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ABSTRACT. We study the problem of finding the common element of the solution set of equilibrium prob-

lem and fixed point set of multi-valued relatively nonexpansive mappings in uniformly convex and uni-

formly smooth Banach space without the assumption of weak sequential continuity of the normalized

duality mapping. We propose a modified S-iteration process for solving the problem and prove a strong

convergence theorem. We apply our results to variational inequality and fixed point problems. Two nu-

merical examples are presented to illustrate the performance of our method as well as comparing it with

some related methods in the literature. Our main result extends and generalizes many existing results in

the literature.
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1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Banach space £ and T : £ — E be a mapping.
A point z € FE is called a fixed point of 7" if x = T'xz. We shall denote the set of fixed point of 7" by
Fix(T'). Let f : C x C — R be a bifunction, then the Equilibrium Problem (in short, EP) with respect
to f and C in the sense of Blum and Oettli [8] is formulated as:

Find z* € C such that f(z*,y) >0V y € C. (1.1)

We shall denote the solution set of (1.1) by EP(f,C). The EP is very general and serves as a uni-
fied framework for studying a wide class of problems which include optimization problem, nonlinear
complementarity problem, saddle point problem, variational inequality problem, Nash equilibria, the
fixed point problem and others, see, for example [2, 3, 12, 13, 24, 36, 40, 42, 43]. The EP and its var-
ious generalizations have attracted considerable research efforts recently. In addition, the problem
of finding the common element of the set of solution of EP and the set of fixed point of nonlinear
mapping and related optimization problems has recently received attention of some authors and this
has led to the introduction of various iterative algorithms for solving such problems; see, for example
[4, 15, 16, 21, 22, 23, 25, 26, 27, 37, 44, 45, 46] and the references therein.

To study the EP for the bifunction f : C' x C' — R, we assume f satisfies the following conditions:

(A1) f(z,x) =0,forallz € C;

(A2) f is monotone,ie., f(z,y) + f(y,z) <0, forall z,y € C;
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(A3) for each x,y, z € C, limy_,o+ f(tz + (1 —t)z,y) < f(z,y);

(A4) for each x € C, f(x,-) is convex and lower semicontinuous.

In 2009, for finding the common solution (EP(f, C') N Fix(.5)) of the set of solution of EP (1.1) and
the fixed point set of a relatively nonexpansive self mapping on C, Takahashi and Zembayashi [48]
introduced the following modified Mann [33, 34] iterative scheme:

u1 € E chosen arbitrarily,
a:nEC’9f(zn,y)+:7<y—xn,an—Jun) >0,VyecdC, (1.2)
Uni1 = J HanJry + (1 — an)JSzy),
foralln € N, where f : C x C — R, {a,} and {r,} satisfy appropriate conditions, S : C' — C'is
relatively nonexpansive mapping, and .J is the duality mapping on E. They proved that {x,, } converges
weakly to z € EP(f,C) NFix(S), where z = lim,, 00 Ilpp( f,0)rFix(s) Tn-
In 2012, Zegeye and Shahzad [51] studied the problem of finding a common point of solutions of EP
and fixed point of relatively nonexpansive multi-valued mappings in Banach spaces. They proved the
following strong convergence theorem:

Theorem 1.1. Let C' be a nonempty, closed and convex subset of a uniformly smooth and uniformly
convex real Banach space E. Let f : C x C — R be a bifunction which satisfies conditions (A1) - (A4).
LetT; : C — CB(C), fori = 1,2,..., N be a finite family of relatively nonexpansive multi-valued
mappings. Assume that F' := EP(f,C) N NY_ Fix(T;) is nonempty. Let {x,,} be a sequence generated
by
xo = w € C' chosen arbitrarily,
wp € C 5 f(wn, y) + 7=y — wn, Jw, — Jn) >0, Vy € C, L3
yn = HeJ  HapJw + (1 — ay)Jwy,), (1.3)
Tn+l1 = J_l(ﬁn,ojwn + Zi\il /Bn,ijun,i)y Un;i € Tiyn,
where o, € (0,1) such that limy, oo, = 0, > 2 oy = 00, {Bn,i} C [a,b] C (0,1), fori =
1,2,..., N, satisfying Bno+ Bni+ -+ BN = 1, foreachn > 0. Then {z,, } converges strongly to an
element of F'.

In 2012, Alizadeh and Moradlou [6] studied the problem of finding the common element of the fixed
point set of 2-generalized hybrid mapping and the set of solution of EP (1.1) in Hilbert space. They pro-
posed the following iteration process and under some conditions prove a weak convergence theorem:

uy € C chosen arbitrarily,
Un, S O Qf(urwy) + %<y_un7un _$n> 2 Oa Vy € Ca

Yn = (1 - /Bn)xn + anunv
Tni1 = (1 — ap)xy + @nSy,,Vn € N.

Motivated by Takahashi and Zembayashi [48], in 2018, Alizadeh and Moradlou [7] studied the problem
of finding the common solution of the fixed point set of a relatively nonexpansive mapping and the set
of solution of EP (1.1) in Banach spaces. They proposed the following modified Ishikawa [20] iterative
scheme for approximating the solution:

(1.4)

u1 € FE chosen arbitrarily,

xn € C o flxn,y) + i(y — Ty, Jxp — Juy) >0, Vy e C,
Yn = Jﬁl((l - Bn)JfEn + ﬁnJS.%'n),

Uni1 = J (1 — an)Jzpn + anJSyn),

(15)

foralln € N, where f : C x C' — R, {ay}, {#n} and {r, } satisfy some appropriate conditions. With
the assumption that J is weakly sequentially continuous, they proved that {z, } converges weakly to
z € EP(f,C) NFix(S), where z = limy, 00 g p(f,0)nFix(s) Tn-
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On the other hand, in 2007, Agarwal et al. [1] proposed the following iterative scheme called the S-
iteration process: The S-iteration process has been shown to perform better than the Mann and Ishikawa

Let C be a convex subset of a linear space X and 7" a mapping of C onto itself. Let 1 € C and
generate the sequence {x,,} by

Yn = (1 - Bn)xn + ﬁnTxn7
Tyl = (1 —ap)Txy + 0 Tyn,n € N,

where {«,,} and {,,} are real sequences in (0, 1) satisfying the condition:

Zanﬁn(l - ﬁn) = Q.
n=1

iteration processes, see Kumar et al [32]. Furthermore, some authors have used the S-iteration process
and its modifications to find common fixed points of two mappings, see for example [10, 38, 41] and
the references therein.

We observe that the numerical examples provided in Alizadeh and Moradlou [7] show that Algorithm
(1.5) converges faster than Algorithms (1.4) and (1.2). However, the implementation of Algorithm (1.5)
relies on the assumption that the duality mapping J is weakly sequentially continuous. It is known
that the ¢, (1 < p < 400) spaces have such property, but the L,(1 < p < 400) spaces do not, see
[14]. Therefore the assumption excludes some important Banach spaces like the L,(1 < p < +00)
spaces. Moreover, Algorithms (1.2) and (1.5) ensure only weak convergence.

Motivated by the above works, in this paper, we study the problem of finding a common solution
of the set of solution of EP and the fixed point set of multi-valued relatively nonexpansive mappings
in uniformly convex and uniformly smooth Banach spaces. We propose a modified S-iteration process
and under some mild assumptions, we prove a strong convergence theorem. Our scheme does not
involve the computation of generalized projection per iteration unlike (1.3). Also the requirement that
the duality mapping is weakly sequentially continuous is dispensed with. Our results extend, improve
and generalize many existing results in the literature in this direction.

The remaining part of this paper is organized as follows: In Section 2, we collect some useful defini-
tions, notations and lemmas which are needed for our convergence analysis. In Section 3, we present
our algorithm and prove a strong convergence theorem. We also give some corollaries to our main
result. In Section 4, we give an application of our main result. In Section 5, we give numerical exam-
ples to illustrate our algorithm and compare it with some existing related algorithms in literature and
conclude in Section 6.

2. PRELIMINARIES

Let F be a real Banach space and C' a nonempty closed convex subset of E. We denote by E* the
dual of E' and || - || the norm of E or E*. We shall denote the value of the functional z* € E* atx € E
by (x,x*). For a sequence {x,} of E and x € E, we denote the strong convergence of {x,, } and weak
convergence of {x,} to z by z,, — x and x,, — x, respectively.

Definition 2.1. A function g : E — R U {400} is said to be
(1) proper if its effective domain D(g) := {z € E : g(z) < 400} is nonempty,
(2) convexif g(Az + (1 — N)y) < Ag(z) + (1 — A)g(y) for every A € (0,1), z,y € D(g),
(3) lower semicontinuous at xo € D(g) if g(xo) < liminf, .., g(z).

Let S :={z € E : ||z|| = 1}. The norm of E is said to be Gateaux differentiable if the limit

ety
t—0 t

(2.1)
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exists for each x,y € S. E is said to be smooth if its norm is Gateaux differentiable for eachy € S. £
is strictly convex if ||z + y|| < 2 whenever z,y € S and x # y. The modulus of convexity of E is the
function dg : (0,2] — [0, 1] defined by

o(0) = int {1

see [15]. F is said to be uniformly convex if 5E(6) > 0 and p-uniformly convex if there exists a constant
Cp, > 0 such that dp(e) > CpeP, for any € € (0, 2]. It is known that every uniformly convex Banach
space is strictly convex and reflexive.

x—i—y

Ve flall = gl = 1,z — gl = }

Lemma 2.2. [30, 49] Let E' be a uniformly convex Banach space. Then for any given numberr > 0, there
exists a continuous strictly increasing function g : [0,00) — [0, 00) such that g(0) = 0 and

[tz + (1 = t)yll* < tllz]* + (1 = t)llyll* — t (1 = t)g(lla — yll)
forallz,y € E with ||z|| < rand|ly|| <r,te0,1].

The modulus of smoothness of E is the function pg : [0, 00) — [0, 00) defined by

z+ Tyl + ||z —TY
pitr) = sup { I =T gy — g =1,

E is called uniformly smooth if lim,_, pET(T) = 0. It is called g-uniformly smooth if there exists a
constant C; > 0 such that pg(7) < C,79. Every g-uniformly smooth Banach space is uniformly
smooth and every uniformly smooth Banach space is smooth and reflexive. It is well known that F is
uniformly convex if and only if £* is uniformly smooth. The Hilbert spaces, LP(or ¢,) spaces and the
Sobolev spaces W*P, (1 < p < oo) are uniformly convex and uniformly smooth Banach spaces. For
more on the geometry of Banach spaces, please see for instance ([11, 47]).

The normalized duality mapping J : E — 27" is defined by

Jo={z" € B*: (z,2") = ||z||* = [|=*|]*}. (2.2)
We recall the following properties of the normalized duality mapping (see e.g. [9, 19, 47]):

1. Jx is nonempty closed convex and bounded subset of E* for all x € E;

. if F is reflexive, then J is surjective;

. if E is strictly convex, then J is injective;

. if F is smooth, then J is single-valued and norm-to-weak* continuous;

. if E' is uniformly smooth and uniformly convex, then .J is uniformly norm-to-norm continuous
on bounded subsets and .J~! = J*, the normalized duality mapping on E* is also uniformly
norm-to-norm continuous on bounded subsets of E*;

6. if ' is a real Hilbert space, then J is the identity map on F.

gl W N

If F'is smooth, J : E' — E* is said to be weakly sequentially continuous if for every y € E, (y, Jz,,) —
(y, Jz) as x, — .
The Lyapunov functional ¢ : £ x E — R (see [5, 29]) is defined by

o(z,y) = [|z]|* — 2(z, Jy) + ||y||*, forall z,y € E. (2.3)

From (2.3), it is easy to see that ¢(x,z) = 0 for every = € E. If F is strictly convex, then ¢(x,y) =
0 < = y.If E is a Hilbert space then ¢(z,y) = ||z — y||* for all 7,y € E. For every z,y,z € E
and « € (0, 1), the Lyapunov functional ¢ satisfies the following properties:

(B1) 0 < (||fUH ly)? < é(z,y) < (=l + [yl

(B2) ¢(z, J H(aJz + (1 = a)Jy)) < ag(z, 2) + (1 — a)(z,y);
(B3) o(x, ) O(z,2) + o(2,y) +2(z —x, Jy — Jz);

(B4) p(x,y) < 2(y —x, Jy — Ju).
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Also, we define the functional V' : E x E* — [0, +00) by
V(z,z) = ||z||* — 2(z,z) + ||z||?, forall (z,%) € E x E*. (2.4)
It can be inferred from (2.4) that V' is non-negative and
V(z,2) = ¢(z,J 7). (2.5)
Furthermore, V' is convex in the second argument and the following inequality holds:
V(z,2) +(J'2 —2,9) < V(2,7 +7), (2.6)
forallz € Fand Z,y € E* (see also, [31]).

Lemma 2.3. [29] Let E' be a smooth and uniformly convex Banach space and {x,,} and {y, } be sequences
in E such that either {x,,} or {yn} is bounded. If ¢(xn,yn) — 0 asn — oo, then ||z, — yn|| — 0 as
n — o0o.

Remark 2.4. From Property B4, it follows that the converse of Lemma 2.3 also holds if the sequences
{z,} and {y, } are bounded (see also, [50]).

Definition 2.5. Let C' be a nonempty closed convex subset of a real Banach space E. A point z* € C'is
called an asymptotic fixed point (see [39]) of T if C' contains a sequence {z,, } which converges weakly
to 2* such that lim,, . ||, — Tz, || = 0. We denote the set of asymptotic fixed points of T’ by Fix(T).
A mapping T : C' = (' is said to be:

1. nonexpansive if | Tx — Ty| < ||z — y|| forall z,y € C;
2. relatively nonexpansive (see [30]) if:
i. Fix(T) # 0;
ii. ¢(p,Tx) < ¢(p,x)forall p € Fix(T),x € C;
iii. Fix(T) = Fix(T);
3. generalized nonspreading (see [18]) if there are «, 3,7, € R such that
ag(Tz,Ty)+(1=a)¢(z, Ty)+[o(Ty, Tz) = $(Ty, x)] < Bé(Tx,y)+(1-B)d(z,y)+6[d(y, Tx) — d(y, z)].

Let N(C') and CB(C) denote the family of nonempty subsets and nonempty closed bounded subsets
of C, respectively. The Hausdorff metric on CB(C) is defined by

H(A, B) := max{sup dist(a, B),sup dist(b, A) }, (2.7)
acA beB
forall A, B € CB(C), where dist(a, B) := inf{|la — b|| : b € B}.
Let T : C — CB(C) be a multi-valued mapping. An element p € C is called a fixed point of T if
p € T'p. A point p € C is called an asymptotic fixed point of 7', if there exists a sequence {z,} € C
which converges weakly to p such that lim,,_, « dist(x,,, T'z,,) = 0.
A mapping T : C' — CB(C) is said to be:
1. nonexpansive if H(Tz,Ty) < |z — y||, forall z,y € C;
2. relatively nonexpansive if
i. Fix(T) # 0;
ii. ¢(p,u) <o(p,z)forxeC,uec Tz, peFix(T);
iii. Fix(T) = Fix(T).

The class of relatively nonexpansive multi-valued mappings contains the class of relatively nonexpan-
sive single-valued mappings. The next example shows that there are relatively nonexpansive multi-
valued mappings that are not nonexpansive.
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Example 2.6. (See [17], Example 1.8) Let I = [0,1], E = L,(I),1 < p < ocand C = {h € E :
h(z) > 0,Ya € I}.LetT : C — CB(C) be defined by

Then T is relatively nonexpansive multi-valued mapping which is not nonexpansive.

Remark 2.7. (See [17], Remark 2.2) Let E be a strictly convex and smooth Banach space, and C' a
nonempty closed convex subset of E. Suppose T : C — N(C) is a relatively nonexpansive multi-
valued mapping. If p € Fix(T), then T'p = {p}.

The next lemma shows the relationship between generalized nonspreading mappings and relatively
nonexpansive mappings.

Lemma 2.8. [18] Let E be a strictly convex Banach space with a uniformly Gateaux differentiable norm,
let C be a nonempty closed convex subset of I and let T' be a generalized nonspreading mapping of C' into
itself such that Fix(T) is nonempty. Then, T is relatively nonexpansive.

Lemma 2.9. [17] Let E be a strictly convex and smooth Banach space and C' be a nonempty closed convex
subset of E. Let T : C'— N(C') be a relatively nonexpansive multi-valued mapping. Then Fix(T') is closed
and convex.

Lemma 2.10. [8] Let C be a nonempty, closed convex subset of a smooth, strictly convex and reflexive
Banach space E, f : C' x C' — R be a bifunction satisfying (A1) - (A4) and letr > 0 and x € E. Then,
there exists z € C such that

1
f(zay) + 7<y_ 2 Jz — ‘]:E> 2 Oa
r
forally € C.
Lemma 2.11. [48] Let C' be a nonempty, closed convex subset of a smooth, strictly convex and reflexive

real Banach space E, f : C x C' — R be bifunction satisfying (A1) - (A4) and letr > 0 andx € E. Define
the mapping T, : E — C as follows:

TT(:B):{zeC:f(z,y)—l—%(y—z,Jz—Jx) >0,VyeC}.

Then the following statements hold:

(1) T is single-valued;

(2) Fix(T,) = EP(f,0);

(3) EP(f,C) is closed and convex;
(4) T, is relatively nonexpansive.

Lemma 2.12. [48] Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, let f : C x C — R be bifunction satisfying (A1) - (A4) and let r > 0. Then forx € E
and p € Fix(T,),

o(p, Trz) + (Tr, 2) < ¢(p, ).
Lemma 2.13. [49] Let {a,,} be a sequence of nonnegative real numbers satisfying the following relation:
ant1 < (1 - an)an + an5n7 n > 0,

where {ot,} C (0,1) and {0,} C R such that ) 7, = 00, and limsup,,_,, 0, < 0. Then
lim,, oo @y, = 0.
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3. MAIN RESULTS

Lemma 3.1. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C x C' — R be a bifunction satisfying (A1) - (A4),
J 1 E — 2F" be the normalized duality mapping on E and S,T : C — CB(C) be multi-valued
relatively nonexpansive mappings. Assume ) := EP(f,C) N Fix(S) N Fix(T) # 0. Letu; € E be
arbitrary and {x,, },{un} be sequences generated by

z, €C Qf(mnay)+i<y_xna<]xn_t]un> >0,y € C,

Tn

yn = JH(1 — ap)Jxpn + anJoy), vn € Sy, (3.1)
Uni1 = J Y BuJxn + ppnJvn + YuJwy), wy € Tyn,n > 1,

where {ca,} C[0,1],0 < a < Bn, pn, Yo < b < 1 such that B, + pn +yn = 1 and {r,} is a sequence in
(0, 00) satisfying lim inf,,_, 7, > 0. Then the sequence {x,} is bounded.

Proof. Let p € Q and z,, = T} up. Then from (3.1), (B2) and the fact that S and T are relatively
nonexpansive, we have
Spyn) = 60, (L= an)Jzn + anJvy))
(1 — an)d(p, xn) + and(p, vn)
(1 — an)d(p, xpn) + and(p, )
o(p, Tn). (3.2)

IAIN

Also from (3.2), we get

o(p, T YN BnJxpn + puJvn + YnJwy))
Brd(p, zn) + pnd(p, vn) + 1md(p, wy)
Bnd(D; Tn) + pnd (P, Tn) + ¥ PP, Yn)
o(p, zn). (3.3)

¢(p7 un-i-l)

VAN VAN VAN

Moreover, using Lemma 2.12, we obtain

(25(]?, xn) = (b(varnun)
< o(p, un). (3.4)
Thus from (3.3) and (3.4), we see that

(D, Trt1) < PP, Unt1) < G(D, Tn). (3.5)

This shows that {¢(p, z,,)} is a bounded decreasing sequence in R. It therefore follows that

lim,, o0 ¢(p, ) exists. Therefore from (B1), one can infer that {x, } is bounded. In addition,

limy, 00 (¢(p, Tnt1) — @(p, x5)) = 0. Since S and T are relatively nonexpansive it follows that { Sz, },
{yn} and {T'y,,} are bounded. Hence {u,,} is also bounded. O

Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C' x C' — R be a bifunction satisfying (A1) - (A4),
J : E — 2F" be the normalized duality mapping on E and S,T : C — CB(C) be multi-valued
relatively nonexpansive mappings. Assume that Q := EP(f, C) N Fix(S) N Fix(T) # 0 and for arbitrary
uy € E let {z,,} and {uy} be the sequences generated by

xn € C o f(an,y) + %(y—xn,an—Jun) >0,y €C,

yn = JH(1 — ap)Jxpy + anJoy), vp € Sy, (3.6)
Un+1 = Jﬁl(ﬁnt}xn + pnjvn + ’Yann)ywn S Tynan > 17
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where {ca,} C [0,1],0 < a < B, pn,n < b < Lsuchthat By +pp+vn =13 . (1 —Bn) = 00 and
{rn} is a sequence in (0, 00) satisfying liminf,,_,o 7, > 0. Then, the sequence {x,} converges strongly
tox™ € (.

Proof. Let p € Q and define 2z, = J (5, Jv, + FnJwy,), where p,, = 1f—n and 3, = 1Z%n. Then

Uni1 = J Y (BuJxn + (1 — By)J2z,). Therefore, using (B2), (2.5) and (2.6i we get
¢(psTnt1) < O(Ps Unt1)
= é(p, J_l(ﬁnjxn + (1= Bn)Jd2n))
= V(p,Bndxn+ (1 — Bn)Jzn)
< V(p, BnJwn + (1= Bp)Jzn — (1 = Bn)(Jzn — Jp))
+(1 = Bn){un+1 — p, Jzn — Jp)
V(p, Bndzn + (1 = Bn)Jp) + (1 = Bu)(tnt1 — p, J2n — Jp)
= BaV(p, Jzn) + (1= Ba)V(p, Jp) + (1 = Bu)(unt1 — p, J2n — Jp)
Bnd(p, zn) + (1 = Bn)o(p, p) + (1 = Bu)(uni1 — p, Jzn — Jp)
= BnoP,n) + (1 — Bu)(unt1 — p, J2n — Jp). (3.7)

Furthermore, by the fact that F is uniformly smooth we can conclude that E* is uniformly convex.
Therefore, taking r = sup,,en{||Zn|l, [|[vn ], ||wn |} and invoking Lemma 2.2, we get

¢(p7xn+1) S ¢(p7 un+1)
= ¢(p, Jﬁl(ﬁann +anUTL +7njwn))
HPHQ - 2<p7 ﬂann + pnjvn + F)/ann> + Hﬁnjxn + pnjvn + ’YannHz

< ||p||2 = 2(p, BuJ Ty + puJ v + Jwn) + /8n||$n||2 + PnHUnH2 + 7n||wn||2

=Brpng(| Tz — Jonll) = Buyng ([ Jzn — Jwnll) — prymg(|Jvn — Jwyl])
= Bndp:n) + prd(p; vn) + Ynd(p, wn)

=Bnpng(ITzn — Jvn|l) = Bavng (| J2n — Jwall) — pryng(|Jvn — Jwnl)
< Bnd(pixn) + pud(p, Tn) + 100 (D, Yn)

=Brnpng([[Jzn — Jun) = Bamg ([ Jzn — Jwnll) — prymg([|Jvn — Jwnl])
< (P, xn) = Bupng(|Jzn — Joul]) = Buyng(|[ 20 — Jwnl|)

—pnng(|[Jvn — Jwyl|). (3:8)
Then from (3.8), we get
Brpng(|Jzn — Jvp|)) + Bavng([|J2n — Jwn ) + pryng (| Jvn — Jwn ) < é(p, 2n) — G(p; Tpt1). (3.9)
Taking the limit of (3.9) as n — oo, we get
nIL%g(||an — Jupl|) = nIL%g(||an — Jwy,l|) = nlingog(]\Jvn — Jwy||) = 0. (3.10)
By the property of g, we obtain from (3.10) that
lim ||Jzp, — Ju,|| = lim ||Jz, — Jw,|| = lim ||Jv, — Jwy,|| = 0. (3.11)
n—oo n—oo n—oo
By the uniform continuity of J~! on bounded subset of E*, we derive from (3.11) that

lim ||z, —v,|| = lm ||z, —wy| = lim |jv, —wy,| = 0. (3.12)
n—oo n—oo n—oo
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Also, from (3.1), (3.12) and Remark 2.4, we have

O(xn,yn) = o(xn, Jﬁl((l —ap)JTy, + anJuy))
(1 - &n)¢(xn, xn) + an¢(xna Un)
= and(Tpn,vn) = 0asn — oo.

IN

Therefore using Lemma 2.3, it follows from (3.13) that

lim ||z, —yn| = 0.
n—oo
From (3.12) and (3.14), we get
lim |wy, —yn| < lim |Jw, — o] + lIm ||v, — 2| + lim |2, — yn| = 0.
n—00 n—00 n—00 n—00

Since ||z, — v,|| = 0 and ||w,, — yn|| — 0 as n — oo, it then implies that

lim d(xy, Sz,) < lim ||z, —v,|| =0

and
lim d(yn, Tyn) < lim ||y, — wy|| — 0.

(3.13)

(3.14)

(3.15)

By the boundedness of {z,}, there exists subsequence {zy, } of {z,} such that z,,, — zask — oc.
We can also conclude that y,,, — z. Since S and T are relatively nonexpansive, it then implies that
z € Fix(S) and z € Fix(T'). Then by Remark 2.7, we derive that Sz = Tz = {z}. We next prove that

z € EP(f,C). First note from Lemma 2.12 that

o(p, Tr,un) + S(1r, tun, tun) < G(p, un).
From which we get that
< o(p,xp—1) — d(p,xy) = 0asn — co.

Owing to Lemma 2.3, we have from (3.16) that
lim |z, — un|| = 0.
n—oo
By the uniform continuity of J on bounded subset of E, we then have that
lim ||Jz, — Ju,| = 0.
n—oo

More so, since lim inf,, .o, 7, > 0, we have that

lim [J2n — Jua|| _

n—00 Tn

0.
Since x,, = T} Uy, it then follows that
1

n

Similarly for the subsequence {x,, }, it holds that

1

N
Using condition (A2), we obtain from (3.19) that
1
r<y — Tny, ‘]‘Tnk - Junk> > _f(xnkvy)
ng
> fly,an,)Vy€C.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Passing on to the limit as £ — oo and using (A4), we get that
0> fly,z)VyeC.
Now, suppose y € C'is fixed and ¢ € (0, 1], define y; = ty + (1 — ¢)z. Then y; € C and

f(yt7 Z) < 0.
From condition (A4), we then obtain
0=f(ye,y) < tf(ye,y)+ (1 —1)f(y,2)
< tf(yey)

So we obtain that
flye,y) >0Vy e C.
Passing to the limit as + — 0" and using (A3), we obtain that

f(z,y) >0VyeC.

Hence, z € EP(f,C). Thus we have shown that z € EP(f,C) NFix(S) N Fix(T).
Next we prove that 2, — z € EP(f,C) NFix(S) NFix(T). First by replacing p with z in (3.7), we get

¢(27 xn-{-l) < /8n¢(za xn) + (1 - /Bn)<un+1 — 2, Jzn - Jz> (3~21)
Then for the subsequence {uy, }, it follows from (3.17) that {u,, } — z as k — oco. Thus we get that
limsup(up41 — 2, Jzn —J2z) = lm (up,+1 — 2, J 2, — J2)
n—00 k—o0
= (z-— z,kli_{rgo Jzn, — J2)
= 0. (3.22)

Therefore, from (3.22) and applying Lemma 2.13 to (3.21), we obtain that

lim ¢(z,z,) =0. (3.23)
n—oo
Hence (3.23) implies that x,, — z € EP(f,C) NFix(S) N Fix(7T). O

We next present some consequences of Theorem 3.2.

Corollary 3.3. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C x C' — R be a bifunction satisfying (A1) - (A4),
J : E — 2F" be the normalized duality mapping on E and S,T : C — CB(C) be multi-valued
relatively nonexpansive mappings. Assume that Q) := EP(f, C) N Fix(S) N Fix(T') # 0 and for arbitrary
uy € F let{x,} and {u,} be the sequences generated by

{ 2n € C 5 f(@n,y) + 1=y — @n, Jn — Jun) > 0,y € C,

3.24
Uns1 = J X (Budwn + ppdvn + YnJwy),n > 1, (3.24)

where vy, € Sy, wy, € Ty, 0 < a < By, pp, Yo < b < 1suchthat By +pp+vn =1> 72 (1—06,) =
oo and {ry} is a sequence in (0, 00) satisfying liminf, o, 7, > 0. Then, the sequence {x,} converges
strongly to z* € Q.

Proof. The result follows from Theorem 3.2 by letting «,, = 0. 0

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C x C' — R be a bifunction satisfying (A1) - (A4),
J : E — 2F" be the normalized duality mapping on E and S,T : C — CB(C) be multi-valued



118 O. T. MEWOMO, A. TAIWO, T. O. ALAKOYA

relatively nonexpansive mappings. Assume that Q :== EP(f, C) N Fix(S) N Fix(T) # 0 and for arbitrary
uy € E let {z,,} and {uy} be the sequences generated by

x, €C Qf(xnvy)+%<y_xnvt]$n_=]un> >0,y €C,
UYn = Up € STy, (3.25)
Un+1 = J_I(anl'n + anUn + 'Ynjwn)>wn S Tynvn > 17

where 0 < a < B, pn,Yn < b < 1 such that By, + pp+ v =1, Y oo (1 — By) = 0o and {r,} isa
sequence in (0, 00) satisfying lim inf,,_,~ r,, > 0. Then, the sequence {x,} converges strongly to z* € Q.

Proof. The proof can be obtained from Theorem 3.2 by letting o, = 1. i

Corollary 3.5. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C' x C' — R be a bifunction satisfying (A1) - (A4),
J : E — 2F" be the normalized duality mapping on E and S : C — C'B(C) be a multi-valued relatively
nonexpansive mappings. Assume that EP(f,C) N Fix(S) # ( and for arbitrary uy € E let {x,} and
{un} be the sequences generated by

yn = J N1 = ap) Iz + anJv,), v, € Sy (3.26)
Un+1 = J_l(/Bann + pnJon + 'Yann)ywn € Syrnn >1,
where {a,} C [0,1],0 < a < By, pn,Yn < b < 1such that B + pp+ 7 =1, > 0o (1 = Bn) = 00

and {r,} is a sequence in (0, 00) satisfying liminf, o, r,, > 0. Then {x,,} converges strongly to z* €
EP(f,C) N Fix(S).

Proof. The result follows by letting 7' = S in Theorem 3.2. 0

Corollary 3.6. Let F be a uniformly smooth and uniformly convex Banach space with dual E*, C' be
a nonempty closed convex subset of E, J : E — 2F" be the normalized duality mapping on E and
S, T : C — CB(C) be multi-valued relatively nonexpansive mappings. Assume that Fix(S)NFix(T) # 0
and for arbitraryuy € E let {x,,} and {u,} be the sequences generated by

Tn € C oy —xp, Jy — Juy) >0,y € C,
Yo = J A — o) J Ty + anJvy), vy € Sty (3.27)
Un+1 = J_l(/BnJJ:n + anUn + 'Ynt]wn)>wn S Tynan > 17

where {cay,} C [0,1] and0 < a < By, pn,n < b < L suchthat By +pn+yn =1andd o7 (1—5,) =
00. Then {xy} converges strongly to z* € Fix(S) N Fix(T).

Proof. Making f = 0 in Theorem 3.2 we get the desired result. g

Corollary 3.7. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C' x C' — R be a bifunction satisfying (A1) - (A4),
J : E — 2F" be the normalized duality mapping on E and S, T : C — C are relatively nonexpansive
mappings. Assume EP(f,C) N Fix(S) N Fix(T) # ( and for arbitrary uy € E let {x,} and {u,} be the
sequences generated by

Tn € C o flxn,y) + %(y—mn,an—Jun) >0,y eC,

Un = J (1 — an)Jan + anJSzn), (3.28)
Uni1 = J Y (Budxn + prnJ STy + YuJTyn),n > 1,

where {a,} C [0,1],0 < a < By, pnsn < b < Lsuch that By + pp+ 7 = 1, > e (1 = By) = 00
and {ry} is a sequence in (0, 00) satisfying liminf, _,~ 7, > 0. Then {x,} converges strongly to z* €
EP(f,C) N Fix(S) N Fix(T).

Proof. The result follows from Theorem 3.2 by letting .S and T’ be single-valued. g
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Corollary 3.8. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let f : C' x C' — R be a bifunction satisfying (A1) - (A4),
J : E — 25" be the normalized duality mapping on E and S, T : C — C are generalized nonspreading
mappings. Assume EP(f,C) N Fix(S) N Fix(T) # () and for arbitrary uy € E let {x,} and {u,} be the
sequences generated by

z, €C Qf(mnay)+i<y_xnat]xn_t]un> >0,y € Ca
yn = J (1 — ap)Jxpy + anJS1y), (3.29)
Uni1 = J Y Budxn + pnJ STy + YudTyn),n > 1,

where {a,} C [0,1],0 < a < B, pn, Yo < b < L suchthat By, + pn +v =1, o0 (1 = B,) = 0
and {ry} is a sequence in (0, 00) satisfying liminf,_,o, r,, > 0. Then {z,,} converges strongly to z* €
EP(f,C)NFix(S)N Fix(T).

Proof. The result follows from Corollary 3.7 and Lemma 2.8. g

Corollary 3.9. Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Let
f: C x C — R be a bifunction satisfying (A1) - (A4) and S,T : C — CB(C) be set-valued relatively
nonexpansive mappings. Assume ) := EP(f,C) N Fix(S) N Fix(T') # O and for arbitrary uy € E let
{zn} and {u,} be the sequences generated by

1

T, €C 9f($n7y)+ rn<y_xn7$n_un> >0,yedC
Yn = ((1 — an)zy + anop), vn € Sap (3.30)
Un+1 = (Bnmn + pnp + ")/n’LUn), wy € Tyn

where {a,} C [0,1],0 < a < By, pnsn < b < Lsuch that By + pp+ 7 = 1, > ey (1 = By) = 00
and {ry} is a sequence in (0, 00) satisfying liminf,_,oc r,, > 0. Then {z,,} converges strongly to z* €
EP(f,C) N Fix(S) N Fix(T).

Proof. A real Hilbert space is uniformly convex and uniformly smooth. If in Theorem 3.2 £ = H, then
J = I, the identity mapping. Thus the result follows from Theorem 3.2 by making ¥ = H. U

4. APPLICATION

4.1. Monotone variational inequality and fixed point problem. In this section, we give an appli-
cation of our result to finding the common solution of a Variational Inequality Problem (in short, VIP)
and fixed point problem. Let E be a uniformly convex and uniformly smooth Banach space with the
dual E*. Let C be a nonempty closed convex subset of £'and A : £ — E* be a nonlinear operator.
The VIP with respect to A and C' is formulated as:

Find « € C such that (y —z, Az) >0V y € C. (4.1)

We shall denote the solution set of VIP (4.1) by VIP(A, C). The VIP has applications in engineering
mechanics, economic theory, decision making, mathematical programming and so on. To solve VIP,
it is customary to impose some monotonicity condition on the operator A, see [28]. A is said to be
monotone (see [35]) if

(r—y, Az — Ay) >0V 2,y € E.
In this application, we assume A : E — E* is a continuous monotone operator. We intend to solve the
following problem:

find 2* € C such that z* € VIP(A,C) NFix(S) NFix(7T), (4.2)

where S, T : C' — C'B(C') are multi-valued relatively nonexpansive mappings.

If we define f(z,y) := (Az,y — x), then (4.1) becomes the Equilibrium Problem (1.1). In addition,
assumptions (A1) - (A4) are satisfied. Therefore by setting f(z, y) in Theorem 3.2 to be (Az,y — ), we
obtain the following Theorem for solving problem (4.2).
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Theorem 4.1. Let E be a uniformly smooth and uniformly convex Banach space with dual E* and C
be a nonempty closed convex subset of E. Let A : C' — E* be a continuous monotone operator, J :
E — 27" be the normalized duality mapping on E and S, T : C — CB(C) be multi-valued relatively
nonexpansive mappings. Suppose VIP(A,C) N Fix(S) N Fix(T) # ( and assume that {a,} C [0, 1],
0 < a< B, pnsn < b<1suchthat Bp+ pn +vn =1, o0 (1 = Bn) = 00 and {ry,} is a sequence
in (0, 00) satisfying lim inf,, oo 7, > 0. Let uy € E be arbitrary and {x,,},{uy} be sequences generated
by

Tn € C 3 (Axy,y — o) + %(y — Ty, Jxp — Juy) >0,y € C

yn = JH(1 — ap)Jan + anJoy), v, € Say, (4.3)

Uni1 = J N (Budxn + ppJvn + YnJwn), wn € Tyy.

Then {x,,} converges strongly to x* € VIP(A,C) N Fix(S) N Fix(T) # 0.

5. NUMERICAL EXAMPLES

In this section, we present numerical examples to illustrate the efficiency and performance of our
algorithm and compare with some existing related algorithms in the literature.

Example 5.1. Let £ = R and C = [0, 10]. We define f : C x C — R by f(z,y) = 3y? + 2zy — 22
for x,y € C. It is easy to see that f(x,y) satisfies conditions (A1) - (A4) and 0 € EP(f,C). Next we
find x,, € C such thatforally € C

1
0 < f(xnvy)+7<y_xn7$n_un>
n
1
< 3yt 4 2m,y — 22+ r(xny — Upy — T2+ upy)
e "
0 < 3rny2 + 2rpxpy — rnsni + xny — upy — 5'3721 + upTy,

= 3y A+ (2razn Ty — )Y+ (—TpxE — 22+ upy,). (5.1)

Let G(y) = 3rpy? + (2rnTn + Tp — up)y + (—1p22 — 22 + upxy,). Then G(y) is a quadratic function

in y with discriminant (A) obtained as

A = (2r@n + Ty —up)? — 12r, (=122 — 22 4 upzy,)
= 167“3@% + 16rnx% + 4drunxy, + xi — 2x,Up + u% — 12r upxn,
= (1672 4 167y, + 1)x2 — 2u, (87 4+ 1)y, +u?
= ((8rp + 1)z, —up)?
Then (5.1) implies that
A= ((8rp+ 1)zy — uy)? < 0. (5.2)

According to Lemma 2.11,

1
T (up) ={zn € C: f(an,y) + ;(y —xp, Jry, — Juy) >0, Vy e C}

is single-valued. Hence from (5.2), we obtain that x,, = 87,:’;1. Furthermore, we define the multi-valued
mappings S,T : C — CB(C) by
2z
Sz =10, —
€ [ ) 5 ]
and
Tz =0, —
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TaBLE 1. Numerical results

Alg. (3.6) Alg. (1.5)
Case Ia CPU time (sec) | 0.0023 0.0026
No of Iter. 13 15
Case Ib CPU time (sec) | 7.1118e-04 7.5455e-04
No. of Iter. 12 14
Case Ic CPU time (sec) | 9.9856e-04 0.0010
No of Iter. 13 15
Case Id CPU time (sec) | 0.0017 0.0019
No of Iter. 14 15

forallz € C. Then 0 € Fix(S) and 0 € Fix(T'). In view of Remark 2.7, we have that Fix(S) = Fix(T) =
{0}. Also, let u € Sz, then

¢(07u) = ‘O_u‘z
< J0—af?
= ¢(0, ).

We next show that Fix(S) = Fix(S). Indeed, let p € Fix(S). Then there exists {x,} with z,, — p such
that dist(zy,, Sz,) = 2|z,| — 0. This implies that z,, — 0. Hence p = 0. Thus Fix(S) = Fix(S) =
0 and therefore S is relatively nonexpansive. It then follows that T is relatively nonexpansive. So,
algorithm (3.6) gives

— Un
Tn = 8rp+17

yn = (1 — ap)zp + apop, vy, € [0, zx"]7 (5.3)
Un+1 = /ann + PnUn + YnWn, Wy, € [07 ?{8}
Therefore by Theorem 3.2 we have that the sequence {z,} generated by Algorithm (5.3) converges
strongly to z* = EP(f,C) N le( ) NFix(T).
We choose 1, = %, Qg = l 5n Bn = i + % and p, = v, = % — %. We make different choices of
the initial values u; as follows
Case Ia: u; = 27.
Case Ib: u; = 6.
Case Ic: up = 39.
Case Id: u; = 54.

Using MATLAB 2017(b), we compare the performance of Algorithm (3.6) with Algorithm (1.5). The
stopping criterion used for our computation is |z,.1 — x,| < 107'°. We plot the graphs of errors
against the number of iterations in each case. The figures and numerical results are shown in Figure 1
and Table 1, respectively.

Example 5.2. Let [ = [0, 1] and F = Ly(/) endowed with the inner product

1

(x,y) = ; z(t)yt)dtV z,y € E

\ :
laf| == ( / ux<t>u2dt) VayeE.

0,vtel}, S,T:C — CB(C) be defined by

t) >
{geC:h(t)—2 <g(t) <h(t)— i} h(t)>1Vtel,
{0}, otherW1se

and induced norm

Let C = {h € E: h(t
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Ficure 1. Top left: Case Ia; Top right: Case Ib; Bottom left: Case Ic; Bottom right: Case

Id
T(h) = {g€C:h(t)—2 <g(t) <h(t)— 2}, h(t)>1,Vte I
{0}, otherwise,
respectively and f : C' x C' — R be defined by f(z,y) = (Lx,y —x) V 2,y € E, where Lz(t) = @

Then S, T are multi-valued relatively nonexpansive mappings (see Example 2.6). Also, it is easy to see
that f satisfies assumptions (A1) - (A4) (see [?]) and that 0 € EP(f,C) NFix(S) N Fix(T). We then
seek for z,, € C such that forally € C

1
0= flan,y) + - {y = an, Jru = Jun). (5.4)
n
From (5.4), we obtain x,, = Tilij. Therefore Algorithm (3.6) gives
Tn = oty
Yn = (1 — an)n + anvn, vy € Sy, (5.5)

Unp+1 = /Bn'fn + PpUn + YnWn, Wy € Tyn

Hence by Theorem 3.2, it implies that the sequence {z,} generated by Algorithm (5.5) converges
strongly to z* = EP(f,C) NFix(S) N Fix(T).

We choose r,, = 47;:1, oy = %, Bn = 2’;# and p, = v, = 3{‘0;1. We make different choices of the
initial values u; as follows:
_ 243

Case lla: uy = —;
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TAaBLE 2. Numerical results

Iteration number (n)

AN

——Algorithm (3.6)
——Algorithm (1.3) |-{

5

. I
10 15
Iteration number (n)

I
20 25

Alg. (3.6) Alg. (1.3)
Case Ila CPU time (sec) | 0.0874 0.2209
No of Iter. 8 21
Case IIb CPU time (sec) | 0.1032 0.2285
No. of Iter. 7 20
Case Ilc CPU time (sec) | 0.4202 4.0844
No of Iter. 8 21
Case IId CPU time (sec) | 1.0246 10.5216
No of Iter. 7 16
1.2 T 0.4 T T
0.3
0.8 025k
?;0.6 j; 0.2
04 o8y
0.1
0.2+ \ 005k
. I ‘ ‘ ‘ RN S SO S S
5 10 15 20 25 0 2 8 10 12 14 16 18 20

Iteration number (n)

T T
——Algorithm (3.6)
—— Algorithm (1.3)

. I
8 10 12
Iteration number (n)

I I I
14 16 18 20

F1GURE 2. Top left: Case Ila; Top right: Case IIb; Bottom left: Case Ilc; Bottom right:
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Case IId

Case IIb: u; = %
Case IlIc: up = texp(t).
Case IId: up = t*sin?t.

Using MATLAB 2017(b), we compare the performance of Algorithm (3.6) with Algorithm (1.3). The
stopping criterion used for our computation is ||2,+1 — 2|2 < 1075. We plot the graphs of errors
against the number of iterations in each case. The figures and numerical results are shown in Figure 2

and Table 2, respectively.
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6. CONCLUSION

In this paper, we consider the problem of finding a common element of the set of solution of mono-
tone equilibrium problem and the fixed point set of two multi-valued relatively nonexpansive mappings
in uniformly convex and uniformly smooth Banach spaces. We propose a modified S-iteration process
and prove a strong convergence theorem under some mild conditions. We also give some numerical
examples to illustrate the behaviour of our algorithm and compare with some existing algorithms in
the literature in this direction.
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