸= y. The modulus of convexity of E is the
function δE : (0, 2] → [0, 1] defined by

δE(ϵ) := inf

{
1− ∥x+ y

2
∥ : ∥x∥ = ∥y∥ = 1, ∥x− y∥ ≥ ϵ

}
,

see [15]. E is said to be uniformly convex if δE(ϵ) > 0 and p-uniformly convex if there exists a constant
Cp > 0 such that δE(ϵ) ≥ Cpϵ

p, for any ϵ ∈ (0, 2]. It is known that every uniformly convex Banach
space is strictly convex and reflexive.

Lemma 2.2. [30, 49] Let E be a uniformly convex Banach space. Then for any given number r > 0, there
exists a continuous strictly increasing function g : [0,∞) → [0,∞) such that g(0) = 0 and

∥tx+ (1− t)y∥2 ≤ t∥x∥2 + (1− t)∥y∥2 − t(1− t)g(∥x− y∥)
for all x, y ∈ E with ∥x∥ ≤ r and ∥y∥ ≤ r, t ∈ [0, 1].

The modulus of smoothness of E is the function ρE : [0,∞) → [0,∞) defined by

ρE(τ) := sup

{
∥x+ τy∥+ ∥x− τy∥

2
− 1 : ∥x∥ = ∥y∥ = 1

}
.

E is called uniformly smooth if limτ→0
ρE(τ)

τ = 0. It is called q-uniformly smooth if there exists a
constant Cq > 0 such that ρE(τ) ≤ Cqτ

q . Every q-uniformly smooth Banach space is uniformly
smooth and every uniformly smooth Banach space is smooth and reflexive. It is well known that E is
uniformly convex if and only if E∗ is uniformly smooth. The Hilbert spaces, Lp(or ℓp) spaces and the
Sobolev spaces W k,p, (1 < p < ∞) are uniformly convex and uniformly smooth Banach spaces. For
more on the geometry of Banach spaces, please see for instance ([11, 47]).
The normalized duality mapping J : E → 2E

∗ is defined by
Jx = {x∗ ∈ E∗ : ⟨x, x∗⟩ = ∥x∥2 = ∥x∗∥2}. (2.2)

We recall the following properties of the normalized duality mapping (see e.g. [9, 19, 47]):
1. Jx is nonempty closed convex and bounded subset of E∗ for all x ∈ E;
2. if E is reflexive, then J is surjective;
3. if E is strictly convex, then J is injective;
4. if E is smooth, then J is single-valued and norm-to-weak* continuous;
5. if E is uniformly smooth and uniformly convex, then J is uniformly norm-to-norm continuous

on bounded subsets and J−1 = J∗, the normalized duality mapping on E∗ is also uniformly
norm-to-norm continuous on bounded subsets of E∗;

6. if E is a real Hilbert space, then J is the identity map on E.
If E is smooth, J : E → E∗ is said to be weakly sequentially continuous if for every y ∈ E, ⟨y, Jxn⟩ →
⟨y, Jx⟩ as xn ⇀ x.
The Lyapunov functional ϕ : E × E → R (see [5, 29]) is defined by

ϕ(x, y) = ∥x∥2 − 2⟨x, Jy⟩+ ∥y∥2, for all x, y ∈ E. (2.3)
From (2.3), it is easy to see that ϕ(x, x) = 0 for every x ∈ E. If E is strictly convex, then ϕ(x, y) =
0 ⇐⇒ x = y. If E is a Hilbert space then ϕ(x, y) = ∥x− y∥2 for all x, y ∈ E. For every x, y, z ∈ E
and α ∈ (0, 1), the Lyapunov functional ϕ satisfies the following properties:

(B1) 0 ≤ (∥x∥ − ∥y∥)2 ≤ ϕ(x, y) ≤ (∥x∥+ ∥y∥)2;
(B2) ϕ(x, J−1(αJz + (1− α)Jy)) ≤ αϕ(x, z) + (1− α)ϕ(x, y);
(B3) ϕ(x, y) = ϕ(x, z) + ϕ(z, y) + 2⟨z − x, Jy − Jz⟩;
(B4) ϕ(x, y) ≤ 2⟨y − x, Jy − Jx⟩.
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Also, we define the functional V : E × E∗ → [0,+∞) by

V (x, x̄) = ∥x∥2 − 2⟨x, x̄⟩+ ∥x̄∥2, for all (x, x̄) ∈ E × E∗. (2.4)

It can be inferred from (2.4) that V is non-negative and

V (x, x̄) = ϕ(x, J−1x̄). (2.5)

Furthermore, V is convex in the second argument and the following inequality holds:

V (x, x̄) + ⟨J−1x̄− x, ȳ⟩ ≤ V (x, x̄+ ȳ), (2.6)

for all x ∈ E and x̄, ȳ ∈ E∗ (see also, [31]).

Lemma 2.3. [29] Let E be a smooth and uniformly convex Banach space and {xn} and {yn} be sequences
in E such that either {xn} or {yn} is bounded. If ϕ(xn, yn) → 0 as n → ∞, then ∥xn − yn∥ → 0 as
n → ∞.

Remark 2.4. From Property B4, it follows that the converse of Lemma 2.3 also holds if the sequences
{xn} and {yn} are bounded (see also, [50]).

Definition 2.5. Let C be a nonempty closed convex subset of a real Banach space E. A point x∗ ∈ C is
called an asymptotic fixed point (see [39]) of T if C contains a sequence {xn} which converges weakly
to x∗ such that limn→∞ ∥xn−Txn∥ = 0. We denote the set of asymptotic fixed points of T by F̂ix(T ).
A mapping T : C → C is said to be:

1. nonexpansive if ∥Tx− Ty∥ ≤ ∥x− y∥ for all x, y ∈ C ;
2. relatively nonexpansive (see [30]) if:

i. Fix(T ) ̸= ∅;
ii. ϕ(p, Tx) ≤ ϕ(p, x) for all p ∈ Fix(T ), x ∈ C ;

iii. F̂ix(T ) = Fix(T );
3. generalized nonspreading (see [18]) if there are α, β, γ, δ ∈ R such that

αϕ(Tx, Ty)+(1−α)ϕ(x, Ty)+γ[ϕ(Ty, Tx)−ϕ(Ty, x)] ≤ βϕ(Tx, y)+(1−β)ϕ(x, y)+δ[ϕ(y, Tx)−ϕ(y, x)].

Let N(C) and CB(C) denote the family of nonempty subsets and nonempty closed bounded subsets
of C , respectively. The Hausdorff metric on CB(C) is defined by

H(A,B) := max{sup
a∈A

dist(a,B), sup
b∈B

dist(b, A)}, (2.7)

for all A,B ∈ CB(C), where dist(a,B) := inf{∥a− b∥ : b ∈ B}.
Let T : C → CB(C) be a multi-valued mapping. An element p ∈ C is called a fixed point of T if
p ∈ Tp. A point p ∈ C is called an asymptotic fixed point of T , if there exists a sequence {xn} ∈ C
which converges weakly to p such that limn→∞ dist(xn, Txn) = 0.
A mapping T : C → CB(C) is said to be:

1. nonexpansive if H(Tx, Ty) ≤ ∥x− y∥, for all x, y ∈ C ;
2. relatively nonexpansive if

i. Fix(T ) ̸= ∅;
ii. ϕ(p, u) ≤ ϕ(p, x) for x ∈ C , u ∈ Tx, p ∈ Fix(T );

iii. F̂ix(T ) = Fix(T ).

The class of relatively nonexpansive multi-valued mappings contains the class of relatively nonexpan-
sive single-valued mappings. The next example shows that there are relatively nonexpansive multi-
valued mappings that are not nonexpansive.
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Example 2.6. (See [17], Example 1.8) Let I = [0, 1], E = Lp(I), 1 < p < ∞ and C = {h ∈ E :
h(x) ≥ 0, ∀ x ∈ I}. Let T : C → CB(C) be defined by

T (h) =

{
{g ∈ C : h(x)− 3

4 ≤ g(x) ≤ h(x)− 1
4}, h(x) > 1, ∀ x ∈ I;

{0}, otherwise. (2.8)

Then T is relatively nonexpansive multi-valued mapping which is not nonexpansive.

Remark 2.7. (See [17], Remark 2.2) Let E be a strictly convex and smooth Banach space, and C a
nonempty closed convex subset of E. Suppose T : C → N(C) is a relatively nonexpansive multi-
valued mapping. If p ∈ Fix(T ), then Tp = {p}.

The next lemma shows the relationship between generalized nonspreading mappings and relatively
nonexpansive mappings.

Lemma 2.8. [18] Let E be a strictly convex Banach space with a uniformly Gâteaux differentiable norm,
let C be a nonempty closed convex subset of E and let T be a generalized nonspreading mapping of C into
itself such that Fix(T ) is nonempty. Then, T is relatively nonexpansive.

Lemma 2.9. [17] Let E be a strictly convex and smooth Banach space and C be a nonempty closed convex
subset of E. Let T : C → N(C) be a relatively nonexpansive multi-valued mapping. Then Fix(T ) is closed
and convex.

Lemma 2.10. [8] Let C be a nonempty, closed convex subset of a smooth, strictly convex and reflexive
Banach space E, f : C × C → R be a bifunction satisfying (A1) - (A4) and let r > 0 and x ∈ E. Then,
there exists z ∈ C such that

f(z, y) +
1

r
⟨y − z, Jz − Jx⟩ ≥ 0,

for all y ∈ C .

Lemma 2.11. [48] Let C be a nonempty, closed convex subset of a smooth, strictly convex and reflexive
real Banach space E, f : C×C → R be bifunction satisfying (A1) - (A4) and let r > 0 and x ∈ E. Define
the mapping Tr : E → C as follows:

Tr(x) = {z ∈ C : f(z, y) +
1

r
⟨y − z, Jz − Jx⟩ ≥ 0, ∀ y ∈ C}.

Then the following statements hold:

(1) Tr is single-valued;
(2) Fix(Tr) = EP (f, C);
(3) EP (f, C) is closed and convex;
(4) Tr is relatively nonexpansive.

Lemma 2.12. [48] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, let f : C × C → R be bifunction satisfying (A1) - (A4) and let r > 0. Then for x ∈ E
and p ∈ Fix(Tr),

ϕ(p, Trx) + ϕ(Trx, x) ≤ ϕ(p, x).

Lemma 2.13. [49] Let {an} be a sequence of nonnegative real numbers satisfying the following relation:

an+1 ≤ (1− αn)an + αnδn, n ≥ 0,

where {αn} ⊂ (0, 1) and {δn} ⊂ R such that
∑∞

n=1 αn = ∞, and lim supn→∞ δn ≤ 0. Then
limn→∞ an = 0.
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3. Main Results

Lemma 3.1. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S, T : C → CB(C) be multi-valued

relatively nonexpansive mappings. Assume Ω := EP (f, C) ∩ Fix(S) ∩ Fix(T ) ̸= ∅. Let u1 ∈ E be
arbitrary and {xn}, {un} be sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,

yn = J−1((1− αn)Jxn + αnJvn), vn ∈ Sxn,
un+1 = J−1(βnJxn + ρnJvn + γnJwn), wn ∈ Tyn, n ≥ 1,

(3.1)

where {αn} ⊆ [0, 1], 0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1 and {rn} is a sequence in
(0,∞) satisfying lim infn→∞ rn > 0. Then the sequence {xn} is bounded.

Proof. Let p ∈ Ω and xn = Trnun. Then from (3.1), (B2) and the fact that S and T are relatively
nonexpansive, we have

ϕ(p, yn) = ϕ(p, J−1((1− αn)Jxn + αnJvn))

≤ (1− αn)ϕ(p, xn) + αnϕ(p, vn)

≤ (1− αn)ϕ(p, xn) + αnϕ(p, xn)

= ϕ(p, xn). (3.2)

Also from (3.2), we get

ϕ(p, un+1) = ϕ(p, J−1(βnJxn + ρnJvn + γnJwn))

≤ βnϕ(p, xn) + ρnϕ(p, vn) + γnϕ(p, wn)

≤ βnϕ(p, xn) + ρnϕ(p, xn) + γnϕ(p, yn)

≤ ϕ(p, xn). (3.3)

Moreover, using Lemma 2.12, we obtain

ϕ(p, xn) = ϕ(p, Trnun)

≤ ϕ(p, un). (3.4)

Thus from (3.3) and (3.4), we see that

ϕ(p, xn+1) ≤ ϕ(p, un+1) ≤ ϕ(p, xn). (3.5)

This shows that {ϕ(p, xn)} is a bounded decreasing sequence in R. It therefore follows that
limn→∞ ϕ(p, xn) exists. Therefore from (B1), one can infer that {xn} is bounded. In addition,
limn→∞(ϕ(p, xn+1)−ϕ(p, xn)) = 0. Since S and T are relatively nonexpansive it follows that {Sxn},
{yn} and {Tyn} are bounded. Hence {un} is also bounded. □

Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S, T : C → CB(C) be multi-valued

relatively nonexpansive mappings. Assume that Ω := EP (f, C)∩ Fix(S)∩ Fix(T ) ̸= ∅ and for arbitrary
u1 ∈ E let {xn} and {un} be the sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,

yn = J−1((1− αn)Jxn + αnJvn), vn ∈ Sxn,
un+1 = J−1(βnJxn + ρnJvn + γnJwn), wn ∈ Tyn, n ≥ 1,

(3.6)
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where {αn} ⊆ [0, 1], 0 < a < βn, ρn, γn < b < 1 such that βn+ρn+γn = 1,
∑∞

n=1(1−βn) = ∞ and
{rn} is a sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then, the sequence {xn} converges strongly
to x∗ ∈ Ω.

Proof. Let p ∈ Ω and define zn = J−1(ρ̃nJvn + γ̃nJwn), where ρ̃n = ρn
1−βn

and γ̃n = γn
1−βn

. Then
un+1 = J−1(βnJxn + (1− βn)Jzn). Therefore, using (B2), (2.5) and (2.6), we get

ϕ(p, xn+1) ≤ ϕ(p, un+1)

= ϕ(p, J−1(βnJxn + (1− βn)Jzn))

= V (p, βnJxn + (1− βn)Jzn)

≤ V (p, βnJxn + (1− βn)Jzn − (1− βn)(Jzn − Jp))

+(1− βn)⟨un+1 − p, Jzn − Jp⟩
≤ V (p, βnJxn + (1− βn)Jp) + (1− βn)⟨un+1 − p, Jzn − Jp⟩
= βnV (p, Jxn) + (1− βn)V (p, Jp) + (1− βn)⟨un+1 − p, Jzn − Jp⟩
= βnϕ(p, xn) + (1− βn)ϕ(p, p) + (1− βn)⟨un+1 − p, Jzn − Jp⟩
= βnϕ(p, xn) + (1− βn)⟨un+1 − p, Jzn − Jp⟩. (3.7)

Furthermore, by the fact that E is uniformly smooth we can conclude that E∗ is uniformly convex.
Therefore, taking r = supn∈N{∥xn∥, ∥vn∥, ∥wn∥} and invoking Lemma 2.2, we get

ϕ(p, xn+1) ≤ ϕ(p, un+1)

= ϕ(p, J−1(βnJxn + ρnJvn + γnJwn))

= ∥p∥2 − 2⟨p, βnJxn + ρnJvn + γnJwn⟩+ ∥βnJxn + ρnJvn + γnJwn∥2

≤ ∥p∥2 − 2⟨p, βnJxn + ρnJvn + γnJwn⟩+ βn∥xn∥2 + ρn∥vn∥2 + γn∥wn∥2

−βnρng(∥Jxn − Jvn∥)− βnγng(∥Jxn − Jwn∥)− ρnγng(∥Jvn − Jwn∥)
= βnϕ(p, xn) + ρnϕ(p, vn) + γnϕ(p, wn)

−βnρng(∥Jxn − Jvn∥)− βnγng(∥Jxn − Jwn∥)− ρnγng(∥Jvn − Jwn∥)
≤ βnϕ(p, xn) + ρnϕ(p, xn) + γnϕ(p, yn)

−βnρng(∥Jxn − Jvn∥)− βnγng(∥Jxn − Jwn∥)− ρnγng(∥Jvn − Jwn∥)
≤ ϕ(p, xn)− βnρng(∥Jxn − Jvn∥)− βnγng(∥Jxn − Jwn∥)

−ρnγng(∥Jvn − Jwn∥). (3.8)

Then from (3.8), we get

βnρng(∥Jxn−Jvn∥)+βnγng(∥Jxn−Jwn∥)+ρnγng(∥Jvn−Jwn∥) ≤ ϕ(p, xn)−ϕ(p, xn+1). (3.9)

Taking the limit of (3.9) as n → ∞, we get

lim
n→∞

g(∥Jxn − Jvn∥) = lim
n→∞

g(∥Jxn − Jwn∥) = lim
n→∞

g(∥Jvn − Jwn∥) = 0. (3.10)

By the property of g, we obtain from (3.10) that

lim
n→∞

∥Jxn − Jvn∥ = lim
n→∞

∥Jxn − Jwn∥ = lim
n→∞

∥Jvn − Jwn∥ = 0. (3.11)

By the uniform continuity of J−1 on bounded subset of E∗, we derive from (3.11) that

lim
n→∞

∥xn − vn∥ = lim
n→∞

∥xn − wn∥ = lim
n→∞

∥vn − wn∥ = 0. (3.12)
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Also, from (3.1), (3.12) and Remark 2.4, we have

ϕ(xn, yn) = ϕ(xn, J
−1((1− αn)Jxn + αnJvn))

≤ (1− αn)ϕ(xn, xn) + αnϕ(xn, vn)

= αnϕ(xn, vn) → 0 as n → ∞. (3.13)

Therefore using Lemma 2.3, it follows from (3.13) that

lim
n→∞

∥xn − yn∥ = 0. (3.14)

From (3.12) and (3.14), we get

lim
n→∞

∥wn − yn∥ ≤ lim
n→∞

∥wn − vn∥+ lim
n→∞

∥vn − xn∥+ lim
n→∞

∥xn − yn∥ = 0. (3.15)

Since ∥xn − vn∥ → 0 and ∥wn − yn∥ → 0 as n → ∞, it then implies that

lim
n→∞

d(xn, Sxn) ≤ lim
n→∞

∥xn − vn∥ → 0

and
lim
n→∞

d(yn, T yn) ≤ lim
n→∞

∥yn − wn∥ → 0.

By the boundedness of {xn}, there exists subsequence {xnk
} of {xn} such that xnk

⇀ z as k → ∞.
We can also conclude that ynk

⇀ z. Since S and T are relatively nonexpansive, it then implies that
z ∈ Fix(S) and z ∈ Fix(T ). Then by Remark 2.7, we derive that Sz = Tz = {z}. We next prove that
z ∈ EP (f, C). First note from Lemma 2.12 that

ϕ(p, Trnun) + ϕ(Trnun, un) ≤ ϕ(p, un).

From which we get that

ϕ(xn, un) ≤ ϕ(p, un)− ϕ(p, xn)

≤ ϕ(p, xn−1)− ϕ(p, xn) → 0 as n → ∞. (3.16)

Owing to Lemma 2.3, we have from (3.16) that

lim
n→∞

∥xn − un∥ = 0. (3.17)

By the uniform continuity of J on bounded subset of E, we then have that

lim
n→∞

∥Jxn − Jun∥ = 0.

More so, since lim infn→∞ rn > 0, we have that

lim
n→∞

∥Jxn − Jun∥
rn

= 0. (3.18)

Since xn = Trnun, it then follows that

f(xn, y) +
1

rn
⟨y − xn, Jxn − Jun⟩ ≥ 0 ∀ y ∈ C.

Similarly for the subsequence {xnk
}, it holds that

f(xnk
, y) +

1

rnk

⟨y − xnk
, Jxnk

− Junk
⟩ ≥ 0 ∀ y ∈ C. (3.19)

Using condition (A2), we obtain from (3.19) that
1

rnk

⟨y − xnk
, Jxnk

− Junk
⟩ ≥ −f(xnk

, y)

≥ f(y, xnk
) ∀ y ∈ C. (3.20)
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Passing on to the limit as k → ∞ and using (A4), we get that

0 ≥ f(y, z) ∀ y ∈ C.

Now, suppose y ∈ C is fixed and t ∈ (0, 1], define yt = ty + (1− t)z. Then yt ∈ C and

f(yt, z) ≤ 0.

From condition (A4), we then obtain

0 = f(yt, yt) ≤ tf(yt, y) + (1− t)f(yt, z)

≤ tf(yt, y).

So we obtain that
f(yt, y) ≥ 0 ∀ y ∈ C.

Passing to the limit as t → 0+ and using (A3), we obtain that

f(z, y) ≥ 0 ∀ y ∈ C.

Hence, z ∈ EP (f, C). Thus we have shown that z ∈ EP (f, C) ∩ Fix(S) ∩ Fix(T ).
Next we prove that xn → z ∈ EP (f, C) ∩ Fix(S) ∩ Fix(T ). First by replacing p with z in (3.7), we get

ϕ(z, xn+1) ≤ βnϕ(z, xn) + (1− βn)⟨un+1 − z, Jzn − Jz⟩. (3.21)

Then for the subsequence {unk
}, it follows from (3.17) that {unk

} ⇀ z as k → ∞. Thus we get that

lim sup
n→∞

⟨un+1 − z, Jzn − Jz⟩ = lim
k→∞

⟨unk+1 − z, Jznk
− Jz⟩

= ⟨z − z, lim
k→∞

Jznk
− Jz⟩

= 0. (3.22)

Therefore, from (3.22) and applying Lemma 2.13 to (3.21), we obtain that

lim
n→∞

ϕ(z, xn) = 0. (3.23)

Hence (3.23) implies that xn → z ∈ EP (f, C) ∩ Fix(S) ∩ Fix(T ). □

We next present some consequences of Theorem 3.2.

Corollary 3.3. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S, T : C → CB(C) be multi-valued

relatively nonexpansive mappings. Assume that Ω := EP (f, C)∩ Fix(S)∩ Fix(T ) ̸= ∅ and for arbitrary
u1 ∈ E let {xn} and {un} be the sequences generated by{

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,

un+1 = J−1(βnJxn + ρnJvn + γnJwn), n ≥ 1,
(3.24)

where vn ∈ Sxn, wn ∈ Txn, 0 < a < βn, ρn, γn < b < 1 such that βn+ρn+γn = 1,
∑∞

n=1(1−βn) =
∞ and {rn} is a sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then, the sequence {xn} converges
strongly to x∗ ∈ Ω.

Proof. The result follows from Theorem 3.2 by letting αn = 0. □

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S, T : C → CB(C) be multi-valued
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relatively nonexpansive mappings. Assume that Ω := EP (f, C)∩ Fix(S)∩ Fix(T ) ̸= ∅ and for arbitrary
u1 ∈ E let {xn} and {un} be the sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,

yn = vn ∈ Sxn,
un+1 = J−1(βnJxn + ρnJvn + γnJwn), wn ∈ Tyn, n ≥ 1,

(3.25)

where 0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1,
∑∞

n=1(1 − βn) = ∞ and {rn} is a
sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then, the sequence {xn} converges strongly to x∗ ∈ Ω.

Proof. The proof can be obtained from Theorem 3.2 by letting αn = 1. □

Corollary 3.5. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S : C → CB(C) be a multi-valued relatively

nonexpansive mappings. Assume that EP (f, C) ∩ Fix(S) ̸= ∅ and for arbitrary u1 ∈ E let {xn} and
{un} be the sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C

yn = J−1((1− αn)Jxn + αnJvn), vn ∈ Sxn
un+1 = J−1(βnJxn + ρnJvn + γnJwn), wn ∈ Syn, n ≥ 1,

(3.26)

where {αn} ⊆ [0, 1], 0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1,
∑∞

n=1(1 − βn) = ∞
and {rn} is a sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then {xn} converges strongly to x∗ ∈
EP (f, C) ∩ Fix(S).

Proof. The result follows by letting T = S in Theorem 3.2. □

Corollary 3.6. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗, C be
a nonempty closed convex subset of E, J : E → 2E

∗
be the normalized duality mapping on E and

S, T : C → CB(C) be multi-valued relatively nonexpansive mappings. Assume that Fix(S)∩Fix(T ) ̸= ∅
and for arbitrary u1 ∈ E let {xn} and {un} be the sequences generated by

xn ∈ C ϶ ⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,
yn = J−1((1− αn)Jxn + αnJvn), vn ∈ Sxn,
un+1 = J−1(βnJxn + ρnJvn + γnJwn), wn ∈ Tyn, n ≥ 1,

(3.27)

where {αn} ⊆ [0, 1] and 0 < a < βn, ρn, γn < b < 1 such that βn+ρn+γn = 1 and
∑∞

n=1(1−βn) =
∞. Then {xn} converges strongly to x∗ ∈ Fix(S) ∩ Fix(T ).

Proof. Making f = 0 in Theorem 3.2 we get the desired result. □

Corollary 3.7. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S, T : C → C are relatively nonexpansive

mappings. Assume EP (f, C)∩ Fix(S)∩ Fix(T ) ̸= ∅ and for arbitrary u1 ∈ E let {xn} and {un} be the
sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,

yn = J−1((1− αn)Jxn + αnJSxn),
un+1 = J−1(βnJxn + ρnJSxn + γnJTyn), n ≥ 1,

(3.28)

where {αn} ⊆ [0, 1], 0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1,
∑∞

n=1(1 − βn) = ∞
and {rn} is a sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then {xn} converges strongly to x∗ ∈
EP (f, C) ∩ Fix(S) ∩ Fix(T ).

Proof. The result follows from Theorem 3.2 by letting S and T be single-valued. □
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Corollary 3.8. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let f : C × C → R be a bifunction satisfying (A1) - (A4),
J : E → 2E

∗
be the normalized duality mapping on E and S, T : C → C are generalized nonspreading

mappings. Assume EP (f, C)∩ Fix(S)∩ Fix(T ) ̸= ∅ and for arbitrary u1 ∈ E let {xn} and {un} be the
sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C,

yn = J−1((1− αn)Jxn + αnJSxn),
un+1 = J−1(βnJxn + ρnJSxn + γnJTyn), n ≥ 1,

(3.29)

where {αn} ⊆ [0, 1], 0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1,
∑∞

n=1(1 − βn) = ∞
and {rn} is a sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then {xn} converges strongly to x∗ ∈
EP (f, C) ∩ Fix(S) ∩ Fix(T ).

Proof. The result follows from Corollary 3.7 and Lemma 2.8. □

Corollary 3.9. Let H be a real Hilbert space and C be a nonempty closed convex subset of H . Let
f : C × C → R be a bifunction satisfying (A1) - (A4) and S, T : C → CB(C) be set-valued relatively
nonexpansive mappings. Assume Ω := EP (f, C) ∩ Fix(S) ∩ Fix(T ) ̸= ∅ and for arbitrary u1 ∈ E let
{xn} and {un} be the sequences generated by

xn ∈ C ϶ f(xn, y) + 1
rn
⟨y − xn, xn − un⟩ ≥ 0, y ∈ C

yn = ((1− αn)xn + αnvn), vn ∈ Sxn
un+1 = (βnxn + ρnvn + γnwn), wn ∈ Tyn.

(3.30)

where {αn} ⊆ [0, 1], 0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1,
∑∞

n=1(1 − βn) = ∞
and {rn} is a sequence in (0,∞) satisfying lim infn→∞ rn > 0. Then {xn} converges strongly to x∗ ∈
EP (f, C) ∩ Fix(S) ∩ Fix(T ).

Proof. A real Hilbert space is uniformly convex and uniformly smooth. If in Theorem 3.2 E = H , then
J = I , the identity mapping. Thus the result follows from Theorem 3.2 by making E = H . □

4. Application

4.1. Monotone variational inequality and fixed point problem. In this section, we give an appli-
cation of our result to finding the common solution of a Variational Inequality Problem (in short, VIP)
and fixed point problem. Let E be a uniformly convex and uniformly smooth Banach space with the
dual E∗. Let C be a nonempty closed convex subset of E and A : E → E∗ be a nonlinear operator.
The VIP with respect to A and C is formulated as:

Find x ∈ C such that ⟨y − x,Ax⟩ ≥ 0 ∀ y ∈ C. (4.1)
We shall denote the solution set of VIP (4.1) by V IP (A,C). The VIP has applications in engineering
mechanics, economic theory, decision making, mathematical programming and so on. To solve VIP,
it is customary to impose some monotonicity condition on the operator A, see [28]. A is said to be
monotone (see [35]) if

⟨x− y,Ax−Ay⟩ ≥ 0 ∀ x, y ∈ E.

In this application, we assume A : E → E∗ is a continuous monotone operator. We intend to solve the
following problem:

find x∗ ∈ C such that x∗ ∈ V IP (A,C) ∩ Fix(S) ∩ Fix(T ), (4.2)
where S, T : C → CB(C) are multi-valued relatively nonexpansive mappings.
If we define f(x, y) := ⟨Ax, y − x⟩, then (4.1) becomes the Equilibrium Problem (1.1). In addition,
assumptions (A1) - (A4) are satisfied. Therefore by setting f(x, y) in Theorem 3.2 to be ⟨Ax, y−x⟩, we
obtain the following Theorem for solving problem (4.2).
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Theorem 4.1. Let E be a uniformly smooth and uniformly convex Banach space with dual E∗ and C
be a nonempty closed convex subset of E. Let A : C → E∗ be a continuous monotone operator, J :
E → 2E

∗
be the normalized duality mapping on E and S, T : C → CB(C) be multi-valued relatively

nonexpansive mappings. Suppose V IP (A,C) ∩ Fix(S) ∩ Fix(T ) ̸= ∅ and assume that {αn} ⊆ [0, 1],
0 < a < βn, ρn, γn < b < 1 such that βn + ρn + γn = 1,

∑∞
n=1(1− βn) = ∞ and {rn} is a sequence

in (0,∞) satisfying lim infn→∞ rn > 0. Let u1 ∈ E be arbitrary and {xn}, {un} be sequences generated
by 

xn ∈ C ϶ ⟨Axn, y − xn⟩+ 1
rn
⟨y − xn, Jxn − Jun⟩ ≥ 0, y ∈ C

yn = J−1((1− αn)Jxn + αnJvn), vn ∈ Sxn
un+1 = J−1(βnJxn + ρnJvn + γnJwn), wn ∈ Tyn.

(4.3)

Then {xn} converges strongly to x∗ ∈ V IP (A,C) ∩ Fix(S) ∩ Fix(T ) ̸= ∅.

5. Numerical Examples

In this section, we present numerical examples to illustrate the efficiency and performance of our
algorithm and compare with some existing related algorithms in the literature.

Example 5.1. Let E = R and C = [0, 10]. We define f : C × C → R by f(x, y) = 3y2 + 2xy − x2

for x, y ∈ C . It is easy to see that f(x, y) satisfies conditions (A1) - (A4) and 0 ∈ EP (f, C). Next we
find xn ∈ C such that for all y ∈ C

0 ≤ f(xn, y) +
1

rn
⟨y − xn, xn − un⟩

≤ 3y2 + 2xny − x2n +
1

rn
(xny − uny − x2n + unxn)

⇐⇒
0 ≤ 3rny

2 + 2rnxny − rnx
2
n + xny − uny − x2n + unxn

= 3rny
2 + (2rnxn + xn − un)y + (−rnx

2
n − x2n + unxn). (5.1)

Let G(y) = 3rny
2 + (2rnxn + xn − un)y+ (−rnx

2
n − x2n + unxn). Then G(y) is a quadratic function

in y with discriminant (∆) obtained as

∆ = (2rnxn + xn − un)
2 − 12rn(−rnx

2
n − x2n + unxn)

= 16r2nx
2
n + 16rnx

2
n + 4rnunxn + x2n − 2xnun + u2n − 12rnunxn

= (16r2n + 16rn + 1)x2n − 2un(8rn + 1)xn + u2n

= ((8rn + 1)xn − un)
2.

Then (5.1) implies that
∆ = ((8rn + 1)xn − un)

2 ≤ 0. (5.2)
According to Lemma 2.11,

Tr(un) = {xn ∈ C : f(xn, y) +
1

r
⟨y − xn, Jxn − Jun⟩ ≥ 0, ∀ y ∈ C}

is single-valued. Hence from (5.2), we obtain that xn = un
8rn+1 . Furthermore, we define the multi-valued

mappings S, T : C → CB(C) by

Sx = [0,
2x

5
]

and
Tx = [0,

x

10
],
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Table 1. Numerical results

Alg. (3.6) Alg. (1.5)
Case Ia CPU time (sec) 0.0023 0.0026

No of Iter. 13 15
Case Ib CPU time (sec) 7.1118e-04 7.5455e-04

No. of Iter. 12 14
Case Ic CPU time (sec) 9.9856e-04 0.0010

No of Iter. 13 15
Case Id CPU time (sec) 0.0017 0.0019

No of Iter. 14 15

for all x ∈ C . Then 0 ∈ Fix(S) and 0 ∈ Fix(T ). In view of Remark 2.7, we have that Fix(S) = Fix(T ) =
{0}. Also, let u ∈ Sx, then

ϕ(0, u) = |0− u|2

≤ |0− x|2

= ϕ(0, x).

We next show that F̂ix(S) = Fix(S). Indeed, let p ∈ F̂ix(S). Then there exists {xn} with xn ⇀ p such
that dist(xn, Sxn) = 3

5 |xn| → 0. This implies that xn → 0. Hence p = 0. Thus F̂ix(S) = Fix(S) =
0 and therefore S is relatively nonexpansive. It then follows that T is relatively nonexpansive. So,
algorithm (3.6) gives 

xn = un
8rn+1 ,

yn = (1− αn)xn + αnvn, vn ∈ [0, 2xn
5 ],

un+1 = βnxn + ρnvn + γnwn, wn ∈ [0, yn10 ].

(5.3)

Therefore by Theorem 3.2 we have that the sequence {xn} generated by Algorithm (5.3) converges
strongly to x∗ = EP (f, C) ∩ Fix(S) ∩ Fix(T ).
We choose rn = 5

8 , αn = 1
3 − 1

5n , βn = 1
4 + 1

3n and ρn = γn = 3
8 − 1

6n . We make different choices of
the initial values u1 as follows:
Case Ia: u1 = 27.
Case Ib: u1 = 6.
Case Ic: u1 = 39.
Case Id: u1 = 54.

Using MATLAB 2017(b), we compare the performance of Algorithm (3.6) with Algorithm (1.5). The
stopping criterion used for our computation is |xn+1 − xn| < 10−10. We plot the graphs of errors
against the number of iterations in each case. The figures and numerical results are shown in Figure 1
and Table 1, respectively.

Example 5.2. Let I = [0, 1] and E = L2(I) endowed with the inner product

⟨x, y⟩ :=
∫ 1

0
x(t)y(t)dt ∀ x, y ∈ E

and induced norm

∥x∥ :=

(∫ 1

0
∥x(t)∥2dt

) 1
2

∀ x, y ∈ E.

Let C = {h ∈ E : h(t) ≥ 0, ∀ t ∈ I}, S, T : C → CB(C) be defined by

S(h) =

{
{g ∈ C : h(t)− 3

4 ≤ g(t) ≤ h(t)− 1
4}, h(t) > 1, ∀ t ∈ I;

{0}, otherwise,
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Figure 1. Top left: Case Ia; Top right: Case Ib; Bottom left: Case Ic; Bottom right: Case
Id

T (h) =

{
{g ∈ C : h(t)− 3

5 ≤ g(t) ≤ h(t)− 2
5}, h(t) > 1, ∀ t ∈ I;

{0}, otherwise,

respectively and f : C ×C → R be defined by f(x, y) = ⟨Lx, y− x⟩ ∀ x, y ∈ E, where Lx(t) = x(t)
3 .

Then S, T are multi-valued relatively nonexpansive mappings (see Example 2.6). Also, it is easy to see
that f satisfies assumptions (A1) - (A4) (see [?]) and that 0 ∈ EP (f, C) ∩ Fix(S) ∩ Fix(T ). We then
seek for xn ∈ C such that for all y ∈ C

0 ≤ f(xn, y) +
1

rn
⟨y − xn, Jxn − Jun⟩. (5.4)

From (5.4), we obtain xn = 2un
rn+2 . Therefore Algorithm (3.6) gives

xn = 2un
rn+2 ,

yn = (1− αn)xn + αnvn, vn ∈ Sxn,
un+1 = βnxn + ρnvn + γnwn, wn ∈ Tyn.

(5.5)

Hence by Theorem 3.2, it implies that the sequence {xn} generated by Algorithm (5.5) converges
strongly to x∗ = EP (f, C) ∩ Fix(S) ∩ Fix(T ).

We choose rn = 4n+1
7n , αn = 1

n , βn = 2n+1
5n and ρn = γn = 3n−1

10n . We make different choices of the
initial values u1 as follows:
Case IIa: u1 = t2+3

2 .
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Table 2. Numerical results

Alg. (3.6) Alg. (1.3)
Case IIa CPU time (sec) 0.0874 0.2209

No of Iter. 8 21
Case IIb CPU time (sec) 0.1032 0.2285

No. of Iter. 7 20
Case IIc CPU time (sec) 0.4202 4.0844

No of Iter. 8 21
Case IId CPU time (sec) 1.0246 10.5216

No of Iter. 7 16
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Figure 2. Top left: Case IIa; Top right: Case IIb; Bottom left: Case IIc; Bottom right:
Case IId

Case IIb: u1 = t2

2 .
Case IIc: u1 = t exp(t).
Case IId: u1 = t2sin2t.

Using MATLAB 2017(b), we compare the performance of Algorithm (3.6) with Algorithm (1.3). The
stopping criterion used for our computation is ∥xn+1 − xn∥2 < 10−5. We plot the graphs of errors
against the number of iterations in each case. The figures and numerical results are shown in Figure 2
and Table 2, respectively.
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6. Conclusion

In this paper, we consider the problem of finding a common element of the set of solution of mono-
tone equilibrium problem and the fixed point set of two multi-valued relatively nonexpansive mappings
in uniformly convex and uniformly smooth Banach spaces. We propose a modified S-iteration process
and prove a strong convergence theorem under some mild conditions. We also give some numerical
examples to illustrate the behaviour of our algorithm and compare with some existing algorithms in
the literature in this direction.

Statements and Declarations

The authors declare that they have no competing interests.

Acknowledgments

The second author acknowledges with thanks the International Mathematical Union Breakout Grad-
uate Fellowship (IMU-BGF) Award for his doctoral study.

References
[1] R. P. Agarwal, D. O’Regan, and D. R. Sahu. Iterative construction of fixed point of nearly asymptotically nonexpansive

mappings. Journal of Nonlinear and Convex Analysis, 8(1):61-79, 2007.
[2] T. O. Alakoya, A. Taiwo, and O. T. Mewomo. On system of split generalised mixed equilibrium and fixed point problems

for multivalued mappings with no prior knowledge of operator norm. Fixed Point Theory, 23(1):45-74, 2022.
[3] T. O. Alakoya, L. O. Jolaoso, and O. T. Mewomo. Modified inertia subgradient extragradient method with self adaptive

stepsize for solving monotone variational inequality and fixed point problems. Optimization, 70(3):545-574, 2021.
[4] T. O. Alakoya, A. Taiwo, O. T. Mewomo, and Y. J. Cho. An iterative algorithm for solving variational inequality, gener-

alized mixed equilibrium, convex minimization and zeros problems for a class of nonexpansive-type mappings. Annali
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